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Overview

This is an introduction to the mathematical foundations of probability theory. It is intended as a supplement
or follow-up to a graduate course in real analysis. The first two sections assume the knowledge of measure
spaces, measurable functions, Lebesgue integral, and notions of convergence of functions; the third assumes
Fubini’s Theorem; the fifth assumes knowledge of Fourier transform of nice (Schwartz) functions on R; and
Section 6 uses the Radon-Nikodym Theorem.

The mathematical foundations of probability theory are exactly the same as those of Lebesgue integration.
However, probability adds much intuition and leads to different developments of the area. These notes are
only intended to be a brief introduction — this might be considered what every graduate student should
know about the theory of probability.

Probability uses some different terminology than that of Lebesgue integration in R. These notes will
introduce the terminology and will also relate these ideas to those that would be encountered in an ele-
mentary (by which we will mean pre-measure theory) course in probability or statistics. Graduate students
encountering probabilty for the first time might want to also read an undergraduate book in probability.

1 Probability spaces

Definition A probability space is a measure space with total measure one. The standard notation is (2, F,P)
where:

e () is a set (sometimes called a sample space in elementary probability). Elements of ) are denoted w
and are sometimes called outcomes.

e F is a o-algebra (or o-field, we will use these terms synonymously) of subsets of . Sets in F are called
events.

e Pis a function from F to [0,1] with P(Q2) = 1 and such that if Ey, Es,... € F are disjoint,

oo e}
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We say “probability of E” for P(E).

A discrete probability space is a probability space such that  is finite or countably infinite. In this case
we usually choose F to be all the subsets of 2 (this can be written F = 2*), and the probability measure P
is given by a function p: Q@ — [0,1] with >, p(w) = 1. Then,

weE

We will consider another important example here, the probability space associated to an infinite number
of flips of a coin. Let
Q={w=(w,ws,...) 1w =0or 1}.



We think of 0 as “tails” and 1 as “heads”. For each positive integer n, let
Qp = {(w1,wa, -+, wn) : w;j =0 or 1}.

Each ,, is a finite set with 2" elements. We can consider €2, as a probability space with o-algebra 2» and
probability P,, induced by
pr(w)=27", weQ,.

Let F,, be the g-algebra on () consisting of all events that depend only on the first n flips. More formally,
we define F,, to be the collection of all subsets A of Q such that there is an E € 29 with

A= {(wr,w2,...): (W1,wa,...,w,) € E}. (1)
Note that F,, is a finite o-algebra (containing 22" subsets) and
Fi1CFoCF3C -

If A is of the form (1), we let
P(A) =P, (F).

One can easily check that this definition is consistent. This gives a function P on

Recall that an algebra of subsets of €2 is a collection of subsets containing €2, closed under complementation,
and closed under finite unions. To show closure under finite unions, it suffices to show that if Ey, Fy € Fy,
then F1 U Ey € Fy.

Proposition 1.1. F° is an algebra but not a o-algebra.

Proof. Q € FO since Q € F;. Suppose E € FV. Then E € F,, for some n, and hence E° € F,, and E¢ € F.
Also, suppose E1, Ey € F. Then there exists j, k with By € F;, By € Fi. Let n = max{j, k}. Then since
the o-algebras are increasing, F1, Es € F,, and hence E; U Ey € F,,. Therefore, E; U Ey € F° and F° is an
algebra.

To see that F° is not a o-algebra consider the singleton set

E={(111,..)}

E is not in F° but E can be written as a countable intersection of events in F©,
oo
E = ﬂ{(wl,wg,...):wl =wy=---=w; =1}
j=1

O

Proposition 1.2. The function P is a (countably additive) measure on F°, i.e., it satisfies P[] = 0, and if
E\,Es,... € FY are disjoint with U By € FO then

=Y P(Ey).
n=1

o0

U E.
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Proof. P[] = 0 is immediate. Also it is easy to see that P is finitely additive, i.e., if By, Es, ..., E, € F° are
disjoint then
n

P O E;| =Y P(E)).

Jj=1

(To see this, note that there must be an N such that Fy,..., E, € Fy and then we can use the additivity
of ]PN)

Showing countable subadditivity is harder. In fact, the following stronger fact holds: suppose E1, Eo, ... €
FO are disjoint and E = U, E,, € F°. Then there is an N such that E; = ) for j > N. Once we establish
this, countable additivity follows from finite additivity.

To establish this, we consider €2 as the topological space

{0,1} x {0,1} x ---

with the product topology where we have given each {0, 1} the discrete topology (all four subsets are open).
The product topology is the smallest topology such that all the sets in F° are open. Note also that all sets
in FY are closed since they are complements of sets in F°. It follows from Tychonoff’s Theorem that € is
a compact topological space under this topology. Suppose E1, Es, ... are as above with E = U | E,, € F°.
Then Ej, Es,... is an open cover of the closed (and hence compact) set E. Therefore there is a finite

subcover, E, Es, ..., Ey. Since the Ey, Es, ... are disjoint, this must imply that E; = @ for j > N. O

Let F be the smallest o-algebra containing F°. Then the Carathéodory Extension Theorem tells us that
P can be extended uniquely to a complete measure space (P, F,P) where F C F.

The astute reader will note that the construction we just did is exactly the same as the construction of
Lebesgue measure on [0, 1]. Here we denote a real number z € [0, 1] by its dyadic expansion

e o]

— — wj
T = .Wiwaw3z * -+ = 27
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(There is a slight nuisance with the fact that .011111--- = .100000- - -, but this can be handled.) The

g-algebra F above corresponds to the Borel subsets of [0,1] and the completion F corresponds to the
Lebesgue measurable sets. If the most complicated probability space we were interested were the space
above, then we could just use Lebesgue measure on [0, 1]. In fact, for almost all important applications
of probability, one could choose the measure space to be [0, 1] with Lebesgue measure (see Exercise 3).
However, this choice is not always the most convenient or natural.

Continuing on the last remark, one generally does not care what probability space one is working on.
What one observes are “random variables” which are discussed in the next section.




2 Random Variables and Expectation

Definition A random variable X is a measurable function from a probability space (2, F,P) to the reals®,
i.e., it is a function
X :Q — (—o00,00)

such that for every Borel set B,
X YB)={XeB}eF.
Here we use the shorthand notation
{XeB}={weQ: X(w)e B}

If X is a random variable, then for every Borel subset B of R, X !(B) € F. We can define a function

on Borel sets by
ux(B) = P{X € B} =P[X"'(B)].

This function is in fact a measure, and (R, B, ux) is a probability space. The measure pux is called the
distribution of the random variable. If px gives measure one to a countable set of reals, then X is called
a discrete random variable. If ux gives zero measure to every singleton set, and hence to every countable
set, X is called a continuous random variable. Every random variable can be written as a sum of a discrete
random variable and a continuous random variable. All random variables defined on a discrete probability
space are discrete.

The distribution px is often given in terms of the distribution function? defined by

Fx(z) =P{X < a} = ux(—o0,z].
Note that F' = F'x satisfies the following:

lim,, o F(z) = 0.

limg o F(x) = 1.

F' is a nondecreasing function.

F is right continuous, i.e., for every x,

F(z+) = lgng(x +e€) = F(x).

Conversely, any F' satisfying the conditions above is the distribution function of a random variable. The
distribution can be obtained from the distribution function by setting

;UX(_OOﬂ x] = Fx(.’L'),

and extending uniquely to the Borel sets.
For some continuous random variables X, there is a function f = fx : R — [0, 00) such that

}P’{angb}:/bf(a:)da:.

Such a function, if it exists, is called the density® of the random variable. If the density exists, then

Flz) = [ ) at.

Lor, more generally, to any topological space

2often called cumulative distribution function (cdf) in elementary courses
3More precisely, it is the density or Radon-Nikoydm derivative with respect to Lebesgue measure. In elementary courses,
the term probability density function (pdf) is often used.



If f is continuous at ¢, then the fundamental theorem of calculus implies that

flx) = F'(z).
A density f satisfies

o0

/ f(z) dx = 1.

—o00
Conversely, any nonnegative function that integrates to one is the density of a random variable.
Example If F is an event, the indicator function of E is the random variable

1, wekE,
lE(w):{ 0, w¢kFE.

(The corresponding function in analysis is often called the characteristic function and denoted yg. Proba-
bilists never use the term characteristic function for the indicator function because the term characteristic
function has another meaning. The term indicator function has no ambiguity.)

Example Let (Q, F,P) be the probability space for infinite tossings of a coin as in the previous section. Let

_ | 1, if nth flip heads,
Xn(wr,wa,..) = wn = { 0, if nth flip tails. (2)
S, = X1+ -+ X,, = # heads on first n flips. (3)
Then X1, X5,..., and S1,59,... are discrete random variables. If F,, denotes the o-algebra of events that

depend only on the first n flips, then S,, is also a random variable on the probability space (£, F,,P).
However, S,,4+1 is not a random variable on (2, F,,, P).

Example Let p be any probability measure on (R, B). Consider the trivial random variable
X =z,

defined on the probability space (R, B, ). Then X is a random variable and ux = p. Hence every probability
measure on R is the distribution of a random variable.

Example A random variable X has a normal distribution with mean p and variance o2 if it has density

f(z) = %6_(30_“)2/202, —00 < & < 0.
To
If # = 0 and 02 = 1, X is said to have a standard normal distribution. The distribution function of the
standard normal is often denoted @,

o1 2
o= [ et

Example If X is a random variable and
g: (R,B) =R

is a Borel measurable function, then ¥ = g(X) is also a random variable.

Example Recall that the Cantor function is a continuous function F : [0,1] — [0, 1] with F(0) =0, F(1) =1
and such that F'(x) =0 for all x € [0,1]\ A where A denotes the “middle thirds” Cantor set. Extend F to R
by setting F'(z) = 0 for x < 0 and F(z) =1 for # > 1. Then F is a distribution function. A random variable
with this distribution function is continuous, since F' is continuous. However, such a random variable has no
density.



The term random variable is a little misleading but it standard. It is perhaps easier to think of a random
variable as a “random number”. For example, in the case of coin-flips we get an infinite sequence of
random numbers corresponding to the results of the flips.

Definition If X is a nonnegative random variable, the expectation of X, denoted E(X), is

:/XdIP’,

where the integral is the Lebesgue integral. If X is a random variable with E(|X|) < oo, then we also define
the expectation by
/ X dP.

If X takes on positive and negative values, and E(| X|) = oo, the expectation is not defined.

Other terms used for expectation are expected value and mean (the term “expectation value” can be
found in the physics literature but it is not good English and sometimes refers to integrals with respect to
measures that are not probability measures). The letter y is often used for mean. If X is a discrete random
variable taking on the values aq,as, as, ... we have the standard formula from elementary courses:

X) =Y a;P{X = a;}, (4)
j=1
provided the sum is absolutely convergent.

Lemma 2.1. Suppose X is a random variable with distribution pux. Then,

E(X) = /Rx dux.

(Either side exists if and only if the other side exists.)

Proof. First assume that X > 0. If n, k are positive integers let

Ak’n:{w:k_1<X(w)<k}.

n n

For every n < oo, consider the discrete random variable X,, taking values in {k/n : k € Z},

X, = Zﬁ La,,-

n
k=1
Then,
n
Hence 1
E[X,] - — < E[X] < E[X,)]
n
But,




k=1
and
k-1 k—1 k k k—1 k
— px[——, ) < rdux < — px| =)
n n 'n = n n 'n

By summing we get
1
E {X,L — ] < / zdux <E[X,].
n [0,00)

By letting n go to infinity we get the result. The general case can be done by writing X = X* — X~. We
omit the details. O

In particular, the expectation of a random variable depends only on its distribution and not on the
probability space on which it is defined. If X has a density f, then the measure px is the same as f(z) dz
so we can write (as in elementary courses)

BX) = [ a0 d,

where again the expectation exists if and only if

/OO |z] f(z) de < oo.

Since expectation is defined using the Lebesgue integral, all results about the Lebesgue integral (e.g.,
linearity, Monotone Convergence Theorem, Fatou’s Lemma, Dominated Convergence Theorem) also hold for
expectation.

Exercise 2.2. Use Holder’s inequality to show that if X is a random variable and q¢ > 1, then E[|X|7] >
(E[X])4. For which X does equality hold?

Example Consider the coin flipping random variables (2) and (3). Clearly

1 1 1
E[X,]=1-= R
[Xon] SH0 5 =3
Hence §
E[Sn}:E[X1+-.~+Xn]:E[X1]+...+E[Xn]:5'
Also,
n
E[X1+X1+-..—|—X1]:E[X1]+E[X1}+...+E[X1]25'

Note that in the above example, X; +---+ X,, and X; + --- + X7 do not have the same distribution,
yet the linearity rule for expectation show that they have the same expectation. A very powerful (although
trivial!) tool in probability is the linearity of the expectation even for random variables that are “correlated”.
If X1, Xo,... are nonnegative we can even take countable sums,

E li Xn] = f: E[X).

This can be derived from the rule for finite sums and the monotone convergence theorem by considering the
increasing sequence of random variables



Lemma 2.3. Suppose X is a random variable with distribution px, and g is a Borel measurable function.
Then,

Blo(X)) = [ ola) dux.
(Either side exists if and only if the other side exists.)

Proof. Assume first that ¢ is a nonnegative function. Then there exists an increasing sequence of nonnegative
simple functions with g,, approaching g. Note that g, (X) is then a sequence of nonnegative simple random
variables approaching g(X). For the simple functions g,, it is immediate from the definition that

Elg, (X)) = /R gn(2) dix.

and hence by the monotone convergence theorem,
Blg(X)] = [ gle) dux.
R

The general case can be done by writing g = g™ — ¢~ and g(X) = g™ (X) — g~ (X). O

If X has a density f, then we get the following formula found in elementary courses

Elg(X)] = /oo g(x) f(z) dx.

—o0
Definition The variance of a random variable X is defined by
Var(X) = E[(X - E(X))?],
provided this expecation exists.
Note that

Var(X) = E[X —E(X))?
= E[X? - 2XE(X) + (E(X))?]
= E[X?] - (E(X))%

The variance is often denoted 02 = 0?(X) and the square root of the variance, o, is called the standard
deviation

There is a slightly different use of the term standard deviation in statistics; see any textbook on statistics
for a discussion.

Lemma 2.4. Let X be a random variable.
(Markov’s Inequality) If a > 0,

P{X| > a} < SIXI]

(Chebyshev’s Inequality) If a > 0,

P{IX ~ E(X)| > a) < o0,



Proof. Let X, = alf|x|>q} - Then X, <|X] and hence
aP{|X| > a} = E[X,] < E[X].

This gives Markov’s inequality. For Chebyshev’s inequality, we apply Markov’s inequality to the random
variable [X — E(X)]? to get
E([X - E(X)]?)
P{X - E(X)P > @} < =)
O

Exercise 2.5 (Generalized Chebyshev Inequality). Let f : [0,00) — [0,00) be a nondecreasing Borel function
and let X be a nonnegative random variable. Then for all a > 0,

E[/(X)]

)

3 Independence

Throughout this section we will assume that there is a probability space (£2,.4,P). All o-algebras will be
sub-o-algebras of A, and all random variables will be defined on this space.

Definition
e Two events A, B are called independent if P(AN B) = P(A)P(B).
e A collection of events {A,} is called independent if for every distinct A,,,..., Aq,,

P(Ay, N NA,,) =P(As,) - P(As,).

e A collection of events {A,} is called pairwise independent if for each distinct Ay, , Aa,,

]P(Aal N Aaz) = P(AM)P(AM)-

Clearly independence implies pairwise independence but the converse is false. An easy example can be
seen by rolling two dice and letting A; = { sum of rolls is 7 }, Ay = { first roll is 1 }, A3 = { second roll is
6 }. Then

P(A1) = P(A2) = P(43) =

1
6
P(A;1 NAg) =P(A; NA3) =P(Aa N As) = %,
but P(A; N A2 N A3) = 1/36 # P(A1)P(A2)P(A;3).
Definition A finite collection of o-algebras Fi, ..., F, is called independent if for any A, € Fy,..., A, € Fn,
P(A1N---NA,) =P(Ay)---P(4,).

An infinite collection of o-algebras is called independent if every finite subcollection is independent.

Definition If X is a random variable and F is a o-algebra, we say that X is F-measurable if X ~1(B) € F
for every Borel set B, i.e., if X is a random variable on the probability space (2, F,P). We define F(X) to
be the smallest o-algebra F for which X is F-measurable.



In fact,
F(X)={X"YB): B Borel }.
(Clearly F(X) contains the right hand side, and we can check that the right hand side is a o-algebra.) If

{X,} is a collection of random variables, then F({X,}) is the smallest o-algebra F such that each X, is
F-measurable.

Probabilists think of a o-algebra as “information”. Roughly speaking, we have the information in the
o-algebra F if for every event E € F we know whether or not the event E has occured. A random
variable X is F-measurable if we can determine the value of X by knowing whether or not F has occured
for every F-measurable event E. For example suppose we roll two dice and X is the sum of the two dice.
To determine the value of X it suffices to know which of the following events occured:

E;, = {first roll is j}, j=1,...6,

Ej2 = {second roll is j}, j=1,...6.

More generally, if X is any random variable, we can determine X by knowing which of the events
E, :={X < a} have occured.

Exercise 3.1. Suppose F1 C Fa C --- is an increasing sequence of o-algebras and
(oo}
Fo=J Fn
n=1

Then F° is an algebra.

Exercise 3.2. Suppose X is a random variable and g is a Borel measurable function. Let Y = g(X). Then
F(Y) C F(X). The inclusion can be a strict inclusion.

The following is a very useful way to check independence.

Lemma 3.3. Suppose F° and G° are two algebras of events that are independent, i.e., P(ANB) = P(A) P(B)
for Ae FO B e GY. Then F :=o(F°) and G := o(G°) are independent o-algebras.

Proof. Let B € G° and define the measure
up(4) =B(ANB), fin(A) = P(A)B(B).

Note that up, fip are finite measures and they agree on F°. Hence (using Cartheodory extension) they must
agree on F. Hence P(AN B) =P(A)P(B) for A € F,B € G°. Now take A € F and consider the measures

va(B) = P(AN B), #4(B) = P(4)B(B).
O

If X4,...,X, are random variables, we can consider them as a random vector (X1i,...,X,,) and hence
as a random variable taking values in R™. The joint distribution of the random variables is the measure
= px,,. . x, on Borel sets in R" given by

W(B) = P{(X1,...,X,) € BY.

Each random variable X1, ..., X, also has a distribution on R, px;; these are called the marginal distribu-
tions. The joint distribution function F' = Fx, . x, is defined by

F(tl,...,tn) :P{Xl §t1;~~~,Xn Stn}:,u[ (—OO,tl] X e+ X (—OO7tn} }

10



Definition Random variables X7, X5, ..., X, are said to be independent if any of these (equivalent) condi-
tions hold:

e For all Borel sets By, ..., By,

]P){Xl €By,.... X, € Bn} = P{Xl S Bl}P{Xz € BQ} . P{Xn S Bn}

e The o-algebras F(X1),...,F(X,) are independent.
O [=fhxy XXy X XX,

e For all real tq,...,t,,
I;-‘(t]_7 e ’tn) == FXl (tl) FXz(t2) i 'FX"(tn).

The random variables X1, ..., X, have a joint density (joint probability density function) f(z1,...,2,)
if for all Borel sets B € R"™,

IP’{(Xl,...,Xn)EB}:/ flz1,...,z,) dzxy dxg -+ dxy,.
B

Random variables with a joint density are independent if and only if

f@1,omn) = fx, (1) - fx, (),

where fx (7;) denotes the density of X;.

An infinite collection of random variables is called independent if each finite subcollection is independent.
The following follows immediately from the definition and Exercise 3.2.

Proposition 3.4. If Xi,..., X, are independent random wvariables and g1,...,g, are Borel measurable
functions, then g1(X1),...,9n(Xn) are independent.

Proposition 3.5. If X|Y are independent random variables with E|X| < oo, E|Y| < oo, then E[|XY|] < 0o
and
E[XY] = E[X]E[Y]. (5)

Proof. First consider simple random variables

S:iailAi, T:ibj]‘B]‘?
i=1 j=1

where S is F(X) measurable and T is F(Y") measurable. Then each A; is independent of each B; and (5) can
be derived immediately using P(A4; N B;) = P(A;) P(B;). Suppose X,Y are nonnegative random variables.
Then there exists simple random variables S,,, measurable with respect to F(X), that increase to X and
simple random variables T},, measurable with respect to F(Y'), increasing to Y. Note that S, T}, increases
to XY. Hence by the monotone convergence theorem,

E[XY] = nl;n;o E[S,T,] = nlgréo E[S,|E[T,] = E[X]E[Y].

Finally for general X,Y, write X = XT — X~, YT —Y~. Note that X+, X~ are independent of Y, Y~
(Propostion 3.4) and hence the result follows from linearity of the integral. O

11



The multiplication rule for expectation can also be viewed as an application of Fubini’s Theorem. Let
1, v denote the distributions of X and Y. If they are independent, then the distribution of (X,Y") is u x v.
Hence

Bpy) = [ ey e = [ [ [ du(x)] ar(y) = [ EIXy duty) = ELXIEIY ]

Random variables X, Y that satisfy E[XY] = E[X]E[Y] are called orthogonal. The last proposition shows
that independent integrable random variables are orthogonal.

Exercise 3.6. Give an example of orthogonal random variables that are not independent.

Proposition 3.7. Suppose X1, ..., X,, are random variables with finite variance. If X1, ..., X, are pairwise
orthogonal, then
Var[X; + -+ + X,,] = Var[Xq] + - - + Var[X,,].

Proof. Without loss of generality we may assume that all the random variables have zero mean (otherwise,
we subtract the mean without changing any of the variances). Then

Var znjxj = E|Q_X,)?
j=1

= i E[X?]+ ) E[X;X]]

1#]
= ) Var(X;)+ > E[X;X].
j=1 i#]
But by orthogonality, if i # j, E[X;X;] = E[X;] E[X,] =0 O

This proposition is most often used when the random variables are independent. It is not true that
Var(X +Y) = Var(X) + Var(Y) for all random variables. Two extreme cases are Var(X + X) = Var(2X) =
4Var(X) and Var(X — X) =0.

The last proposition is really just a generalization of the Pythagorean Theorem. A natural framework
for discussing random variables with zero mean and finite variance is the Hilbert space L? with the inner
product (X,Y) = E[XY]. In this case, X,Y are orthogonal iff (X,Y) = 0.

Exercise 3.8. Let (2, F,P) be the unit interval with Lebesgue measure on the Borel subsets. Follow this
outline to show that one can find independent random variables X1, X2, X3, ... defined on (Q, F,P), each
normal mean zero, variance 1. Let use write x € [0,1] in its dyadic expansion

r=.wiwows---, w;€{0,1}.

as in Section 1.

(i) Show that the random wvariable X (x) = x is a uniform random variable on [0,1], i.e., has density
f(@) =1

(i) Use a diagonalization process to define Uy, Us, . .., independent random variables each with a uniform
distribution on [0, 1].

(iii) Show that X; = ®~1(U;) has a normal distribution with mean zero, variance one. Here ® is the
normal distribution function.

12



4 Sums of independent random variables
Definition
e A sequence of random variables Y,, converges to Y in probability if for every e > 0,

nILH;OP{|Yn —-Y|>e}=0.

e A sequence of random variables Y,, converges to Y almost surely (a.s.) or with probability one (w.p.1)
if there is an event F with P(E) = 1 and such that for w € F, Y,,(w) = Y (w).

In other words, “in probability” is the same as “in measure” and “almost surely” is the analogue of “almost
everywhere”. The term almost surely is not very accurate (something that happens with probability one
happens surely!) so many people prefer to say “with probability one”.

Exercise 4.1. Suppose Y1,Ya, ... is a sequence of random variables with E[Y,,] — p and Var[Y,] — 0. Show
that Y, — p in probability. Give an example to show that it is not necessarily true that Y, — p w.p.1.

Much of the focus of classical probability is on sums of independent random variables. Let (2, A,P) be
a probability space and assume that
X1, X, ...

are independent random variables on this probability space. We say that the random variables are identically
distributed if they all have the same distribution, and we write i.i.d. for “independent and identically
distributed.”

If Xy, Xo, ... are independent (or, more generally, orthogonal) random variables each with mean p and
variance o2, then

S| B + e B =

X X 1
n«:[ 1+ n]
n

o2

] ! [Var(X1) + -+ - + Var(X,)] = —.

n? n

X1+ + X,
n

Var {

The equality for the expectations does not require the random variables to be orthogonal, but the expression
for the variance requires it. The mean of the weighted average is the same as the mean of one of the random
variables, but the standard deviation of the weighted average is o/1/n which tends to zero.

Theorem 4.2 (Weak Law of Large Numbers). If X, Xs,... are independent random variables such that
E[X,] = u and Var[X,,] < o2 for each n, then

X+ -+ X,
n

in probability.
Proof. We have

X o+ X X o4+ X 2

]E{ 1t "]:% Var{m]gaao.
n n n

We now use Exercise 4.1. O

13



The Strong Law of Large Numbers (SLLN) is a statement about almost sure convergence of the weighted
sums. We will prove a version of the strong law here. We start with an easy, but very useful lemma. Recall
that the limsup of events is defined by

limsup 4,, = ﬁ G A,

n=1m=n
Probabilists often write {A,, i.0.} for limsup A, ; here “i.0.” stands for “infinitely often”.

Lemma 4.3 (Borel-Cantelli Lemma). Suppose Ay, Aa, ... is a sequence of events.
(1) If S P(A4,) < oo, then
P{A, i.0.} = P(limsup 4,,) = 0.

(it) If Y_PP(A,) = oo, and the Ay, Ag, ... are independent, then

P{A, i.0.} = P(limsup 4,,) = 1.

The conclusion in (#2) is not necessarily true for dependent events. For example, if A is an event of
probability 1/2, and A; = A = --- = A, then limsup A, = A which has probability 1/2.

Proof.
(1) 1If 3 P(An) < oo,

P(limsup A,) = nh_)n;OP ( U An> < nh—>Holo Z P(A,,) = 0.

m=n m=n

(74) Assume > P(A,) = oo and Ay, Ag, ... are independent. We will show that

n=1m=n

P[(limsup A,)] =P [U ﬂ AL,

To show this it suffices to show that for each n

P (ﬁn A;) —0

M

and for this we need to show for each n,

But by independence,

14



Theorem 4.4 (Strong Law of Large Numbers). Let X1, Xs, ... be independent random variables each with
mean p. Suppose there exists an M < oo such that E[X2] < M for each n (this holds, for example, when
the sequence is i.i.d. and E[X{] < 00). Then w.p.1,

X1+X2+"'+Xn
n

— L.

Proof. Without loss of generality we may assume that 4 = 0 for otherwise we can consider the random
variables X7 — p, Xo — p,.... Our first goal is to show that

E[(X; + Xo + -+ X, < 3M n? (6)
To see this, we first note that if i & {j, k, [},
E[X,X;Xp X)] = E[X,;] E[X,; X, X]] = 0. (7)

When we expand (X7 + X3 + -+ -+ X,,)* and then use the sum rule for expectation we get n* terms. We get
n terms of the form E[X}'] and 3n(n — 1) terms of the form E[X?X?] with i # j. There are also terms of the
form E[X; X 3], E[X; X; X}] and E[X; X; X} X;] for distinct i, j, k,1; all of these expectations are zero by (7) so
we will not bother to count the exact number. We know that E[X}] < M. Also (see Exercise 2.2), if i # j,

E[X2X?] < E[X?]E[X?] < (E[X}|E[X}))"* < M.

Since the sum consists of at most 3n? terms each bounded by M, we get (6).
Let A,, be the event

X, 4+t X,
An_{ 1+n+

1
= /8

}—{|X1+X2+~-~+Xn| Zn7/8}-

By the generalized Chebyshev inequality (Exercise 2.5),

E[(X:+ -4+ Xn)* _ 3M
(n7/8) =32

P(A,) <

In particular, > IP(A4,,) < co. Hence by the Borel-Cantelli Lemma,
P(limsup 4,) = 0.
Suppose for some w, (X1 (w) + -+ + X, (w))/n does not converge to zero. Then there is an € > 0 such that
[X1(w) + X (w) + -+ + X (w)] = en,

for infinitely many values of n. This implies that w € limsup 4,,. Hence the set of w at which we do not
have convergence has probability zero. O

The strong law of large numbers holds in greater generality than under the conditions given here. In
fact, if X1, Xo,... is any i.i.d. sequence of random variables with E(X1) = p, then the strong law holds

n

— u, w.p.l.

We will not prove this here. However, as the next exercise shows, the strong law does not hold for all
independent sequences of random variables with the same mean.

15



Exercise 4.5. Let X1, Xo,... be independent random variables. Suppose that
P{X,=2"}=1-P{X, =0} =2"".
Show that that E[X,,] = 1 for each n and that w.p.1,

X1+ Xo+--+ X,
n

— 0.

Verify that the hypotheses of Theorem 4.4 do not hold in this case.

Exercise 4.6.
a. Let X be a random variable. Show that E[|X|] < oo if and only if

ZIF’{\X| >n} < 0.
n=1

b. Let X1, X5, ... be i.i.d. random variables. Show that
P{|X,| >ni0}=0
if and only if E[| X1]] < .

We now establish a result known as the Kolmogorov Zero-One Law. Assume X1, X, ... are independent.
Let F,, be the o-algebra generated by X1,..., X,,, and let G,, be the o-algebra generated by X, 11, Xn12, .. ..
Note that F,, and G, are independent o-algebras, and

hcFhHhc---, GDGD---.

Let F be the o-algebra generated by X;, Xo,..., i.e., the smallest o-algebra containing the algebra

FO.= U F.
n=1
The tail o-algebra T is defined by
(oo}
n=1

(The intersection of o-algebras is a o-algebra, so 7T is a o-algebra.) An example of an event in 7T is

X4+ X,
{lim 1++:0}_
m—r 00 m

It is easy to see that this event is in G,, for each n since

X, +---4+ X X o4 X
{lim Aih ot Am sz}:{lim ntt ot m:o}.
m—0o0

m m—o0 m

We write A for symmetric difference, AAB = (A\ B) U (B \ A). The next lemma says roughly that Fq is
“dense” in F.

Lemma 4.7. Suppose F° is an algebra of events and F = o(F°). If A € F, then for every € > 0 there is
an Ay € F° with
P(AAAp) < e.

16



Proof. Let B be the collection of all events A such that for every € > 0 there is an Ay € F° such that
P(AAAg) < e. Trivially, O Cc B. We will show that B is a o-algebra and this will imply that F C B.
Obviously, 2 € B.

Suppose A € B and let € > 0. Find 4y € F° such that P(AAAp) < €. Then A§ € F° and

P(AAAS) = P(AAAg) < e.

Hence A€ € B.
Suppose Ay, Ag,... € B and let A =UA;. Let ¢ > 0, and find n such that

" €
P j:1AJ > PlA] - 5

For j =1,...,n,let A;o € F° such that
PlA;AA o] < €277

Let Ag = A1 oU---UA, o and note that

ANAy C || JAj04;0| U AN 4],
j=1

j=1
and hence P(AAAp) < e and A € B. O
Theorem 4.8 (Kolmogorov Zero-One Law). If A € T then P(A) =0 or P(4) = 1.

Proof. Let A € T and let € > 0. Find a set Ay € F° with P(AAA) < €. Then Ag € F,, for some n. Since
T C Gy, and F,, is independent of G,,, A and Ay are independent. Therefore P(AN Ag) = P(A)P(Ap). Note
that P(AN Ap) > P(A) — P(AAA) > P(A) — e. Letting € — 0, we get P(A) = P(A)P(A). This implies

P(A)=0o0r P(A) =1. O
As an example, suppose X1, Xo, ... are independent random variables. Then the probability of the event
X 4 X
{w : lim 1(@) 0+ Xn(w) :0}
n—00 n

is zero or one.

5 Central Limit Theorem

In this section, we will use some knowledge of the Fourier transform that we review here. If g : R — R, the
Fourier transform of g is defined by
o0
i) = [ e gla)da.

—0o0
We will call g a Schwartz function it is C'°° and all of its derivatives decay at +oco faster than every polynomial.
If g is Schwartz, then ¢ is Schwartz. (Roughly speaking, the Fourier transform sends smooth functions to
bounded functions and bounded functions to smooth functions. Very smooth and very bounded functions
are sent to very smooth and very bounded functions.) The inversion formula

o) = o [ it ay 0

—00
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holds for Schwartz functions. A straightforward computation shows that

6_75/2\/2 = ome V' /2,

| @i - [ [ | st dy]

[ o [ swerae] ay

[ " ) ow) dy.

We also need

This is valid provided that the interchange of integrals can be justified; in particular, it holds for Schwartz
f,g. The characteristic function is a version of the Fourier transform.

Definition The characteristic function of a a random variable X is the function ¢ = ¢x : R — C defined
by _
o(t) = Ele™].
Properties of Characteristic Functions
e »(0) =1 and for all ¢ _ _
()] = |E[e™X]] <E [[e"[] = 1.
e ¢ is a continuous function of ¢. To see this note that the collection of random variables Y; = X are

dominated by the random variable 1 which has finite expectation. Hence by the dominated convergence

theorem,
; _ 1 isX o isX
ilrr% o(s) = llrr% Ele”**]=E ulmte ] = ¢(t).

In fact, it is uniformly continuous (Exercise 5.1).

e If Y = aX + b where a, b are constants, then

(bY(t) — E[ei(ax+b)t] _ eibt E[eiX(at)] _ eibt (bX(at)

e The function Mx (t) = e'X is often called the moment generating function of X. Unlike the character-
istic function, the moment generating function does not always exist for all values of t. When it does
exist, however, we can use the formal relation ¢(t) = M (it).

e If a random variable X has a density f then

ox(t) = /OC e f(z) do = f(—t).

— 00

e If two random variables have the same characteristic function, then they have the same distribution.
This fact is not obvious — this will follow from Proposition 5.6 which gives an inversion formula for
the characteristic function similar to (8).

e If X;,..., X, are independent random variables, then
E[eit(Xat+Xn)]
_ E[eitXl] E[eith] . -E[e_tX"]

= ¢x, (1) dx,(t) - Ox, (D).

x4+ X, ()
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e If X is a normal random variable, mean zero, variance 1, then by completing the square in the expo-

nential one can compute
o0
. 1 2 2
1) = ezmtiefz /2 dr = €7t /2.
o) = [ e

If Y is normal mean p, variance o2, then Y has the same distribution as ¢ X + u, hence
Oy (t) = Goxsult) = € dx (o) = et e /2,

Exercise 5.1. Show that ¢ is a uniformly continuous function of t.

Proposition 5.2. Suppose X is a random variable with characteristic function ¢. Suppose E[|X]] < oo.
Then ¢ is continuously differentiable and
#(0) = iE(X).

Proof. Note that for real 6 _
le?® — 1] <4].

6 .
< / |ie®| ds = 6.
0

This can be checked geometrically or by noting that

0
e —1| = ‘/ e’ ds
0

We write the difference quotient

¢(t + 5) _ (b(t) _ /OO ei(t+6):c _ eitz
S Sl B S— dp(x).
Note that ) )
ez(t+5)m _ itz - M - | |
— 5 |75 S z|.

Saying E[|X|] < oo is equivalent to saying that |z| is integrable with respect to the measure pu. By the
dominated convergence theorem,

oo i(t+8)x _ itz o i(t+8)x _ itz
e e e e
1' —_— = 1. —_— .
i [ e = [ [iﬂ 5 ()
= / ixe™™ du(x).

Hence,

and, in particular,

The following proposition can be proved in the same way.

Proposition 5.3. Suppose X is a random variable with characteristic function ¢. Suppose E[|X|*] < oo for
some positive integer k. Then ¢ has k continuous derivatives and

oW (t) = T E[XT], j=0,1...,k (9)
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Formally, (9) can be derived by writing

iXt] _ X))t P EXY)
S P P D D
§=0 3=0
differentiating both sides, and evaluating at ¢ = 0. Proposition 5.3 tells us that the existence of E[|X|¥]
allows one to justify this rigorously up to the kth derivative.

Proposition 5.4. Let X1, X5, ... be independent, identically distributed random variables with mean pu and
variance o® and characteristic function ¢. Let

X1+ +X,—np
2

Z, =

)

a°n

and let ¢, be the characteristic function of Z,. Then for each t,

lim ¢, (t) = e /2,

n—roo

2 . . . . . .
Recall that e~*"/2 is the characteristic function of a normal mean zero, variance 1 random variable.

Proof. Without loss of generality we will assume p = 0,02 = 1 for otherwise we can consider Y; = (X; —pu)/o.
By Proposition 5.3, we have

1 t2
6(t) =1+ ¢'(0)t+ 5¢"(0)* + et =1 - T + et

o[ (]

: : t\]" 2 6,]"
o=t o (7)) = -5+ 3]

where 6, — 0 as n — oo. Once n is sufficiently large that |6, — (t2/2)| < n we can take logarithms and
expand in a Taylor series,

where ¢, — 0 as t — 0. Note that

and hence for fixed t,

) t2
log [1— —+ = :——+p—", n — 0o
2n  n 2n  n
where p,, — 0. (Since ¢ can take on complex values, we need to take a complex logarithm with log1 = 0,
but there is no problem provided that |§,, — (t2/2)| < n.) Therefore
t2
lim log ¢, (t) = ——.

n—»00 2

O

Theorem 5.5 (Central Limit Theorem). Let X, Xs,... be independent, identically distributed random
variables with mean p and finite variance. If —oo < a < b < oo, then

Xi4+Xo+-+X, — b1
lim P {a < 1t Aa b A np < b} = / e T2 gy,
n— oo J\/ﬁ @ 2
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Proof. Let ¢, be the characteristic function of n=*/2¢~1(X; + - -- 4+ X,, — nu). We have already shown that
for each t, ¢, (t) — e=t*/2. Tt suffices to show that if iy, is any sequence of distributions such that their

. . . . . 2
characteristic functions ¢,, converge pointwise to et /2 then for every a < b,

lim py,la,b] = ®(b) — ®(a),

n—oo

where

|
O(x) = / e v’/ dy.

oo V2T

Fix a,b and let € > 0. We can find a C"° function g = g4, such that
0<g(x)<1l, —oo<uz<o00,

g(z) =1, a<z<b,
g(x) =0, zéla—eb+e.
We will show that

o0 o0 1 2
I (z) = L a2 g
Jm [ o(e) dus(a) [;m>%e dz

Since for any distribution g,

pla, b] < /OO g(x) du(z) < pla —e,b+ €,

— 00

we then get the theorem by letting ¢ — 0.
Since g is a C'*° function with compact support, it is a Schwartz function. Let

9(y) = / e~ y(w) dr,
be the Fourier transform. Then, using the inversion formula (8),

[ s = [ [ e do] duate)

— 00 — 00 —0o0

_IZU2wmﬂmw

27 o
1 o0
- 5| it a.

Since |¢,g| < |g| and g is L', we can use the dominated convergence theorem to conclude

o0

lim g9(x) dpn(z) = i/ eV 24(y) dy.

n—oo J 2T

Recalling that e—+2/2 = /2re~%"/2 and that

[ o= [ 13

we get (10).

(10)

O

The next proposition establishes the uniqueness of characteristic functions by giving an inversion formula.

Note that in order to specify a distribution p, it suffices to give ula,b] at all a,b with p{a,b} = 0.
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Proposition 5.6. Let X be a random variable with distribution u, distribution function F', and characteristic
function ¢. Then for every a < b such that F is continuous at a and b,

T e—ia _ o—iyb

plat) = FO) = Fl@) = Jim 5 [ ) . (1)

Note that it is tempting to write the right hand side of (11) as

—1iyb

o(y) dy, (12)

1 o —iya

(& — e

2 oo 1y

but this integrand is not necessarily integrable on (—oo,00). We can write (12) if we interpret this as
the improper Riemann integral and not as the Lebesgue integral on (—oo, 00).

Proof. We first fix T' < co. Note that

e—iya _ e—iyb

< (b- 13
— ] o)l < (- a) (13)
and hence the integral on the right-hand side of (11) is well defined. The bound (13) allows us to use Fubini’s
Theorem:
1 T e—a _ o—iyb 1 T e—Wa _ o—iyb oo
o e L o e I IR CIR
1 oo T etv(z—a) _ ciy(z—b)
-/ 1/ . dy| dp(a)
T J - =T Y

It is easy to check that for any real c,

/T eter /lclT sinx
— dz = T
T 1T 0 X
We will need the fact that
. T sinz
lim der = —

There are two relevant cases.
o If z — a and = — b have the same sign (i.e., x < a or x > b),

T eiy(xfa) _ eiy(mfb)

lim - dy = 0.
T—o0 _T 1y
elfr—a>0andz—b<0,
T giy(z—a) _ giy(z—b) T g
lim [ & i dy=4 lim | 22 gz =on.
T—o0 _T Y T— 00 0 X
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We do not need to worry about what happens at x = a or x = b since p gives zero measure to these points.
Since the function
T eiy(m—a) _ eiy(z—b)
gr(a,b,x) = / ‘ dy

-T 3%

is uniformly bounded in 7', a, b, z, we can use dominated convergence theorem to conclude that

T _iy(z—a) _ Liy(z—D)
/ ‘ — dy] du(z) = / 27 14,0 dp(z) = 2mpfa, b].

oo
lim
T—oo J_

o) =T Yy

Therefore,
) 1 T e—a _ o—iyb
lim —/ ——— ¢(y) dy = pa, b].
-T 1y
O

Exercise 5.7. A random variable X has a Poisson distribution with parameter X > 0 if X takes on only
nonnegative integer values and

)\Ic
P{X:k}ze—kg, k=0,1,2,....
In this problem, suppose that X,Y are independent Poisson random wvariables on a probability space with
parameters Ax, Ay, respectively.
(1) Find E[X], Var[X],E[Y], Var[Y].
(ii) Show that X +Y has a Poisson distribution with parameter Ax + Ay by computing directly

P{X +Y =k}
(#i1) Find the characteristic function for X,Y and use this to find an alternative deriviation of (ii).
(iv) Suppose that for each integer n > X we have independent random variables Z1 p, Zam, - - -, Znpn With
A

P{Z;,=1}=1-P{Z;, =0} = o

Find
lim P{Z1n+ Zop+ -+ Zpn =k}
n—oo
Exercise 5.8. A random variable X is infinitely divisible if for each positive integer n, we can find i.i.d. ran-
dom wvariables X1, ..., X, such that X1 + --- + X, have the same distribution as X.
(i) Show that Poisson random variables and normal random variables are infinitely divisible.

(#4) Suppose that X has a uniform distribution on [0,1]. Show that X is not infinitely divisible.
(#it) Find all infinitely divisible distributions that take on only a finite number of values.

6 Conditional Expectation

6.1 Definition and properties

Suppose X is a random variable with E[|X|] < co. We can think of E[X] as the best guess for the random

variable given no information about the outcome of the random experiment which produces the number X.

Conditional expectation deals with the case where one has some, but not all, information about an event.
Consider the example of flipping coins, i.e., the probability space

Q= {(w1,ws,...) :wj =0o0r 1}.
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Let F,, be the o-algebra of all events that depend on the first n flips of the coins. Intutitively we think of the
o-algebra F,, as the “information” contained in viewing the first n flips. Let X,,(w) = w,, be the indicator
function of the event “the nth flip is heads”. Let

be the total number of heads in the first n flips. Clearly E[S,] = n/2. Suppose we are interested in S but
we get to see the flip of the first coin. Then our “best guess” for S3 depends on the value of the first flip.
Using the notation of elementary probability courses we can write

E[S;| X1 =1] =2, E[S5|X;=0]=1.

More formally we can write E[S3 | Fi] for the random variable that is measurable with respect to the
o-algebra F; that takes on the value 2 on the event {X; = 1} and 1 on the event {X; = 0}.

Let (Q,F,P) be a probability space and G C F another o-algebra. Let X be an integrable random
variable.

Let us first consider the case when G is a finite o-algebra. In this case there exist disjoint, nonempty
events Ay, As, ..., Ay that generate G in the sense that G consists precisely of those sets obtained from unions
of the events A;,..., Ag. If P(4;) > 0, we define E[X | G] on A, to be the average of X on A;,

fAj X dP _ E[X14,]
P(4;)  P(4y) ]

E[X | G] = on Aj;. (14)

If P(A;) = 0, this definition does not make sense, and we just let E[X | G] take on an arbitrary value, say
¢j, on A;. Note that E[X | G| is a G-measurable random variable and that its definition is unique except
perhaps on a set of total probability zero.

Proposition 6.1. If G is a finite o-algebra and E[X | G] is defined as in (14), then for every event A € G,

/A]E[X|g}dP:/AXdP.

Proof. Let G be generated by Ay, ..., Ax and assume that A = A; U---U A;. Then

/AE[X\g]d}P’ = ;AjE[X|g]dP
! Sy, X dP
l
= > [ Xxadp
=174
= X dP.
A

This proposition gives us a clue as how to define E[X | G] for infinite G.

Proposition 6.2. Suppose X is an integrable random variable on (Q, F,P), and G C F is a o-algebra. Then
there exists a G-measurable random variable Y such that if A € G,

/AYd]P’:/AX dP. (15)

Moreover, szf is another G-measurable random variable satisfying (15), then Y=Y as.
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Proof. The uniqueness is immediate since if Y,Y are G-measurable random variables satisfying (15), then

/kY—Yﬁm:Q

for all A € G and hence Y —Y = 0 almost surely.
To show existence consider the probability space (€2, G, P). Consider the (signed) measure on (2, G),

mm:Axm

Note that v << P. Hence by the Radon-Nikodym theorem there is a G-measurable random variable Y with

WM=AYW

O

Using the proposition, we can define the conditional expectation E[X | G] to be the random variable Y
in the proposition. It is characterized by the properties

e E[X | G] is G-measurable.

e For every A € G,
/ E[X |Gl dP = / X dP. (16)
A A

The random variable E[X | G] is only defined up to a set of probability zero.

Exercise 6.3. This exercise gives an alternative proof of the existence of E[X | G| using Hilbert spaces (but
not using Radon-Nikodym theorem). Let H denote the real Hilbert space of all square-integrable random
variables on (Q, F,P).

1. Show that the space of G-measurable, square-integrable random varaibles is a closed subspace of H.

2. For square-integrable X, define E(X | G) to be the Hilbert space projection onto the space of G-
measurable random variables. Show that E(X | G) satisfies (16).

3. Show that BE(X | G) exists for integrable X. (Hint: if X > 0, we can approximate X from below by
simple random variables X,,. Define

E(X |G) = Jim. E(X, | G).
For general X, write X = X+t — X~.)

Properties of Conditional Expectation

e EE[X | d]] = E[X].
Proof. This is a special case of (16) where A = Q.

eIfabeR EaX+0bY |G =aE[X | G]+bE[Y | G]. (This equality and others below are really
equalities up an event of probability zero.)
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Proof. Note that ¢ E[X | G] + bE[Y | G] is G-measurable. Also, if A € G,

/A(a]E[X 1G] + bE[Y | g]) dP

/Xd]P’—i—b/Yd]P>

/ (aX +bY) dP.
A

The result follows by uniqueness of the conditional expectation.

If X is G-measurable, then E[X | G] = X

/ [X|g]dIE”+b/ E[Y | G] dPP

If G is independent of X, then E[X | G] = E[X]. (G is independent of X if G is independent of the
o-algebra generated by X. Equivalently, they are independent if for every A € G, 14 is independent

of X.)

Proof. The constant random variable E[X] is certainly G-measurable. Also, if A € G,

/ E[X] dP = P(A)E[X] = E[14] E[X] = E[1,X] = / X dP.
A A
If H C G C F are g-algebras, then
E[X | H] = E[E[X | G] | H].
Proof. Clearly, E[E[X | G] | H] is H-measurable. If A € H, then A € G, and hence

/AIE[E[X\Q]|H]dIP’:/AIE[X|g]d[P>:/AXdH”.

If Y is G-measurable, then
EXY |G| =YE[X |G|

Proof. Clearly Y E[X | G] is G-measurable. We need to show that for every A € G,

/YE[X|g] dIP’:/YXdIP’.
A A

(17)

(18)

(19)

We will first consider the case where X,Y > 0. Note that this implies that E[X | G] > 0 as.,
since [, E[X | G] dP = [, X dP > 0 for every A € G. Find simple G-measurable random variables
0<Y: <Y; <--- such that Y,, = Y. Then ¥,,X converges monotonically to YX and Y, E[X | G]

converges monotonically to Y E[X | G]. If A € G and

Z:ZleBJ’ Bjeg,
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is a G-measurable simple random variable,

/AZE[X|Q] P = ch/Ahng[mg} dP

Hence (19) holds for simple nonnegative Y and nonnegative X, and hence by the monotone convergence
theorem it holds for all nonnegative ¥ and nonnegative X. For general Y, X, we write Y = YT —
Y=, X = Xt — X~ and use linearity of expectation and conditional expectation.

If X,Y are random variables and X is integrable we write E[X | Y] for E[X | o(Y)], Here o(Y) denotes
the o-algebra generated by Y. Intuitively, E[X | Y] is the best guess of X given the value of Y. Note that
E[X | Y] can be written as ¢(Y") for some function ¢, i.e., for each possible value of Y there is a value of
E[X | Y]. Elementary texts often write this as E[X | Y = y| to indicate that for each value of y there is a
value of E[X | Y]. Similarly, we can define E[X | Y1,...Y,].

Example Consider the coin-tossing random variables discussed earlier in the section. What is E[X; | S,]?
Symmetry tells us that
E[X1 ]Sy =E[X2 | Sy] = =E[X,, | Sn].

Also, linearity gives
E[X1 | Sp] +E[Xz | Su] + -+ +E[X, | Sp] =
E[X; 4+ -4+ X, | Sn] =E[S, | Sn] = Sn.

Hence,

Sn
E[X, | S,] = o

Note that E[X; | Sy] is not the same thing at E[X; | X1,...,X,] = E[X; | F,,] which would be just X;.
The first conditioning is given only the number of heads on the first n flips while the second conditioning is
given all the outcomes of the n flips.

Example Suppose X,Y are two random variables with joint density function f(z,y). Let us take our
probability space to be R2, let F be the Borel sets, and let P be the measure

P(A) = /A f(x,y) dzdy.

Then the random variables X (z,y) = « and Y (z,y) = y have the joint density f(z,y). Then E[Y | X] is a
random variable with density

Xy
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This formula is not valid when the denominator is zero. However, the set of x such that

/_O:O f(z,2)dz=0,

is a null set under the measure P and hence the density f(y | X) is well defined almost surely. This density
is often called the conditional density of Y given X.

6.2 Martingales

A martingale is a model of a fair game. Suppose we have a probability space (2, F,P) and an increasing
sequence of g-algebras
FoCFiC---

Such a sequence is called a filtration, and we think of F,, as representing the amount of knowledge we have
at time n. The inclusion of the o-algebras imply that we do not lose any knowledge that we have gained.

Definition A martingale (with respect to the filtration {F,}) is a sequence of integrable random variables
M, such that M, is F,,-measurable for each n and for all n < m,

We note that to prove (20), it suffices to show that for all n,
E[Mpy1 | Fn] = My,

This follows from successive applications of (17). If the filtration is not specified explicitly, then one assumes
that one uses the filtration generated by M,,, i.e., F,, is the o-algebra generated by M, ..., M,.

Examples
We list some examples. We leave it as exercises to show that they are martingales.

e If X1, X5,... are independent, mean-zero random variables and S,, = X1 + --- + X,,, then S, is a
martingale with respect to the filtration generated by X7, Xs,....

o If X7, X5,... are as above, IE[X?] = 012- < oo for each j, then

is a martingale with respect to the filtration generated by X1, Xs,....

e Suppose X1, X5, ... are as in the first example and F,, is the filtration generated by X7, Xs5,.... We
choose Fy to be the trivial o-algebra. For each n, let B, be a bounded random variable that is
measurable with respect to F,,—1. We think of B,, as being the “bet” on the game X, ; we can see the
results of X1,...,X,,_1 before choosing a bet but one cannot see X,,. The total fortune by time n is
given by Wy = 0 and

W, = i:Bj X;.
j=1

Then W, is a martingale.
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e Suppose X7, Xo,... are independent coin-flipping random variables, i.e., with distribution
1
P{X, =1} =P{X, = -1} = 3

A particular case of the last example is where By =1 and B, =2"if X; =Xo=---=X_; = —1 and
B,, = 0 otherwise. In other words, one keeps doubling one’s bet until one wins. Note that

P{W,=1}=1-27" P{W,=1-2"}=27". (21)
This betting strategy is sometimes called the martingale betting strategy.

We want to prove a version of the optional stopping theorem which is a mathematical way of saying that
one cannot beat a fair game. The last example above shows that we need to be careful — if I play a fair
game and keep doubling my bet, I will eventually win and come out ahead (provided that I always have
enough money to put down the bet when I lose!)

Definition A stopping time with respect to a filtration {F,,} is a random variable taking valuesin {0,1,2...}U
{oo} such that for each n, the event
{T <n}eF,.

In other words, we only need the information at time n to know whether we have stopped at time n.
Examples of stopping times are:

e Constant random variables are stopping times.
e If M, is a martingale with respect to {F,,} and V' C R is a Borel set, then
T =min{j: M; e V}
is a stopping time.
e If T, Ty are stopping times, then so are T3 A Ty and T V Ts.
e In particular, if T is a stopping time then so are T, = T'An. Note that 7o <77 < ...and T = limT,,.

Proposition 6.4. If M,, is a martingale and T is a stopping time with respect to {F,}, then Y, = Mqap
is a martingale with respect to {F,}. In particular, E[Y,] = E[Y,] = E[My].

Proof. Note that

n—1
Y, =M, {T >n}+ > M; {T = j}.
7=0
From this it is easy to see that Y}, is F;,-measurable and E[|Y,,|] < oo. Also note that the event 1{T" > n+1}
is the complement of the event 1{T" < n} and hence is F,-measurable. Therefore, (18) implies
E(Mps1 {T >n+1} | Fp) = YT > n+ 1Y E(Moiq | Fo) = 1{T > n+ 1} M,.

Therefore, using linearity,

E(Yot1 | Fn) = 1{T2n+1}Mn+ZMj1{T:j}
=0
n—1
= YT >n}M,+> M T =j}=Y,.
=0

Examples
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e Let X1, X, ... beindependent, cach with P{X, = 1} = P{X, = —1} = 1/2. Let M,, = 1+ X1+ - -+ X,
N an integer greater than 1, and

T =min{j: M,, =0or M, = N}.

T is the first time that a “random walker” starting at 1 reaches 0 or N. Then M, is a martingale.
In particular,
1 =E[My] = E[Ma7]-

It is easy to check that w.p.1 T < oco. Since M,ar is a sequence of bounded random variables
approaching Mrp, the dominated convergence theorem implies

E[M7] = 1.

Note that
E[Mz] = NP{Mr = N},

and hence we have computed a probability,

1
o Let X1, Xo,... be as above and let
Sn=X14+ 4+ X,

We have noted that M,, = S2 — n is a martingale. Let N be a positive integer and
T = min{n : |S,| = N}.
Then E(M,a7) is a martingale and hence
0 = E[Mo] = E[Munr] = E[S}\p — (n AT)?].

With probability one,
lim Mn/\T = MT.

n—oo

We would like to say that
E[Mr] = lim E[M, AT]=0. (22)
n—oo
Indeed, we can justify this using the dominated convergence. It is not difficult to show (Exercise 6.5)
that E[T] < oo, and hence M, 7 is dominated by the integrable random variable N2 +T'. This justifies
(22). Note that this implies that
E[T] = N2

e Consider the martingale betting strategy as above and let
T =min{n: X,, =1} = min{z : W,, = 1}.

Then Wra, is a martingale, and hence E[Wyra,| = E[Wy] = 0. This could be checked easily using (21).
Note that P{T < oo} =1 and
lim WT/\n == WT =1.

T—o00

Hence,
1 =E[Wr] # lim E[Wra,] =0.
T—00

In this case there is no integrable random variable Y such that |Wran| <Y for all N.
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Exercise 6.5. Consider the second example above.

e Show that there exists ¢ < 0o, p < 1 (depending on N ) such that for all n,
P{T >n} <cp"
Use this to conclude that E[T] < oo.

e Suppose we changed the problem by assuming that My = k where k < N is a positive integer. In this
case, what is E[T]?.

7 Brownian motion

Brownian motion is a model for random continuous motion. We will consider only the one-dimensional
version. Imagine that B, = B;(w) denotes the position of a random particle at time ¢. For fixed ¢, B;(w) is a
random variable. For fixed w, we have a function ¢t — B;(w). Hence, we can consider the Brownian motion
either as a collection of random varibles B; parametrized by time or as a random function from [0, c0) into
R.

Definition A collection of random variables By, t € [0,00) defined on a probability space (2, F,P) is called
a Brownian motion if it satisfies the following.
(ii) For each 0 < 51 <t; < 89 <ty < -+ < 8, < tp, the random variables
By, — Bs,,...,B:, — B,

1

are independent.
(iii) For each 0 < s < 't, the random variable B; — Bs has the same distribution as B;_s.
(iv) W.p.1., t = By(w) is a continuous function of ¢.

It is a nontrivial theorem, which we will not prove here, that states that if B; is a processes satisfying
(i)—(iv) above, then the distribution of By — Bs; must be normal. (This fact is closely related to but does not
immediately follow from the central limit theorem.) Note that

n

Bi=3 (B - B,

j=1

so a normal distribution is reasonable. However, one cannot conclude normality only from assumptions
(i)—(iii), see Exercise 5.8. Since we know Brownian motion must have normal increments (but we do not
want to prove it here!), we will modify our definition to include this fact.

Definition A collection of random variables By, t € [0,00) defined on a probability space (2, F,P) is called
a Brownian motion with drift 1 and variance parameter o2, if it satisfies the following.

(i) Bo =0 w.p.1.

(ii) For each 0 < s1 < t3 < 89 <9 < -+ < 5, < ¢y, the random variables

By, — Bs,,...,B:, — Bs,,

n

are independent.

(iii) For each 0 < s < ¢, the random variable B, — B, has a normal distribution with mean u(t — s) and
variance o2 (t — s).

(iv) W.p.1., t = By(w) is a continuous function of ¢.
By is called a standard Brownian motion if = 0,02 = 1.
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Exercise 7.1. Suppose By is a standard Brownian motion. Show that Bt = 0By + ut is a Brownian motion

with drift p and variance parameter 2.

In this section, we will show that Brownian motion exists. We will take any probability space (2, F,P)
sufficiently large that there exist a countable sequence of standard normal random variables Ny, No, ...
defined on the space. Exercise 3.8 shows that the unit interval with Lebesgue measure is large enough. For
ease, we will show how to construct a standard Brownian motion B;,0 <t < 1. Let

D,={j/2":j=1,....2"}, D=|J D,

n=0

and suppose that the random variables {N; : t € D} have been relabeled so they are indexed by the countable
set D. The basic strategy is as follows:

e Step 1. Use the random variables Ny, t € D to define random variables By, ¢t € D that satisfy (i)—(iii),
restricted to s,t,s;,t; € D.
e Step 2. Show that w.p.1 the function ¢t — By, t € D is uniformly continuous.

e Step 3. On the event that ¢t — By, ¢ € D is uniformly continuous, define By, t € [0, 1] by continuity.
Show this satisfies the defintion.

7.1 Step 1.

We will recursively define B; for ¢ € D,,. In our construction we will see that at each stage the random
variables

A(],n) = Bj27n _B(j71)2*"7 ] = 1,...,2”,
are independent, normal, variance 27". We start with n = 0, and set By = 0, By = N;. To do the next step,
we use the following lemma.

Lemma 7.2. Suppose X,Y are independent normal random variables with mean zero, variance o%, and let
Z=X+Y,W=X-Y. Then Z,W are independent random variables with mean zero and variance 202.

Proof. For ease, assume o2 = 1. If V € R? is a Borel set, let V = {(z,y) : (x +y,2 —y) € V}. Then

P{(Z,W)eV} = P{X,Y)eV}
— / ie—(w2+y2)/2 dr dy = / ie—(z2+w2)/4 dz dw.
v 2w v 4m
The second equality uses the change of variables © = (z + w)/2,y = (z — w)/2. O
We define
1 1 1 1
By = 531 + §N1/2 = §N1 + §N1/2,
and hence

By — By = %Nl - %Nl/}
Since Ny /o, N7 are independent, standard normal random variables, the lemma tells us that
A(1,1),A(2,1)
are independent, mean-zero normals with variance 1/2. Recursively, if B; is defined for ¢ € D,,, we define
A2j+1n+1)= %A(j» n)+ 272 NG e,
and hence

. ... _(n
ARZj+2n+1) =5 A(5n) -2 D2 Nigjnya-in-

Then continual use of the lemma shows that this works.

32



7.2 Step 2.

Let
M, =sup{|Bs — By| : s,t € D,|s —t| <27"}.

Showing continuity is equivalent to showing that w.p.1, M,, — 0 as n — oo, or, equivalently, for each € > 0,
P{M, > eio.} =0.
It is easier to work with a different quantity:
Z(j,n) =sup {|B; — B(j_1ya-n| :t € D,(j —1)27" <t < j27"},
Z, =max{Z(j,n):j=1,...,2"}.
Note that M,, < 3 Z,. Hence, for any € > 0,

P{M, > 3¢} <P{Z, > ¢} < ZIP’{Z(j, n) > e} = 2"P{Z(1,n) > €.

Jj=1

Since B, has the same distribution as v/t By, a little thought will show that the distribution of Z(1,n) is the
same as the distribution of

27"/2 7(1,0) = 272 sup{|By| : t € D} = 27"/2 lim max{|B;| : t € D }.
For any ¢ > 0, let us consider
P{max{|B;| :t € D;,} >0} <2P{max{B;: ¢t € D,,} > ¢} .

We now write
2’771,

{max{B; : t € Dy} >0} = | J A,
k=1
where
Ak = Ak,m == {Bkz—m > 5, ng—m S 6,] < k/’} .

Note that
1
P(Ax N{By > d0}) > P(Ax N {B1 — Bpg-m > 0}) =P(Ap) P{B1 — Bja-n >0} = 3 P(Ag).

Since the Ay are disjoint, we get

- -
1 1
— > — .
P{B, > §} = ?:IIP(Ak N{B1 >4} > ; kEZIjP(Ak) = 5 P{max{B, :1 € Dy} > 0},

or, for 6 > /m/2,
2 [ 2 [
P{max{B;:t € Dy} >} <2P{B; >} = \/7/ e 24y < \/7/ e ™0/2 dy < e79°/2,
T Js T Js

Since this holds for all m, Putting this all together, we have
P{M, > 3¢} < 2"P{Z(1,n) > €27"/?} < 2" exp {—e22""'}.
Therefore,

> P{M, > 3¢} < 0,
n=1

and by the Borel-Cantelli lemma,
P{M,, > 3ei.o.} =0.
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Exercise 7.3. Let o < 1/2 and

B; — B,
Y:sup{l(;_s)a':0<s<t<l}.

Show that w.p,.1., Y < co. Show that the result is not true for a = 1/2.

7.3 Step 3.

This step is straightforward and left as an exercise. One important fact that is used is that if X = lim X,

and X, is normal mean zero, variance o2 and o,, — o, then X is normal mean zero, variance o>.

7.4 Wiener measure

Brownian motion B;,0 < ¢t < 1 can be considered as a random variable taking values in the metric space
(0, 1], the set of continuous functions with the usual sup norm. The distribution of this random variable
is a probability measure on C[0,1] and is called Wiener measure. If f € C[0,1] and € > 0, then the Wiener
measure of the open ball of radius € about f is

P{|B; — f(t) < e,0 <t <1}.

Note that C]0,1] with Wiener measure is a probability space. In fact, if we start with this probability
space, then it is trivial to define a Brownian motion — we just let B.(f) = f(¢).

8 Elementary probability

In this section we discuss some results that would usually be covered in an undergraduate calculus-based
course in probability.
8.1 Discrete distributions
A discrete distribution on R can be considered as a function ¢ : R — [0,1] such that S, := {z : ¢(z) > 0} is
finite or countably infinite, and

> qlz) =1.

€S,

We call S, the support of g. If X is a random variable with distribution g, then
P{X =2} = g(2).

8.1.1 Bernoulli and Binomial

Let p € (0,1). Independent repetitions of an experiment with probability p of success are called Bernoulli
trials. The results of the trials can be represented by independent Bernoulli random variables

X17X27X37 s
with P{X; =1} =1 —P{X; = 0} = p. If n is a positive integer, then the random variable
Y =X, 4+ X,

is said to have a binomial distribution with parameters n and p. Y represents the number of sucesses in n
Bernoulli trials each with probability p of success. Note that

P{Y =k} = (Z)pk(lp)"k, k=0,1,...,n.
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The binomial coefficient (Z) represents the number of ordered n-tuples of Os and 1s that have exactly k 1s.
Clearly E[X,] = p and
Var[X;] = E[X7] — (E[X;))* =p—p* =p(1-p).

Hence, if Y has a binomial distribution with parameters n, p,

n

E[Y] = ZIE[Xj] =np, Var[Y]= ZVar[Xj] =np(l — p).
j=1 j=1
8.1.2 Poisson distribution
A random variable X has a Poisson distribution with parameter A > 0, if it has distribution
)\k
P{X:k}ze—kﬁ, k=0,1,2,...

The Taylor series for the exponential shows that
(oo}
D OP{X =k} =1
k=0

The Poisson distribution arises as a limit of the binomial distribuiton as n — oo when the expected number
of successes stays fixed at A. In other words, it is the limit of binomial random variables Y,, = Y,, y with
parameters n and A/n. This limit is easily derived; if k is a nonnegative integer,

et = g () () (-2)
- e () (1) (1-2)°

It is easy to check that
E[X] =), E[X(X-1)]=), Var[X]=E[X?-E[X]?=A\
The expectation and variances could be derived from the corresponding quanitities for Y;,,

E[Y,] =X, Var[V,] =\ (1 - A) .

n
8.1.3 Geometric distribution
If p € (0,1), then X has a geometric distribution with parameter p if

P{X=Ekl=(1-p)"'p, k=12... (23)

X represents the number of Bernoulli trials needed until the first success assuming the probability of success
on each trial is p. (The event that the kth trial is the first success is the event that the first k — 1 trials are
failures and the last one is a success. From this, (23) follows immediately.) Note that

= L d & . d[1-p] 1
E[X]:;;k(l_p)k p——pdp;(l—p)k——pdp[p}_.
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S k(1) (1—p)

EX(X —1)] =
k=1

_ > [1-p] 2(1-p)

- p(l_p)dzﬂ{ P }_ P

q_2_1 ar _ 21 _ 2:1_10

EIX?)= - . VarlX] =E[X - E[x] = L.

The geometric distributions can be seen to the only discrete distributions with support {1,2,...} having the
loss of memory property: for all positive integers j, k,

P{X>j+k|X >k} =P{X =j}.
The term geometric distribution is sometimes also used for the distribution of 7 = X — 1,
P{Z=k}=01-p"p, k=0,1,2,...
We can think of Z as the number of failures before the first success in Bernoulli trials. Note that

E[Z] = E[X] — 1= ~"P  Var[z] = Var[x] = --2.

P p?

8.2 Continuous distributions

The continuous distributions from elementary probability courses are given by specifying the density f or
the distribution function F'. If X is a random variable with this distribution and a < b,

b
Pla < X <b}=P{la< X Sb}:/ f(@)dz = F(b) — F(a).
Note that b
Fo) = [ @
and the fundamental theorem of calculus implies

F'(x) = f(x),

if f is continuous at x. Hence, it suffices to specify either the density or the distribution.

8.2.1 Normal distribution

A random variable Z has a standard normal distribution if it has density

1
f(z) = 679:2/2, —00 < 2 < 00.

To check that this is a density, we can compute

o 2 0o oo o p2m
{/ e /2 dm] = / / e "2V /2 g dy = / / re /249 dr = 2r.
0 0 0 0 0

It is easy to check that
E[Z] =0, Var[Z]=E[Z%] =1.
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The distribution function of Z is often denoted by ®,

xT
1 .
O(x) = et 2 gy
() / -

The normal distribution with mean u and variance o2, often denoted N(u,o?) is the distribution of
X =0 Z + p. It is easily checked that the density is

1
V2mo?

Indeed, if F' denotes the distribution function for X,

e—(a=m)?/20*

F(x):]P’{aZ+u§a:}:}P’{Z§x'u}:@(xu).

Hence,

1 r— M 1 1 N2 2
P - Lo (222) 1L e
o o o \/21

An important property of normal distributions is the following.
o If X;,...,X,, are independent random variables where X; has a N(y;, O'JQ-) distribution, then X; +
..+ X, hasa N(uy + -+ + pin, 0% + - -+ 02) distribution.

8.2.2 Exponential distribution

A random variable X has an exponential distribution with parameter A > 0 if it has density
flx)=Xe ™ x>0,

or, equivalently, if
P{X >t} =¢ t>0.

Note that N
e 1 2
]E[X}:/ Arxe Mdr = =, E[XQ]:/ 2?e M dr = =,
0 A 0 A?
1
Var[X] = E[X?] - E[X]? = S

The exponential distribution has the loss of memory property, i.e., if G(t) = P{X > t}, then
P{X>s+t| X >s}=P{X>t}, s,t>0.

It is not difficult to show that this property characterizes the exponential distribution. If G(t) = P{X > t},
then the above equality translates to

G(s+1) = G(s) G(t),

and the only continuous functions on [0, c0) satisfying the condition above with G(0) = 1 and G(o0) = 0 are
of the form G(t) = e~ for some A\ > 0.
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8.2.3 Gamma distribution

A random variable X has a Gamma distribution with parameters A > 0 and « > 0 if it has density

A()t
f(z) = e 1 >0.

Here

is the usual Gamma function.
Example

e If o =1, then the Gamma distribution is the exponential distribution.

e If o = n is a positive integer, and X7, ..., X, are independent random variables, each exponential with
parameter A, then X; + --- + X,, has a Gamma distribution with parameters A and a. We omit the
derivation of this.

e More generally, if X7,..., X, are independent random variables, each Gamma with parameters \ and
oj, then X; +--- + X,, has a Gamma distribution with parameters A and a; + - - 4 .

e If Z has a standard normal distribution, then Z2 has a Gamma distribution with parameters A\ =
1/2,« = 1/2. To see this, let F' denote the distribution of Z2. Then,

VT
F(z) =P{Z? <z} =P{|Z| < Vz} = 2/ Lze**/? dt.
0 T
Hence,
Rt E——
2rx

If n is a positive integer, then the Gamma distribution with parameters A = 1/2 and o = n/2 is called
the y2-distribution with n degrees of freedom. It is the distribution of

234+ 7
where 71, ..., Z, are independent standard normal random variables. This distribution is very important in
statistics.
8.3 Poisson process
Let 11,75, ... be independent random variables, each with an exponential distribution with parameter .

Let 7o =0 and for &k > 0, 7, =T} + - -+ + T. Define the random variables N; by
Ntzk‘, if Tk§t<7'k+1.

Then N; is a Poisson process with parameter \. We think of 7, as the time until k£ events have occured
where events happen “randomly” with an average rate of A events per time unit. The random variable Ny
denotes the number of events that have occurred by time ¢.

The process N; has the following properties.

e For each 0 < s < t, Ny — N, has a Poisson distribution with mean A(t — s).
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e If0<ty <ty <...<ty,, then the random variables

Ntla Ntz_Nt17 R Ntn_Nt

n—1
are independent.

e With probability one t — N; is nondecreasing, right continuous, and all jumps are of size one. For
every t > 0,
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