ALMOST SURE MULTIFRACTAL SPECTRUM FOR THE
TIP OF AN SLE CURVE

FREDRIK JOHANSSON AND GREGORY F. LAWLER

ABSTRACT. The tip multifractal spectrum of a two-dimensional curve
is one way to describe the behavior of the uniformizing map of the com-
plement near the tip. We give the multifractal spectrum for a Schramm-
Loewner evolution (SLE) curve and we prove that the spectrum is valid
with probability one.

1. INTRODUCTION

The chordal Schramm-Loewner evolution (SLE)) is a one parameter fam-
ily of probability measures on curves 7 : [0,00) — H. It was invented by
Oded Schramm [17] as a candidate for the scaling limit of lattice statistical
physics models in two-dimensional that satisfy conformal invariance in the
limit. See [7, 8, 18] for surveys. In this paper we consider the behavior of
the path at a point y(¢). Since the curves are fractals, one cannot make
sense of derivatives. Instead, one considers the behavior of |g;(z)] for z near
~(t) where g; is a uniformizing map from the complement of the curve to
the upper half plane.

For technical reasons, it is often easier to consider |f{(y(t) + w)| where
ft = g9, ! and w is near the origin. The starting point is estimation of
moments of the derivative; this was started in [16] and extended in many
places, e.g., [2, 5, 6, 9, 14]. In order to get almost sure results, one needs
second moment estimates. The ideas for that appear in [9], and these ideas
are also important in understanding the “natural parametrization” of SLE
curves, see [10].

1.1. Tip multifractal spectra. Suppose 5 : (—o0,00) — C is a simple
curve with y(t) — oo as t — to00. For each ¢, let D, = C\ 4(—o0, t], which
is a simply connected domain whose boundary contains J(¢) and co. The
(nontangential) tip multifractal spectrum which we describe in this section
is one way to describe the behavior of harmonic measure in Dy near 7(t) for
different values of t.

Suppose z is a boundary point of a simply connected domain D. We
say that z is accessible (in D by n) if n : [0,1] — C is a simple curve
with n(0) = z,17(0,1] € D. If z is accessible by 7, let h be a conformal
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transformation of D onto C \ (—o0,0] with h(z) = 0. By h(z) = 0, we
mean h(n(0+)) = 0. (In the previous paragraph, ¥(t) is accessible in Dy
by the curve n®)(s) = (¢t + s). For endpoints of “slit” domains like 7(t)
in Dy, there is only one possible meaning for h(%(t)) = 0, but for general
D a boundary point z might be approached from different directions that
correspond to different values of h(z). The curve n specifies a particular
direction.) Let g(z) = i+/h(z), where the branch of the square root is
chosen so that v/1 = 1. Then g is a conformal transformation of D onto
the upper half plane H with g(0) = 0. The map g is not unique, but if g is
another such map,
9(2) = Tlg(2)],

where T' is a Mdbius transformation of H fixing 0. Similarly A is not unique.

Let n*(s) = g(n(s)). Then n* : (0,1] — H with »*(0+) = 0. If ] :
(0,1] — H is another curve with 77 (0+) = 0, and 71 (t) = g~ (7} (s)), then
7 (0+) = z and z is accessible by 7;. (This uses the fact that the curve n
exists. If z is an inaccessible boundary point, then lim,_,04(71(s)) does not
exist.) We say that n* satisfies a weak cone condition if there is a subpower
function (see Section 2.1) 1 such that for all s > 0,

el ()] < Tl (916 oo )

and we say that n is weakly nontangential if g o n satisfies a weak cone
condition. It is not difficult to see that this definition is independent of the
choice of g. One example of a nontangential curve for D is

n(s) =g '(si), 0<s<1.

We will use this curve to define the tip multifractal spectrum but the defi-
nition will be the same for any nontangential curve.
We make the following assumptions and comments. Let f = ¢g~!.
e f is a conformal transformation of H onto D.
e Let n(s) = f(is). There exists z such that n(0+) = z.
e Since 7(s),s > 0 is a simple curve, the length of 7(0, s] is given by

o(fis) = /0 £y dy. (1)

A sufficient condition for the existence of a limiting z = n(0+) is
that v(f;0+) = 0 which is equivalent to

v(fit) <oo, t>0.

e We can write f(w) = F(—w?) where F : C\ (—00,0] — D with
F(0) = z. Then F~'(n(0,s]) = [0, s%]. In particular, the length of
F~1(n(0,s]) is s%, and the length of f~1(n(0, s]) is s.

We will say that the (nontangential) scaling exponent at boundary point
z is 6 if
o(f;s)~* s, y—0+.
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In particular, if D = C\ (—o0,t], then the scaling exponent at ¢ equals 1.
(See (2) for the definition of ~* .) More generally, if 7 is differentiable at ¢,
then # = 1 at t. We say that the scaling exponent is the interval [6_, 6]
if corresponding statements with liminf and limsup hold. The Beurling
estimates (see Lemma 2.6) implies that 6, < 1. The scaling exponent is
closely related to the behavior of f/(iy) as y — 0+. Indeed, if | f/(iy)| ~* y =
for some $ < 1, then (see Proposition 2.7)
o)~y =120

Although the definition of v(f;y) depends on the choice of conformal map
f, it is not hard to see that the scaling exponent 6 is independent of the
choice.

Returning to the curve 74, we can study Ty, the set of ¢t such that the
scaling exponent of D; at J(t) equals #. The tip multifractal spectrum can
be defined to be either of two functions:

0 — dimh(Tg), 0 — dimh(’ﬂTg]),

where dimj, denotes Hausdorff dimension. The first function depends on the
choice of parametrization of 4 and the second is independent of parameter-
ization. We could also define liminf and limsup versions of this. The main
goal of this paper is to compute the tip multifractal spectrum for chordal
SLE. For technical convenience, we will use an alternative definition in
terms of the behavior of |f/(iy)| as y — 0+ and we will use § rather than 6
as our variable.

1.1.1. Harmonic measure spectrum. The tip multifractal spectrum is closely
related to decay of harmonic measure at the tip of the curve. Suppose
v = 7(t) is a curve in H with v(0+) € R. Let H; be the unbounded
connected component of H \ v[0,¢]. One way to define the multifractal
spectrum of harmonic measure at the tip is as the function

o +— dimy, (y[T™)),

where
Tj}m ={t: hm(B(y(t),r)) =" r* r — 0+}.

Here hm(-) = hm(zo, -, H¢), is the harmonic measure evaluated at a suitable
point that could depend on t. We will both this defintion and a slightly
different (nonequivalent) definition that is more closely related to the tip
spectrum. See Section 2.3 for precise definitions.

Harmonic measure spectra for planar domains have been studied exten-
sively in the physics and mathematics literature. In the case of the paths
of Brownian motion, the spectrum is determined by the intersection expo-
nents which in two dimensions where established in [11, 12, 13]. Duplantier
derived, using non-rigorous quantum gravity methods, an explicit formula
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FIGURE 1. Multifractal spectrum of harmonic measure at
the tip for SLE(k), k = 2,4,6. The maximum is the dimen-
sion of the curve.

for the harmonic measure spectrum for the bulk of SLE(k), that is, for the
SLE curve away from the tip [3], [4]. His formula which may be stated as

fbulk(a):a+(4+ﬁ)2_((4+,<;)2>( o2 )

8k 8k 200 — 1

Beliaev and Smirnov [2] made a start to proving this result by establishing
the average integral means spectrum (measuring the growth of |, ap Elf (14
r)e?)|Mdf as r — 0+) for the (whole-plane) SLE mapping. To get the
multifractal spectrum from the integral means spectrum one can formally
apply the so-called multifractal formalism (see, e.g., [15]) and find fyu by
taking a Legendre transform of the average spectrum. This approach is
believed to be valid for SLE, athough it has not been established in this
case.

In this paper we prove a similar formula for a version the tip spectrum
(see Section 2.3):

Jupla) =« (1 N %) + (4;7;)2 N (g) <2aai 1> '

Although we modify the definition somewhat, we prove the stronger version
of the theorem which states that for each «, with probability one this result
holds. This is a stronger result than a result on the average integral mean
spectrum. Indeed the analogue of the average integral mean spectrum result
for our problem is the estimate (38) which is the starting point for the more
intricate analysis.

1.2. Outline of the paper. We give an outline of the paper. The next
section discusses some preliminary facts. After setting some notation about
asymptotics in Section 2.1, the deterministic Loewner equation is discussed
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in Section 2.2. Much in this subsection is standard but we have included this
in order to phrase the results appropriately for our purposes. Also, we want
to separate estimates that deal only with the Loewner equation itself from
those that are particular to SLFE. In this subsection, there are three kinds
of results: those that hold for all conformal maps of H for which we use the
letter h; those that hold for all solutions of the chordal Loewner equation
for which we use g; and f; = g, !. and towards the end fact about solutions
of the Loewner equation for driving functions that are weakly Holder-(1/2).
We also define the tip multifractal spectrum in this section.

The main theorem is not stated until Section 3 where the Schramm-
Loewner evolution (SLE), i.e., the solution of the Loewner equation with
a Brownian motion input, is discussed. From here on a value of the SLE
parameter k is fixed and a large number of k-dependent parameters are
defined. Although we do not discuss it directly, what we are doing is estab-
lishing the guess for the value of the multifractal spectrum in terms of the
Legendre transform of a logarithmic moment generating function.

The basic proofs of the main theorem can be found in Section 4. This
section is relatively short because it relies on estimates on the moments of the
derivative some of which were established in [9, 5]; the necessary additions
are proved in Section 5. Section 6 uses the forward Loewner flow to prove
a result on the harmonic measure spectrum stated in Section 3.3. We warn
the reader that some of the notation in Section 6 does not agree with that
earlier and that the assumption x < 8 is made there.

2. PRELIMINARIES

2.1. Notations. In order to avoid writing bulky expressions with ratios of
logarithms, we will adopt the following notations.

We call a function ¢ : [0,00) — (0,00) a (positive) subpower function if it
is continuous, nondecreasing, and

lim 7 “¢(x) =0,

Tr— 00
for all u > 0.
If f, g are positive we write
fy)="gly), y— 0+, (2)

if there exists a subpower function v such that

W(1/y) L aly) < Fly) <v(1/y)g(y), y— 0+

We write
fw) <9ly), y—0+,
if
lim sup M <1,
y—0+ 10gg(y)
and

f(y) <i.o. g(y)v y— 0+7
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if

lim nf 087 W) )

y—0+ logg(y)
Here i.0. stands for “infinitely often”. Clearly f(y) < ¢(y) implies f(y) <i.o.
g(y) but the converse is not true. Similarly we write f(y) > g¢(y) and

f(y) Fi.o. g(y) for

lim inf log /(y) >1 and limsup ) > 1,
y—0+ log g(y) y—0+ logg(y)
respectively. We write f(y) ~ g(y) if f(y) < g(y) and f(y) = g(y), ie., if

log f(y)
11m
y—0+ log g(y)

Note that if § # 0, then

fly)=y® = fly) =~y

but this does not hold for 5 = 0 (for example f(y) =1, g(y) = log(1/y)).
We will also use the notations for asymptotics for functions f(n), g(n) as
positive integer n — oo.

2.2. Chordal Loewner equation. In this section, we review some facts
about conformal mappings and the chordal Loewner equation. See [7, Chap-
ters 3,4] for proofs of theorems stated without proof here.

Suppose 7 is a curve as in the introduction. The chordal Loewner equation
is an equation that describes the evolution of 4(0,00) given ¥(—00,0]. Let
g be a conformal transformation of C\ 4(—o0, 0] onto the upper half plane
H with g(v(0)) = 0, g(co) = oo. In order to describe ¥(t),t > 0 it suffices
to describe

v(t) ==g(3(t), 0<t<oo,
and this is what the Loewner equation in H does. For the remainder of the
paper, we will consider a curve v in H as above. The Riemann mapping
theorem implies that there is a unique conformal transformation g, of C\
7(0,¢] onto H with ¢g,(2) = z+0(1) as z — oco. We can expand g; at infinity,
a(t)

gi(2) = 2+ 2+ O(1al ),

where a(t) denotes the half-plane capacity of (0,¢], which is continuous
and strictly increasing. We make the (slightly) stronger assumption that
a(t) — oo as t — oo. Then the chordal Loewner integral equation states
that
t
da(s)

thZZ‘F/ia t<1T,,
R e A

where Vy = gs(7(s)) and T, = inf{¢ : Im[g;(2)] = 0} = inf{t : g:(2)—V; = 0}.
It can be shown that s — V5 is a continuous function. It is convenient to
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choose a parameterization of v such that a(t) = at for some a > 0 in which
case we get the Loewner differential equation
Orge(2) = m, go(z) = z. (3)
Let
[ =g7"(2), filz) = LG+V) =g (z+ V).
By differentiating both sides of f;(g:(z)) = z with respect to t we see that
a

Ocfe(z) = — fi(2) Vv (4)
and since g¢(v(t)) = V4, we get
(1) = fi(Ve) = lim fu(Vi+iy) = lim fuliy). (5)
We let

ve(y) —vft7 / |ftzu|du

As mentioned before, if v:(y) < oo for some y > 0, then v;(0+) = 0 and the
limit in (5) exists. More work is needed to determine whether or note  is
a continuous function of ¢. Note that if g; satisfies (3) and g; = g;/,, then

1 x
atgt( ) gt( ) ‘/{w gO(Z) =z,
where V" =V} ,.

Conversely, we can start with a continuous function ¢ — V; and a > 0
and define a Loewner chain g; by (3). We define ~(¢) by (5) provided that
the limit exists. We say that the family of conformal maps g; generates a
curve if v exists and is a continuous function of t. We do not assume that
the curve is simple. If H; denotes the unbounded component of H \ (0, ],
then ¢; is the unique conformal transformation of H; onto H satisfying

at
a(2) =2+ —+0(z7%), 2— o0

Lemma 2.1. For every t and every y > 0 with v(y) < oo,

W < Iy(t) = feliy)| < vi(y). (©)

Proof. The second estimate is immediate from the definition of v(y) and
the first inequality follows from the Koebe (1/4)-theorem applied to f; on
the open disk of radius y about iy. O

Lemma 2.2. If f; satisfies (4) and z = x + iy € H, then for s >0
eI F(2)] < 1 fla(2)] < (). (7)
In particular, if s < y?,

()] < Ifls(2)] < e If ().
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Proof. Without loss of generality we may assume that a = 1. Differentiating
(4) yields

Al = 1) g + )

Note that |z — V;| > y. Applying Bieberbach’s theorem (the n = 2 case of
the Bieberbach conjecture) to the disk of radius y about z, we can see that

()] <4yt fi(2)].
and hence
0u(2)] < 5y~2 |fi(2)],
which implies (7). O
The distortion and growth theorems are traditionally stated in terms of
univalent functions defined on the unit disk. We will use these theorems

for univalent functions on H, and the next proposition gives the appropriate
results.

Proposition 2.3. Suppose h : H — C is a conformal transformation, x €
R,y > 0,r > 1. Then

(@® +4) 72 W (iy)| < [P (y(z + D) < (2% +4)* | (iy)], (8)
2 3/2
(e + i) — hi)| < EEDTI iy Q
r 2 W (iy)| < B (iyr)| < | (iy)], (10)
r? —
Ihiyr) — h(yi)| < =y | (i) (11)
Proof. By scaling we may assume that y = 1. Let
Z—i L2
G(z) = P G'(2) = ma

which is a conformal transformation of H onto the unit disk D with G(i) =
0,|G'(7)] = 1/2. We can write

hz) = f(G(2),  W(z) = f(G(2)) G'(2),

where f is a univalent function on ID. The distortion theorem tells us that

1+ |wl
| (w )l_( ||)3|f()|, lw| <1,

and the growth theorem states that
|[f(w) = F(O)] <
Since |G'(7)] = 1/2, we get

W (2)] <

el
T arE O <1
2/G/(2)|[1 +1G(2)]

a-leap O 12
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and
iy < 2@
A(z) WD) < i (D) (13)
Since o] )
Gl +i) = e |t = g

we plug into (12) and see that

P (@ +1)] < 1—16 (Va2 + 4+ 2] W @) < (@ + 4% |1 (D).

This gives the second inequality in (8) and the first follows easily by real
translation. Plugging into (13) gives

2|2| Va2 + 4 (Va2 + 4+ x)?

b+ ) — hia)| - < - (i)
22 3/2 |,
< TR gy,
Since r > 1,
T — 7’2
Glin)| = T = GG/ [Gn] = g 1€/ = =y

Plugging into (12) and (13) gives (10) and (11).
U

Corollary 2.4. If h: H — C is a conformal transformation, then for every
y >0,
B (i
o(hiy) > LI, (1)
2 v(h;27™) < f: 277 |1/ (i277)| < 8 v(h;27™).
3 ) —_ J:n —_ 3 )

Proof. We write
[e'9) 2-J
o2 =3 [ Wl ds
: —j=
j=n
Using (10) (which holds for r > 1)
Y 1 1 1(;
i) = [ Was)lds =y [ Wlirplar =y W) [ rar= 2L
0 0 0
N iy ! -3 3r .
(W ()| dy < rlhy(ir)| | 77 ds = —- |h'(ir)],
r/2 1/2 2

r . . ! 3r. .,
/ |I (iy)| dy > r |k (ir)| sds = 5 |R/ (ir)].

/2 1/2
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We define the following measure of the modulus of continuity of Us:

A(t,s) = sup \/3_2(Ut+r —Up)? 4 4.

0<r<s2

Note that A(¢,s) > 2 and it is of order one if

sup |Uppr — Uy| = s.
0<r<s2

The definition of A(t, s) with the 4 has been chosen to make the statement
of the next proposition cleaner.

Proposition 2.5. Ift > 0 and 0 < r < s? with vy(s) + vir(s) < 00, then
At +7) = 4O < vils) + vi1n(s) + € |flsi)| Aty )5, (15)
Proof. By the triangle inequality and (6),
[yt +7) = ()]
| fi(s) = Y @) + | frar(si) = (& + )| + | filsi) = Fran(si)]

<
< vi(8) + v (8) + [ fear (Viar + 81) — foe(Ve + si)].

Also,
| fer (Vi + 1) — fo(Vi + si)| <

| fer(Viwr + 81) = frgr (Vi + 80)| + | fear (Ve + 57) — fo(Vi + si)|.
Using (9) and (7), we see that

: : 1 :
| fer (Vigr + 1) = fror (Vi +57)| < 3 e (Vi + s0)| At s)" s
1
< S AW+ s AL s)Ts
1 oy
= S filsD)] At 9)" s
Also (7) and (4) imply that
- a ar /s N
00 f1 4 (Ve +i5)] < =7/ | fi(is)], (16)

and hence

82
|frar (Vi +i8) — fi(Vi+4s)|] < |fi(V4 +is),/ ge5au/sz du
0

= = JIfGs) ()
< AL [fis)] (18)

Lemma 2.6. There exist ¢ > 0 such that fort >0 and 0 <y <1,
Y 2 v2at +1
<|fitiy)| < ———.

07
V2at+1 Y
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Proof. We may assume a = 1 for otherwise we consider g; = g;/,. Let

w = fi(iy), ie., g(w) = V; + iy, and let Y; = Im[g;(w)]. The Loewner
equation implies that 9;[Y;?] > —2 and hence Im[w] < /2t + 1. Similarly,
Im[y(s)] < V2t < /2t + 1 for 0 < s < t. The Loewner equation also implies
that 9;[Y;/]g;(w)|] < 0, which implies
WS A (R
VI T = Ty — ) = VL
This gives the second inequality.

For the first inequality, let d = dist(w, ¥[0,t] UR). The Beurling estimate
[7, Theorem 3.76] implies that there is a ¢, < 0o such that the probability
that a Brownian motion starting at w goes distance v/2t 4+ 1 without hitting
7[0,¢] UR is bounded above by

d 1/2
Cx .
()
By the gambler’s ruin estimate, the probability that a Brownian motion in
H starting at iy reaches Ky := {w : Im[w] = 2v/2t + 1} before hitting the
real line equals y [2v/2t + 1]7!. Since the imaginary part decreases in the
Loewner flow, it follows from conformal invariance that the probability that

a Brownian motion starting at w reaches K, before hitting v[0,¢] UR is at
least g [2v/2¢ + 1]~!. Therefore

d 1/2 y
() =L
¢ («/21&4—1) RPN

The Koebe (1/4)-theorem implies that d < 4y |ft’(zy)|, and plugging in we
get
Yy

-
> 2
[feGiy)l = 162 V2t 1

O

Proposition 2.7. Suppose h : H — C is a conformal transformation and
v(h;y) is as defined in (1). Then for every B < 1, as y — 0+

W (iy)| <y~ if and only if v(h;y) < y' 7,
B (iy)| =10,y if and only if v(h;y) =io. y' 7.
W (iy)| =~ y=° if and only if v(h;y) ~* y' =P, (19)
Proof. Using Corollary 2.4, all of the assertions follow easily except that
v(h;y) ~* y'=# implies | (iy)| ~* y'~% which we will show here. Assume
v(h;y) ~* y'=P. By (14), we know that |h'(iy)| < y*™". For 0 < e < 1 - 3,

let
3e

1-08—¢

U= Ue =



12 JOHANSSON AND LAWLER
and note that (10) implies for y sufficiently small

Yy
P < u(hy) = ol + / 1 (is)] ds

y1+u

)
< ylthTEe / W (is)| ds
y1+u

< y1—5+2e _|_y1—3u |h/(zy)|

Hence for all y sufficiently small,
W ig)] > 5y e,

Since u, — 0 as € — 0+, this gives |/ (iy)| = y=~. O
Definition For every —1 < 5 <1, let

85 = {t € (0,2 : |f{(iy)| =0y},

05 = {t € (0,2] : | fi(iy)| =* y =7},

Op = {t € (0.2 : [filin) <y},

05 ={t € (0,2 : [fi(i)] <io. vy},

05 = {t € (0,2] : wi(y) <i0. ' 7},
where in each case the asymptotics are as y — 0+.
If 3 # 0, we can write these sets as the set of ¢ € (0, 2] such that

log | /(i

lim sup og | f; (iy)|
y—0+ IOg(l/y)
log | /(i

- og | f; (iy)|
y—0+ log(1/y)
log | /(i

lim sup og ]ft(zy)]

y—ot+ log(1/y)
.

lim inf log \ft(zy)]
y—0+ log(1/y)

> 3,

=0,
< B,

<p,

respectively.
Using Lemma 2.6, we can see that for every 8 > 1,

O3=05=0_3=60_3=0_5=0.

This is why the definition restricts to |3| < 1. Note that (14) implies that
@% C O3. Using Proposition 2.7 we can see that we can also write

Op={t€(0,2] s v(y) ="y, y— 0+},
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and similarly for ©5,05. Also, O5U B4 = (0,2] and
@5 C @g N éﬁﬂ@%.
Definition The driving function V; is weakly Hélder-(1/2) on [0,2] if for
each o < 1/2, V} is Holder continuous of order « on [0,2].
Two equivalent definitions are
o If
0(s) =sup{|Vigs — V| : 0 <t <t +s <2},

then
Y(x) = sup s~ V26(s)
s>1/x
is a subpower function.
e There is a subpower function v such that forall 0 <¢ <2,0 <s <1,

A(t,s) < ¥(1/s).
The next proposition shows that for weakly Holder-(1/2) functions Vi, it
suffices to consider dyadic times in the defintion of ©g, etc.

Proposition 2.8. Suppose V; is weakly Hélder-(1/2) on [0,2]. For each
t €10,2] define t, = t,(t) = (j — 1)/2*" if
J—1 J

o <t < oo

Then for —1 < 3 <1,
[ ]

05 ={te (0,2 |f], (27|~ 2"},
By ={te (0,2 1f, (2™ =10, 27},

0, = {te (0.2:1f, 2" <0 27},

Here the asymptotics are as n — oo along the integers.

o Ifte @g,
U(t7y) Zi.0. yl_ﬁa h’(t) - ft(zy)’ Zi.o. yl_ﬁv y— 0+.
o Ifte éﬁ,
o(ty) <y @) - Ay <y, y— 0+, (20)
o Ift € Og,

v(t,y) &y 0 () — filiy) ~T Yy Py — 0+
Proof. Note that
@2 = [f(Vi+i27)] < AR SV, +i277)
< SUA 27T A, (127,
and similarly
127" = e A, 27) T f L (277
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Hence if V; is weakly Holder—(1/2), there is a subpower function 1 such
that for all ¢, n,

P27 I (27 < IfiG27)] < e@m) I 627

This implies the first assertion and the remaining follow from (6).
O

2.3. Harmonic measure at the tip. We will now discuss harmonic mea-
sure giving two nonequivalent definitions, one that is standard and one which
is more directly related to the multifractal spectrum we have discussed.

In this subsection v denotes a curve in H with one endpoint on the real
line. We assume that the curve comes from a Loewner chain driven by a
continuous function U, so it may have double points but it does not cross
itself. Let H; be the unbounded connected component of H \ 7[0,¢]. As
above, we write ¢g; : H; — H for the normalized conformal mapping so that
lim, o4 fi(Us +iy) = (t), where f; = g; ' and fi = fi(z+Uy). If the curve
has double points, we are interpeting (¢) in terms of prime ends, and we
then tacitly understand «(t) as the prime end corresponding to Us.

If z € Hy, then hm, , will denote the usual harmonic measure of RU~(0, t]
starting at z, that is to say the hitting measure of Brownian motion starting
at z stopped when it reaches OH;. We let

hmy (V') = yli_)n;oyhmt,iy(V),

which is the normalized harmonic measure from the boundary point infinity.
Note that for each z € H;, hm; and hm, , are mutually absolutely contin-
uous. Also, conformal invariance and the well known Poisson kernel in H
show that for bounded V,

hany(V) =~ length [gn(1)].

Let

fi(t,e) = hmg [B(y(t),¢€)] ,
where B(z, €) denote the open disk of radius € about z with closure B(z, ¢).
For a > 0, define

Ohm — ft € (0,2] : it €) =% €, € — 0+}.
We define the multifractal spectrum for harmonic measure by
a — dimy, [’y((:)gm)] .

This multifractal spectrum can be hard to compute. One of the difficulties is
that B(y(t),e) N Hy can contain many connected components whose images
under g; are far apart. We will give a different definition that is more directly
related to the tip multifractal spectrum in this paper.

Fixt > 0,e > 0 and let B = B(~(t),€). Let O = Oy denote the connected
component of BN Hy that contains ~y(¢) (considered as a prime end) on its
boundary. There is a unique connected component (open arc), o = ot of
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0B N H; that is in 00 and such that every curve from ~(t) (again viewed
as a prime end) to infinity in H; passes through 0. Let z_ =2_ ;. < U <
T4+ = x4 denote the images of the endpoints of ¢ under g;. Let £ = E; .
denote the inverse image of [x_, x| under g;, and let

Ty — T

u(t,€) = hmy|F] = ===
77

It is not necessarily true that E C B(v(t),¢). However a standard estimate
using the Beurling projection theorem shows that there is a ¢ such that

/L(L 6/2) < C[L(t’ E)‘ (21)
We define
O — {t € (0,2] : jult, €) " €7, € — 0+}

Lemma 2.9. There exist c1,ca such that for all t and all y sufficiently small,

w(t,2v(t,y)) > c1y, (22)

u(t, y 1 fi(iy)]) < cay. (23)

Proof. Let 1, denote the line segment (0,4y]. The harmonic measure from
infinity of 7, in H \ n, equals cy, and hence by conformal invariance the
harmonic measure from infinity of n; := ft omny in Hy \ n, is also cy. Since
n, is a curve of length v(,y) and one of its endpoints is (), the interior of
n, is contained in Oy ,,(,). From this and the Beurling estimate as in (21),
we get (22).

Let o = 0.; whose endpoints are mapped to z_ . < x4 . as above. As
e = 0+, v4 —x_ — 0 (using, e.g., the Beurling estimate) and hence
for y sufficiently small we can choose €, with y = x4 . — x_ .. Note that
u(t, ey) = y. To prove (23) it suffices to show that €, > cy|f/{(iy)|. Note that
there exists c¢; such that with probability one a Brownian motion starting
at iy hits g; o o¢, before leaving H is at least c¢;. By conformal invariance,

this is also true for a Brownian motion starting at ft(zy) hitting o, before
leaving H;. The distortion theorem and the Koebe-1/4 theorem show that
dist[f, (iy), 0H;] = y|f/(iy)|. The needed estimate then comes from the
Beurling estimate which implies in any simply connected domain D, if V' C
oD,

diam(V)

h < R
mp(z,V) < ¢ dist(z,0D)

Corollary 2.10. If1/2 < a < o0

@l&m = @1—1/a'
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3. TiP SPECTRUM FOR SLE

Let k > 0 and a = 2/k. Then the chordal Schramm-Loewner evolution
with parameter k (SLE,) is the solution to (3) with a = 2/k where V; is a
standard Brownian motion. It is well known that with probability one, V;
is weakly Holder-(1/2). Let

d:mm{r+§2}

It was proved by Beffara [1] that d is the Hausdorff dimension of the path
~[0,2]. This will follow as a particular case of our main theorem, so we
will not need to assume this result. However, it is convenient to use this
notation.

3.1. Main theorem. Before stating the main theorem, we will define some
special values of the parameter 3. See Section 3.4 for more details. Let

o = sy [(552) @1 21

. 9 _
dy - 20(5)7

g 2dg _2—p(B)
CTI-8T 1-8
The maximum value of 625 equals 1 and is obtained at
K
Bie = K44

The maximum value of dg equals d and is obtained at

K
Bu = max{4,r — 4}

We define f_ < By < B < B4 by p(B-) = p(B+) = 2. A straightforward
computation gives

1.

K
=1+ , 25
B 124k —4/3+r (25)
K
=1+ <0. 2%
b 12+ K +4/8 5 (26)

Also —1 < B_ < B4 <1 with equality only for k = 8.

Theorem 3.1. For chordal SLE,, if —1 < 3 <1, the following holds with
probability one.

o If - < B < By,
dimh(@g) = (iﬁ, dimh[’y(@ﬁ)] = dﬁ. (27)
o If By < B < By,

dimh(@ﬁ) = dg. (28)
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o If B < B < [y,

dimp,[v(0p)] = dp. (29)

o If B < B < By,
dimy,(©4) = dg. (30)

o If B < B < fs,
dimp,[y(©3)] = d;. (31)

[ ] Ifﬂ>ﬂ+, @gz@
«IfB<f,0,=0.

3.2. Remarks.

e It follows from the theorem that with probability one the results
hold for a dense set of 3. This implies that with probability one,
(28)—(31) hold for all 3. However, we have not shown whether or
not for a particular realization, there might be an exceptional (3 for
which (27) does not hold.

e The restriction to t € (0,2] is only a convenience. By scaling we get
a similar result for ¢ € (0, 00).

e The relationship dimy[y(©3)] = 2dimy[03]/(1 — B) can be under-
stood as follows. For s small, the image of the interval [t,t + 52|
under f; can be approximated by a set of diameter S| ft’ (is)| contain-
ing f;(is). If | f!(is)| ~ s~P, then this set has diameter s'~7. That is
to say, intervals of length (diameter) s in a covering of ©p are sent
to sets of diameter s'=°. Note that this is in contrast to complex
Brownian motion where intervals of length s? are always sent to sets
whose diameter is of order s.

e Since ©g C @ﬁ N (:)5 N @E and @E C O, it suffices to prove the
lower bounds for ©4 in (27) and the upper bounds for 3,0 3 05 in
(28)—(31). The upper bounds will be proved in Section 4.1 and the
lower bounds in Section 4.2.

e To prove the upper bound (28) it suffices to show for each s > 0,

dimh(@g N (s, 2]) < (iﬁ,

and similarly for (29)—(31). This is what we do in Section 4.1.
e Recall that @% C Og. It is open whether or not

dimp[v(84)] < dp.
e Note that (0,2] = O, U©}, . It follows that
dimh(’y(o, 2]) = dﬁ* =d.

Hence, Beffara’s theorem on the dimension of the path is a particular
case of the theorem.

e The statements about the dimension of v(63),7(03),7(8}) are in-
dependent of the parametrization of the curve.
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e Using the Markov property for SLE it is not hard to show that with
probability one, either ©4 is dense in (0,00) or it is empty. Also,
dimy[v(©gN[t1, t2])] is the same for all 0 < ¢; < to < 2. In particular,
in order to prove the lower bound on dimension, it suffices to prove
that for all o < dg,

P {dim,[v(©5 N [1,2))] > a} > 0.

This is what we will do in Section 4.2. The proof proves the slightly
stronger (for x > 4) result

P {dim,[HN~v(©gN[1,2])] > a} > 0.

o If K =8, . = 1 =1 and dimy(y(01)) = 2. This is related to the
fact that this is the hardest case to establish the existence of the
curve. For other values of &, 8, < 81+ < 1.

e The tip multifractal spectrum for chordal SLE is not the same as
the multifractal spectrum for radial SLE. If «[0,¢] is the initial
segment of a chordal SLFE path, then the local behavior near ~(t) is
not the same as the behavior of a radial SLE path. This is because
the chordal path is “conditioned” or “weighted” by the fact that it
needs to be continued by an SLE path from ~(¢) to oo in the slit
domain.

3.3. Harmonic measure spectrum. Let ©'™ be defined as in Section
(2.3). Let

F(O‘):dl+é:a<1_%>+%_<g> <2aai1>’

and let a_, o, oy correspond to B_, By, B+ through the relation o = 1/(1 —
(). The following is an immediate corollary of Theorem 3.1 and Lemma 2.9.

Theorem 3.2. If ay < a < ay, then With probability one
dimy[y(©a™)] = F(a).
This theorem combined with (21) gives gives some information on ©™.

In Section 6, we will use the forward Loewner flow to give a proof of the
following.

Theorem 3.3. If k < 8 and oy < a < ay then with probability one there
exists a set V' such that dim[y(V)] = F(«) and fort ¢V, ~(t) € H,
ae(y(t),27") 27", n — oo. (32)
In particular, for these values of a,
dimy[H N y(O4)] = F(a).

We note that the second assertion of the theorem follows from the first,
Theorem 3.2, and (21) which imply that there is a set V’ with dim[y(v")] =
F(a) on which

F((£),277) = 277 0 — oo
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It is the first assertion that will be established in Section 6.
It is open whether or not
dimy,[y(O4™)] = F(a)

for a, < @ < .

3.4. Parameters. In the statement of the main theorem, 3 and p were the
parameters used. However, in deriving the result it is useful to consider a
number of other parameters. Let

{ 8} 1 4
r« =maxql,—p, 7T.=—-+—,
K 2 K

0<ry <rg,

and note that

where the second inequality is strict unless k = 8. Let r < r.; we define
A, C, B, p as functions of r.

Let
2

AzA(r)zr(l—i—%)—%. (33)

We write A\, = A(ry), and similarly for other parameters. As r increases
from —oo to r., A increases from —oo to

Since the relationship is injective, we can write either A\(r) or 7(\). Solving
the quadratic equation gives

A+ R—/(4+ k)2 -8k

) ~

Also,
A0)=0, A =d
Let )
KT KT

(:C(r):r—?:)\(r)—z, (34)

and note that
(+=2—d

We can write ¢ as a function of A,

CO) = A+t \/(44—/{)2—8)\/{—4—%‘
4

We now briefly discuss some results from [9, 5]. The reverse-time Loewner
flow hy (see Section 5.2 for definitions) has the property that for fixed ¢, the

distribution of |} (z)| is the same as that of |f/(z)|. For the reverse-time
flow, if r € R and ), ( are defined as above, then

i (=) Ye(2)° [sinarg Zy(2)] ™"
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is a martingale. Typically one expects Y;(i) =< v/t and sinarg Z;(z) =< 1. If
this is true, then the martingale property would imply

E[Ifa()P] =E[Ine)1] <<
It turns out that this argument can be carried out if r < r., and this is the

starting point for determining the multifractal spectrum.
We define 8 = (3(r) by the relation

d¢
="
A straightforward calculation gives
K K
=—-14-— =4 -
Note that § increases with r with
4

where [y, are as defined in the previous section. Roughly speaking,
E[| f/2(i)|*] is carried on an event on which |f};(i)| ~ t’ and

P {|ft’2 (i)] ~ tﬁ} ~ 1 (CHA8) (35)

We emphasize that the relation between r, A, 3 for —oo < r < r. is bijec-
tive and in order to specify the values of the parameters it suffices to give
the value of any one of these. For example, we could choose (3 as the inde-
pendent variable and write r(3), A(8). This is the natural approach when
proving Theorem 3.1, but the formulas tend to be somewhat simpler if we
choose r to be the independent variable.

From (35), it is natural to define

/12 7”2
p=pr) =C)+ A0V B0 = g =y

We can also write p as a function of § and a computation gives (24). Note

that
dp  dC¢ d\ d\
RN AT,
Let 74, r_ denote the two values of r for which ((r) + A(r) B(r) = 2 with
corresponding values fy = B(ry), - = B(r—). Then

4
T = — [—2ﬂ:\/8+/€],
K
and [y, _ are given as in (25)—(26). Note that if x # 8, then r < 7.

Define
d — 2-p(B)  2-(C+BN
P="1=3 ~  1-8
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Note that dg is maximized at § = 3, (interpreted as a limit for x = 8) with
dy = d. We can also define d as a function of r,

I{—K2T2
dry=1+—28
(r) +8+/€—2m“

Straightforward differentiation shows that d'(r) = 0 implies r = 1 or r =
8/k. Note that 1 =8/k = r, if Kk = 8 and

8
1<7"+<—, /€<8,
K

8
—<ry<l, K>8
K

From this we can see that d(r) achieves its maximum on (—oo,74) at r = ry;
in fact, d(/3) increases for § < (3, and decreases for 5, < < (5.
In order to match the notation of [9], let

1 4
qzrc—rzi—k;—r. (36)
Obviously, ¢ > 0 if and only if » < r.. For future reference we note that
1—2q
= 4. 37
14 2¢q 8 (37)

4. PROOF OF THE MAIN THEOREM

In this section we will present the proof of the theorem relying on esti-
mates about moments of derivatives of the map f. The upper bounds are
proved in Section 4.1, and the lower bound is proved in Section 4.2.

4.1. Upper bounds. In this subsection (and this subsection only) we write
fj7n = f(j_l)zfzn.
For each t € [0,00), we associate a dyadic time by defining

J—1 .. j—1 J
bty = ta(t) = - if oo << 5o

We a fix s with 0 < s < 2 and allow constants to depend on s.
The next theorem states the derivative estimates that we will use for the
upper bounds; a proof can be found in [5].

Theorem 4.1. [5] If r < r., there exists ¢ < oo such that for all t > 1,
E[Ifa(@)P] < et (38)
Corollary 4.2. If 3 > (B4, there is a ¢ < oo such that if
Nog= > .62 =27},

s22n Sj§22n+1

then
E[N,, g] < c2"77), (39)
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Proof. The range 3 > (B4 corresponds to A > 0. Hence, by Chebyshev’s

inequality,

P{fja(i2™)] 229} < 27|27

= 2PE(IfOP] <cam? i,

and hence
E[Nng] = > P{fj.2 M =2
822n§j§22n+1

522n SjS22"+1
con(2=BA=C) _ Lon(2—p)

IN

Corollary 4.3. If 8 < B4, there is a ¢ < oo such that if
Nig= > {ifemi< 2y,
S22n§j§22n+1

then
E[N; 5] < c2"C7).

Proof. This is proved in the same way using A < 0.

(40)
O

The standard technique to find upper bounds for Hausdorff dimension
uses an appropriate sequences of covers for a set. We will now describe the

covers that we will use. Let

: Jj—1 3
I(j,n) = [27’2%}

If b,b € R with —1 < b < b < 1, let B(j,n,b) be the closed disk in C of

radius 2"(®=1 centered at fj7n(i2_”), and let

:UI(j,n) sbb UB],nb

where in each case the union is over s22" < j < 227! with \f]’ L, (1277) > 2nb,

Let

:GIn(s,b), B™(s,b,b) UB (s,b,b).

Lemma 4.4. If -1 <b< 3 <b; <b< 1, then for each m,
©5N (s,2] C I™(s,b),

0 (@5 N Oy, N (s, 2]) C B™(s,b,b).
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Proof. Suppose t € ©5N (s,2]. By Proposition 2.8, there exists a subse-
quence n; — oo such that

|7, (i277)] = 2"
J

In other words, there is a sequence n; such that I(t,,2%" n;) € I, (s,b).
This proves the first assertion.

Ift € ©5N 60y N(s,2] and by < u < b, then (20) shows that for all n
sufficiently large,

y(t) = fi(iz™™)] < 2070m

The triangle inequality gives
V(#) = fo (127 < y(B) = foli27™)| + | fo(i27") = fi (127,
and estimating as in (18), we have for n sufficiently large
|fei27") = fi, (i277)] < 2070,

Hence, for n sufficiently large,

() = fr (2] < 207,
This implies for all j sufficiently large,

v(t) € B(tn, 2213 b, D).

Proposition 4.5. If 8 > (B4, then with probability one,
dimy, (05N (s,2]) < dg, (41)
Moreover, if B > (4, then with probability one
O50N(s,2] = 0.

Proof. It suffices to consider $4 < 3 < 1. Suppose B4 < b < 3 < 1. Using
the cover from Lemma 4.4, we get

HY [0 (5,2] < ) Npp2727,
and hence (39) implies

E(H* [05N (5,2)]) < ¢ ) 2mr) g=2on,
The sum goes to zero, provided that 2« > 2 — p(b), and hence with proba-
bility one
2 — p(b)
5

H*(©5N(s,2]) =0, o>
Letting b — [ gives (41).
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For the second assertion, note that

P{05N (5,2 #0} <D E[N,] <c . 2,

If 8 > B4, then p(B) > 2 and we can find b < 5 with p(b) > 2. O
Lemma 4.6. If B4 < 3 < by <1, then with probability one,
2 —p(B)

dimy, [fy(@ﬁ N &y, N (3,2])} < (42)

- 1-b '

Proof. Choose b,b with By <b< B <b < b < 1. Using the cover from
Lemma 4.4, we get

He [y(@ﬁ N &y, N (s,z])} < 3 N, 2000,
and hence (39) implies
E (1 |1(@50 6y, N (s,2])|) < e 2n@el) goln,

The sums on the right go to zero provided that

9 _
o> 2200
1-b
respectively. We now choose a sequence of values for b,b that converge to
B, b1 to conclude (42). O
Proposition 4.7. If 3, < (6 < 1, then with probability one,
dimy, [/ N (5,2))] < dy. (43)
Proof. If =0y < b1 <by <...<b, <1with by > by, then
k
@5 = U(@bjfl N @bj)'
j=1

Therefore, (42) implies

dimy, [v(©5 N (s,2])] §max{2_1pf(bgj_l) 1j= 1,...,k:}.

By taking finer and finer partitions and using the continuity of p, we see

that 5 )
dimy, [v(©5 N (s,2])] < sup —rh) = dg

The last equality uses 3 > [, and the fact which can easily be verified (see
Section 3.4) that the function

F(ey = 220,

is decreasing on the interval [3,, 54]. O
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For 3 < (34 we use a slightly different cover. Let I(j,n) be as above and
Li(s,b) = JI(.n)  By(s,b,0) =B, n,b),

where in each case the union is over s22" < j < 227! with \fj’n(z2_”)\ < omb,
Let

I (s,b) = UI*sb B™(s,b,b) = UB*sbb

Lemma 4.8. If -1 < 3 <b<b,
05N (s,2] C I'(s,b),
7 (€50 (s,2]) C BI(s,b,D).

Proof. Suppose t € O3 N (s,2]. By Proposition 2.8, there exists a subse-
quence n; — oo such that

|f7, (127" < 2. (44)
J
In other words, there is a sequence n; such that I(t,;2°", n;) € I3 (s,b).
This proves the first assertion.

Now suppose t € ©5 N (s,2] C ©5 N (s,2]. Then there exists a sequence
n; such that both (44) holds and

v (279) < 2ma (1),
Using the triangle inequality as in Lemma 4.4, we see that
V(t) = fro, (22779)] < vp(2779) + | fi(i279) = fi, (2779)]
and arguing as before we see that for j sufficiently large
A(E) = fi,, (i2779)] < 20D,

and
V(t) € B*(t,,2%",b,b).

Proposition 4.9. If 8 < 84, then with probability one,
dimy,(©5 N (5,2]) < dg,
dimy (€3 1 (5,2]) < ds.
Moreover, if B < B_, with probability one,
©5N(s,2] = 0.

Proof. This is proved in the same way as Proposition 4.5 and Lemma 4.6
using (40). O
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4.2. Lower bound. In this subsection we prove the lower bound for the
dimension in (27). We fix r such that p = A+ ( < 2 and recall that r < r..
As has been pointed out, it suffices to show that with positive probability
9 _
dﬂmx@ﬁm[L2D;z—753, dimy[y(©5 N [1,2)] > —L.  (45)
We will use a standard technique of Frostman to show that with positive
probability there exist nontrivial positive measures u, v whose supports are
contained in ©5 N [1,2] and v(©5 N [1,2]), respectively, such that
2-p

2-p
Eap) < o0, a<—5; Ea(V) < o0, a<m

l// M—yP

is the energy integral. It is well known that this implies (45). For this sub-
section, we will adopt a different notation than in the previous subsection.
We let

-1

fin=14+ — j=1,2,...,n%

where

We will be studying | fj’n(z /n)|. The proof considers a subset of times in
©3N[1,2] that behave in some sense nicely. The hard work is Theorem 4.10
which will be proved in Section 5. This theorem discusses the existence of
some events £}, on which

fiaGy) =y~ nt<y<l.
The definition of the events (“good times”) will be left for Section 5.

Theorem 4.10. Suppose p = A3+ ¢ < 2. There exist ¢ < 0o, a subpower
function v, and events

Ein, n=12..., j=1,...,n%
such that the following hold. Let E(j,n) = 1g,, and
F(j,n) =02 |f;,(i/n)* E(j,n).
o If1 < j<n? then on the event E;,,
(1Y) Ly < liy) <9y yP, nTl<y <l (46)
o If1<j<k<n?
an ? SE[FGn)] <n<2E [|f,(/m)P] Sen™  (47)

o If1<j<k<n?

[N

E[F(j,n) F(k,n)] <n* (#) " (%) . (48)

—j+1
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o If1<j<k<n?and E(j,n)E(k,n) =1,

) R 2= 2 e n? dg
(i _ ; R L . ) 4
Proof. This theorem combines Propositions 5.8 and 5.9 proved in Section
5. O

Proposition 4.11. Under the assumptions of Theorem 4.10, with positive
probability there exists A C [1,2] such that fort € A,

1
1 y P(L/y) Tt < |fliy) <4y Pe(l/y), 0<y <1 (50)
and such that
92— 2
dimy(4) > =L, dimyfy(4)] > ﬁ

Proof assuming Theorem 4.10. We use a now standard argument to show
that with positive probability a “Frostman measure” of appropriate dimen-
sion can be put on the set of ¢ satisfying (50). The proof is very similar to
that of [9, Lemmal0.3] so we omit some of the details.

Let p;, denote the random measure on R that is a multiple of Lebesgue
measure on I(j,n) := [1+ (j — 1)n"2, 1+ jn~2] where the multiple is chosen
to that ||| = F(j,n). Let vj, denote the random measure on C that
is a multiple of Lebesgue measure on the disk of radius n”~1(n?)~!/4
centered at f]n(z/n) where the constant is chosen so that ||v;,.| = F(j,n).

Let pu, = Z;il s Vn = Z;il Vjn. Note that

TL2
linll = llvnll = D F(iin).
j=1

From (47) and (48), we see that

Ellunl] > e, E[lpall’] < ca
Hence
P{llpnl > 0} > ¢ >0,

uniformly in n. From (48) and (49), we can show that there is a C, such
that

Eléa(un)) < Cor a< 222,
2—p

< —_—.

Ella(vn)] < Co, a< 5

We let 1 denote a subsequential limit of the u, which with positive prob-
ability we know is nontrivial and satisfies &, (u) < oo for all a < (2 — p)/2.
Hence,

9 _
dimy, [supp p] > ?p-



28 JOHANSSON AND LAWLER

Similarly, let v denote a subsequential limit of the v, which is nonzero with
positive probability and satisfies

[\)

: —p
dimy[suppr| > ——.
nlsuppr] = -— 3
We claim that every ¢ € supp p satisfies (50). Indeed, the construction
shows that if ¢ € supp y, then there is a subsequence ny — oo and j; €
{1,...,n2} such that E(ji,nx) =1 and

=t (51)

Suppose for some ¢ € [1,2] and 0 < y < 1, we had

fiiy)| > 4y~ p(1/y).

Continuity would imply that for all s in a neighborhood of ¢,
|foliy)] > 2y (1 /y).

This implies that there is no sequence (ji,ni) as above with E(ji,ny) sat-
isfying (51). A similar argument shows that there cannot exist ¢t € supp u
and y with |f/(iy)| < (1/4)y~ P ¢(1/y)~", and this gives (50). Similarly,
supp v is contained in y(A’), where A’ denotes the set of ¢ € [1, 2] satisfying
(50). 0

5. ESTIMATING THE MOMENTS

In this section r < r. with corresponding values of , 3, p, A. All constants
may depend on r.

5.1. Reverse Loewner flow. Here we state the basic lemma that relates
the reverse Loewner flow to the forward flow for SLE. We will estimate the
moments for h, h rather than for f.

If V} is a continuous function, define g; to be the solution to the forward-
time (chordal) Loewner equation

Orge(z) =

e
gi(z) =V’

Let fi(z) = g7 (2), fi(2) = fi(z + V}). If U, is another continuous function,
let h; be the solution to the reverse-time (chordal) Loewner equation

90(2) = 2. (52)

. a
Ut — ht(z)’

The next lemma relates the forward-time and reverse-time equations; al-
though versions of this have appeared before we give a short proof. We
point out that this is a fact about the Loewner equation itself; no assump-
tions are made about the function V' other than continuity.

Orhy(2) ho(z) = z. (53)
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Lemma 5.1. Assume Vi, —o0 < t < 00 is a continuous function with Vi =
0. For each T >0, let
Ui =Vr—y — Vr.

Let g;,0 < t < oo be the solution to (52), and let fi, f: be as above. Let
her,0 <t < oo be the solution to (53) with Uy = U . Let

quT(Z) = hqu(Z) — UuT.
Then X R
hrr(z) = fr(z) — Vr = fr(z) + Ur,
and if 0 < ST, z,w € H,
hrr(z) = hs,s (Zr—sr(2)) + Ur—sr, (54)
fr(z) = fs(w) = hs,s (Zr—s1(2)) — hs.s(w). (55)
In particular,
r7(2) = hs s (Zr_s57(2)) hp_g7(2).
Proof. Fix T and let Uy = Uy 1, hy = hy 7. For 0 < s <T', we have
Ut,s = VVs—t - ‘/5 = UT—s+t - UT—s-

Let uy(z) = hp—(2) + Vp. Then u; satisfies
a a

Orun(z) = =Othr—(2) = T S L

Also, ur(z) = ho(2) + Vrr = z + V. By comparison, with (52),
uo(2) = g; (2 + V) = fu(2),

and hence
hr(z) = uo(2) — Vi = fr(z) = Vi = fr(z) + Ur.
For 0 < s < T, define hgs) by
heve = b o hy.

By (53) we see that
() a a

ai[hy” (2) — U] = = - :
Urs — B(2)  Upps — Uy — [0 (2) — U]
W(z) - Uy = 2 — U,
Therefore,
W (2) = Us = hyp—s(z — Uy), (56)

which implies
hs—i—t(z) = ht7T—s(Z - Us) + US. (57)
Setting s =T — S and t = S gives (54) and setting s = S,t =T — S gives
fr-s(w) = hp_s(w) — Ur—sr—s = hr—sr—s(w) — [Ur — Us],

fr(w) = hp(2) — Up = hy_sr_s5(Zs(2)) + Us — Ur.
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Subtracting these equations gives (55). The final assertion follows from (54)
and the chain rule. O

The preceding lemma holds for all continuous V;. If V; is a standard
Brownian motion, then so is U; 7 for each T'. We get the following corollary.

Lemma 5.2. Suppose 0 < S < T and g;, 0 < t < T, is the solution to
(52) where V; is a standard Brownian motion. Suppose U is a standard
Brownian motion and h,h are the solutions to

a

Orhi(2) = m, ho(z) = z, (58)
Bihu(z) = m ho(2) = 2,

where ﬁt =Up_s+t —Ur—_s. Then

hr—-s44(2) = hy(hr—s(z) — Ur—s) + Ur—s.

Moreover, the joint distribution of the functions

(F5(w) . fsw), fr(=), Imfr(w) , fr(=) - fs(w) )
is the same as the joint distribution of
( Asw), Tmhs(w) , Bs(2) Wr_s(2) , Tmhs(Z) , hs(Z) = hs(w) ),
where Z = Zr_g(2) = hr_g(2) — Ur_g.

5.2. Good times. Suppose that " > 0 and h; = hyr is defined as in
the proof of Lemma 5.1. More specifically, g; is the solution to (52) with
Brownian motion V;, and h; is the solution to (53) with Uy = Vp_; — V.
Let

Zi(2) = X (2) + Yi(2) = hy(z) — Uy

Recalling (56) and (57), we define his by hiys(2) = hy s(Zs(2)) + Us; in the
notation of Lemma 5.1, h; s = hy 7—s. Note that

his(2) = hyo(Z4(2)) By (2). (59)
If ¢ is a subpower function and 0 < § < 1, we let
dat) = minu/9) v/} = { VO SV

Note that for every subpower function ¥ and every ¢ < oo, there is an
M < oo such that for all § > 0,

~

Ys(t) <M ifd<t<cdort>1/c. (60)

Roughly speaking, 1&5(75) is O(1) for t comparable to § or comparable to 1
but can be larger for other § <t < 1.
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Definition We call a time T" ¢-good at ¢ if the following five conditions hold
with ¢ = 15 and Z; = Xy +1iY; = Z(07).

Ye>tpt)™, 6<t<2, (61)

|Xp2| < [t+6]0(), 0<t<2, (62)

(t/6)° d(t)™" < [ (i0)] < (¢/6)"h(t), d<t<2, (63)
PRAG]

i BTP( ) ‘h ( )‘ |h4 2 tQ(Zt2)| St_6¢(t)v 0 <t<2 (64)

This definition depends on ¢ and §. Note that if T is 1-good at d and
¢ is a subpower function with ¥ < ¢, then 5 < ¢5 and T is ¢-good at 6.
In the remainder of this subsection, we derive some properties of -good
times. These will be used in the later subsections to estimate first and
second moments for |}, (8i)|* on the event that T is ¢-good at 4.

Proposition 5.3. For every subpower function 1 there is a subpower func-
tion ¢ such that for all § > 0, if T is 1p-good at §, then

Up| <to(1/t), d<t<2. (65)

Proof. Let X; = X4(i9),Y: = Yi(id). We let ¢ denote a subpower function
whose value may change from line to line. From the Loewner equation, we
know that

(IXt
dXt = X2 Y2 dt — dUt
Hence,
|U |<|X |+ v |Xs|d8
a 5
ph= e 0o XZ+Y?

By (62), it suffices to show that

| Xs| ds
_— 1/¢t).
o XE+vz =00
Using (61) and (62), we have
X _6/s)
XErVES s
and hence
2 e’}
Xl ds (1/s)ds _ -
0‘ Q%ja¢/ zlﬁwwwm=WMt
where

S [Te(1)s)ds
p(1/t) =t M-

It is easy to check that ¢ is continuous and decays faster than z¢ for each
€. O
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Lemma 5.4. If ¢ is a subpower function, there is a ¢ > 0 such that for
every 0 < 6 <1, if T is 1-good at & and Yy = Y;(di), then
Y52 > (14 ¢)é. (66)
Proof. Using (61), (62) and the fact that Y}2 increases with ¢, we see there
is a ¢1 < oo such that
\thlgclégcllﬁz, 0<t<é.

The Loewner equation (53) implies that

0,Y, = X;fYSQ > c%i - Yi s < 62,
from which (66) follows. O

Lemma 5.5. For every subpower function 1, there is a ¢ such that if 0 <
0 <1 and T is y-good at J, then

ha22(Zp2) — hy_po 2 (80)| > eps(t) 2170, s <t <2

Proof. Using (61) and (66), we see that there is a ¢; > 0 such that if B
denotes the open disk of radius c; t 1s5(t) " about Z, then i ¢ B. Using
(64) and the Koebe (1/4)-theorem we see that hy_; 42(B) contains a disk
of radius (c1/4) ¢s(t)~2t=# about 714_t2,t2(Zt2). Since i~14_t2,t2((5z’) ¢ B, the
result follows. O
Lemma 5.6. For all subpower functions v, ¢, there is a subpower function
1 such that if T is 1-good at §, then the following holds for all 0 < t < 2.
Suppose
top(1/t)~" <y <to(1/t), (67)
|z < [t + 0] o(1/1). (68)
Then B B B
EPPA T < Wl + )| < E0D(/E).

Proof. By Proposition 2.3 and (61) and (62),

i(l/t)_lmﬁl—t{ﬁ(zﬁ)‘ < ‘M—t%ﬁ(m + zy)‘ < 7/;(1/@ ’il/4—t27t2(Zt2)’7
whre Zp» = Z;2(i0). The result then follows from (64). O

Lemma 5.7. For all subpower functions ¢, ¢ there is a subpower function
Y such that if T is -good at §, then the following holds for 1 < t < 2.
Suppose w = x + 1y with
I<y<1l, (z/y’+1<¢(1/y).
Then, _ _
y s (1/y) 7t < b (w)] <y~ Ps(1/y).
In particular,

y P s(L/y) 7 < I (i) < 577 0s(1/y). (69)
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Proof. We will do the case t = 2; the argument is similar for 1 <¢ < 2. We
let 1 denote a subpower function in this proof, but its value may change
from line to line. Since (x/y)% +1 < ¢(1/y), we can see from Proposition
2.3 that

D(1/y) 7 i ()] < |hge (w)] < (1/y) e ()],

so we may assume z = 0. Let s = y. Using the Loewner equation (53), we
can see that there is a ¢ < oo such that

y < Imhg(iy) < cy,
[Rehg2 (iy)] < cy,

IWaiy)| < c.

The last estimate and (59) imply that

[Py (W)] =< |ha-s2,52(Zs2 (i)

Using (65), we see that

[ReZ2(iy)| < yle+p(1/y)].

By the previous result,

P(1/y) " < By o2 (Zea(iy)| < O(1/y)t 7
O

Definition If n is a positive integer and j = 1,...,n2, we say that (j,n) is
Y-good if T =1+ (j —1)n~2 is 1-good at n~L. We let E;,, denote the event

“(4,n) is -good " and E(j,n) denotes the indicator function of Ej,, .

It is important to note that on the event E; ,,, (69) implies that (46) holds,
with perhaps a different choice of subpower function ¥. The main estimate
for the lower bound is the following.

Proposition 5.8. If r < r., here exists a subpower function ¥ and ¢ > 0
such that for alln and all j =1,2,...,n2,

E || f]’-vn(i/n)PEj’n > cn S, (70)

Remark For fixed n, the expectation in (70) is the same for all j.

We will not include a proof of Proposition 5.8 because it has essentially
appeared in [9, Theorem 10.8]; see also [5, Lemma 4.4]. We will point out
that the assumption r < r. is crucial for the result. The proof in [9] and [5]
uses a careful analysis of a relatively simple one-dimensional diffusion.
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5.3. Two point estimates. In this subsection we fix a subpower function
1) such that Proposition 5.8 holds. If n is a positive integer, we write j, k
for positive integers satisfying 1 < j < k < n?. We will consider E;nNEgy
with indicator function E(j,n) E(k,n). If j, k,n are fixed we write
k—1

n2 ’

i1
S=1+L—~ T-1+
n

hs =his, hi=hr.

Proposition 5.9. There is a subpower function ¢ such that for all 1 < j <
k< n?

E [|F7(i/m) M F5(i/m) EGon) E(km)| <02 ( a j)w ¢ ( = j) -

i) = i)l = (£ )ﬁ 6(75)

Proof. We write ¢ for a subpower function but we let its value vary from
line to line; in the end we choose the maximum of all the subpower functions
mentioned. Recall that fg(i/n) = Wy(i/n), fr(i/n) = h(i/n) and

fr(i/n) = fs(i/n) = hs(Zr_s(i/n)) — hs(i/n).
The second assertion of the proposition follows immediately from Lemma

5.5, so we need only show the first.
Since T is ¥-good at 1/n, we know from (64) that

it < i _stiml (7)o (7).

Moreover, on the event Ej,, N Ej, ,,,

Therefore,

E (| Fp(i/m) M Fs(i/m) BG.n) B(k,m)| <

n? \Y n’ / X3 A
(75) o (7) B sl ismP 560 Bm) .
Let E(k,n) be the indicator function of the event
ez () ()
n n
Then (61) implies that E(k,n) > E(k,n). Also |h_g(i/n)|* E(k,n) and
|Wg(i/n)|* E(j,n) are independent random variables. Therefore,

E (W s(i/m) R G/m)* B(G,n) B(k,m)] <

E |Ws(i/m)* BGm)| E [IKr_s(i/m) Elk,n)]
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We now apply Theorem 4.1 to say that the right hand side above is bounded
above by

¢ (1. _ (/2 ”_2 T 2 <”2>
A ad (=) B =)

6. PROOF OF THEOREM 3.3

In this section we will use the forward Loewner flow to prove Theorem
3.3. Throughout we will fix kK = 2/a < 8. We will write u rather than «
(to avoid having both « and a in formulas). and we fix oy < u < a.. To
prove the theorem it suffices to show that for every bounded domain D C H
bounded away from the real line, there is a set Vp with dimy[Vp] = F(u) and
such that (32) holds for ¢t € Vp with v(t) € D. We fix such a D and allow
constants to depend on D. The basic strategy is typical for establishing
upper bounds for multifractal spectrum. We estimate a particular moment
of |¢g-.(z)| for an appropriate stopping time, use Chebyshev’s inequality to get
an estimate on probabilities, and use this estimate to bound the dimension
of a well chosen covering V. We warn the reader that some of the notation
in this section is not consistent with that in other sections.

We parametrize SLE,; so that the conformal maps g; satisfy

a
atgt(z) - gt(z) — Utv gO(Z) =z, (71)
where Uy = — By is a standard Brownian motion. This is valid for z € C\ {0}
up to time T, € (0,00]. We let H; be the unbounded component of H\ (0, t].

6.1. Preliminaries. Let

Zt = Zt(Z) = Xt + ZY}/ = gt(Z) — Ut.
If z € H, let

Ay =g (2)], YT¢= Y ©; =argZ;, S;=sin®
t — ) t = T 77\ t — ty t — t-
' |9t(2)]

T, equals 1/2 times the conformal radius of H; about z (or we can think
of it as the conformal radius normalized so that the conformal radius of H
about i equals 1). The Koebe-1/4 theorem implies that

T
{ < dist(z, 0H;) < 27T, (72)
Straightforward computations using (71) show that for z € H,
a(V7 — X2) 2
KA = Ay TZE oYy =Ty Z|%

There exists 0 < ¢1 < ¢ < 00 such that for z € D,
c1 <Yo<ec, <5< (73)
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Let

7‘2 1 r2 A r 1
)\_)\T_%—i_r(l_%)’ 5—5’“—@—5_5 <1—%>' (75)

Note that r increases with u, and since a > 1/4,
1
r<r(u) = 1—4a<min{§ —2a,2—3a},
r<0, r+A>0.
The following is a straightforward It6’s formula calculation that we omit.
Proposition 6.1. Suppose r € R and X\, are as in (75). If z € H, and
My = My(2) = |Z]" Y A = 877 15T AT,

then M; is a local martingale satisfying

r Xt
th == Mt W dBt
Let D,, denote the of dyadic rationals in C

j .k .
2_n+Z2_n’ ],kGZ

Note that if w € C, then there exists z € D,, with |z —w| < 27" and hence
B(w,27") C B(z,27 ).

Z =

6.2. Basic strategy. Let
Tz = inf{s :Ys(z) < 2_"+3} .

We will only consider n sufficiently large so that 27"7* < ¢; where ¢; is the
constant in (73). Note that P{7, , = oo} > 0. If 7, , < o0, (72) implies

272 < dist(z, 0H;) = dist(z,~(0,t]) < 27,

In particular, if |w — z| < 277, dist(w, 0H;) > 27", Let hm, , = hm,, _.
If |z —~(t)] < 27", then 7, . < t and hence by monotonicity of harmonic
measure,

b, [B(z,27" )] > hmy [B(z,27")] > A, 27").
Let D, (D) denote the set of z € D such that dist(z, D) < 27" and

Ay = Ay (D) = G UB(z27),

n=m =z

where the inner union is over all z € D, (D) satisfying

hm,, . [B(z,27"TH)] > 27" (76)
Then if v(t) € D\ A%, for all n sufficiently large

g [B(y(1),27)] < 27
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Hence for each m, AY is a cover of D N K,, where K, is the set of 7(t)
that do not satisfy (32). Let N, = N, (D) be the cardinality of the set of
z € Dy (D) satisfying (76). Then for all s,

H[DNEK,] < lim H®(A%) <c lim Y N2

The following proposition follows immediately.
Proposition 6.2. Suppose u,s > 0 and
Npu(D) 2™, n— oo.
Then
dimy, [D N K,] < s.
Proof. The argument above shows that for all s’ > s, H* [DNK,] =0. O

In order to show that with probability one for SLE that
dimy, [D N K,] < s.
it suffices to show that
E[Npo(D)] 52", n— oc.

Indeed, this relation and a simple Borel-Cantelli argument imply that with
probability one for all s’ > s, Ny, (D) < 2% Note that

E [Npu(D)] < ¢p 92n sup P {Tn,z < oo; hmy,, ,[B(z, 2‘"“)] > 2_"“} .
dist(z,D)<2—™

For SLE,, conformal invariance of harmonic measure and distortion es-

timates imply that on the event 7, . < oo,
hm, . [B(z, 2‘”“)] =27" g, (2)].

Indeed, g, . (B(z,27™""1)) is a connected set whose diameter is comparable
to 27" g, (2)| and whose distance from the real axis is comparable to
27" g, (2)|. Hence, there exists ¢ < oo such that

E [Nnu(D)] < cp 22" sup P {Tmz < oo;lgl (2)] > c2_”(“_1)} .

dist(z,D)<2-n '

In the remainder of this section we will show that there exists ¢ = ¢p < 00
such that for all n sufficiently large and all z with dist(z, D) < 27",

P {7 < 00ilgh, . ()] 2 27072 } < 27, (77)
where
1 1 1 1
ol [8a e } vt [2 Sa} * 320

Then from what he have said we know that with probability one,

aimy, [DAA(@,™)] <2 plu— 5) = Flu).
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The second equality is a simple calculation. The remainder of this section
is devoted to establishing (77).

6.3. Weighting by the martingale. The local martingale M; is not a
martingale because it “blows up” on the event of measure zero that z is
on the path v(0,00). However, if we choose stopping times 7 such as 7, .
which prevent the path from getting too close to z, then the stopped process
M;ar is a martingale. Let P*,[E* denote probabilities and expectations with
respect to the weighted measure. The Girsanov theorem implies that

o r Xt

|Z4[?
where W, is a standard Brownian motion with respect to the measure P*.
In particular,

dB; dt +dWy, 0<t<r,

(1—2a—r)Xthdt Y;

46, = -
! | Z¢|4 | Z¢|?

dW;.

It is useful to use a “radial” parametrization o(t). We write Z;, = Zo(t)s
Xt = X,(1), etc. The radial parametrization is defined by

?t = Tg(t) =e 2t

Note that
N . Y2
—2a Tt = atTt = —2a ﬁ 8t0'(t),
t
which implies
|Z,|*
atO'(t) = Y? .

Note that
de; = (1 — 2&) cot O, dt + dB;,
and the local martingale M; satisfies
th = —T Mt cot ét dBt

dO, = (1 — 2a —r) cot O, dt + dW, (78)
where Bt, W, are standard Brownian motions with respect to P and P* re-
spectively. Since 1 — 2a — r > 1/2, in the measure P*, ©; never reaches
{0, 7} and we can show that M, is actually a martingale. Also, the invari-
ant probability density for the SDE (78) equals

f(0) = ¢ sin?(1-2077) g,

Note that sin” is integrable with respect to f(#)df. The important fact for
us, is that there is a ¢ such that if ©, satisfies (78) with sin Oy > c1, then
for all t > 0,

E*[S]] <ec. (79)

(Here we use r < 2 — 3a.)
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Let
T, = inf {t Y = 6_2“8} .
For r < % — 2a, with have for all s,
P*{rs < o0} = 1.
Then, using (79),
E \g;s(z)]’\”;Ts < oo] = E [MTS Sy, T;f"";TS < oo}

= st [MTS 57T < oo]
_ e2as(§+r) M()(S) E* [S«§:|

c e2as(§+r) )

IA

Since A +r > 0,
P {r, < ooilgl, (2)] 2 e} < OO R () ir, < o] < e
where
plu) = ~(u = A+ 1)~ (r+)
Doing the algebra, we get

1 1 1 1
This proves (77).
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