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Minkowski content of the intersection of a Schramm-Loewner
evolution (SLE) curve with the real line

By Gregory F. LAWLER

Abstract. The Schramm-Loewner evolution (SLE) is a probabil-
ity measure on random fractal curves that arise as scaling limits of two-
dimensional statistical physics systems. In this paper we survey some results
about the Hausdorff dimension and Minkowski content of SLE, paths and
then extend the recent work on Minkowski content to the intersection of an
SLE path with the real line.

Dedicated to the memory of Kiyoshi Ité.

1. Introduction

The Schramm-Loewner evolution (SLE) is a family of curves introduced by Oded
Schramm [21] as a candidate for the scaling limit of discrete statistical physics models
in two dimensions. We will consider chordal SLE,; in simply connected domains in this
paper for 0 < k < 8. (SLE, for k > 8 is also interesting but it has two-dimensional
plane-filling paths for which the questions discussed in this paper are not relevant.) This
is a probability measure on curves connecting two distinct boundary points; by conformal
invariance, it suffices to define it in the upper half plane H with boundary points 0 and
0o. There is a one-to-one relationship between x € (0,8) and the fractal dimension
d. € (1,2); indeed, dx = 14 §. In this paper, we first review a number of recent results
about the fractal behavior of the paths. Then we will use the ideas to prove a new result
about the Minkowski content of the “real points” of an SLE curve.

We will parametrize SLE,; in a way that is most convenient for doing the stochastic
calculus computations. Throughout this paper, welet 0 < x < 8 and a = 2/k € (1/4, o).
Then chordal SLE, from 0 to co can be defined as the random curve 7 : [0,00) — H
with v(0) = 0 such that the following holds. We will write ~; for [0, ¢] and let H; be the
unbounded component of H \ v;. Let ¢; : Hy — H be the conformal transformation with
g:(2) — 2z = 0(1). Then g, satisfies the Loewner equation

a
1 0, = =

( ) tgt(z) gt(z) _ Ut, go(Z) 2

where Uy = —W, is a standard (real) Brownian motion. For every z € C\ {0}, the

solution to (1) exists up to time T, € (0, 0o] satsifying ¢:(Z) = g:(z) and Tx = T,. Then

H ={z€H:T. >t}
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Under our parametrization,
at _9
gi(z) =z + = +O0(|z|7%), z— oo

More generally, SLE, connecting distinct boundary points in a simply connected domain
is obtained by transforming this measure by a conformal map. This is considered as a
measure on paths modulo reparametrization.

The definition of v as given is indirect. Instead of specifying the random dynamics
of the curve ~, an equation is given for the flow away from the curve induced by the
random conformal maps. If z € C\ {0} and Z; = Z;(z) = g:(2) — Uy = g:(%) + dW4, then
the Loewner equation (1) becomes a stochastic differential equation

a
dZy = — dt + dW;.
t 7 + dW;

This allows us to use the powerful techniques of It6 calculus to analyze g, and Z;. Un-
derstanding the curve ~ is trickier because it is the moving boundary of the domain of
a conformal map (equivalently, the boundary of the image of the inverse map). We will
discuss properties of v in this paper. Although ~(t) itself does not satisfy an SDE, the
analysis makes heavy use of traditional stochastic analysis on quantities such as Z;.

Rohde and Schramm showed [20] that such a curve ~ exists. Moreover, if 0 < k < 4,
the curve is simple with (0,00) C H while if 4 < k < 8, the curve has double points
and hits the real line. They also gave strong evidence, as well as a rigorous upper bound,
that the fractal dimension of the pathis d =d, =1+ § =1+ ﬁ. The basic idea is
as follows. Suppose that the curves have fractal dimension d. Then we would expect
that approximately e~ disks of radius e would be needed to cover the intersection of v
with a fixed disk. This would indicate that the probability that a given disk of radius
€ intersects v should decay like €2~ as e — 0. This leads to the following conjecture:
there exists a function G(z) such that

(2) lelﬁ)l A2 P{dist(z,7) < €} = G(2).

Using It6’s formula and scale invariance of SLE,, Rohde and Schramm showed that this
would only be possible if d = 1 + & and

G(2) = &[Im(2)]%72 [sin arg(z)]** .

This function is often called the chordal SLE, Green’s function. More generally, we
define the Green’s function for SLFE, in simply connected D from w; to wy by

Gp(zwi,ws) = [F'(2) P~ G(F(2)),

where F': D — H is a conformal transformation with F'(w;) = 0, F(w2) = co. We can
also write

Gp(zwy,we) = ¢ CradD(z)d_2 S(z; wl,w2)4a—1,

where crad denotes conformal radius, that is, cradp(¢) = |f’(0)|, where f : D — D is
a conformal transformation with f(0) = (. Also, S denotes the conformally invariant
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quantity “sine of the angle of z with respect to wy,w2", that is, sinarg F'(z), with F' as
above. The Koebe 1/4-theorem [5, Theorem 2.3] and the Schwarz lemma imply that

dist(¢,0D) < cradp(¢) < 4dist(¢,dD).

While Rohde and Schramm did not establish the limit (2), it has since been established,
first with distance replaced with conformal radius [10, Theorem 3.11]
(3) liﬁ)l €72 P{crad(z,H\ 7) < €} = G*(2),
where G*(2) = ¢* [Im(z)]¢472 [sin arg(2)]**! for an explicit ¢* = ¢}, and later in [14] there
is a proof of (2) with G(z) = ¢[Im(z)]?2 [sinarg(z)]**~! without an explicit expression
for ¢ = ¢,.

There exists a standard technique for proving Hausdorff dimension of random curves.

In order to apply it for SLFE, one needs “second moment estimates”, that is, estimation
of

P{dist(z,7) < €, dist(w,v) < €}.
In analogy with (2), we might conjecture that there is a function G(z,w) such that
(4) P{dist(z,7) < €, dist(w,y) < €} ~ G(z,w) 2D, €0,

and a little thought will lead one to guess that G(z,w) < G(2) |z — w|9"2 as w — z.
This two-point estimate turns out to be tricky. For example, suppose that 7 = inf{¢ :
dist(z,v) < €} and suppose that dist(w,7,) > e. Then the conditional probability
P{dist(w, ) < €| v, } depends very strongly on the curve ~,. Indeed there is no nontrivial
uniform upper bound on this conditional probability. Beffara [4] was the first to show
that for z,w not too close to the real line

P{dist(z,7) < €, dist(w, ) < €} =< 227D |z — |72,

and proved that the Hausdorff dimension of the paths is d with probability one. An
alternative approach to this theorem with extensions to exceptional points of the path
using the “reverse Loewner flow” can be found in [9, 11]. Beffara’s two-point estimate
was refined in [16] where it is shown that there exists a function G(z,w) such that the
“conformal radius” version of (4) holds,

P{cradg,,(2) < €, crady,,(w) < €} ~ G*(z,w) =D e |0,

The function G*(z,w) was not given explicitly. However, it was described in terms of
a process called two-sided radial SLE, (from 0 to oo through z stopped when it reaches
z). Two-sided radial SLE, is the limiting distribution of SLE, conditioned so that
cradg 4 (2) < €. It can be defined precisely in terms of a particular local martingale and
Girsanov’s theorem. Roughly speaking, if a path is going to get very close to both z
and w it is going to first get very close to one of them and then will get very close to
the other. What the path does not do (proving this is one of the hardest steps in these
estimates!) is to go back and forth getting close to z, then close to w, then even closer
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to z, then even closer to w, etc. It is proved that
(5) liﬁ)l 2d=2) P{cradg ,(2) < €, cradg,,(w) < €}
= G*())E: [Giry, ()] + G" () B, [Gip, (2)]

We read the right hand side as the (normalized) “probability to go through z times the
conditional probability to go through w afterwards given that the path goes through z”
plus the analogous term with z and w switched. Here E} denotes the measure of two-
sided radial going through z and T, is the time that it reaches z. The process reaches
z with probability one in this new measure which shows that the measure is singular
with respect to chordal SLE which does not hit points. Using the results in [14], we can
derive (4) with G(z,w) = ¢ G*(z,w). While the function G(z,w) is not known explicitly,
one can give an explicit function ¢(z,w) such that G(z,w) =< ¢(z,w); in particular, one
can show that G(z,w) < G(2) |z —w|?? as w — 2.

The technique for establishing lower bounds for Hausdorff dimension is to find a
measure supported on the curve that is “d-dimensional”; such measures are sometimes
called Frostman measures. The one and two point estimates suffice for showing tightness
of a sequence of approximating measures, and then a subsequential limit is taken. This
subsequential limit establishes the Hausdorff dimension, but it would be nice to be able to
show that there is a limit measure. The measure would be the d-dimensional Minkowsk:
content given for a subset V C C by

Conty[V] = lifg €42 Area{z : dist(z, V) < ¢},

provided that the limit exists. Suppose that 7 is an SLE, path in C and that Contg[]
exists for all ¢ such that ¢t — Contg[y:] is continuous and strictly increasing. Then the
curve could be reparametrized so that Conty[vy;] = ¢ for all ¢. This is called the natural
parametrization of SLE,; and is conjectured (but has not been proved) to be the scaling
limit of the discrete paths given by the number of steps of a path.

Establishing the existence of the limit is nontrival for SLE. Suppose for a moment
that it did exist. Let V be a disk in C and let Y; = Cont(y N V), Yoo = lims,00 ¥z =
Cont(yNV). Using (2) and (4), we see that

E[Y]:/‘/G(z)dA(z), E[Y2]:/V/VG(z,w)dA(w)dA(z),

where dA denotes integration with respect to area. Using the Markov property, we see
that

(6) E[Y [v] =Y; + E[Cont(y[t,00) N V) | 7] = Y2 + Ly,
where

Ly = G, (27(t),00) dA(2).
V\"/t

This gives a characterization of Y; as the unique increasing process such that Y; + L; is
a martingale. In [15, 17], the natural parametrization was constructed using this Doob-
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Meyer decomposition of the supermartingale L;. More recently, in [14] the Minkowski
content for SLE, was established: with probability one, Cont[y;] exists and gives a
continuous, strictly increasing function of ¢. We will adapt the idea of that paper to
prove a (somewhat easier) boundary version of this result. Before discussing the boundary
questions, we make a few remarks about the Minkowski content.

Tmplicit in the assumption (6) is the additivity of the Minkowski content on the
path. A necessary property of SLFE, in order for the proof to work is that the
fractal dimension of the set of double points of the path is strictly less than d. For
k < 4, this is obvious since the paths are simple, but it is also true for 4 < x < 8.
See [18] for more information on the dimension of the set of double points.

We could also define the 2-dimensional Minkowski content of a Brownian path in
R?. If d < 2, this turns out to be zero, but for d > 3 it is nonzero and in fact grows
linearly in time. (This follows, e.g., from estimates in [8, p.252].) One needs d > 3
for the double points of Brownian motion to have strictly smaller dimension than
two.

The Hausdorff d-dimensional measure of SLE, paths is zero [19]. This is typical for
random fractals. Roughly speaking, the Hausdorff measure is obtained by finding
optimal coverings by balls of radius less than or equal to ¢ while the Minkowski
content covers by balls of radius exactly e. For deterministic self-similar fractals,
this often does not make a significant difference, but for realizations of random
fractals one can find better coverings by allowing the radius to vary.

Similarly, the Hausdorff 2-dimensional measure of Brownian paths is zero. For
Brownian motion, one can find the gauge function such that the Hausdorff measure
with the gauge function is nontrivial. (See, e.g., [23].) The main part of the analysis
is to find the upper tail for the amount of time that a Brownian motion spends in
a disk. This is a relatively straightforward eigenvalue computation.

We do not know if there is such a gauge function for the SLE, paths. To start
to analyze this, we would need the upper tail for the occupation measure of a
disk. This is much more difficult for SLE than for Brownian motion since the
distribution of the future depends on the past and we do not know what an SLFE
path looks like given that it has spent a long time in a disk.

We now consider the equivalent boundary questions. Suppose z > 0. Find the
exponent § and function G(z) such that

P{dist(z,v) < e} ~ G(z) e, € 0.

Scaling implies that P{dist(z,~) < ez} = P{dist(1,) < €} and hence the function G(z)
would have to be ¢z=? for some ¢. For 4 < k < 8 we could consider a similar quantity

P{yNz—e,x+¢€ # T}

It has been known for a while, see, e.g., [1], that

(7)

ﬁ:4a—1:§—1,
K
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and that P{dist(1,7) < ¢} < . However, we do not believe that the limit has been
shown to exist. This is the first step to giving the Minkowski content of the set and is
the first theorem of this paper.

THEOREM 1. If0 < k < 8, there exists ¢ = ¢, € (0,00) such that if x € R\ {0} and
v is an SLE, path from 0 to oo, then

(8) P{dist(z,v) < €|z} = P{dist(1,7) < €} ~ é€’, €10,
In fact, there exist ¢ < 0o, 0 < a < 1 such that for all € > 0,

(9) ’€_B P{dist(1,7) < e} — é| < ce”.

Hereﬁ:%—l.

It will be easier to get a “conformal radius” version of this result first. Since x is a
boundary point of Hy, we cannot talk of the conformal radius of H; with respect to 1.
Instead, we will reflect our domain and let

If t < T, then z is an interior point of D; and we can let
1
Ti(z) = 1 cradp, (z).

The factor 1/4 is put in so that To(x) = x. The conformal radius is closely related to
the distance to the boundary; indeed, the Koebe 1/4 theorem and the Schwarz lemma
imply that

1
(11) 1 dist(z, 0D;) < Ti(x) < dist(z, ODy).
We write Ty = T4(1). As a preliminary step in proving this theorem, we will show that
(12) P{Yo <€} ~c e,

for an explicit value of ¢’

In [2], Alberts and Sheffield used the relation P{y N[l —¢, 1 +¢] # D} =< € to study
the dimension of y N R for 4 < k < 8. (Actually, in this case, the exact probability is
known.) The expected number of intervals of length ¢ needed to cover v N [1,2] is #~1
which predicts a fractal dimension of 1 — 3 =2 — %. They used the standard method to
prove that the Hausdorff dimension is indeed 1 — 5. The main step is to get a two-point
estimate. In analogy to the interior point situation, we would expect that there is a

function G(z,y) for z < y, such that
P{dist(z,7) < ¢, dist(y,7) < e} ~ G(z,y) e 2,
and scaling would imply that

Glrr(1+2)) =r"2G(1,1 4 z) =: ¢(x).
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Also, a heuristic estimate would give ¢(z) =< 27%. Alberts and Sheffield showed that
P{dist(1,7) < € dist(1 + z,7) < €} < 277 2#, which allowed them to prove the result.
The function ¢ was found by Schramm and Zhou [22] to be a constant times x =% h(x)
where h = h,, is the hypergeometric function

(13) ha) = I'(2q) F(8a: 1

['(4a) T'(6a ; 2F1(2a,1 — 4a;4a; x).

The constant is put in so that k(1) = 1 and hence

I'(2a)T'(8a — 1)

o) = T(4a)T(6a —1)°

THEOREM 2. If0 <k <8, and x > 0, then

im P 5P < <6y =()aP ”
14 lim eI P{To(l) € Yool 2) <0} = (¢)x h<1+x>’

1 im e # 6 PP{dist(1,~) < e, dist(1 <oy =z " <
(15) 61)16IJI/106 d7PP{dist(1,v) < e,dist(l +x,v) <} =¢é"z""h o2/

where ¢ is as in Theorem 1, ¢’ is given in (12), and h is given in (13).

We will also give another expression for the limit that is analogous to (5),
(16) liérilo e PSTPP{Yoo(1) < €, Yool + ) <0} = () E* [Tr, (1 +2) 7],
where E* denotes a measure called two-sided chordal from 0 to co through 1 (stopped
when it reaches 1).

One of the reasons to establish (9) is to establish the existence of the Minkowski
content of vy NR for 4 < k < 8. The boundary analogues of the results in [15, 17] were

carried out in [3]. However, the existence of the content was left open. For y; < z < ya,
there are two possible ways to define the content Conti_g(y N [y1, y2]),

(17) Yyi,y0] = lig)l A1 Hx € [y1,y2] : dist(z,7) < €},

Y[yl,yﬂ = liﬁ)l A1 H{x € [y1,y2] : dist(z,y NR) < €},

where [ denotes length. We will use the first, but our argument would work equally well
for the second and Y[y1, y2] = ¢Y[y1, y2] for some constant c.

THEOREM 3.  For every 0 < y; < y2 < 00, the limit (17) exists with probability one.
Moreover if Y = Y[y1,y2], then

E[Y] :/y2 G(z)dx = ‘W, E[Y?] :2/” /y2 G(z,y) dy dz.
Y1 Y1 x

The next two sections are dedicated to proving these theorems. The basic outline is
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close to that in [14], but is actually easier in the boundary case. We will rely very little
on results of previous papers. Our hope is that this paper can be read as an introduction
to the proof techniques used in this area.

We finish with two final sections. In Section 4, we discuss a particular one-dimensional
SDE. This equation arises in the work here, and we discuss one way to establish the facts
that we need. An important fact that we need is that the equation satisfies a form of
a parabolic Harnack inequality. What this means in this simple example is that within
one unit of time, independent of the starting position, the density of the processes is
within multiplicative constants of the invariant density. The basic idea is fundamental
to many of our arguments, and since this is not familiar to some probabilists, we explain
how we can get this for many equations using known results about the Bessel process
and Girsanov’s theorem.

The final section proves some analogous results in the context of what are sometimes
called SLFE(k, p) processes. These processes are obtained from Girsanov’s theorem by
tilting by an appropriate local martingale. We give some examples of how to get results;
the goal here is to demonstrate a proof technique that has become standard in this area.
I would like to thank Dapeng Zhan and an anonymous referee for comments on this

paper.

2. Proof of Theorem 1

We will prove the stronger result (9). We fix 0 < x < 8 and let a = 2/k € (1/4, 0).
All constants may depend on . We assume that y(t) is an SLFE,; path from 0 to co in H
with corresponding conformal maps g; satisfying (1) where U, = —W}; is a standard real
Brownian motion. We consider ¢;(z) defined for z € C\ {0} up to time 7,. Let T =T}
and X; = ¢;(1) — U; which satisfies

(18) dthXidterWt, 0<t<T,
t

with Xo = 1. Let D; be the reflected domain as in (10), so that
C\ Dy = (—00,0lU{z€C: T, <t},
and Ty = cradp, (1)/4. Let x; denote the rightmost point of [C\ D;] NR and let
glay) =inf{g(z) 12 >0: T, >t}, O =ge(as)— Uz

In the case k < 4, we view z; as the prime end corresponding to the “positive” side of 0.
The Loewner equation implies that

a
dO; = — dt + dW;.
t 0, + t

If 4 < k < 8, we must interpret this as a reflected Bessel process. We also set

Y;

Y, =X, — =t
t t Ota Jt Xt
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The scaling property of conformal radius implies that

1 d X X =0 Y, X
Y, = - cradp, (1) = cra gt(/Dt)( t) _ t/ t_ / to_ g, At
4 4g;(1) 9:(1) 9:(1)

Using the Loewner equation (1) we see that

a a aY; aY; .
19 Yy = — — — =— = — , if Oy >0,
(19) T X, 0, x.0,  xX21-J) 7

(20) 8{1} :aTt |: ! 1 :| = L Jt

- R P
X? 0, X; XA

Here we write dX; to denote a stochastic differential and 0;Y; to denote an actual deriv-
ative. Using It6’s formula, we can see that

M, =gyt x4 = gl ()P X, P, t<T,

is a local martingale satisfying

1—4a

t

(21) dM, =

M, dW,, M, = 1.

We will let P*,[E* denote probabilities and expectations with respect to the measure
obtained by tilting by the local martingale M;. To be precise, if ¢ > 0, 7 < T is a
stopping time such that dist(1,7,) > ¢, and Z is a random variable depending only on
-, then

E*[Z) = E[Z M,].

By the Girsanov theorem and (21), there is a standard Brownian motion B; with respect
to P* such that
1—4a

t

AW, = dt+dB;, t<T.
The process v under the measure P* is an example of what is called an SLE(k, p) process.
This particular case is called two-sided chordal (from 0 to co in H through 1 stopped when
it reaches 1) in [17].
Note that
1—3a
dX; = e dt + dBy.

t
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Using It6’s formula and the product rule, we see that

Jt a Jt
99 dj, = 2L (1—a— dt — 2L aw,
(22) i Xf( ¢ l—Jt) x,
Ji a Ji
P — 2t (34— dt — 2L 4B,.
(23) X7 (3a 1—Jt> x, “7

This equation becomes nicer if we use a “radial parametrization” in which log T; decays
linearly. Define the stopping times

(24) o(t) =inf{s: T, =e *}.

On the event {o(t) < oo} we define T, = Yo = e, X, = Xa(t),jt = Jot), Gt =
9ot), Dt = Dg(yy and

My = Moy = |g1(2)1° X7 7 =170 11 X007 X0 = et 7.

By the chain rule and (20), we see that
—a Tt = —a e_at = 8th = O'(t) A27A Ttv

and hence

Using this we can change time in the equation (23) to get

(25) dJj, = {Qa — 34 jt} dt +/J,(1 - J,)dB,,

for a standard Brownian motion B;. It is convenient to change variables in (25). If we
write J; = (1 — cos ©;)/2, then Tto’s formula shows that 04,0 < ©; < 7 satisfies

(26) dét - ¢(ét> dt + dBt, lf 0 < ét < ™,

where

o(0) = (3a - ;) ot + ——

sinf’
Note that as 6 | 0,

(27) 60) = 2110, olr—0) = 22 14 0(67)

By comparison with the Bessel process we can see that a process satisfying (26) does
not reach the origin for all x < 8, does not reach 7 if 0 < k < 4; but does reach 7 if
4 < k < 8. In the latter case it is reflected in the same way that the Bessel process is
reflected.

Using this equation we can see that P*{o(t) < oo} = 1. Indeed, since ©; does not
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reach zero in finite time, neither does X,. This implies that in the tilted measure Y7 =0
and hence dist(yr,1) = 0. Below we discuss the stronger fact, that with P*-probability
one

ltlTr;w(t) =1L

Although M; in the original half-plane capacity parametrization is only a local martin-
gale, the process M, is an actual martingale; indeed, it is bounded on every compact
time interval.

The invariant probability density for (26) is

¥(0) = c(sin#)271 (1 — cos §)?.

where ¢ is chosen to make this a probability density. There are various ways to see this.
One way, as described in Section 4, is to see that (26) can be obtained by starting with
a Brownian motion and weighting locally by ®, where in this case,

®(z) = [sina]?*"2 [1 — cos 2]

The invariant density is 1/(f) = ¢ ®? where c is a normalizing constant. From this we get
the invariant density for J; is a beta distribution

h(l‘) — -\ x4a71 (1 _ x)Zafl’

and

L e 1 I(6a) I'(6a)
/O w1 h(e) de = oo T(4a)T(2a)  T(4a)T(2a+ 1)

Let (6o, 6) denote the density (as a function of 6) of ©; given Oy = . Standard
techniques (see Section 4 for more details) show that there exists ¢, ¢2, a such that

(28) c1(0) < Uy(80,0) < cap(8), t>1,

(29) e(00,0) = ¥(0) 1+ O(e™™)].

Indeed, for (28), we can use properties of the Bessel process and (27) to show that our
process is absolutely continuous with respect to a Bessel process near the endpoints.
With this, we can get (29) either by computing an eigenvalue or by a coupling argument.
It follows that for any positive function f,

30) B [1(60) 160 =0o] = [ 16600y 0 =1+ O] [ 1(6) (o) ab.

Using f(0) = [1 — cos6]/2, we see that

I'(6a)

E* [jt|é0:90}:m

+ O(e™™).
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Let ©; = (:)t/a so that T, = e~%, and let 5(t) = o(t/a) = inf{s : T, = e~ *}. Let
(00, 0") = Uy /a(y,0') denote the transition probability for O, assuming O = y. This
also satisfies (28) — (30) (with a different ). We emphasize that ¢ describes the evolution
with respect to the tilted measure P*, that is,

P {0, €V |60 =y} = /th(yae) de.

Let ¢4(y,0) denote the density of O, with respect to the measure P restricted to the event
{6(t) < oo} assuming ©y = y, that is,

P{5(t) < 003 0; € V | Oy = y} = /V 60(y,0) db.

We can write ¢, in terms of ¥; and the Radon-Nikodym derivative between the measures
P,P*. Let F(z) = [1 — cosx]/2 so that J; = F(6;), M; = e’ F(6;)". If O = y, then

R et R
and hence
Di(y,0) = F(y)’ e " i (y,0) F(0)~"
= F(y)? e P (0) F(0) " [1+ O(e™*")].
Note that
P{5(t) < oo} = E[1{5(¢) < o0}]
= VR [N, F(6,) 75 5(t) < oo
(31) — e B [F(6,) "]
_ _—Bt I'(6a) —at
@ - |+ )

In the third equality we used P*{5(¢) < oo} = 1. Using the Koebe 1/4-theorem, we can
see that (32) implies that

(33) P{dist(1,) < €} =< €°.
Let

() = [ B{at(17) < cF0)} 6(0) PO) P 0,

cy = limsup e ? g(e).
el0
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The estimate (33) implies that 0 < ¢4 < co. We will now show that

4 lime? g(e) = 4.
(34) im e q(e) = ct

Note that §(1) = e! X; J;. Let

gi(z) = Uy

ht(Z) = Xt

so that h; : D; — C\(—o0, J;] with h;(1) = 1. Recall that h(1) = J; ' and dist(1, dD;) =
e~t. Distortion estimates (see (35)) imply that for every u > 0, there exists sg = so(u) <
oo such that for all ¢ and all s > sg, the image under h; of the disk of radius e~ (*+)
about 1 is contained in a disk of radius jt e~ (=) about 1 and contains a disk of radius
Jy e~ about 1. Therefore, on the event {5(t) < oo},

P{dist(1,7) < Jye T | 5} < P{dist(1,7) < e ) |5}
< P{dist(1,7) < Jre 7 [y}
Let p(s) = e*# q(e™*). Then, for all s > sg, and all t > 0,
e Bltts) p(t+s)
= / P{dist(1,~) < F(z)e "9} yp(z) F(x) P dz
0
> / (&) Fz) [ / el ) P{dist(1, ) < F(y) e} dy] da
/ / 2) (e, y) P{dist(1,7) < F(y) e~} dy do
=e ﬁt/ F(y U () Yy, y) de| P{dist(1,7) < F(y) e~} dy
[T F) o) Plaist(1,) < F)e o
0
= e Ptgle(sFW)) = e=BlFsHu) b5 4 qy).
Hence for all s > sg and all ¢,
p(s+1t)> e Pu p(s+u)
which implies that

lim inf p(t) > e P* limsupp(t) = e P* ¢,
t— o0

t—o0

and since this holds for all u > 0, we get (34).
To finish the argument, note that if s > so(u), then

P{dist(1,~) < e~ (t+5)}
= / W ¢ (m,0) P{dist(1,7) < e~ T F(6)} o
0



14 G. F. LAWLER

= () [ n(m0) Plais(1) < O PO} FO) 7 do
0
— e=P () [1 - O(e=) / (6) P{dist(1,7) < e+ F(9)} F(9)* df
= P glemH) () [L - O(e )
Similarly,
P{dist(1,7) < e T} < e Pgle ")) (m) [1 4+ O(e™ )]

2.1. Two-point estimates

We will consider two-point estimates and, among other things, will prove Theorem 2.
As in [16], the starting point for two-point estimates is a very good one-point estimate.
The next proposition is an almost immediate corollary of (9), but it will be useful to state
it in this form. The proof uses classical distortion theorems (see, e.g., [5, Theorem 2.5]).
We need the following: there exists ¢g < oo such that if f: D — f(D) is a conformal
transformation with f(0) = 0, then

(35) [f(2) = f'(2) 2l S ol f (2 |27, [z <1/2.

An explicit ¢y can be given, but we only need that the constant cg is uniform over all
such f.

ProrosiTiON 2.1.  If v is an SLE, path, € > 0, and p is a stopping time with
dist(y,, 1) > 2¢, then

(36) P{dist(y,1) <e|7,} = ¢e (Jp/Tp)ﬁ (14 O((Jp/Tp)Y)],

where ¢, are as in (9). In particular, there exists ¢ < oo, such that for all such €,

N
(37) P{dist(y,1) < e[7,} <c <dlst(7p1)> '

PrOOF. We view ¢; as a conformal transformation of the reflected domain D; and let
0 = g;(1). Let B(z,r) denote the closed disk of radius r about z. The distortion estimate
(35) implies that

Blg,(1), 6el1 — coel) € g,lB(1,€)] € Blgy(1), del1 + coe)).
Therefore, (8) implies that

P{dist(y,1) < €| v,} = ¢e” (3/X,)" [1+0((6/X,)")
e’ (']p/’rp)ﬁ [1+0 ((JP/T/J)&)] .

O

It is useful to phrase the boundary estimate in terms of a conformally invariant
quantity, excursion measure. There are various ways to define this measure. If D is a
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domain and Vi, V4 are disjoint analytic curves on 0D, we define

gD(V17‘/é) = 3n¢(2’) |dz|a
Vi
where 0, denotes derivative in the inward normal direction and ¢ is the harmonic function
on D with boundary value 1 on V5 and zero elsewhere. It is well known that Ep(Vy, Va) =
Ep(Va, V1), and that this is a conformal invariant,

Ep(V1,Va) = &y (f(V1), f(V2)).

It is not hard to show that if 1 is a simple curve in H that intersects the positive real
line, then

Exvy (1, (—00,0]) A T = diam(n)

= ——— AL
diSt(% (_0070]) :

Therefore, using (8) (actually, we need only the up-to-constants version from [1]), we can
see that

(38) P{y N # B} < e [Em, 0, (—00,0])]” .

In applying this estimate, we use the following easy estimate. Suppose 1,72 : [0,1] — H
are two simple curves with 71 (0), 72(0) € R and diam(n; ) +diam(r2) < dist(11,72). Then
if D is the connected component of H \ (71 U72) containing 7, and 7 on its boundary,

diam(n; ) diam(n2)

30 g , = .
(39) D (11,72) dist(n1,72)?

LEMMA 2.2.  There exists ¢ < oo such that the following holds. Suppose n1 :
(0,00) — H is a simple curve with m1(0+) = 0 and n1(t) — o0 as t — oo. Let
n : (0,1) — H be a curve with n(0+) € (0,00) and n N = . Let D denote the
connected component of H\ (1 Un) whose boundary includes both n1 and n. Then if v
is an SLE, curve from 0 to oo in H,

(40) P{yNn# D} < cEpln,m)’.

PROOF. Since 7, disconnects 1 from (—oo, 0) in H, monotonicity of the excursion measure
implies that Ep(n,m1) > Ep(n, (—o0,0]) and we can use (38). O

The next lemma is the “up-to-constants” two-point estimate. Similar estimates were
given in [2] and [22] but for completeness sake we give a proof here. This estimate is
significantly easier than the analogous estimate for two interior points. The topology of
the boundary is such that once the SLE curve gets near 1 + z it is unlikely to get close
to 1 in the future.

LEMMA 2.3.  There exists ¢ < oo such that if x > 0, then
(41) P {dist(v,1) < ¢, dist(y,1 +x) < 0} < ca™P e’ 6P,

PRrOOF. Without loss of generality we will assume that € < 1/10 and § < z/10. Indeed,
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if either of these does not hold, then the result follows directly from (8). Without loss
of generality we may assume that § = 27" for some integer n. Let r be the integer with
277 <z < 27" Let o = inf{t : dist(1,7;) = €} and let 7, = inf{¢ : dist(1 + z,7;) =
2%}, Using (8) and (37), we get

Plo < Tpgpa < T <0} <P{lo < o0} P{r, <0 |0 < Tpya}
<ceP [2—"/2—(7"+4)]/3

<célaP P
We will show that
(42) P{r, <o < oo} <celx=Psla=hn
andifr+4<k<n-—1,
(43) P{r, < 0 < Tpp1 < 00;Tn < 00} < c &P xB §8 27Bk=T),

The result follows by summing over k.

Let C denote the half circle in H of radius € about 1 and 7y the half circle in H of
radius 27% about 1 + z. Let H = H,, . The circle ny separates C' from one-side of the
curve 7y, . Therefore, (40) and monotonicity of excursion measure imply that if Dy is
the component of H \ (C Uny) containing C' and 7y, on its boundary,

P{o < oo |7k < 0} < cEp, (Cymi)”.

Using (39), we see that

diam(C) diam(ny,) ko
Ep, (C < < ce? _
Dk( ank)_ diSt(C’nk)Q < ce x
Therefore,
(44) P{U <oo|m < 0} < ceP 9kB =28 < ceB p=Bo—Bk-r)

The one-point estimates (8) and (37) give

(45) P{7, < 0} <P{r, < 0o} < c27PF,

(46) P{r, < o0 |7 <0 < g1} < 2700,
The estimates (44)—(46) imply (42) and (43).
O

In the preceding proof, we split the events {o < 00,7, < oo} into a union of event
like those on the left-hand side of (43). If we had used just the one-point estimate to
estimate the quantities, the right-hand side would not have had the 2=7* term and the
estimate would not be good enough. We had to do a more delicate argument showing
that as k gets larger, these probabilities decrease, that is, the SLE, does not want to
get close to 1+ z, and then close to 1 afterwards. The topology here was such that the
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proof was not too difficult. It is more challenging in the case of two interior points, see
[4, 16].

Before proving Theorem 2, we will prove a continuity result for two-sided chordal
SLE, (from 0 to oo going through 1 stopped at 1). Recall that this is the solution to
the Loewner equation (1) where the driving function Uy = —W; satisfies

1—4a

t

th =

dt + dBy,

and By is a P*-Brownian motion. In other words,

1—-3a

t

dX; = dt 4 dB;,

which is valid up to time T = T} < oco. In Section 2 we saw that with P*-probability
one, dist(yr,1) = 0. The next proposition shows that the path is continuous at the
endpoint. This is an extension of results in [6, 12] where radial and two-sided radial
SLE are studied, and is related to [7] where boundary questions are studied.

PrOPOSITION 2.4.  With P*-probability one,

ltlTr;w(t) =1

In fact, if Cs denotes the half circle in H centered at 1 of radius €%, and o5 = inf{t :
dist(vy,1) = e %}, then there exists ¢, £ such that

P*{y[os, T) N Cyjp # D} < ce™ .

ProoOF. If r < s, then H, N C, contains a (finite or countably infinite) collection of
subarcs that are crosscuts of H,,. We will focus on the two crosscuts that hit the real
line. Let Il denote the closure of the subarcs whose endpoints include 1 — e™" and

s,m 's,r

1+ e ", respectively, let I, =1, Ul and
/\:T =inf{t > o, :7(t) € l;t,T} Ao = A AN,
We claim there exists ¢ < oo such that for all 0 < r < s, if 05 < 00, then
(47) P { A <00 |75} <P,
We will first show that
(48) P { Ny < Tar1 | Yo} < P79,
We may assume s >r+2. Let A=A, 5 <Ag,. Then
P*{Asr <ost1} =P {A <051} P {Asr <0531 | A < 0gq1}

We claim that Jy =< 1. To see this, let d} denote the part of dH; that is sent to
[Ui, g:(1)] and let 0?2 = {x € 9} NR : T, > t} be the part of §} that is not on the hull at
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time ¢t. Then using conformal invariance, we can see that

J — 1 I R
T 5% g, (iy, )

where hm denotes harmonic measure. At time A consider the subarc n of Cs_; starting
at 1—e~(5~1 stopping when it reaches 7. Let [ denote a line starting at 1 towards ~v(os)
stopped when it reaches 7). Note that the length of [ is at most e™*; the length of 7 is
at most me~*t! and dist(l,n) > dist(Cs,Cs_1) = e~*. Hence there exists an absolute c
such that the excursion measure between [ and 7 in H) is less than c. If y is large, then
any path starting at ¢y that leaves H) at 8/1\ \8?\ must go through [ and then through
7. Let R be the component of Hy \ (I Un) that includes both [ as n on its boundary
and consider it as a conformal rectangle with two of its sides being [,7. We know that
Er(l,n) < c for some absolute ¢. By mapping to a standard rectangle for which the
harmonic measure can be given explicitly (in terms of an integral or an infinite series),
we can see there exists § = §(¢) > 0 such that for all z € R sufficiently close to I,

hmp(z,I) < dhmg(z,n), [=[1—¢e°1].
Therefore, for all y sufficiently large,
hmg, (iy, I) > hmg, (iy, 0'),

which establishes the claim.
Hence, on the event {\ < 0441 < oo} we have M, _,, < cM,. This implies that

PN, <0s1 | A< 01} ScP{A[, <051 [ A< os1} SP{A[, <00 | A <0sq1}

On the event \;, < o441, the arc [, separates [, from one side of the curve yy. If
D denotes the connected component of Hy\ (I ,_, Ul ,), then (38) and (39) imply that
Ep(l, o, 17,) <ce (77,

,s—27"s,r

and hence,
P*{A;r < 00 | )\ < O—s—‘,—l} S 067’3(877‘).

For the other side, let AT = A} and write H = Hy+,07 = 8§+. We claim that if
At < oo, then Jy4+ < ce Pls—7) Js.. To see this, let 1y denote the circular arc in HNCs_,
with endpoints 14+e~”" and (A1), let n; denote the circular arc in HNC,_; that includes
1+e 26D and let ny be the circular arc in HNCy that includes 1+e~#%. Note that for
y large, any Brownian path starting at iy that leaves H at 9% must go through the arcs
10,71, N2 in order before reaching &2. Let R; be the connected component of H \ (o Un;)
that contains both 79 and 7; on its boundary. We view this as a conformal rectangle with
n0,m1 two of the edges. The other two edges are [1 + e 7%, 1+ €"~°] and a subset of d!.
We have Eg, (70,m) < &m\(c,_,uc,_,)(Cs—1,Cs—r) < ce"~°. Hence, using the estimate
for rectangles, we see for every z € 7, the probability that a Brownian motion starting
at z hits 7o before leaving H, is less than ce” ™ times the probability that it leaves H at
ot
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Given that the Brownian motion reaches n? before leaving H, the probability that
it leaves H at 02 is bounded above by the supremum of this probability over z € 92.
This probability is only larger if we replace H with H,_, and by the (boundary) Harnack
principle this is bounded above by a constant times the probability that a Brownian
motion leaves H at 0% given that it reaches l;“’s. But this last probability is bounded
above by J;. Combining all these estimates gives the claim.
Once we have the claim, we see that if AT < 0,41, then My < ceP(r—2) M, , and
hence
P{NE, < ogpr | 05} < ce P,

s,r =
This finishes the proof of (48). By iterating this argument, we see that

P*{As—o—k,r < Os+k+1 | )\s+k,r > Us+k} S c eﬁ(risik)a
and by summing over k we get (47).
To finish the argument, for each positive integer s let K(s) be the largest positive
integer k such that y[os_k, 0k NCs_r—1 = &. By looking at a particular event, it is not
difficult to show that for every r there exists d,, > 0 such that

(49) PH{E(s+742) 27 [ 7.} =P {y[0st2,054r12) N Cs = T | 70, } = 6.

If y[ost2,054r4+2] N Cs = &, then any curve from y(ogyry2) to Cy staying in H,
must go though 51,42 syo. Hence (47) implies that

s+r+s

(50) PY{K(s+1)>r+1|K(s)>r}>1—ce .
The inequalities (49) and (50) imply that there exists ¢, such that
P{K(s) < s/2} < e .

See, e.g., [12, Lemma 4.5]. The value of £ depends on the values of ¢, and so is difficult
to estimate; however, we do get existence. O

Proof of Theorem 2. We fix 0 < k < 8 and = > 0. All constants may depend on x and
x. Let Xt = gt(l) — Ut,Zt = gt(l + J?) — Ut, and Ot = gt(xt) — Ut. Let

X, -0,  Z,-0,
e Mz

Xt—Ot Zt_Ot

To="i(1) =220 W, =T, (14 2) = L2

As before, let T =Ty = inf{t : X; = 1}, let M; be the local martingale
M, =177,

and let P*,[E* denote the measures obtained by tilting by M;.
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Let
oc=1inf{t: T =€}, 75=1inf{t: ¥, =7}
For fixed u, let us write
{oe < 00,75 <00} ={0c <7y <75 <00} U{Ty < 0 < 00,75 < 00}

The Koebe 1/4-theorem (11) implies that dist(1+x,,,) < u, Arguing as in (43), we see
that

P{r, < 0. < 00,75 < 00} <ce? 58P,

(The =% and 278 terms in (43) have been included in the x-dependent constant c.)
Hence,

(51) limsup e ? 6 P P{r, < 0. < 00;75 < 00} < cuP.
€,610

For fixed u and ¢ < u/2, € sufficiently small, we use (36) to get

P{o. <7, <75 <o} =E[1l{oe < T\, < 75 < x0}]
=E[1{oc < 7.} P{75 < 0 | Yo, }]
= ¢/ 8P [1+O((6/u))] E [1{or < 1} (Ko /¥s.)"]
= ()P 5P [1+0(5%) + O(eM)E* [(Ky, /V,,)" 1{oe < 7,}]

Using the last lemma, we can see that with P*-probability one,

uﬁjl(ng/xp[,E)ﬂ o <7} = (Kp/U7)? 1{T < 7,} = 0P 1{T < 7,}.

Here we have used the fact that v is continuous at time 7" with (7") = 1 and hence
Or = X7 = 0. By the dominated convergence theorem,

(52) hérJI,lo e P PPlo. <1y <75 <00} = () E [\P;’B;T < Tyl -

Combining (51) and (52) and using the monotone convergence theorem, we get (16).
We are left with computing E* [\II;B } Let

0, [g,z(Zo) (2~ Xo

)/3
Zi — X, :| ’ f(s):E[QT‘XOZSZO],

where E denotes expectation with respect to two-sided chordal SLE going through Xj.
Scaling shows that f(s) is independent of X,. Note that E* [\II;B} =z P f(1/(1 + x)).
The right-hand side is easier to compute because we do not need to keep track of Oy.
Note that (41) implies that f is uniformly bounded on (0,1). 1td’s formula shows that

X X 1-3a 1—a 4a-—2 1 1
A _ 2t — =) aB|.
d[Zt] Z [( X7 * z} * X1 Zy ) dt+<Xt Zt) I t}
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We now change time choosing

_Xpzz X}
C(t)_(Zt_Xt)2_( _%)2

If we set Ry = Xy /Zc(r), we get

B 1-3a (1-a)R? (4a—2)Ry
At = F [((1 “RE TR T AR

) drvaw]

for a standard Brownian motion W;. Also,

0,01 = O, {a(l —4a)  a(da— 1)} 7

77 T TIx,
Therefore, if Qt = Qg(ty

(1 —4a)R? + a(4a — 1) R,
(1—Ry)?

a(4a — 1)Rt (1 — Rt)

~ ~ ~
0Qr = Qu =Q (1—R,)?

Note that

E [Qr | vew] = Q1 F(Ry).

The left-hand side is a martingale and
- ~ ~ 1
dlQ: f(Ry)] = f(Ry) dQy + Q| f'(Ry) dRy + 5 f"(Ry) d(R)| .

Setting ¢(s) = f(1 — s), using Itd’s formula again, and setting the d¢ term equal to zero
gives the equation

2(1—2)¢"(x) + [da — 2(1 — a)a] ¢/ (2) + 2a (40 — 1) () = 0,
which is the hypergeometric equation with bounded solution ¢(z) = 2F;(2a,1—4a,4a, x).
This gives (14).
Similarly, let pe.y = 0c A Ty Since Miap, , Niap.., 18 a bounded martingale,
E[MoNo] = E[Minp, , Noar,] = E* [Noonr,] -
Arguing as in Lemma 2.3, we see that
P*{r, < o} < cu?b,
and hence,
E* [No ary;Tu < 0] < cuP.

Also, as in the previous paragraph,

W E* [No,nr,0c < 7] = B [NpsT < 7] = E° [\II;B;T < Tu} .
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Combining the last two equalities, we see that

lim E*[N, o] =E* 08T u]
i B [Nonr] 3T <

But the left-hand side also equals Ng = 2~# h(z/(1 4 z)). Combining this with (16) we
get (14).
O

3. Proof of Theorem 3

For this section we will assume that 4 < k£ < 8 and hence that vy MR is a nonempty
strict subset of R. We will prove the result with y; = 1, y2 = 2, but the same ideas work
for all y; < yo. For x € R and s > 0, let

Js(z) = ePs {dist(x,v) < e %},

2
Js :/ Js(x) dx.
1
By (37), we have

E[Jy(z)] = éz=" +0(e™ ),

E [Js(IE) — Jt(x)} = O(e*a(sAt)), ]E[Js _ Jt] _ O(efa(sAt))'

The key estimate is the following lemma which is not as sharp as one could prove,
but it is good enough for our purposes. We will first show how to derive Theorem 3 from
Lemma 3.1, and then we will prove the lemma. Let

Qs,r(x) = Jsyr(x) — Js(x), Qsr = Joqr — Js.

LEmMMA 3.1.  There exist 0 < ¢, A < oo such that if t > 1+ e and 0 < r <1,
then

|E [Qs,r(l) Qs,r(x)” < ce .

We will actually prove this with A = «/8 but this is not the optimal value; we assume
A < 1. Using scaling, we see that Lemma 3.1 implies that if y > 1,2 > y + e~**, then

|E [Qs,r(y) Qs,r(x)]‘ < ce s,

If z <y + e we will use the crude estimate

‘Q&,T(@/” < efst7) H{Js(y) # 0},
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and (41) to conclude that

B [Qs.r (y) Qs,r()]] < XPEFTIPLIL(y) # 0, Jo(x) # 0} < clz —y| 7

Since 5 < 1, we see that

E[Q2,] =2 / / E[Qur(y) Qur(2)] dzdy = O(), €=(1- )\

This is the key estimate and the rest of the argument uses standard techniques. If k
is a nonnegative integer, u = 27%, and Y;, = J,,,,, then for m > n,

m oo
1Yo =Ymla < D Y= Yjoalla<e Y e /2 <cemfun/2,
j=n+1 j=n+1

Therefore, the sequence {Y,,} is a Cauchy sequence in L? and converges to a limit random
variable J. The limit does not depend on k, and since E[(Jsi, — Js)?] < ce™%® for
r < 1, we can see that J, — .J in L?. To get convergence with probability one, we use
Chebyshev’s inequality to see that

B{[Vji1 — ¥j| 2 e 764} < I E[(Y; — Yjo0)?] < ce 2,

By the Borel-Cantelli lemma, with probability one, for all j sufficiently large, |Y;41—Y;| >
e~7¢4/4 and hence with probability one, for each k,

lHm J,p-r = J.

n—oo

We can then use the monotonicity relation Jy,, < " .J,, to conclude with probability
one

lim J, = J.

S§—00

Since the convergence is in L?, we have

2
E[J] = lim E[J,] = c/ P d,
1

E[J?] = lim E[J?] = lim 2/ / (y)] dy dx

§—00 L de el

= / / T ,(1) Ju(y/)] dy d

_9¢ / / 25h(x+y) dy dx

Proof of Lemma 3.1. For notational ease, we will assume that » = 1 but the argument
works identically for 0 < r < 1. We write Qs(y) = Qs1(y) = Js+1(y) — Js(y). We let
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A=4< We assume that > 1+ e * > 1+ ¢=5/8. We recall that

1
3

|Q

EQs)] <ce®,  1Qs(y)| < PV 1{dist(v,y) < e *}.

Let 1y, 1., denote the circles of radius e~ about 1 and x, respectively, and

os = inf{t : dist(y,1) < e °}, 75 = inf{t: dist(y,z) < e %},

ps = inf{t > 77,5 : dist(yt, 1) < e™* Adist(vr,, 4, 1)},
where p, = oo if 77,/3 = 0o. Arguing as in Lemma 2.3, we see that

P{T75/8 < ps < 00} <P{775/5 < 00} P{ps < 00| T75/8 < 0s}
(53) < e ™8] [cem T8 P (3 — 1)) < ce P2,

Here we are using x > e=s/8,

Let 4 = v.,,/8 where i =~ if 77, /s = 00, and

Jo(1) = e 1{dist(1,%) < e7*},  Jop1(1) = P 1{dist(1,7) < e~ VY,

Qu(1) = J(1) = Jusa (1),
Since Q4(x) = 0 on the event {775 = 00}, we can write
E[Q.(1) Qu(@)] = E Q1) Qu(@)] +E[(Qu(1) = Q1) Qu(a)]
Note that (53) implies that
E [|Qu(1) = Qu(1)| Qu(@)] < 7 P{p, < o0} < /2.
Also,
E[Q.(1) Qu(@)] = E[Qu() (@) |9)]

where the conditional expectation is defined to be zero if 77,/5 = co. We now use (36)
to say that there exists a > 0, ¢ < oo such that on the event {7'75/8 < oo},

E T N < Cefas/S 6756/8.
E(Qs(x) [9)] <

Therefore,
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4. Asymptotically Bessel processes

In Section 2, as is often the case in SLFE, we had a simple SDE of the form
dXy =F(Xy)dt+dB;, 0<t<m.

Here we will discuss one way to establish the results that we needed there. The idea is to
write F(z) = [log ®(x)]" and to consider this as a Brownian motion X; weighted locally
by ®(X;).

Suppose X; is a standard Brownian motion starting at z € (0, 7) and ® is a (strictly)
positive C? and L? function on (0,7). Let T = inf{t : X; € {0,7}} and let

1 t (DII(XS)
(54) Mt = (I)(Xt) At7 where At = exp {—2/(; CI)(XS) dS} .

Then Itd’s formula shows that M, is a local martingale for ¢t < T satisfying
th = [lOg (I)(Xt)]/ Mt dXt

If € > 0 and 7 is a stopping time with inf;<, sin X; > €, then M;,, is a martingale and
we can write P, [Eg for probabilities and expectations with respect to the new measure.
That is, if Y is Fya.-measurable, then

E2[V] = My ' E*[Y Mip,] = @(x)  E°[Y Mia,].
Girsanov’s theorem states that
(55) dXt = [log (I)(Xt)]/ dt + ch

where B; is a standard Brownian motion with respect to Pg. This holds for ¢ < 7, but
since the equation does not include 7, we can write the equation for ¢t < T

For 0 < z,y < m, Let p(t,z,y) denote the density at time ¢ of a Brownian motion
starting at = that is killed when it leaves (0, ), that is,

Y2
Py < X <y2; T >t} = / p(t,z,y) dy.
Y1

Let ps(t, x,-) be the corresponding density for X; under the tilted measure P%,

Y2
Pi{y1 < Xy <y2; T > t} =/ pa(t,z,y)dy.
Y1

We note that PF and P*, considered as measures on paths X,,0 < s < ¢, are mutually
absolutely continuous on the event {T" > ¢t} with Radon-Nikodym derivative

dPy My _ 9(Xy)

dPr — My,  ®(Xo) "
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where A; is as in (54). If PZ{T < oo} =0, then pg (¢, x,y) is a probability density,

/ po(t,z,y)dy = 1.
0
LEmMMA 4.1. If0<z<y<mandt >0, then

pa(t,z,y) ®(2)* = pa(t,y, x) 2(y)*.

In particular, if PE{T < oo} = 0, then the invariant density for (55) is c®? where c is
chosen to make this a probability measure.

PROOF. For each path w : [0,¢] — (0,7) with w(0) = z,w(t) = y, let w’ denote the
reverse path w(s) = w(t — s) which goes from y to x. The Brownian measure on paths
from y to z staying in (0, 7) can be obtained from the corresponding measure for paths
from z to y by the transformation w + w®. The compensating term A, is a function of
the path w, and we can see that A;(w) = A;(w®). Then

p‘f’(t’ z, y) = p(ta Zz, y) ;;Ez; Elyy,t[At]’ p‘i’(t7 Y, x) = p(t7 Y, x) (igzi Ey7I,t[At]’

where E, ,; denotes the probability measure associated to Brownian bridges of time
duration ¢ starting at x, ending at y, and staying in (0, 7). This quantity is not easy to
compute, but the path reversal argument shows that E, , :[A:] = E, ;[A¢]. This gives
the first assertion, and then

/ " B(2) palt, v,y) de = / " B(y)? poly 2. t) dz = D(y).
0 0
[}

If ® is L?, but PL{T < oo} = 1, then an appropriate reflecting process can be
defined. One way to construct it is to find a sequence ®,, 1 ® of C? functions for which
P {T < oo} = 0 and such that ®(z) = ®,(x) for z € [, 7 — L]. For cach e, if we only
view the process during the excursions from {2¢, m — 2¢} to {e, ™ — €}, then the process is
the same for all ®,, with n > 1/e. In particular, we can see that the invariant probability
for the reflected process must also be proportional to ®2.

The reflected process can be a bit subtle at the boundary, but it is well understood in
the case of Bessel processes. Recall that the Bessel process is obtained by tilting by the
function ®(z) = z* where a > —1/2. Let P* denote the probabilities under the Bessel
process reflected at 0 and killed at time T,. Then X, satisfies the Bessel equation

a
Xi = —
dXi Xtdt+th’

where W, is a P*-Brownian motion. If —1 /2 < a < 1/2 we must interpret this as the usual
reflecting Bessel process. We will say that ® is asymptotically a-Bessel near the origin
if there exists an even, strictly positive C? function g such that ®(z) = g(z) 2%z <
3w /4. Similarly, we say that ® is asymptotically a-Bessel near 7 if © — ®(7 — z) is
asymptotically a-Bessel near the origin. We will focus on behavior near the origin, but
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the same arguments work for behavior near 7. We will be most interested in the example
O(z) = [sinz]*[1 — cosz]’, which is asymptotically (u + 2v)-Bessel at the origin and
u-Bessel near 7, and gives the equation

(56) de; = + (u+v) cot O | dt + dB;.

sin ®t
This equation with v = 0 is sometimes called the radial Bessel equation. The invariant
density v is proportional to ®2. If © has density 1, then a standard calculation shows
that [1 — cos ©]/2 has a beta density

I'2u+2v+1)

ut2o=3 (1 _g)u=2, 0<y< 1.
F(u+21}—|—%)F(u+%)y (1-v) Y

h(y) =

Note that g, ¢, g" are bounded on [0, 37 /4] as is ¢’ (z)/[zg(x)] where the last function
is defined to be ¢"”(0)/g(0) at = 0. 1t&’s formula gives

1
dg(Xy) = ¢'(Xy) dX, + B g"(Xy)dt

B ag' (Xe) | 9"(Xt) g'(Xt)
= 9(Xt) [(g(xoxt * 2g(Xt>) i+ X th}

Let T = T3W/4 = ll’lf{t : Xt = 371'/4} If

1 t / X, " X
M; = g(Xy) Ay, where Ay = exp {_2/ (;(i(())g " gg((X ))> ds} ’
0 s) ks s

then M;ar is a martingale satisfying

g'(Xe)
dM; = My dW,, t<T.
t 9(X) t AW, <
Also, |log Aiar|/(t AT) is uniformly bounded. Recall that P% is obtained from P®
by weighting locally by ®(X;) = X{ g(X;). Equivalently, we can get P from P* by
weighting locally by g(X;). We take the latter viewpoint and note that

g'(Xt)
9(Xt)
where By is a standard Brownian motion with respect to P{. The advantage is that the

last equation can be considered for the reflected process X; under P*. We also write this
as

AW, =

dt +dB;, t<T,

D' (X%)
(X)

- i, =2 o

dt +dB; =
Xy Q(Xt):| !

dt + dBy,
where the reflection is interpreted as above. If we start the reflected process at 0 and
write P, = P?, then

dP,
dP
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By analyzing the equation (57), we can see that P.{T < oo} =1, and hence
9(3m/4) E[Ar] = g(0).

Given this representation, it becomes straightforward to establish estimates about
the measure P,. For example, it is standard to show that if € > 0, then

P{T <€} >0.

It follows immediately, that this holds for P, as well. In particular, one can see that
for every € > 0, there exists 6 > 0 such that that if X}, X? are independent processes
satisfying (57) starting at different points, then with probability at least §, X} = X? for
some t < e. Using this and using a standard coupling procedure, we can define a process
(X}, X2) on the same probability space satisfying (57) with X¢ = z1, X2 = w5 such that

P{X} = X} for all t > ne} > 1 — (1 —0)".

Also, by comparison with the Bessel process for which the transition density is known
explicitly, there exist 0 < ¢1(€) < ca(€) such that for all z,y and all t > e,

(58) c1(€) @%(y) < pa(t, z,y) < cale) *(y).

Here we are writing pe (¢, x,y) for the probability density of the reflected process. If we
start X! with the invariant density co ®2 and X? with X2 = z, we see that we can couple
the processes so that with probability at least 1 — ce™!, the paths have coupled by time
t and hence

[ ate = 1)~ con?ay < e
In other words we can write
pa(t—1,x,y) =[1 —ce ] co®(y)* +ce * p(t —1,2,9)
where ¢(t, z,y) > 0 with
/Oﬂqﬁ(t— Lxz,y)dy = 1.
Using (58), we see that for each z,
[ o= 102 6(1. 2, 42 = 00 = co (0711 + O

and hence we get

[pa(t, ,y) — co®?(y)| < ce™ " D*(y).
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5. SLE(k,p) processes

5.1. Definition and properties

Two-sided chordal SLE to 1 was obtained from chordal SLE, by weighting locally
by X} %" where X; = g¢(1) — U;. By this we mean tilting in the sense of the Girsanov
theorem by the local martingale M; = A; X} ~** where A; is the C' process (compen-
sator) that makes this a local martingale. More generally, we can weight locally by X7,
and that is what we will do in this section. Recall that SLFE, satisfies

a
dX; = — dt + dW,
t Xt + ts
where W, is a standard Brownian motion. It6’s formula shows that

r _1
wdt_,_LdBt

dX7 = X] e X

Differentiating the Loewner equation gives

agi(l tads
atgé(l):* ié(z), gé(l)eXP{/O XQ}
t

S

Therefore, if A = % +r(1— L) and

t
- - ads
(59) M, = 92(1)>\ X =X exp {—/\/ X2} )
0 s
then M, is a local martingale satisfying
AM, = — M, dW,, t<T.
Xi

If we let P* denote the measure obtained by tilting by M, then the Girsanov theorem
implies that

r
dWy = — dt + dB
Wt Xt + ts

where By is a P*-Brownian motion. In particular,

r+a

t

(60) dX; = dt + dB,.

If we change time X, = Xot/a = Xkt, then this equation becomes

. 2
(61) X, = m}; dt + \/xdB;,

t

for another standard Brownian motion B;. A process satisfying (61) was called an
SLE(k,p) process in [13] where p = rx = 2r/a. This was perhaps a bad notation
because the parameter p depended strongly on the parametrization of the SLFE path.
I find the parameter » more natural, but the important thing to remember is that the
SLE(k, p) process (with charge point 1) is the process obtained from SLE, by weighting
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locally as above by Xfp/2 = ti/'{. We will use the parameter r = p/k in this section,
but will write SLE(k, k1) to conform with the original notation.
We will use the radial parametrization and the notation from Section 2. Note that

(22) gives
Jt a Jt
dj, =2 (1—a— —2 ) at— Ztaw,
Ji Xf( “ 1—Jt> x,
Ji a Ji
= (1-a-—7r-— dt — — dB;.
X3< ar 1—Jt> X,

If we change time as in that section, (25) becomes

dJ, = [(1—2a—r)—(1—a—r)jt} dt ++/J, (1= J,) dB,.

If J, = [1 — cos ©,]/2, then

A 1-— - 1 A A
(62) dO; = [?)QAT + < —a— r) cot @t] dt 4+ dB;.
sin ©; 2
This is of the form (56) with
u=2a—-, v=1-3a—r,

2

which is asymptotically (2a — %)—Bessel near m and asymptotically (% — 4a — 2r)-Bessel
near 0. From this we can deduce the following known properties.

e Since 2a — % > —%, the reflected process at m can be defined for all x > 0.

e From (60), we see that if r > % —a (p> % —2), then the process in the capacity
parametrization exists for all times. In other words, 77 = cc.

° If%—2a§r<%—a (5 —4<p< %5 —2),then T1 < oo, but ét reaches zero in
finite time. This implies that dist(yz,,1) > 0.

eIf r < 1-2a (p < % —4), then O, exists for all times. This implies that

diSt(’}/Tl, 1) = 0.

5.2. Moments of derivatives

The Girsanov theorem gives quick proofs of some of the estimates about moments
of the conformal maps g;. This is has been known for a while, but I do not believe
these proofs in these cases have been written down. Anyway this gives a good example
to illustrate a now standard procedure. To compute the expectation of a derivative,
find an appropriate martingale or local martingale. The martingale property gives the
expectation of the martingale at later times in terms of the original expectation. However,
the martingale often includes extra terms. To recover the expectation of the derivative,
one studies the process in the measure obtained by tilting by the local martingale.
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ProrosiTION 5.1.  If v is a chordal SLE, path with k > 0 and
k(2 1\°
A>—— (242
~ 7 (Ii+ 2) ’

E[g,()NTy >8] ~t77/2,

then as t — oo,

where r is the larger root of (59),

_1.2 (2 12+4/\
Tk ko2 K

and ¢ =D(2+ 5+ §)/T(2 47+ ).

PROOF. We consider the local martingale M; = g;(1)* X/. Let P*,E* denote probabil-
ities and expectations with respect to the tilted measure under which X; satisfies (60)
with B; a P*-Brownian motion. Then

Elgi ()N T > 1] = BIM, X, T > 1] = B[ 5T > ) = 0728 [(X/VE) 7]

The last equality uses r +a > % which implies that P*{T} > ¢t} = 1. The final expecta-
tion is with respect to a Bessel process and can be given explicitly. To understand the
asymptotics it is useful to let Y; = e~* X 2« which satisfies

a+r
Y;

dY; = [ —Y}} dt + dW,
for a standard Brownian motion W;. This is the equation one gets by starting with a
standard Brownian motion Y; with Y = 1 and weighting locally by ®(Y;) where

®(x) = 2 e/,

This is a positive recurrent diffusion on (0,00) with invariant density ¢(x) = c®(z)2.
Using this, we see that
00 2q+4r —x
x e der T(a+
de = fo (

+3)
JoT a2t e dy  T(a+7r+

N3

Jim E* [(Xt/x/irﬂ = /0 T o)

INIE N
NG

The last equality uses

& R 1
2/ xqe_“ﬂdm:/ uZ’le_“du:F(q—’—>.
0 0 2
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The proof shows the stronger fact that if I is an interval then

220+ o= gy
li tT/Q]E[’l’\;X Vtel, T >t}:f’—
e g:(1) t/ ! F(a+r+%)

We can get more information. Let §¢(z) = ge2:(z). Then,

2t
) ¢ ads tal2e?n du toadu
—log g;(1) = —log g,2.(1) = —/ [ ]
0

Xz Xz, )y vz
Since Y; is a positive recurrent diffusion with invariant probability ¢ ®2, we see that with
P*-probability one,

1 {*2adu

. = _ > —2 2

0o o .2
fo x2a+2r 26 x dﬂl‘ )

Jo© et e=a® dy T 2at2r—1

In other words, the typical value of g/, (1) for t large with respect to the measure tilted
by M is (th)—l/(Qa—&-Qr—l).

53. r<i-2a

We will consider the case r < % — 2a for which the process satisfying (62) avoids the
origin for all ¢ > 0 and either avoids 7 if kK < 4 or can be defined by reflection at 7 for
Kk < 4 < oo. We write £ = r + X\ and note that

2
(63) £=;a+r<2—21a>7 r:%—Qa—\/(Za—%)Q—F%.

Alternatively, we could start with & > —(2a— %)2/2, set 7 = r¢ as above, and let A = £—r.

Since the curve approaches 1 in the tilted measure, the radial parametrization (24)
works well. We use the notation from Section 2, and let G:(z) = g,(:)(2). We consider
the local martingale

My = X[ gi(1) =17 Iy g1 (1) = e Jy 7 g (1)

The two-sided chordal SLFE is the case £ = 0,7 = 1 — 4a, A = 0. If we let P* denote
probabilities with respect to the tilted measure then some calculation shows that the
analog of (26) is

1-3a—1 1

+ (= —a—r) cot O] +dB,

de, = .
! sin ©, 2

where B; is a P*-Brownian motion. This is of the form (56) with u = 2a— %, v=1-3a—r.
The invariant density for Jy is

(2 —2a—2r)
(2 —4a —2r)T(2a)

h(y) _ 1—4a—2r (1 _ y)2a—1.
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Similarly to before, we can find a = ;. ,, > 0 such that
E [g;(t)(l)g; Too < efat] =e""'E [Mt Jio(t) < oo}
= L] = e L4 O,
where

/ ! r 7F(2*2CL*2T)F(2740‘7T)
oy ¢ 7/0 y"hiy)dy = (2 —4a—2r)T(2—2a—7)

Note that we need r < 1 — 2a for the integral to be finite.

PROPOSITION 5.2. Ifr < + — 2a, then there exists « = a(r,k) > 0 such that if

2
Te = inf{t : Ty = €}, then
E [g’Ts(l)g; Te < oo} =c € [14 0(eY)],
where &, ¢ are as in (63) and (64).

By looking at the tilted measure, we also see that typical value of g (1) in the
expectation. Let Ly = —log §;(z). Note that

1-J ty_ J,
8tLt:L0'(t):a(7AJt), Lt:&/ AJé dS,
0

Xg(t) Ji s
and
1
1—y I't —4a —2r)I'(2a + 1 2a
| hay =2 o+ D) .
0o Y I'(2 —4a — 2r)T'(2a) 1—4a—2r
Using positive recurrence of the diffusion under P*, we see that with P*-probability
one,
. Lt 2a 4
lim — =am, m=m,,= = .
t—oo t ' 1—4a—-2r (1-2r)k—8

We expect that L; = mt + O(t'/?). Indeed, one can show that for u in a neighborhood

of the origin,
L; —amt
E* lexp{ u——— ¢ | < 00.
[ P { Vit H

PROPOSITION 5.3.  If o, = inf{t : dist(y, 1) < e *}, then
E [g, (1)% 05 < 0o < e ",

Moreover, the expectation is carried on an event where g(’,s(l)’E ~ e "%. More precisely,
for uw in a neighborhood of the origin,

+logg, (1
E [exp{u[sm \;gggag( )}} 925(1)5;05 <oo| < ce™"s.
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Roughly speaking, the expectation [gﬁ,s (1)5; os < oo] is carried on an event on which
gy, (1) = e™™ and the probability of this event is on the order e s(r=¢m),

5.4. One-point estimate for SLE(k,TK) processes

Our definition of SLE(k,rk) process used the point 1 as the force point. Here we
assume that the force point, which we call g, lies in [0+,1). To be more precise, using
the notation of Section 2, let O = gi(x¢) — U; which satisifes

a;rrdterWt, 0o = 24

t

dO; =

for a standard Brownian motion W;. Here we assume that a +r > —1/2 so that this is
well defined, perhaps with reflection at the origin. Hence, if X; = g+(1) — Uy,

a r
dX; = — + = | dt +dW,.
! (Xt * Ot) T
Let Y;, J;, Ty be as in Section 2, and note that Yy = Jy = Yo =1 — zo.

PROPOSITION 5.4.  Suppose 0 < k < 8,rx > max{§ — 4,-2}, and v is an

SLE(k,Tk) process with force point xg € [0+,1). Then there exists « > 0 such that
if0<e<1/2,

P{YTo <e(l—z0)} = cu AT (1-— xo)ﬁ [14 O(e™)],

where

I'(6a + 4r)

—da+2r—1, ¢ =
f=datar=1 &= o TRat 2r = 1)

Note that the assumptions imply that 7 > (3 —2a)V(—a), and hence 8 > 0, B(14L) >
0.

PROOF. The case r = 0 was done in Section 2 and we follow the same approach. Let
M, = Tf (1+3) Jt_ﬁ . Ito’s formula shows that M; is a local martingale satisfying

th = _Xﬂ Mt qu MO = (1 - xo)iﬁr/a.
t

If we tilt by M,, then

1—3a—2r T
dX;=| ———+ — | dt +dB
t ( Xt + Ot) + ty

Ji r+a Ji
=t 2 — — L 4B,
th 3 (3a+ T 1Jt> dt td t

t

where B; is a standard Brownian motion in the new measure P*. If we change time
setting J; = J,(y) where o(t) = inf{t : Ty = e~%'}, then

4, = [(2a ) — (2 + 3a) jt] dt +\/J, (1 — J,) dB,
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for a standard Brownian motion B,. If we let J;, = % [1 — cos ©], then

de, = [ .a + <3a+2r 1) cot@t] dt + dB,.
sin ©; 2

This is of the form of (56) with u = 2a + 2r — %,v = a. Our assumptions imply that
u>—1/2,u+v > 1/2, and hence the process exists for all times, perhaps with reflection
at 7, but not reaching the origin in finite time. The invariant density of J; is

I'(6a + 4r)

h _ 4a+2r—1 1— 2a+2r—1
@) = F o T@a 20" (1-2) ’

and

1
ol I'(6a + 4r) I'(6a + 4r)
1-2r—4a h doe = (2 2 = .
/0 * (¥) do = (2a+ 2r) I'da+2r)T(2a+2r) T(4a+2r)T(2a+2r—1)

Using exponential rate of convergence to the invariant distribution, we see that
E* [jf] =c. +O0(e ),
and hence, if e7% < (1 — xg),
P{Yoo < e} =E [1{To < e )]

— B+ E) R [J\th jf;Too < e—at:|

= e P R Y]

=, e” BT (1 xo)_% [14+0(e™).
The third equality uses the fact that with P*-probability one, T; — 0. Therefore,

P{Too < €(1—20)} = e [e(1 — 20))PH5) (1 - 20) =% [1+0(e?)].
(I

When 0 < 3(1 + Z) <1, then a “back of the envelope” calculation suggests that the
Hausdorff dimension of the v(0,00) N[0, 00) should be 1 = (14 L) =1 -k~ (2+7k) (4+
rk — % ). Indeed, this can be proved with standard techniques once a two-point estimate
analagous to Lemma 2.3 is established. One can do it in this case but it is a little more
difficult than the proof of Lemma 2.3. We choose not to do it here. One reason to omit it
is that a different proof of this result is available in [18]. Similarly, we expect (although
have not proved) that the one-point estimate with distance replacing conformal distance
and a Minkowski content result can be proved.
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