Multifractal analysis of the reverse flow for the
Schramm-Loewner evolution
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Abstract. The Schramm-Loewner evolution (SLE) is a one-parameter family
of conformally invariant processes that are candidates for scaling limits for
two-dimensional lattice models in statistical physics. Analysis of SLE curves
requires estimating moments of derivatives of random conformal maps. We
show how to use the Girsanov theorem to study the moments for the reverse
Loewner flow. As an application, we give a new proof of Beffara’s theorem
about the dimension of SLE curves.

Mathematics Subject Classification (2000). Primary 60J60; Secondary 37E35,
82B27.

Keywords. Schramm-Loewner evolution, multifractal, Hausdorff dimension.

1. Introduction

The Schramm-Loewner evolution (SLE) was introduced by Oded Schramm [11]
as a candidate for scaling limits of models in statistical physics. It has led to a
much greater rigorous understanding of scaling limits of critical models in two-
dimensional statistical physics.

Here we give a brief introduction to SLE. See [5] for more details. Chordal
SLE,; in the upper half plane H is defined in terms of conformal maps g; defined
by

a
gi(2) = Vi
where a = 2/k and V; is a one-dimensional Brownian motion. There is a corre-
sponding random curve (0, ¢]. The relation between the two is that for a fixed
time ¢, if H; denotes the unbounded component of H\ (0, ], then g; is a conformal

9r9:(2) = 90(2) = z, (1)
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transformation of H; onto H satisfying
at 9
gt(z):z+;+0(|z| ), z— 00.

We let f; = g; !, which is a conformal transformation of H onto Hy, and f(z) =
fi(z+V;). (We have chosen a particular parametrization of the SLE path. In the
original definition, the Loewner equation was written with 2 replacing a, and then
the function V; was a Brownian motion with variance k = 2/a. Our choice is a
simple linear reparametrizaton, i.e., using a different unit of time. We write many
of our formulas in terms of a but throughout the paper a = 2/k.)

A number of problems in SLF lead to studying moments of derivatives. When

considering moments of |f/(z)|, one can instead consider a reverse-time Loewner
flow. In this paper, we consider solutions of the time-reversed Loewner equation

a
Oth =—-—, h = 2

the(2) Ui —hi(2) o(2) =z, (2)

where U, = —B; is a standard Brownian motion. Using only the Loewner equation

(1) and the time-reversibility of Brownian motion (see Section 10.3), one can show
that the distribution of hy(z) — U; is the same as the distribution of ft(z) In many
ways the reverse Loewner flow (2) is easier to analyze than the forward flow (1),
see, e.g., [10, 4, 9].

In this paper we will study the moments of |h}| and show how they can be
studied using relatively standard methods of stochastic calculus. This builds on
previous work, especially that of Rohde and Schramm [10] who first studied the
moments in order to show that the curve v exists. Moments have also been studied
by a number of other authors, see, e.g., [2]. There are several reasons to include
a self-contained treatment of these moments. First, the recent work of the author
[7, 8] relies on these estimates. Second, this is a nice example of a multifractal
analysis that can be done. It illustrates the general technique in SLE of trying to
reduce problems of the flow to a one-variable SDE and then to analyze the SDE.
A particular emphasis is the role of the Girsanov theorem in analyzing the SDE.

Our approach to studying the moments is to find an appropriate martin-
gale and then to use the Girsanov theorem to understand the distribution when
weighted by the martingale. We first note that the scaling properties of Brown-
ian motion imply that for each r > 0, the distribution of the random function
2z + 17  hyay(rz) is the same as the distribution of z +— hy(2). In particular, the
distribution of h/,,(rz) is the same as that of hj(2).

As an application, in Section 10 we give a new proof of Beffara’s theorem [1]
that the Hausdorff dimension of SLE, curvesis 1 + % for k < 8.

I would like to thank Tom Alberts for his detailed comments on an earlier
version of this paper.
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2. Studying the flow
If z=x, +iy, € H, let

Then (2) can be written as

dZ,(2) = _%(Z) dt +dB,,  Zo(2) = 2,
dX,(2) = —% dt+dB., ,Yi(z) = % 3)

We write d for stochastic differentials (with respect to time) and 9, for actual
derivatives. We note the following properties.

e Y(z) increases with ¢ and hence the solution to (2) exists for all times. More-
over, 9;[Y;(2)?] < 2a and hence

y: <Yy(2)* < y2 + 2at.
e For each t > 0, h; is a conformal transformation of H onto a subdomain
hi(H) satisfying
t
hi(z) =z — <y O(|z]7%), z— oo.
z
We let

e B (2)]

P 2
Xi(2) +1] , Ui(z) = Vi)

Yi(2)?

A calculation using It0’s formula gives

d [St(z)r/ﬂ =

Si(z) = sin [arg Z;(2)] = [

2ar + 5 + 5)Xi(2)? — 5 Yi(2)? | rXi(2)
sy |4 22 2 dt — dB; | . 4
o ZGP zep ) W
By differentiating (2) with respect to z, we can see that
, _a
8t[10ght(z)] - Zt(Z)Q'
Therefore,
Xi(2)? — Yi(2)?]
8h’z_h’zRe{a}_h’za[t : 5
t| t( )| | t( )| Zt(Z)2 | t( )| |Zt(Z)|4 ( )
and (22
—2aYy(z
OV (2) = Uy (2) ——~—
) = Tz

In particular, ¥;(z) decreases with ¢ which implies

(6)| < 3 < VTF BT, (6)

=
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The next proposition introduces the family of martingales indexed by r € R
that will be the main tool for estimating the moments of |h}(z)].

Proposition 2.1. Ifr e R, z =z, + iy, € H, and

1 r2 r2 r
/\—)\(r)—r<1—|—%>—5, CZC(T):T—E: =5, (7)
then
M;(2) = |hy(2)] Ye(2)¢ Se(2) ™ (8)
is a martingale satisfying
 rXi(2)

In particular,
E[Mq(2)] = Mo(2) = ¢ [(22/y2)* +1]"7?,

Proof. The product rule combined with (3), (4), and (5) shows that M; = M;(z)
is a nonnegative local martingale satisfying (9). (Note that |h}(2)|*, Y;(2)¢ are dif-
ferentiable quantities so there are no covariation terms.) We can use the Girsanov
theorem to conclude that M; is a martingale for z ¢ R. We give the sketch of
the argument here. Readers unfamiliar with the use of stopping times with the
Girsanov theorem for continuous local martingales should consult the appendix
for more details.

If we use Girsanov’s theorem and weight B; by the local martingale M;(z)
then

r X¢(z) -
dB; = dt + dB
RFAE
where B, is a Brownian motion with respect to the new measure Q. In other words,
(r—a) Xi(2) A
dX =-——"—=dt +dB;. 10
O= e AT 1o

Note that Y;(z) and |h}(z)|¢ are differentiable quantities so their equations do not
change in the new measure. (Actually the equation of X;(z) also does not change.
What changes is the distribution of the random process B;. In order to write the
equation for X(z) in terms of a Brownian motion in the new measure, the drift
term is changed.) By comparing to a Bessel equation, it is easy to check that if
X1 (z) satisfies (10) then there is no explosion in finite time. Using (9), we see that
M, (z) also does not have explosion in finite time. O

3. Multifractal analysis

Multifractal analysis refers to the study of moments of a random variable and mea-
sures obtained by weighting by powers of random variables. There is a significant
overlap between this and large deviation theory. Here we discuss a simple version
of this that applies to our situation.
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Suppose we have a collection of random variables Dy, t > 0. The start of large
deviation analysis is to estimate the exponential moments, e.g., to find a function
¢(X) such that

E[eADt] r~ efq(A)tE7
where ~ means
(11)

Many papers in probability are devoted to finding the function ¢ for some partic-
ular random variables. While one often can only prove a result such as (11), there
are many cases where one can give a stronger estimate:

E[e’\Df] = e ¢ND: (12)

where the implicit constants in the =< notation can be chosen uniformly over A
in an interval. If we know (12) and can show that ¢ is C?, then, as the next
proposition shows, it is easy to conclude that (roughly speaking) the expectation
in (12) concentrates on an event on which

Dy = —C' (A t+ O(t/?).

Proposition 3.1. Suppose Ag € R,e >0, 0 < ¢1 < ca < 00, and ¢ is a differentiable
function such that for all t > 1/€,

c1e N <E[eMPr] < e NI = N\g| <

Suppose there exists a < oo such that
[CO) = C(o) = ¢'Mo) A= Xo)l S a(X=Xo)?%  [A=Xo| <&

Then for all t > 1/€? and all k > 0,

E [eAODf; |D; — ut| > ktl/ﬂ <c,e *E [eA“Df] .
where = —C'(Xo), cx = 2e%ca/cy.
Proof.

E[e*P; Dy > ut + kt'/?]
< et PR Er okt VODe b sy /2

cae ke exp{—tC(Ao +t7Y/2)}
cpe Fed e < (¢, /2) e R E[eM0P1],

IN N

Similarly, one shows that

E[e* Pt D, < put — kt'/?] < (¢./2) e FE[e*P1].
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Let P, denote the probability measure with

d]P)t 6)\0 Dy

P EewD

Then the conclusion of the proposition can be written as

Dy — ut
}P’t{M Zk} §c*efk, t>e 2.
Vit

4. Moments of |//|

In this section we fix z = i and write My, Xy, Yz, ... for My(i), Xt (i), Yi(4),... We
will study the multifractal behavior of D; = log|hl,, (i), i.e., we will find the
function A — ¢*(A) such that

E(lhga ()] & 174,

Let
1

1 3
rc—2a+§, Ae '_)\(Tc)—a+ﬁ+1, Ce .—C(rc)—a—ﬁ,

We show the significance of these values below; it is the value of A such that (15)
holds. If r < r., we can solve the quadratic equation (7), to get

r=r(\) =2a+1—-1/(2a+1)> —4a\, A< (13)
We can write ¢ as a function of A,
T 1 2 1
=A- —= —1/(2a+1)" —4daX—1— —. 14
CA) =X - A+ P (2a+1) a\ 5 (14)

As r increases from —oo to 7., A increases from —oo to A.. For A < A., we can
write the martingale from Proposition 2.1 as

My = [hy () v 577,
Note that )
C(N) =0\ =1— 2a+1)2 — dan

In particular,  is strictly concave with {'(—oco) = 1. The critical value \. satisfies

() = 1. (15)
For A < A., we would like to show

E [[ha ()] = 5O
and that the expectation is concentrated on an event for which
g (i) e 74

We will actually show a slightly weaker version (we will show the stronger version
for a certain range of A, see Section 9).
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Let I(t,m) denote the indicator function of the event

1 Y,
X, <mvi —<-t<m.
|X;| < m vt mS A<

Note that the “typical” values for X;,Y; are of order v/%; in fact it is not difficult
to show that

lim E[I(t,m)] = 1.

m— 00

For fixed m,
E [|h, @)} I(t,m)] <t~/ E[M; I(t,m)] < t~%2E[M,] =t~/
(The implicit constants depend on m as well as ¢ and .) One consequence of the

next few sections is the following.
Proposition 4.1. If A < A., there exist ¢c,m such that
E[M; I(m,t)] > c.
In particular, there exists ¢y such that
Elhy (1)) > E[lhy (i) 1(t,m)] > ex t=¢/2. (16)

We will now explain why ¢*(A) # (M) for A > A.. Using the ideas of the
previous section, we can show that for A < A, the expectation in E[|h}(i)|* I(t,m)]
concentrates (roughly speaking) on an event on which

[ ()] e t=COV,

However, (6) tells us that
|hi2(i)| < ct.
Hence, for A > A, the expectation is concentrated on an event with |h,(i)| < t,
and
E[|hy (i)} I(m, £)] =< A2 7 x> A,
We can write
E[|hgs (8)]* L(m, )] = =<,

where

cong - N A< A
co={ B+ o-n aza
The fact that the measure concentrates on (approximately) the same event for
A > A is reflected in the linearity of the function (*.

Remark While there is a “phase transition” in the expectation at A = A, there
is no corresponding transition as A — —oo. Using either the Beurling projection
theorem (see, e.g., [5]) or (19) it can be seen that |hf,(i)] > ct~*. This value is
obtained if Uy is constant and Z;(7) goes deterministically upward. Since ¢'(A\) < 1
for all A\, the weighted measure never concentrates on these paths.
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Example When studying the Hausdorff dimension of an SLE path, one is led to
study |h,(i)|?, where
1 K
d=14+—=1+—.
+ 4a + 8
For k < 8, this turns out to be the Hausdorff dimension of the paths. Note that if
r =1, then A =d. For k < 8, we have r < r., A < A, and
1
AN=CA)=1-—=2—-d.
= =1- 1
Example Second moment arguments for Hausdorff dimension lead to studying the

2d-moment, i.e.,

1
A=2+ —.
+2a

There are two regimes to consider.
e 5/4 < a < oo. In this range 2d < A.. We have

1 1
=r(2d) =2a+1—2ay/1 — = — —
r = r(2d) a-+ a byt
CH(2d) = ¢(2d) =14 4J1— 2 = L
o o a 4a?’

e 1/4 < a <5/4. In this range
5
2d =X + [l—i-ﬁ—a},
where the term in brackets is nonnegative, and hence
¢*(2d) = (M) — [1+i —a} —oa— 2 1,
16a 8a
Note that ¢*(2d) =0 if a = 3/4 and ¢*(2d) < 0 for 1/4 < a < 3/4.

5. Change of time

In this section we fix z € H and write X, Y:, Z;, S¢ for X (2),Y.(2), Zi(2), Si(2)
although it is important to remember that these quantities depend on the start-
ing point z. Since Y; is differentiable and strictly increasing, we can find a new
parametrization (depending on z) such that logY; grows linearly. To be more pre-
cise, let

U(t) = inf{s . YS = eat}, f/;g = Yg(t) = eat, Xt = Xg(t), Zt = Zg(t),

eat

Ki=e "X, S = Sty = —— = (K} +1)7Y2 hy= ho(t)-
|Z4|
Lemma 5.1. If z = x + e%oq,
t t
do(t) =2, ot)= | |Zs?ds = / e (K2 4 1) ds. (17)
t() tO
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Proof. Since oY, =a Yt, (3) and the chain rule imply

Using (3) we get
dXt = —aXt dt + |Zt| dBt,

dK, = —2a K, dt + \/ K2 + 1dBy, (18)

where Bt denotes the standard Brownian motion

5 o) q
B, = / —— dB,.
o 1Zs

From (5) and (17), we see that

. a(X2-Y2 . 5
U2 = oy (N 121 = (] “C ) = el [1 - 28],
and hence,
t
Wi (2 + 1) = exp {a/ [1-252 ds} :
0
Note that this implies
e < |hl(x + )] < et (19)
6. The SDE (18)
Let
1
q:2a—|—§—r, (20)

and note that if » < r., then ¢ > 0. We will study the equation (18) which we

write as
1 .

For this section, we consider ¢, r as the given parameters, and we define a by (20).
A simple application of 1t6’s formula gives the following lemma.

Lemma 6.1. Suppose J; satisfies
th = —(q—l—r) tatht dt+dét (22)
Then K = sinh J; satisfies (21).
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I /t 2ds _y /t 2ds
e 0o K2+1 o cosh? J,

Note that —t < L; <t and

Let

Orlelt] = el [1 L] : (23)

B cosh? J,

As in (17), we let

¢ ¢ ¢
1
o(t) = / e? K2 +1]ds = / %% cosh? J, ds > / e ds = % [e* —1].
0 0 0

a

(24)

Although all the quantities above are defined in terms of Jy, it is useful to
note that in the notation of the previous section,

hi(z)] = e, Vi=e", ZL=K, [S)]'=coshl.

We let
Ny = e’Ft 8t [cosh J4]", (25)

v=a\=r a—l—l —ﬁ—r g—i-l +ﬁ
R 2 4 \2 4 4’

2 2
§—a<_a,)\—z_alr_’r__r(g_l>+r_

where

2 2

In the notation of the previous section, Ny = Mg (). We have written N; and
defined the exponents v, £ so they depend only on r, ¢ and not on a. Note that

= (o 2) o (o)

2
f(l/)Zl/—l—(gﬁ-%) —% (q—f—%) + 4v,

Since N; is M; sampled at an increasing family of stopping times, the next propo-
sition is no surprise.

Proposition 6.2. Suppose r € R and &,v are defined as in Proposition 2.1. Then
Ny as defined in (25) is a positive martingale satisfying

dN; = N, r [tanh J;] dB;. (26)
In particular,

E®[eEt [cosh J;]"] = e S B[ Ny] = [cosh z]" e ¢,
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Proof. Tt6’s formula gives (26). If we use Girsanov’s theorem, the weighted paths
satisfy
th = —q [tanh Jt] dt + th, (27)

where ,
W, = Bt — T/ tanh J ds,
0

is a standard Brownian motion in the new measure. Since |tanh | < 1, it is straight-
forward to show that this equation does not have explosion in finite time, and hence
we can see that N; is actually a martingale. (I

7. The SDE (27) for ¢ > 0

We now focus our discussion on the equation (27) which has only one parameter g
that we will assume is positive. Recall from (20) that this corresponds to r < 7.

Lemma 7.1. Suppose q > 0 and J; satisfies (27).

e J; is a positive recurrent process with invariant density

C
vg(x) = —4—, —oo <z <00,
cosh*?
where
o _ Dlat3)
T T(3)T(a)
Moreover,
e 2 1—2¢q
1 vg(x)de = p =
/_Oo [ cosh%c} () 1+ 2¢q
o If

Fa) = Fya) = | " fcosh 1% dy,

then F(Ji) is a local martingale.
o There exists ¢ = cq such that for 0 <y < z,k >0,

coshy > : (28)

PY{|J;| > x for some k <t<k+1} <c <
coshx

Proof. The computation of the invariant density is standard (but see the appendix
for a derivation). Since
F"(x) = 2q[tanh z] F'(z),
It6’s formula shows that F'(J;) is a local martingale. Note that as  — oo, F(x) ~
(2q)~* [cosh z]?4.
It suffices to prove (28) for > 1. Assume first that y = 0. A coupling
argument shows that the probability in (28) is bounded above by the corresponding
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probability where Jy has the law of the invariant distribution. Suppose Jy has
density vq, and let

k2
y:y,mz/ V|| > 2 — 1} dt.
k
Then
C
EY|=2 v dy < ———.
v /wa—l oly)dy < cosh?? z

Since the drift in (27) is bounded, we can see from the strong Markov property
that for some § > 0,
E[Y | |J¢| > x for some k <t < k+1] > 0,
and hence
P{|J;| > z for some k <t < k+ 1} < 5§ 'E[Y].
f0<y<uxlet T =T(0,z) be the first time that J; € {0,2}. Using the
strong Markov property we see that

PY{|J;| > x forsome k <t <k+1; Jr =0} < ¢

[coshz]?a”

Hence,

PY{|J;| > x for some k <t < k+1} < 7 +PY{Jr = z}.

c
[cosh z]
Applying the optional sampling theorem to the martingale F'(Jrnt), we see that

PY{Jr =z} = ?EZ; <c (zzzﬁzﬁ

O

Remark For y = 0, the estimate (28) is sharp for large ¢t. For y > 0, the estimate
is not sharp for large ¢; in fact, for large ¢ one gets the same estimate as for y = 0.
However, how large ¢ needs to be depends on y,x and (28) is the best one can do
if one wants a uniform estimate for all ¢,y, z.

As in the previous section, we let

t 2
Lt:/ {1—72 ]ds.
0 cosh” Jg

It follows from the previous lemma that as t — oo,

tE[L] N/OO [1— L] vg(z)de = p = .

2
oo cosh” x

In fact, we claim that

Li = pt + O(tY/?).
In Section 10 we will need large (or, as sometimes called, moderate) deviations,
i.e., probabilities that |L; — ut| is much larger than ¢'/2. Let

Zt :Lt —ut
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The standard way to obtain large deviation results is to obtain a bound on an
exponential moment. The martingales allow us to do that rather easily here. The
value b in the next proposition is not special; in fact, a small modification of the
proof shows that the expectation is bounded for all b. However, we only need to
use one value, and the proof simplifies slightly by restricting to this case. This
proposition should be compared to Proposition 3.1.

Proposition 7.2. Suppose J; satisfies (27) with ¢ > 0. Then there exists ¢ < oo
such that for all 0 < s < t,

fo { T -

Proof. Since |L; — Ls| < 2(t— s), it suffices to prove the bound for ¢ — s sufficiently
large. For this proof, we will assume that t — s > (4/¢)? , i.e., 4/t —s < q.
We will first show that there is a ¢ such that

where b = 2q + 1.

E [QXP {ﬂ:b %} [cosh Jt]iﬁs} <ec. (30)
— S
For 8 € R, let
e _afe, 1) P (e 1\ _ P&
5—‘5“)—5(5*1)‘? P—ﬁ(rz)‘z'

Using Proposition 6.2 with (g, r) replaced with (¢ — 3, 3), we see that
O, = e*Ft P! [cosh J;)° = Tt glPHomt [cosh J;]?,
is a martingale. In particular, for s < ¢,
E |2 Tt=Ls) e(pHm)(t=5) (cosh Jt)ﬁ} = E [(cosh J,)] . (31)
If 8 < g, then we can use (28) to see there is a ¢ < oo such that
E [(cosh J,)7] < c.

If we apply this bound with 5 = +4//t — s < ¢, then

2g+1 1
0=+ + ,
Vi—s At —s)

2q—1 1
1 - :—M(S—i-O( ! )
t—s

Vi—s A(t—s)
L,—L, - =
exp {:I:b \;m } < cedLi—Ls) e(P+5#)(t75),

p==

Hence,

and (30) follows from (31).
Clearly, (30) implies
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To prove (29), we also need to show the corresponding inequality with b replaced
with —b. By choosing y sufficiently large, we can see from (28) that

P{|J;| > yv/t — s} < e 2VE=s,
Since |L; — Ls| < 2v/t — s, this implies

. I, - I -
E |exp {—b &m } AP yx/i_ <ec
However, if |.J;| < yv/, then [cosh J;]~*/V7 is bounded below and hence (30) implies

- Z —fs -

The next proposition makes precise the idea that J; = O(1) and
Li=pus+0(s), Li—Ls=u(t—s)+0Kt—s).

It is phrased in a way that is used in Section 10. In particular, it considers an
event where the error is of order a constant times /s or v/t — s when s is small
but allows a somewhat larger error for other values of s. Let

F(s,t) =2+ min{s,t — s}.
Proposition 7.3. Suppose J; satisfies (27) with ¢ > 0. For each u,t > 0, let Ey,,
be the event that the following holds for all 0 < s < t:
|Js| < ulogF(s,t),
Tal < w5 log(s +2),
Ly — L < uvt—slog(t—s+2),

Then
lim inf P(E;,) = 1.

u—00 t>0
Remark For future reference we note that on the event E, ;,
cosh? J, < e?l7sl < F(s,t)*".

In particular, there exists C,, such that for all ¢; < ¢,
ty
o(t1) := / e2e% [cosh? J,| ds < C\, F(t1,t)" e, (32)
0

Proof. For ease we assume that ¢ is a positive integer. From (28), we see that there
is a ¢1 such that

P{|Js| > u log(s + 2) for some k < s < k+ 1}
P{|Js| > u log(k + 2) for some k < s < k+ 1}

<
S C1 (k + 2)—2qu'
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Therefore,

P{|Js| > u log(s + 2) for some s > 0} < ¢; Z(k 4 2) 72 (33)
k=0

and the right-hand side goes to zero as u — oo. A similar argument shows that

P{|Js| > u log(t — s+ 2) for some 0 < s <t} <1 Y _(k+2)72", (34)
k=0

Since |L; — Ls| < 2(t — s),
P{|Ls| > u+/s log(s +2) for some k < s < k+1} <

P{|Ly| > uVk log(k + 2) — 2}.

Using (29) and Chebyshev’s inequality, we see that the righthand side is bounded
by a constant times (k + 2)~°“. Similarly,

P{|L; — Ls| > u/t — s log(t — s + 2) for some k < s < k+1} < c(k+2)7%,

The argument proceeds as in (33) and (34).
O

8. Lower bound

Having analyzed the one-variable equation for J; we return to the original problem.
Let r < 2a + % and ¢ = 2a + % —7 > 0. We fix a u as in Proposition 7.3 such that

for all ,

1
P* (Et,u) > 57

and we write just E; for E;,. Here we write P, for the probability measure to
distinguish it from the probability measure under which the expectation E below
is defined. Let C' = C,, be a constant such that (32) holds. We fix u and allow all
constants in this section to depend on u. We let z = ¢ and write X3, Y;, My, ... for
Xt(i)v Y;f(z)v Mt(i)v te

Let M; be is the martingale associated to r. which we can write as M; as

My = |, (i)} Y [cosh ],

where J; is defined by
. ¢
sinh J; = 7;

Note that J; = J,(;). then Proposition 7.3 can be rewritten as

1

Y

E 0 ()1 Y (cosh Ty 15,

a - T r 1
— el [|h;(t)(z)|A(costh(t)) 1&} >3
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On the event F,,, J; is uniformly bounded. Therefore, this implies
E [|hf,(t) (0> 1Et] = emact,
We now derive some bounds that hold on the event E;. Recall that
[y ()] = e = e e,
The proposition implies for all 0 < s < ¢,
cosh J; < F(s,t)",
exp { —uv/slog(s +2)} < e™ " |y (i)| < exp {uy/slog(s +2)},
[P (D)
[ANG]
< exp{uvt—slog(t—s+2)}.

The Loewner equation implies that

exp{—uvt—slog(t—s+2)} < e~alt=s)u

and the proposition gives the upper bound

o(s) < / e*™ cosh® J, dv < / €2 (v +2)% J, dv < c (s + 2)%* €275,
0 0

o(s) < / €22 cosh? J, dv < / AW (t —v+2)% J,dv < c(t — s+ 2)" e,
0 0

ie.,
o(s) < cF(s,t)* e,

By inverting this, we get
1
s —cmin{log(s + 2),log(t —s+2)} < —logY,2a: <s+¢, 0<s<Ht.
a

This yields
cosh Jy2as < ¢ F(s,t)"

exp { —uv/slog(s +2)} < e |hla. (i)| < exp {uv/slog(s +2)},

R (i
exp{—uvt—slog(t—s+2)} < e—alt=s)u M
e2as 1

< exp{uvt—slog(t—s+2)}.
2at

Once we have this, we can continue the process from time o(t) to time ce***.
From this, one can deduce the following which is used in Section 10. The statement
is rather cumbersome, but it essentially follows from what we have done.
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Theorem 8.1. Suppose r < 2a + % and A\, are defined as in Proposition 2.1. Let

_1-2¢  2(r—2a)

- = F(s,t) = 2+ min{s,t — s}.

For each b,u, let A(b,u,t) denote the indicator function of the event that the
following holds for 0 < s < t:

T S 1/62(13 S beas,
u

cosh J,z2a: < bF(s,t),
b~! exp {—uy/slog(s +2)} < e *# |hla. (i)| < bexp {uy/slog(s+2)},
b~ ! exp {—uvt — slog(t — s +2)} |kl (i)] <
e I B (i) < b exp {uvE — slog(t — s +2)} [7laas (i))-
Then there exist b,u such that for all t > 0,
b~' < E [|ALoar ()N A(b, u, )] < b.

9. An upper bound

Here we prove a theorem which gives an upper bound on some of the moments of
|h/(z)| for a range of A\. The dependence on z is probably not optimal. Indeed, as
remarked after Proposition 7.1, the estimates for large = used in the proof are not
optimal.

Theorem 9.1. Suppose

1
0<r<6a—2v5a2—a, GZZ’ (35)
O<r<2 +1 <1 (36)
r<2a+=, a<-
2’ 4’

A, C are defined as in Proposition 2.1 and g = 2a+ % —7r. Then there exists a ¢ < co
such that for all x € R, y > 0,

Ellh,, 22y + in) ] = B[R + D] < ¢ (? +1) 5 [log(a? +2)]21 (s + 1)~€.
In particular, if a > 1/4, there exists a ¢ < 0o, such that for all x € R,
E[|hz(z + )] < ¢ (@® + 1) 75 [log(a® + 2)]* ! (s + 1) 2.

The final assertion follows from the previous one by plugging in » = 1 which
satisfies (35) for a > 1.
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Proof. By scaling we may assume y = 1 and without loss of generality, we assume

z =e" >0.If s <1, the Loewner equation implies that |h/2(z + )| < 1, so we

will assume s = e > 1. We write X, Y, ... for Xs(z + 1), Yi(z +14),.. ..
Consider the martingale

M, = My, (z +1) = |hi(z + ol YsC ST

The conditions (35) and (36) imply that (36) holds for all a; ¢ > 0; r < 4a; and

2
.
2 <(—2=7—— —2¢<0. 37
¢<C-2q=r—1--2 (37)

Recall that
o(s) =inf{u : Y, = e**},

and let M, = M, (s). Let 7 = 7 be the minimum of ¢ and the smallest s such that
S, <(t—s+1)e 2=,

Let p = o(7) so that S, = S, (Note that 7 is the time in the new parametrizaton,
and p = o(7) is the corresponding amount of time in the original parameterization.
If one considers curves modulo reparametrization, then p and 7 represent the same
stopping “time”.) Note that

T t 2at

2as &—2 € 2at
=o(7) = e“S7%ds < ——ds < e*",
p=olr) /0 : —/o(t—s+1)2 =

For positive integer k, let Ay, = Ay be the event {t — k < 7 <t —k + 1}. Since
M; is a martingale, 7 < e2?, and the event Aj, depends only on M,,0 < s < T,
the optional sampling theorem gives

E[Mza: 14,] = E[M, 14,] = E[M, 14,].
Since Y; increases with ¢, we know that on the event Ay,
Yozt >V, > e e, Sﬁ < —2ak 1.2
The Girsanov theorem implies that
E[M; 14,] = Mo Q(Ax) < ce™ Q(Ap),

where Q denotes the measure obtained by weighting by the martingale M. From
(28) we know that

Q(4;) < ce2ea(l=k) p2q

Therefore, if we write s = e,

SSE[|hz(z 4+ 1a,] < ce™ E[|hL(z+19)|* Ve 1a,]
< ce™ E[Mga1y4,]
= ce™E[M,14,]
< ce“kce“lTQ(Ak).



Multifractal analysis of SLE 19
Therefore,

sCE[|hz(z + )] < ce Z ™" Q(Ag) + e Z k21 ea(k=1)(¢—29)
K<l k>l

Using (37), we can sum over k to get

SCE [|ha(z +14)|*] < ce™ 12 e,

s2

10. Hausdorff dimension

We will prove that for £ < 8, the Hausdorff dimension of the paths isd = 1+ 5. We
will only prove the lower bound which is the hard direction; the upper bound was
proved by Rohde and Schramm [10] and we sketch the proof in the next paragraph.
Since Hausdorff dimension is preserved under conformal maps, it is easy to use the
independence of the increments of Brownian motion to conclude that there is a d,
such that with probability one dimy[vy[t1,t2]] = ds for all t; < ¢2. Using this and
the upper bound, we can see that it suffices to prove that for all o < d,

P{dimy (y[1,2]) > o} > 0. (38)

The computation (and rigorous upper bound) of the dimension was done by
Rohde and Schramm who first noted that

M; = My(z) = T§2 Spe=!

is a local martingale, where
_ Img;(2)
lgi(2)] 7
The Koebe (1/4)-theorem (see Section 10.4) shows that

Ty

Sy = [sinarg(g:() — Vi)].

i T, < dist (0,]0,] N R) < 4.

If T¢ is the first time that T; < €, then the optional sampling theorem can be used
to see that
Mo (z) = EB[Mr,; Te < o0] = e 2E[S3* ™! Tt < o).
By using the Girsanov theorem [6], one can show that there is a ¢, such that
E[S7* ™" Te < o0] ~ . P{T. < oo}

which shows that
P{Yo < €} ~ ;e My(2).

In particular,

P{dist[y(0,00), 2] < €} = My(z) e~

From this the upper bound for the dimension follows easily.
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The lower bound follows from standard techniques provided that one has a
“two-point” estmate

2—d
P{dist[y(0, 00), 2] < €, dist[y(0,00),w] > €} = 274 (@) .
This was successfully established by Beffara [1] although the argument is somewhat
complicated.
We take a different approach to proving the lower bound by using the reverse
Loewner flow. As in Beffara’s approach, we construct a measure on the curve that
is in some sense a d-dimensionsal measure and use a version of Frostman’s lemma.

10.1. A version of Frostman’s lemma

The main tool for proving lower bounds for Hausdorff dimension is Frostman’s
lemma (see [3, Theorem 4.13]), a version of which we recall here: if A C R™ is
compact and p is a Borel measure with pu(R™\ A) =0, u(4) > 0, and

. plde) pldy) _
Ealu) _// o —yle =% (49)

then the Hausdorff-a measure of A is infinite. In particular, dimp(A) > a. The
following two lemmas summarize a standard technique for proving lower bounds
of dimensions of random sets.

Lemma 10.1. Suppose A C R™ is compact and 0 < d < m. Suppose ¢ > 0 and
r : (0,d) — (0,00). Suppose there exists a decreasing sequence of compact sets
A, with N, A, = A and a sequence of Borel measures p, with p,(R™\ A,) =0,
w(Ay) > ¢, and Eq(pn) < r(a) for 0 < a < d. Then dimy,(A4) > d.

Proof. (sketch) There exists a subsequence p,, such that u,, converges to a mea-
sure . One needs only check that u(R™\ A) =0, u(A) > cand E,(p) < r(a). O

Lemma 10.2. Suppose A C R™ is a random compact subset of R™ and 0 < d < m.
Suppose 0 < ¢1 < ¢a < o0, r: (0,d) — (0,00), and 6, — 0. Let A, = {x € R™ :
dist(x, A) < ,}. Suppose there exists a sequence of random Borel measures pi,
and a sequence 6, — 0 such that the following is true for each n and each o < d:

E [/Ln (An)] > c1,

E [11n(A5)?] < 2,
E[€a(pn)] < r(a),
wn (R™\ A,) =0.
Then,
i

P {dimy(4) > d} > L.
2
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Proof. Let ¢ = ¢2/ce. Standard “second moment” arguments (see e.g. [5, Lemma
A.15]) show that the first two inequalities imply that for every p > 0 there is an
€ > 0 such that

P{pn(An) = €} > q—p.

E[ga(,un)]
P =P

Since
P{Ea(ptn) > p~ ()} <
it follows that for each n,
P{pn(An) 2 €, Ealmn) < p~'r(a)} = ¢ —2p,
and hence
P{jin(An) > € Ea(ptn) < p~'r(a) infinitely often} > g — 2p.

On the event on the left-hand side, we have dimy(A) > « by the previous lemma.
Therefore,

P{dim,(A) > a} > q— 2p.
Since this holds for all « < d and p > 0, the result follows. (|

The next lemma is similar to many that have appeared before (see [5, A.3]),
but the specific formulation may be new. For example, the assumptions (41) and
(42) include subpower functions and are not quite as strong as if the functions
were replaced by constants.

Definition We will call a function ¢ : [0,00) — (0,00) a subpower function if it is
increasing, continuous, and

log ¢(z)

1 AR

z—oo logx

)

i.e., ¢ grows slower than x? for all ¢ > 0.

Throughout this paper we will use ¢, to denote subpower functions. Simi-
larly to the way arbitrary constants are handled, we will allow the particular value
of the function to vary from line to line. We will not try to find the optimal sub-
power function for the results in this paper. We will use the fact that if ¢,y are
subpower functions, so are ¢ + 1, ¢, ¢ A ), PF.

Lemma 10.3. Suppose n: [0,1] — R™ is a random curve and
{F(j,n):n=1,2,...,5=1,2,...n}

are nonnegative random variables all defined on the same probability space. Suppose
1 < d < m, and there exist a subpower function ¥, 0 < £ < 1, and ¢ < oo such
that the following holds form=1,2..., and 1 < j <k <n:

< LS BRG] < e (40)
j=1

eGPt < (=g ) o (= ) (a1)
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and
'n <%) —7 (S)‘ > (k%>_§ " <m)l YF(,n)F(k,n) > 0}; |
42
Then

P{dimy, (1[0, 1]) > d} > 0.

Remark The proof constructs a measure supported on the curve. The nth ap-
proximation is a sum of measures p;, which are multiples of Lebesgue measure
on small discs centered at n(j/n). The multiple at 1(j/n) is chosen so that the to-
tal mass p1; , is F'(j,n)/n. In particular, if F'(j,n) = 0, p;.,, is the zero measure. To
bound E [€,(pr)] we need to show that the measure is sufficiently spread out and
(42) gives the necessary assumption. Note the assumption requires the inequality
to hold only when F(j,n)F(k,n) > 0. The assumption implies that if j < &k and
n(j/n) = n(k/n) (or are very close), then at most one of 1, ,, and g, is nonzero.

Proof. We fix £,1),d and constants in this proof depend on &,v,m,d. Let p;.
denote the (random) measure that is a multiple of Lebesgue measure on the disk
of radius r, = nT ¥(n)/4 about n(j/n) where the multiple is chosen so that
1l = n=' F(j,n). Here || - || denotes total mass. Let v, = > " pjn. From
(40), we see that

Eflwnll] = e,
and from (41) we see that
1 n n
Eflvnl®] = —5> > EIF(n) F(kn)
J=1k=1

IA IA
i} SN
° NE

<

= =3

~ N——

@/ o~

QL <
8
> 3
N—

8

The last inequality uses £ < 1.
We will now show that for each o < d < m, there is a C such that

:zn:zn:la[//“”d‘” Jrnldy) | (43)

S |z —y[*

We will use the estimate

d™xd™y
*2’”/ / a = < cq min{r™ %, [zo — yo| “}.
|z—z0|<r J|y—yo|<r |.I - y|
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To estimate the terms with j = k, note that (41) with j = k gives

//ug, (d2) pin(dy)]  _  EIFGn)?]
eyl e
£ —8)a
oI z/;(n) JREEL)
n

¥(n)* =o(n™")

The last inequality uses a < d. Therefore,

B3 [ [ R <o

For j < k, we use the estimate

//ug, (do) pn(dy) _ _ F(j.n) F(k,n)

[z —yl* 7 n?n(i/n) —nlk/n)|*
Note that (40) and (41) combine to show that for each o < d there exist ¢ <
00,0 > 0 (depending on «) such that

| ] < (kij)w’ Sk s

Combining this with (44) gives,

1—6
Pin(de) prnldy) | _  Cs n <
> op|f [relie®lcets ¥ () <o

This gives (43). The lemma now follows from Lemma 10.2. O

1<]<k<n

Remark The usual form of this lemma chooses 7 to be the identity function and
d = 1—¢ in which case (42) is immediate. The condition (41) is often replaced with
a stronger assumption where the subpower function v replaced with a constant.

It will be useful for us to give a slight generalization of Lemma 10.3. Lemma
10.3 is the particular case of Corollary 10.4 with 7(j,n) = n(j/n).

Corollary 10.4. Suppose n: [0,1] — R™ is a random curve,
{F(j,n):n=1,2,...,5=1,2,...n}

are nonnegative random variables, and
{nGj,n):n=1,2,...,5=1,2,...n}

are R™-valued random variables all defined on the same probability space. Suppose
0 < d < m, and there exist a subpower function v, 0 < £ <1, and ¢ > 0 such that
the following holds form=1,2..., and1 < j <k <n:

3

S %Z ]7 ) (45)
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. n ¢ n
BlFG.r ) < (=) o (=) (46)
= -1
k _ d
i) =) = (B2 7w () EGF G > 0k
(47)
and such that with probability one

lim max {dist[n(j,n),n[0,1]]: j =1,...,n} =0. (48)

Then
P{dimy, (5[0, 1]) > d} > 0.

In particular, if it is known that there is a d. such that P{dimy(n[0,1]) = d.} =1,
then d, > d.

Proof. The proof proceeds as in Proposition 10.3. The measure p;, in the proof
is placed on the ball centered at 1(j,n) rather than 7(j/n). The key observation
is that on the event (48) any subsequential limit of the measures v, must be
supported on 7|0, 1]. O

10.2. Basic idea

In order to prove (38), we will show that the conditions of Corollary 10.4 are
satisfied with

2
=dld—-2)+1= =—¢€(0,1
E=dd=2)+1= 3 =T e(0,)

Let
1 1 k 1 3 ¢£-1 1
e s 2T e
For fixed positive integer n and integers 1 < j < k < n, we let
j—1 k—3j k—1
S=Sm=1+1"2, T=Tjn=""2, S+T=1+"—,  (49)
n n n
fj,n:ij,na

n(t) =y(1+1), n(in) = fiali/vn).
Note that 1 < S < S +T < 2,0 <T < 1. We will define an event E;, with
indicator function I(j,n) and define

. _d . )
F(jyn)=n'"%|fg, (i/Vn)|*1(j,n).

The event Ej;, will describe “typical” behavior when we weight the paths by

|f;n(z/\/ﬁ)|d, in particular, it will satisfy

E (1} Gt/ VR)* 1Gim)| < E [|1F7,G/vI"] = n¥ . (50)
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We define the event in Section 10.5. The typical value of | fj’n(z /+/n)| when weighted
as above is n”; more precisely, there exists a subpower function ¢ such that on the
event Ej ,,
n® ¢(n)™! < |f; . @@/vn)|* < n g(n).
The “one-point” estimate (50) suffices to prove (45) in Corollary 10.4. One
needs to prove the other two conditions as well. This is most easily done by con-
sidering the reverse time Loewner flow.

10.3. Reverse time

It is known (see, e.g., [10, 4]) that estimates for f/ are often more easily derived by
considering the reverse (time) Loewner flow. This is how the one-point estimate
is derived. In this subsection, we review the facts about the Loewner equation in
reverse time that we will need. Suppose that g; is the solution to the Loewner
equation
a
atgt(z) - gt(z)_‘/t7 gO(Z) =z (51)
Here V; can be any continuous function, but we will be interested in the case where
V} is a standard Brownian motion.
For fixed T' > 0, let Ft(T)7 0 <t < T, denote the solution to the time-reversed
Loewner equation

OF (2) = -

a a

FOE) Ve Voo = F(2)

FO(z) = . (52)

Note that

FEID () = FOFST(2), 0<s<S.

Lemma 10.5. Ift < T, then Ft(T) = ft,r—¢. In particular, F}T) = fr.

Proof. Fix T, and let u; = F:(FT_)t. Then (52) implies that u; satisfies
a
ug(2) — Vi
By comparison with (51), we can see that u.(z) = g:(fr(z)), and one can check
that g; o fr = fi. 17—+ O

u(z) = ur(z) = z.

We will be using the reverse-time flow, to study the behavior of f at one or
two times. We leave the simple derivation of the next lemma from the previous
lemma to the reader. A primary purpose of stating this lemma now is to set the
notation for future sections.

Lemma 10.6. Suppose S,T >0 and V : [0,S 4+ T] — R is a continuous function.
Suppose g;,0 < t < S+ T is the solution to (51). As before, let f; = g;* and
fi(z) = fe(z + V4). Let

Ut = VS+T—t - VS+T7 0<t< S+ T7

U =Vs_t—Vs=Upy —Up, 0<t<S,
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and let hy,0 <t < S+ T, Bt,() <t < S, be the solutions to the reverse-time
Loewner equations
a
Oih =
t t(Z> Ut — ht(Z)7
~ a a ~

Othi(2) = =——= = ——,  ho(z) = z.

Ut — ht(z) UTth — UT — ht(z)

ho(z) = 2,

Then A } ~ R
fs(2) = hs(z) =Us,  fstr(2) = hsir(2) — Usyr,
hsir(z) = hs(hp(z) — Ur) + Up. (53)
In particular,
Fs(w) foip(2) = W (2) Bs(hr(2) — Ur) g (w),
forr(2) = fs(w) = hs(hr(z) — Ur) = ho(w).
Proof. Note that

Byhe(2) + Visar] = .

Vsyr—t — (he(2) + Vagr)’
Therefore, fsir(z+ Veyr) = hstr(2) + Vorr = hstr(z) — Usyr. Note also that

O ) = ) Ul = G ftha ) = U) & U]

ho(hT(Z) — UT) +Ur = hT(Z).

ho(z) + Vsgr = 2 + Vsir.

This gives (53).
(]

Remark If V; is a Brownian motion starting at the origin, then Uy, ﬁt are standard
Brownian motions starting at the origin. Moreover {U; : 0 < ¢ < T} and {Ut 0 <
t < S} are independent.

We let F = Fg denote the o-algebra generated by {Vs : s < S} = {Urqs —
Ur : s < S} and G = Ggr the o-algebra generated by {Vgit — Vg : 0 < ¢t <
T} ={U,:0<t<T}. Note that F and G are independent. We let F V G be the
o-algebra generated by {U; : 0 <t < S+ T}.

Let us give an idea of the reason for including the I(j,n) term in our definition
of F(j,n) for establishing the second bound in Corollary 10.4. Recall that

F(j,n) =n "% | (i/y/n)|* I(j,n)

where I(j,n) is the indicator function of an event on which |fj’n(z/\/ﬁ)| ~ nP.
To give “two-point” estimates, we need to consider E[F'(j,n)F (k,n)]. Suppose, for
example, j = k. If we did not include the I(j,n) term, then we would be estimating

E[If] (/v

which is not of the same order of magnitude as (E|f;n(z/\/ﬁ)|d])2 Indeed, if we
weight paths by |fj’n(z/\/ﬁ) >4, we do not concentrate on paths with |fj’n(z/\/ﬁ)| ~
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n® but rather on paths with |fj’n(z/\/ﬁ) ~ n”" for some ' > (3. However, when
we include the I(j,n) term, we can write roughly

E(lfs(i/v/n)** 1(j.n)] = n® E[|f5(i/v/m)|" 1(j,n)] = n* P(Ej,).

10.4. Lemmas about conformal maps

In this section we collect some facts about conformal maps. They are consequences
of the Koebe (1/4)-theorem and the distortion theorem (see, e.g., [5, Section 3.2])
which we now recall. Suppose f : D — f(D) is a conformal transformation, z € D,
and d, p = dist(z,90D). The (1/4)-theorem states that f(D) contains the open ball
of radius d, p |f/(2)|/4 about f(z) and the distortion theorem implies

ﬁ|f’(z)|§|f'(w)|S(ll—%ﬁ'(@lv o=zl <rdp. (54)

The immediately corollary of the (1/4)-theorem that we will need is the following:
if h: H — h(H) is a conformal transformation and Im(z) = y, > vy, = Im(w),
then
1P ()| (Y= — yw)
h(z) — h(w)| > e = Pw) (5)
The form of the distortion theorem is the following lemma. One can values of ¢, «,
but the actual values will not be important to us.

Lemma 10.7. There exist ca, o0 < oo such that if h : HL — h(C) is a conformal
transformation, r > 1, and

sweR(r) = [-rr] x [I/rr] = {e+iy: —r <z <r lr<y<rh,

then
()] < car® W (w)).

Proof. The map F(z) = (2 —i)/(z + i) maps H conformally onto D, so we can
write

h(z) = f(F(2)),
where f : D — h(D). We can apply the distortion theorem to f. Details are
omitted. O

10.5. Defining the F'(j,n)

In this section, we will define the event F;,, which will be F-measurable, such
that
" d
Pl = nt=4 |74/

fs(i/v/n)

1Em. (56)
We write
Ejn=FEjn1N---NEjne,

for events that we define below. We define F(k,n) similarly; it will be (F Vv G)-
measurable.
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The event EJ n is defined in terms of the solution of the time- reversed Loewner
equation. Let ht,ht as in Lemma 10.6. We write Z; = hi(i/\/n) — = X; +
zYt,Zt—ht( //n) — = X, +iY,. In particular, for 0 < s < S,

hesr(i/Vn) = ho(Zr) + Ur,
Wy (i/V/R) = Wy (Zr) Wiy (i/v/n).

Remark Note that the transformation hp is G-measurable and the transforma-
tion fzs is F-measurable. The random variable Zr is G-measurable. The random
variable hs(Zr) is neither F-measurable nor G-measurable. The key to bounding
correlations at times S and S + T is handling this random variable.

The six events will depend on a subpower function ¢ to be determined later.
Given ¢o we define the following events. Recall that 1 < S < S+T <2,

Ejpni = {Yt >t} do(1/8) " for 1/n < t < S+T}. (57)
Y, > t2 do(nt)~t for 1/n§t§S’+T}. (58)

=1

Eins = {| |<tz¢0(1/t)for1/n<t<S+T}
{
<

Ena = {|Xi| < t¥ go(nt) for 1/n < t < S+T}
nt)?
Ekn5_{¢fo(t)) | Wy (i/v/m) | < (nt)® do(nt) for 1/n§t§S+T}
R L 0 | R,
ens =g < [ iGry | <1 0 fnse< T G

Ej . are defined in the same way replacing h¢, Uy, Z¢, S + T with iLt, Ut, Zt, S.

Remark What we would really like to do is define is an event of the form
Vi th, Xl <ctd, G/ < (nt)?,

for all 0 < ¢t < S+ T. However, this is too strong a restriction if we want the
event to have positive probability (in the weighted measure). What we have done
is modify this so that quantities are comparable for times near zero and for times
near S + 7 but the error may be larger for times in between (but still bounded by
a subpower function).

Theorem 10.8. There exist c1,ca such that for allt > 1/n,
E|[pG/vml] =B 10, 6)I°] < ez (en)d . (60)
Moreover there exists a power function ¢g such that if F;, is defined as above,
then
e [t 1G] 2 et (61)

Proof. See Theorems 8.1 and 9.1. . O
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Remark The equality in (60) follows immediately from scaling. Since | (i/y/n)|?
~nP on E;,, we can see that

nE 1 ()L < P(E,) < nf T g(n) L

Before proceeding further, we note that the Loewner equation gives

G,Xt
dX; = ———dt — dU,
t |Zt|2 ty
which implies
t
a|X|ds
Ui+ X < / —_
erXls ) Tz
Using this we can show that on the event Ey ,,
Uy < t2 ¢o(1/t) for 1/n<t < S+T, (62)

Uy <t ¢o(nt) for 1/n <t < S+T,
with perhaps a different choice of subpower function ¢y. Hence, we may assume
that the function ¢ is chosen so that the last two inequalities hold as well.
10.6. Handling the correlations

Theorem 10.8 discusses the function h; and the corresponding processes XY,
for a fixed value of S. In this section we assume Theorem 10.8 and show how to
verify the hypotheses of Corollary 10.4 for £ as defined earlier and some subpower
function ¢. Here F(j,n) is defined as in (56). The first hypothesis (45) follows
immediately from (60) so we will only need to consider (46)—(48). Throughout
this subsection ¢ will denote a subpower function, but its value may change from
line to line.

10.6.1. The estimate (46). We first consider j = k. Then

v 1G]

On the event E;,, we know that |hs(i//n)| < n? ¢(n). Therefore, using (60),
itV o) <t o0,

We now assume j < k. We need to give an upper bound for

E[F(,n) F(k,n)] = n* ™" | 15, , [F5(/VA)|" 1., Wi/ V) | .

Let EN’km = E~’k7n)1 N Ek)mg where E;“U is defined as Ej, ,, ; except that 1/n <t <
S+ T is replaced with 1/n < ¢ <T. Then Ej , is G-measurable and Ej ,, C Ej .
Using (53), we can write

Wrs(i/V/n) = hp(i/ Vi) Ky (Zr).

E[F(j,n)?] =n*?E [

E[F(],n)z] < n2—d+pPd R |:

Therefore,
n'"2E[F(j,n) F(k,n)] <
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B[ 1s,., RsG/vm) Bs(Zo)t 15, We/vmIt]. (63)

This is the expectation of a product of five random variables. The first two are
F-measurable and the last two are G-measurable. The middle random variable
\Ws(Zr)| uses information from both g-algebras: the transformation hg is F-
measurable but it is evaluated at Z7 which is G-measurable.

We claim that it suffices to show that on the event Ej,, N Ej.p,

Wo(zn)| < 7601/ T), (64

for some subpower function ¢. Indeed, once we have established this we can see
that the expectation in (63) is bounded above by

T0 (1 T)E [ (/)| (/v |,
which by independence equals
T §(1/T)E [|Rs(i/ V)] E [ 106/ )| ]

Using (60), we then have that this is bounded by

3
—Bd d_q 41 g - n n
T ()t )i =TS0 = () o (£
Hence, we only need to establish (64).

Let w = Zp. By the definition of Ek,n, there is a subpower function ¢ such
that w € TY2R(¢(1/T)), where R(r) is as defined in Lemma 10.7. Using the
Loewner equation and the fact that the imaginary part increases in the reverse
flow, we can see that

hr(w) € T2 R($(1/T)),  [Wp(w)] < ¢(1/T).

for perhaps a different ¢ (we will change the value of ¢ from line to line). By the
definition of E; ,, and (62), we know that

Zr € T'V2R(6(1/T)),  |Ur] < TV2$(1/T).

Hence also,

hy(w) — Up € TY2R(4(1/T)).
If we define hpg by hs(z1) = hr.s(hr(z1) — Ur), then we know by the definition
of Ej,n that

W s(Zs)] < T~7 ¢(1/T).
Hence, by Lemma 10.7,
s (he(w) — Ur)| < T77 ¢(1/T).
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10.6.2. The estimate (47). Assume that j < k and that E;,, and Ej , both occur.
Then,
n(k,n) = fsir(i/v/n) = hsir(1/vVn) + Urys = hs(Zr) + Us.
Therefore,
n(k,n) —n(j,n) = hs(Zr) — hs(i/Vn).
Using the Loewner equation, we see that there is a ¢y such that
Yr —n" Y2 > ¢ Yy (65)
(Since Yr is increasing we only need to check this for T = 1/n.) Using (55), we
get
[nk,m) =G, m| = [hs(Zr) = hs(1/vm)| = 5 Y Ws(Z0).
Hence on our event,
-1 -1
In (k,m) = (G, )| > T+ 6 (%) =T (kﬁj) |
Remark Note that we do not expect that last estimate to hold for all &, j, especially

for k > 4 for which SLE, has double points. The restriction to the event E; ,NE}
is a major restriction.

10.6.3. The estimate (48). This estiamte was essentially proved by Rohde and
Schramm [10] when they proved existence of the curve. In fact, we can give an
argument here. On the event E; ,,, we have |fg(z/\/ﬁ) ~ n”. Therefore, using the
Koebe (1/4)-Theorem we can conclude on this event that for every e > 0, there is
a c such that

dist | fs(i/v/n),~]0, 5] HR} <enfrenTl? = epdte?,

Since d < 2, this goes to 0 for e sufficiently small.

Appendix A. On the Girsanov theorem

In this section, we give a review of the Girsanov theorem. Assume By is a standard
Brownian motion and F; = 0{Bs : 0 < s < ¢} is the filtration generated by the
Brownian motion. Suppose that M; is a nonnegative solution of the stochastic
differential equation

dMy = M; Ay dB;, My= x> 0. (66)

Here, and throughout, A; will denote a process such that A; is Fy-measurable and
of the form

A=A, 1{T > t},
for some stopping time 7" and continuous process A;. More precisely, we require
(66) to hold only for M; > 0. and if 7 = inf{s : M, = 0}, then M; = M, =0 for
t>T.
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Solutions to (66) are not necessarily martingales because it is possible for mass
to “escape to infinity in finite time”. However solutions to (66) are nonnegative
continuous supermartingales,

E[M; | Fs] < M, s<t.
In order to show that M, is a martingale it suffices to show that for each t,
E[M;] = xo, for then for each s < t

Since the integrand is nonnegative this implies that M; = E[M; | F;].

A sufficient condition for a continuous local martingale to be a martingale is
boundedness in the following sense: for each t there exists K; < oo such that with
probability one |M,| < K;,0 < s < t.

If M; is a nonnegative continuous local submartingale, we can obtain a mar-
tingale by stopping the process. To be more precise, let T,, = inf{t : M; > n}.
Then M 7, is a martingale. Suppose we know that for each t,

lim E [Miar, ; T < t] = 0. (67)
n—oo
Then the optional sampling theorem and the monotone convergence theorem imply
E[M;] = E[My].
The condition (67) means that mass does not escape to infinity by time ¢. There-
fore, to show that a nonnegative continuous local martingale is a martingale it
suffices to prove (67) for each t.
The Girsanov theorem is a theorem about nonnegative martingales satisfying

(66). Suppose M, is such a martingale. Let Q; be the probability measure on F;-
measurable events given by

Q:(V)= M 'E[M;1y].

If s < t and V is Fs-measurable, then it is also Fi-measurable and Qs(V) = Q¢(V).
This follows from properties of conditional expectation:

E[M1y] =E[EM 1y | F)] =E[1y E(M, | F,)] = E[M, 1y].

(Note that this calculation uses the fact that M; is a martingale.) Hence these
measures are consistent and give rise to a measure on F, which we call Q.

Theorem A.1 (Girsanov). Under the assumptions above, with respect to Q,

t
W, = B, — / A, ds (68)
0
is a standard Brownian motion.

We can write (68) as
dBy = Ay dt + dW,. (69)
We can state the theorem informally as: “if we weight the paths by the martingale
My, then in the weighted measure By satisfies (69)”.
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The Girsanov theorem requires that M; be a martingale. For many appli-
cations in SLE, one only knows that M; satisfies (66), and hence only that M,
is a local martingale. However, we can still use Girsanov by using stopping times
(this procedure is sometimes called localization). Assume for ease that My = 1;
otherwise, we consider M;/xg. Let T = T,, = inf{t : My > n or |A;] > n}. Then
Mt is a bounded martingale satisfying (66) which we write as

dMinr = Miar A dBy, 0<t<T.

The Girsanov theorem applies to M. Hence, if we weight by Mar, then in the
weighted measure B; satisfies

dBy = Aydt +dW,, 0<t<T. (70)

As a slight abuse of notation, we can say that if we weight by the local martingale
My, then in the weighted measure B, satisfies (69). This is shorthand for saying
that (70) holds for all n < oo. To show that M, is a martingale, it suffices to
establish (67), and do this one can use (70). If we let Q denote the weighted
measure, we can rewrite (67) as

lim Q{T, <t} =0.

Remark The Girsanov theorem could be stated as a theorem about nonnegative
local martingales in which case the measure Q; on F; is a subprobability measure.
We find it more convenient to restrict the Girsanov theorem to martingales and
to use stopping times.

As an example, suppose that B; is a standard Brownian motion and ¢(z) =
e¥(?) is a positive C? function. Then It6’s formula shows that

o= o) exp {3 [ 16780+ v/ (B s},

is a local martingale satisfying
dM; = ¢'(By) My dB.
If we weight by the local martingale M;, then
dB; = ' (By) dt + dWy, (71)

where W; is a Brownian motion in the new measure which we denote by Q. This
must be interpreted in terms of stopping times; however, if solutions to the SDE
(71) do not blow up in finite time, then M; does not blow up in finite time in the
measure Q and hence M; is a martingale. A sufficient condition for M; to be a
martingale is that ¢’ is uniformly bounded.

Assume M; is a martingale. Let p;(z,y) denote the transition density for the
Brownian motion and let ¢:(x,y) denote the transition density for the SDE (71).
We claim that for all ¢, z,y,

o) qu(z,y) = ¢(y)? @t(y, ©). (72)
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To see this from the perspective of the Girsnaov theorem, consider the set of paths
v :[0,t] = R with v(0) = z,v(t) = y. Then P, Q give two measure on the set of
such paths with
dQ o(y) 1 / ! " 2
— = —= ds ¢ .
5 (V) o P73 (" + ()7](v(s)) ds
Here we have used the fact that M; is a deterministic function of the path v(s),0 <
s < t. Similarly, if we consider the reversed path v with v%(s) = y(t — s), we get

dQ  r _ P(x) 1t " "N21( R
Bom =S e =g [+ w6 s}

The integral inside the exponential is not easy to compute but it is the same for
v and v, which gives

oy T () = 6 2 (4).

Combining this with the symmetry of P gives (72). In particular,

[F@aten iz = [ @) a0 ds = ).
This shows that ¢? us an invariant density for (72).
Often one starts with the SDE (71) in which case one can find ¢ using
¢ = eV

Example If ¢)(x) = bx, we obtain the well known exponential martingale
M, = B e b%t/2

In the weighted measure, which we denote by Qp, B; satisfies
dBy = bdt + dWy,

i.e., B; is a Brownian motion with drift. This has no explosion in finite time, so
M; is a martingale and

e Vt/2 _ E[M, e "B] = Eq [e=B] = e 0%t Eq, [e=PW+].
This is the standard martingale computation for the moment generating function
for a normal.

Example Assume By > 0 and let ¢(z) = 2°, i.e., 1(2) = b log . Then

bb—1) [ ds
0 s

In the weighted measure, B; satisfies the Bessel equation

b
dB; = — dt + dW,.
t B, + t

b

If b > 1/2, then the process under the weighted measure does not reach 0 in finite
time. For these values, we can say that M; is a martingale.
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Example If ¢(x) = —bx?/2, then

t
M = ebBY/2 bt exp {b2/ B? ds} .
0
In the weighted measure, B; satisfies the Ornstein-Uhlenbeck equation

dB; = —b B dt + dW,.

2 — ¢~ from which we see that the

The invariant density is proportional to ¢(x)
process is positive recurrent.

Example In the study of radial SLE, the case ¢'(z) = (b/2) cot(x/2) arises for

which
o(z) = exp { / u/} — sin®(z/2).

Assume By € (0,27). In the weighted measure B, satisfies
b
dBt = 5 COt(Bt/2) dt + th

By comparison with a Bessel process we see that this process stays in (0, 27) for
all time provided that b > 1/2. The invariant density is sin® (z/2).

Example In Section 7, we consider the case
é(z) = [coshz]®,  4/(x) = b tanhz.
Note that 1 is bounded. The invariant density is ¢(z)? = [cosh z]?°.
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