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1 Definition

The Schramm-Loewner evolution (SLE) was defined by Oded Schramm as the only conformally
invariant families of random curves that satisfy the domain Markov property. To make a precise
definition we consider the implications of these assumptions on probability measures P on simple
curves γ : (0,∞)→ H with γ(0+) = 0. We will consider curves modulo (increasing) reparametriza-
tion, that is, we are only interested in the path that is traversed and not on how “quickly” one goes
through the path. The assumptions on P are scale invariance and the conformal Markov property,

• Scale invariance. If r > 0 and Pr denotes the measure on curves obtained by considering
rγ, then Pr = P. (Remember we are considering curves modulo reparametrization so, for
example, the point mass on the straight line γ(t) = it satisfies this property.)

• Conformal Markov property. Suppose the beginning segment γt = γ[0, t] is observed and
let g : H \ γt → H be a conformal transformation with g(γ(t)) = 0, ĝ(∞) = ∞. Then the
conditional distribution of g[γ[t,∞)) given γt is P.

The conformal transformation g is not unique, but any other such transformation is of the form rg
for some r > 0; hence, scale invariance implies that the distribution of g[γ[t,∞)) is independent of
the choice of g.

Let us work towards the definition. Suppose P satisfies scale invariance and the conformal
Markov property and is supported on simple curves γ with γ(0,∞) ⊂ H. Let γt = γ[0, t] and let
gt : H \ γt → H with gt(z) = z + o(1) as z → ∞. Theorem ?? implies that if we parametrize the
curve so that hcap[γt] = 2t, then

ġt(z) =
2

gt(z)− Ut
, g0(z) = z,

where Ut is a random function with continuous paths. Conformal invariance and the domain
Markov property imply that Ut is a continuous process with stationary, independent increments.
This implies that Ut must be a (one-dimensional) Brownian motion with drift m and variance
parameter κ. Scale invariance can be used to see that m = 0. This leaves one parameter, κ and
SLEκ was defined as the solution of this equation with driving function equal to a driftless Brownian
motion with variance parameter κ.

For ease, we will choose a slightly different parametrization. If gt is as above and g̃t = gt/κ then

∂t g̃t =
2/κ

g̃t(z)− Ũt
, g0(z) = z,

where Ũt = Ut/κ which is a standard Brownian motion. Here we have parametrized so that
hcap[γ̃t] = at where a = 2/κ. At the moment, we can take all of this as motivation for the following
definition.

Definition Suppose a = 2/κ > 0 and Ut = −Bt is a standard one-dimensional Brownian motion.
Let gt denote the solution of the initial value problem

ġt(z) =
a

gt(z)− Ut
, g0(z) = z. (1)

Then gt is called the Schramm-Loewner evolution with parameter κ (SLEκ) from 0 to ∞ in H.
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We have started by defining SLEκ as the random collection of maps {gt}. We will also use
the term for the curve induced by the maps, but it requires some work to show that the latter is
well defined. We know from Section ?? that for all z ∈ C \ {0}. the solution to (1) exists for all
t < Tz = inf{t : gt(z) − Ut = 0}. If we write Zt(z) = gt(z) − Ut we can write (1) as a stochastic
differential equation

dZt(z) =
a

Zt(z)
dt+ dBt, Z0(z) = z.

This is an example of a stochastic flow, that is, a family of process Zt(z) indexed by starting points
z ∈ C \ {0} where the same Brownian motion Bt is used for all of the processes. One must take
care in reading the equation. The quantity Zt(z) is complex-valued, but the Brownian motion Bt
is real-valued.

If z is fixed and we write
Zt = Zt(z) = Xt + i Yt, (2)

then (2) becomes

dXt =
aXt

X2
t + Y 2

t

dt+ dBt = Xt

[
a

X2
t + Y 2

t

dt+
1

Xt
dBt

]
, X0 = Re[z]; (3)

∂tYt = −Yt
a

X2
t + Y 2

t

, Y0 = Im[z]. (4)

If z = x ∈ R \ {0}, then Yt = 0 for all t, and Xt satisfies the Bessel equation

dXt =
a

Xt
dt+ dBt, X0 = x. (5)

Let us review our logic. We started with trying to find probability measures on curves that
satisfy scale invariance and the conformal Markov property. We conclude that the only possible
candidates can be reparametrized so they are solutions to the Loewner equation whose driving
function is a driftless Brownian motion. We then use the Loewner equation as the definition for
SLE, but it remains to see if this is a measure on curves for all values of κ > 0. While this is
true, we will see that it is not always a measure on simple curves.

Here and throughout, we will reserve partial derivative notation ∂t for actual derivatives.
Stochastic differentials will be denoted by d. As above, we will often drop the z dependence on
Zt, Xt, Yt and similar quantities but it is important to remember that they depend on the initial
point.

Our definition used a particular parametrization on the curves. This parametrization is very
useful for analysis of the curve but is not always the most natural. We are really considering curves
modulo reparametrization, so we should also think of SLE as a probability on random maps {gt}
modulo reparametrization. We prove some easy facts about C1 time changes.

Proposition 1.1. Suppose gt satisfies (1), σ : [0,∞) → [0,∞) is a C1 function with σ̇ > 0, and
g̃t(z) = gσ(t)(z). Then

∂tg̃t(z) =
a σ̇(t)

g̃t(z)− Ũt
, Ũt = Uσ(t).
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Proof. Immediate from the chain rule.

A particularly important application of this is the scaling rule for SLE which shows that SLE
in the upper half plane (in the capacity parametrization) satisfies Brownian (heat equation) scaling.

Proposition 1.2 (Scaling). Suppose gt satisfies (1), r > 0, and g̃t(z) = r−1 gr2t(rz). Then g̃t has
the distribution of SLEκ.

Proof. Using the chain rule, we see that

∂tg̃t(z) = r ġr2t(rz) =
ar

gr2t(rz)− Ur2t
=

a

g̃t(z)− Ũt
,

where Ũt = r−1 Ur2t. The scaling property of Brownian motion implies that Ũt is a standard
Brownian motion.

We write Ht = {z ∈ H : Tz > 0} and let Kt = H \ Ht be the corresponding hull. Under
our parametrization, hcap(Kt) = at. Although we will not prove it at the moment, the following
theorem holds.

Theorem 1. There exists a curve γ : [0,∞) → H such that for each t, Ht is the unbounded
component of H \ γt where γt = γ[0, t].

We call γ the SLEκ curve (parametrized so that hcap[γt] = at).

Proof. We will not prove this at the moment. We would like to define

γ(t) = g−1
t (Ut) = lim

y↓0
g−1
t (Ut + iy).

However, there are Loewner chains for which the limit does not exists for some t, and other chains
for which the limit exists but does not give a continuous function of t. For κ 6= 8, we show in
Section 8 that with probability one, the conditions of Proposition ?? hold. The case κ = 8 is much
more delicate and will not be proved in this book.

Many of the statements we make can be phrased without reference to the curve, but it will be
easier to assume this theorem now. In order to do this, it will be useful to define the set γt in a
way that does not require γ to be a curve. We say that z is a pioneer point for the Loewner chain
{gs} at time t if z ∈ Hs for all s < t and z ∈ ∂Ht. We let γt be the union of all pioneer points with
s ≤ t. Then we have

• If the chain is generated by a curve γ, then γt = γ[0, t].

• Ht is the unbounded connected component of H \ γt.

Note that ∂Ht ⊂ R ∪ γt. If Tz <∞, then there are two possibilities: either γ(Tz) = z, or there
exists a bounded connected component of H \ γTz containing z. In the latter case, this will also be
the connected component of H \ γt containing z for all t > Tz.

In the definition of SLE, the curve is parametrized by half-plane capacity. This is what allows
stochastic calculus to be used to analyze the curve. However, this is not necessarily the most
intrinsic parametrization for curves. For this reason, it is often more useful to view SLE as a
measure on curves modulo reparameterization.
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Definition Suppose γ is a random curve from 0 to ∞ in H and let

a(t) = inf{s : hcap(γs) = (2/κ) t}.

• We say that γ is an SLEκ path if γ̃(t) := γ(a(t)) is an SLEκ curve as above.

• We say that γ has a capacity parametrization if a(t) is a strictly increasing C1 function of t.

Using this definition and Proposition 1.2, we can see that if γ is an SLEκ then so is rγ for all
r; moreover, rγ has a capacity parametrization if and only if γ does.

Definition Suppose D is a simply connected domain and z, w are distinct points on ∂D. Let
F : D → H be a conformal transformation with F (z) = 0, F (w) =∞. We say that a random curve
γ is a chordal SLEκ from z to w in D if γ̃(t) := F (γ(t)) is an SLEκ from 0 to ∞ in H. We say
that γ has a capacity parametrization if γ̃ has a capacity parametrization.

The conformal transformation F in the last definition is not unique. However, if F̂ is another
such transformation, then F̂ = rF for some r > 0. Using the discussion before the last definition,
we can see the definition is independent of which F we choose.

We are using parametrization by capacity to mean parametrizing so that a(t) is a linear function
of t but “a capacity paramterization” if a(t) is C1. The main other cases of capacity parametriza-
tions will be the radial parameterization (with respect to a particular interior point) and the
imaginary part parametrization in H.

2 The curve near a point z ∈ H \ {0}

The Schramm-Loewner evolution is unusual in that the curve is defined indirectly in terms of the
conformal maps gt. If the curve grows with a capacity parametrization, the effect of the curve
on points away from the curve is described by a relatively simple SDE. The curve itself is very
irregular, and one cannot describe its motion as an SDE. Indeed, the dynamics of the curve are
very nonMarkovian. The basic strategy is to use the behavior “away from the curve” to determine
facts about the curve.

Consider the questions.

• How “thick” is the curve γ, that is, what is its fractal dimension?

• Could it possibly be plane filling and hit every point?

Addressing these questions may seem daunting, especially since we have not proved that the curve
exists, but let us start with some heuristics. Suppose the curve had fractal dimension d. If we
consider the intersection of the curve with a closed disk of, say, radius 1, then the expected number
of disks of radius ε needed to cover the curve would be of order ε−d. Since the number of discs
needed to cover the disc of radius 1 of order ε−2, we see that for a fixed disc of radius ε, we would
expect that the probability of hitting that disk is order ε2−d.

Using this as motivation, we will studying the following questions in this section.
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• For a fixed z ∈ H \ {0}, does the curve hit z?

• If not, what is the probability that it gets within distance ε of z?

• If it misses z does it go to the “left” or to the “right” of z?

The answers will depend on κ and the results will be slightly different for z ∈ H and for z ∈ R\{0}.
We can phrase these questions in terms of the domains Ht, which we know are well defined,

rather than in terms of γ, so we do not need to prove existence of the curve before discussing
them. For example, if dist(z, γt) < Im(z), then dist(z, γt) = dist(z, ∂Ht). The latter quantity is
comparable to the conformal radius cradHt(z).

We now fix z and let Zt = Zt(z) = Xt + iYt as in (2)–(5). If z = x ∈ R \ {0}, then Yt = 0 for
all x, and we often write Xt instead of Zt. By differentiating (1) with respect to z, we see that

∂tg
′
t(z) = − a g′t(z)

(gt(z)− Ut)2
= −a g

′
t(z)

Z2
t

,

∂t[log g′t(z)] = − a

Z2
t

.

Although log g′t(z) is defined only up to an initial additive multiple of 2πi, the derivative ∂t[log g′t(z)]
is independent of the choice. The next proposition follows immediately.

Proposition 2.1. If z ∈ H and ut, vt are defined by log g′t(z) = ut(z) + ivt(z), then for t < Tz,

∂tut(z) =
a (Y 2

t −X2
t )

(X2
t + Y 2

t )2
, ∂tvt(z) =

2aXtYt
(X2

t + Y 2
t )2

.

In particular,

∂t|g′t(z)| = |g′t(z)|
a (Y 2

t −X2
t )

(X2
t + Y 2

t )2
. (6)

If x ∈ R \ {0},

∂tg
′
t(x) = −a g

′
t(x)

X2
t

. (7)

As before, we write ∂tgt or ġt for derivatives with respect to time and reserve the prime notation
′ for spatial derivatives.

Since gt is a conformal transformation of Ht onto H we can see that g′t(x) > 0 for all x ∈ R with
t < Tx. For this reason we do not need absolute values in (7).

For now, let us assume that z ∈ H. It is standard to represent a point in H in either rectangular
coordinates x + iy or polar coordinates reiθ. We will choose a compromise by representing the
point by (y, θ). Here θ is the argument and y is the imaginary part which can also be considered
as one-half the conformal radius of H with respect to y. The representation (crad/2, θ) works well
with conformal transformations and we will use this. Let

Θt = Θt(z) = argZt(z), Υt = Υt(z) =
Yt
|g′t(z)|

=
1

2
cradHt(z).

The last equality is justified in the following proposition.
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Proposition 2.2. If t < Tz, then Υt is one-half times the conformal radius of Ht with respect to
z. In particular,

dist(z, ∂Ht)

2
≤ Υt ≤ 2 dist(z, ∂Ht). (8)

Proof. Recall that by definition, cradD(z) = |f ′(z)|−1 where f : D → D is a conformal transforma-
tion with f(z) = 0. By using a conformal transformation of H onto D we see that cradH(x+iy) = 2y.
More generally, cradHt(z) = |g′t(z)|−1 cradH(gt(z)) = 2Yt/|g′t(z)|. The inequalities in (8) follow from
the Koebe 1/4-theorem, see (??).

If Tz <∞, we define Υt = ΥTz := lims↑Tz Υs for t ≥ Tz. This is either zero (if dist(γTz , z) = 0)
or equals cradHz(z)/2, where Hz is the component of H \ γTz containing z. Similarly, we define

Υ∞(z) = lim
t→∞

Υt(z),

noting that Υ∞(z) = ΥTz(z) if Tz <∞. Using the Koebe 1/4-theorem as above, we see that

Υ∞(z) �2 dist(z, γ ∪ R).

(Here we write f(x) �r g(x) if r−1 f(x) ≤ g(x) ≤ r f(x).)
Let us consider what happens to the curve from the perspective of the point z up to the time

Tz. There are three possibilities for a continuous curve going to infinity:

• The curve never reaches z and goes to infinity never trapping z. In this case Υt ↓ Υ∞ > 0
and as z →∞, Θz → 0 or Θz → π depending on whether the curve goes to the “left” of z or
to the “right” of z, respectively.

• The curve never reaches z and at the finite time Tz it disconnects z from infinity. Then
ΥTz > 0 and ΘTz equals 0 or π depending on whether the loop formed around z goes to the
“left” of z or to the “right” of z, respectively.

• The curve reaches z in finite time in which case ΥTz = 0 and we would expect Θt to fluctuate
up to time Tz.

We will now investigate the quantities Υt,Θt using the Loewner equation and standard methods
in stochastic calculus.

Proposition 2.3. For t < Tz,

∂t Υt = −Υt
2aY 2

t

(X2
t + Y 2

t )2
. (9)

dΘt =
(1− 2a)Xt Yt
(X2

t + Y 2
t )2

dt− Yt
X2
t + Y 2

t

dBt. (10)

Proof. Both Yt and |g′t(z)| are differentiable with respect to t with

∂Yt = − a Yt
X2
t + Y 2

t

= −Yt
a(X2

t + Y 2
t )

(X2
t + Y 2

t )2
,

so (9) follows from (6) and the product rule.



2 The curve near a point z ∈ H \ {0} 7

Let Lt = logZt. Then Itô’s formula shows that

dLt =
1

Zt
dZt −

1

2Z2
t

d〈Z〉t =
a− 1

2

Z2
t

dt+
1

Zt
dBt

Since Θt = ImLt, we see that

dΘt = Im

[
a− 1

2

Z2
t

]
dt+ Im

[
1

Zt

]
dBt =

(1− 2a)Xt Yt
(X2

t + Y 2
t )2

dt− Yt
X2
t + Y 2

t

dBt.

In the proof we used Itô’s formula with a complex function and then took the imaginary part.
The reader may wish to check that this was legitimate!

The equation (10) will become nicer if we change the parametrization. Since the conformal
radius cradHt(z) is strictly decreasing, φ(cradHt(z)) will be strictly increasing if φ is strictly de-
creasing and can be used to reparametrize the curve. As the curve approaches z, the argument of z
will tend to vary (roughly speaking) in a way that when one halves the distance to z the argument
has a change of order one. With this intuition, we can see that will be useful to parametrize the
curve so that the logarithm of the conformal radius decays linearly. This is an example of a radial
parametrization (with respect to z). Let

σ(t) = σ(t, z) = inf{s : log(Υ0/Υs) = 2at}, (11)

and define
Ẑt = X̂t + iŶt = Zσ(t), Θ̂t = Θσ(t), Υ̂t = Υσ(t) = e−2at Υ0.

(The choice of 2a in the exponent was made so that the coefficient of the Brownian motion in (12)
below is 1.) Since ∂tΥ̂t = −2aΥ̂t and the chain rule gives ∂tΥ̂t = Υ̇σ(t) σ̇(t), we see from (9) that

σ̇(t) =
(X̂2

t + Ŷ 2
t )2

Ŷ 2
t

.

Using this, we see that (10) implies that

dΘ̂t = (1− 2a)
X̂t

Ŷt
dt+ dB̂t = (1− 2a) cot Θ̂t dt+ dB̂t, (12)

where B̂t is a standard Brownian motion. This time change is very useful when viewing the flow
from a particular starting point z. However, different starting points give different parametrizations
so it is not as convenient when considering more than one initial point.
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Here we have done a time change of an SDE. Since this will happen often, it is useful to discuss
it in some detail. If

dKt = Rt dt+At dBt,

and σ is a C1 time change, then K̂t := Kσ(t) satisfies

dK̂t = Rσ(t) σ̇(t) dt+
√
σ̇(t)Aσ(t) dB̂t,

where B̂t is a standard Brownian motion given by

B̂t =

∫ σ(t)

0

√
η̇(s) dBs, η = σ−1. (13)

Note that if B̂t is defined as above, then

〈B̂〉t =

∫ σ(t)

0

η̇(s) ds = η(σ(t))− η(σ(0)) = t,

from which we can see that B̂t is a standard Brownian motion. In the example above,

Kt = Θt, Rt =
(1− 2a)Xt Yt
(X2

t + Y 2
t )2

, At = − Yt
X2
t + Y 2

t

, σ̇(t) =
(X2

t + Y 2
t )2

Y 2
t

,

Rσ(t) σ̇(t) =
(1− 2a) X̂t

Ŷt
= (1− 2a) cot Θ̂t,

√
σ̇(t)Aσ(t) = −1.

Therefore,
dΘ̂t = (1− 2a) cot Θ̂t dt− dB̂t.

Since −B̂t is also a standard Brownian motion, we can also write (12) where the B̂t there is the

negative of the B̂t defined in (13).

The next theorem shows the three “phases” of SLEκ from the perspective of a point z ∈ H.

• If κ ≤ 4, then z ∈ Ht for all t.

• If 4 < κ < 8, then Tz < ∞ and z 6∈ Ht for t ≥ Tz. However, dist(z, γ(Tz)) > 0. At time Tz
the path makes a loop that disconnect z from ∞.

• If κ ≥ 8, then the curve actually reaches z.

Theorem 2. If z ∈ H,

P{Tz =∞,dist(z, γ) > 0} = 1, if 0 < κ ≤ 4,

P{Tz <∞,dist(z, γ) > 0} = 1, if 4 < κ < 8,

P{Tz <∞, dist(z, γ) = 0} = 1, if 8 ≤ κ <∞.
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Proof. Let z = x + iy ∈ H. By scaling we may assume that y = 1. Note that dist(z, γ) > 0 if
and only if Υ∞(z) > 0. To analyze Υ∞ = Υ∞(z) we parametrize as in (11) so that log Υt decays
linearly. Under this parametrization Θ̂t satisfies

dΘ̂t = (1− 2a) cot Θ̂t dt+ dB̂t,

for a standard Brownian motion B̂t. This is the radial Bessel equation as discussed in Section ??.
As θ ↓ 0, cot θ = θ−1 [1 + O(θ2)], and using this and comparison with the Bessel equation we see
that Θ̂t reaches the origin in finite time if and only if 1− 2a < 1/2, that is, if κ < 8. Therefore,

P{Υ∞ > 0} =

{
1 if κ < 8
0 if κ ≥ 8

.

We now address if Tz = ∞. There are several ways to do it, but we will use the imaginary part
parametrization.

If Zt = Xt + iYt = gt(z)− Ut, then the Loewner equations (3) and (4) can be written as

dXt =
aXt

X2
t + Y 2

t

dt+ dBt, ∂t[log Yt] = − a

X2
t + Y 2

t

. (14)

In the imaginary part parametrization log Yt decreases linearly. Let

σ(t) = inf{s : log Ys = −at}, Ỹt = Yσ(t) = e−at, X̃t = Xσ(t), Kt = eat X̃t.

Note that σ̇(t) = X̃2
t + Ỹ 2

t = e−2at (K2
t + 1). By viewing the SDE for Xt in (14) in the new

parametrization, we see that

dX̃t = a X̃t dt+

√
X̃2
t + Ỹ 2

t dWt

= a e−atKt dt+ e−at
√
K2
t + 1 dWt,

where Wt is a standard Brownian motion. Since

dKt = a eat X̃t dt+ eat dX̃t,

we get

dKt = 2aKt dt+
√
K2
t + 1 dWt.

We will do a change of variables that will change the coefficient of the Brownian term to one.
Let Jt = sinh−1[Kt], that is, Kt = sinh Jt. Itô’s formula using the function sinh−1(x) shows that

dJt =

(
2a− 1

2

)
tanh Jt dt+ dWt. (15)

One can check (15) directly, or one could start with (15) where Wt is a standard Brownian motion
and check that if Kt = sinh Jt, then

dKt = cosh Jt dJt +
1

2
sinh Jt d〈J〉t

= 2a sinh Jt dt+ cosh Jt dWt

= 2aKt dt+
√
K2
t + 1 dWt.
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In the imaginary part parametrization it takes an infinite amount of time for Yt to reach 0. Indeed,
Since | tanhx| < 1, the solutions to the SDE (15) exist for all time. However, in the original
capacity parametrization the total amount of time spent is

σ(∞) =

∫ ∞
0

σ̇(t) dt =

∫ ∞
0

e−2at (K2
t + 1) dt =

∫ ∞
0

e−2at cosh2 Jt dt.

Thus Tz <∞ corresponds to σ(∞) <∞. There are three cases to be considered.

• κ < 4 (a > 1/2). Since tanhx = ±1−O(e−2|x|) as x→ ±∞, we can see by comparison with
a Brownian motion with drift, any solution to (15) must satisfy

lim
t→∞

|Jt|
t

= 2a− 1

2
.

Indeed, the process has the same asymptotics as a Brownian motion with drift ±
(
2a− 1

2

)
.

Choose r with a < r < 2a− 1
2 . We see that for all t sufficiently large, cosh2 Jt ≥ e2rt/4, and

hence σ(∞) =∞.

• κ = 4 (a = 1/2). Then Jt satisfies

dJt =
1

2
tanh Jt dt+ dWt.

If instead of this equation, we had dJt = (1/2) dt + dWt, then we would have Jt − (t/2) is a
standard Brownian motion and hence there exists infinite number of n with Jt ≥ n/2 (and
hence cosh2 Jt ≥ en/4) for n ≤ t ≤ n + 1. This would imply that σ(∞) = ∞. We need to
do a little work, but the estimate tanh |Jt| = 1−O(e−2|Jt|) can be used to establish this. We
omit the details.

• κ > 4 (a < 1/2). As above, we see that

lim
t→∞

|Jt|
t

= 2a− 1

2
.

Choose r with 2a − 1
2 < r < a. We see that for all t sufficiently large cosh2 Jt ≤ e2rt, and

hence σ(∞) <∞.

We now prove the analogous theorem for x ∈ R. We will state it for x > 0 but it obviously
holds for x < 0 as well.

Theorem 3. If x > 0,

P{Tx =∞, dist(x, γ) > 0} = 1, if 0 < κ ≤ 4,

P{Tx <∞, dist(x, γ) > 0} = 1, if 4 < κ < 8,

P{Tx <∞, dist(x, γ) = 0} = 1, if 8 ≤ κ <∞.
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If z ∈ H we considered Υt which is a constant multiple times cradHt(z) and is comparable to the
distance. This will not be useful for x > 0 because cradHt(x) > 0; however, we can use a different
quantity based on a reflected domain. Let H+

t = Ht ∪ {z : z ∈ Ht} ∪ (x+
t ,∞), where

x+
t = max{y ∈ R : Ty ≤ t}.

Note that H+
0 = C\(−∞, 0]. If the curve γ exists, then H+

t is the unbounded connected component
of C \ [γt ∪ γt ∪ (−∞, 0]); here γt = {γ(s) : 0 ≤ s ≤ t}. Let Xt = gt(x)− Ut, Ot = gt(x

+
t )− Ut, and

Kt = Xt −Ot, Jt =
Kt

Xt
, 1− Jt =

Ot
Xt
, Ψt =

Kt

g′t(x)
=
JtXt

g′t(x)
. (16)

Proposition 2.4. If x > 0 and t < Tx, then

Ψt =
1

4
cradH+

t
(x).

In particular,
Ψt ≤ dist(x, γ) ≤ 4 Ψt.

Proof. Using the Koebe function, we can see that cradH\(−∞,0](x) = 4x. By the scaling rule for
conformal radius

cradH+
t

(x) =
cradR\(−∞,gt(x+t )](gt(x))

g′t(x)
=

4 (Xt −Ot)
g′t(x)

= 4 Ψt.

The second inequality follows from the Schwarz lemma and the Koebe (1/4)-theorem.

Proof of Theorem 3. Without loss of generality assume that x > 0 and let Xt = gt(x)− Ut. Then
Xt satisfies

dXt =
a

Xt
dt+ dBt, X0 = x.

This is a Bessel SDE for which it is known (see Proposition ??) that with probability one, the
process reaches the origin if and only if a < 1/2, that is κ > 4. Hence

P{Tx <∞} =

{
0, κ ≤ 4
1, κ > 4.

By monotonicity, we can conclude that if y < x, then Ty ≤ Tx. Hence, we can conclude the stronger
fact

P{Tx =∞ for all x > 0} = 1, 0 < κ ≤ 4,

P{Tx <∞ for all x > 0} = 1, 4 < κ <∞.

With more argument, see Proposition ??, we can see that if 0 < x < y, then

P{Tx < Ty}
{
< 1, 4 < κ < 8
= 1, κ ≥ 8

,
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and, in particular, for κ ≥ 8,

P{Tx < Ty for all 0 < x < y} = 1. (17)

For the remainder of this proof we consider x ∈ R, and by scaling we can assume that x = 1. If
κ ≥ 8, we can use (17) to see that with probability one R ⊂ γ. Let us consider the case κ < 8, and
look at the quantities in (16). Using the Loewner equation and (7), we see that

∂tKt =
a

Ot
− a

Xt
= −a Kt

OtXt
= −a Kt

(1− Jt)X2
t

, ∂t g
′
t(x)−1 = g′t(x)−1 a

X2
t

Using the chain rule, (7), and Itô’s formula, we can compute

∂t Ψt = −aKt g
′
t(x)−1

[
1

(1− Jt)X2
t

− 1

X2
t

]
= −aΨt

Jt
X2
t (1− Jt)

,

dJt = Kt d[1/Xt] + [1/Xt] dKt

= Kt [−X−2
t (aX−1

t dt+ dBt) +X3
t dt]− a

Kt

(1− Jt)X3
t

dt

=
Jt
X2
t

(
1− a− a

1− Jt

)
dt− Jt

Xt
dBt.

As in the case of the Υt, this equation becomes nicer if we parametrize so that log Ψt decays linearly.
Let

σ(t) = inf{s : Ψs = e−at}, (18)

and if σ(t) <∞,

Ψ̂t = Ψσ(t) = e−at, X̂t = Xσ(t), K̂t = Kσ(t), Ĵt = Jσ(t).

By the chain rule, we see that

−a Ψ̂t = ∂tΨ̂t = −a Ψ̂t
Ĵt

X̂2
t (1− Ĵt)

σ̇(t),

and hence

σ̇(t) =
X̂2
t (1− Ĵt)
Ĵt

.

Using this, we see that

dĴt =
[
1− 2a− (1− a)Ĵt

]
dt+

√
Ĵt (1− Ĵt) dWt, (19)

for a standard Brownian motion W . This is nicer if we do another change of variables. Define Qt
by

Ĵt =
1− cosQt

2
,
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and note that we can write (19) as

dĴt =

[
1− 3a

2
+

1− a
2

cosQt

]
dt+

1

2
sinQt dWt.

Using Itô’s formula, we can see that this holds if Qt satisfies the equation

dQt =

[(
1

2
− a
)

cotQt +
1− 3a

sinQt

]
dt+ dWt.

We must actually define this with reflection at 1. The question is whether or not this process reaches
0 in finite (in the new parametrization) time. This is an example of a reflected “‘asymptotically
Bessel” process as discussed in Section ??. Near the origin(

1

2
− a
)

cotu+
1− 3a

sinu
=

3
2 − 4a

u
+O(u).

By comparison with a Bessel process we see that Qt reaches the origin in finite time if and only if
3
2 − 4a < 1

2 or a > 1
4 . This corresponds to κ < 8.

The next proposition is a continuation of the description of the “phases” of SLE. In the proof
we are assuming that SLE comes from a curve.

Proposition 2.5. Let γ be an SLEκ curve from 0 to ∞ in H. Then the following holds with
probability one.

1. If κ ≤ 4, then γ is a simple curve with γ(0,∞) ∩ R = ∅.

2. If 4 < κ < 8, then γ has self-intersections and γ(0,∞) ∩ R 6= ∅. However, for almost every
z ∈ C, z 6∈ γ.

3. If 8 ≤ κ <∞, then γ is plane-filling, that is,

γ[0,∞) = H.

Proof.

1. If 0 < x < y, we know that Tx < Ty. We also know that with probability one Tx <∞ for all
rational x. Therefore, with probability one Tx =∞ for all x ∈ R and hence γ(0,∞) ∩R = ∅.
If s > 0, let

γs(t) = gs[γ(s+ t)]− Us.

For each s, the distribution of γs is that of SLEκ. Hence, with probability one, for every
rational s, γs(0,∞) ∩ R = ∅. If there existed 0 ≤ t1 < t2 < ∞ with γ(t2) = γ(t1), then
γs(0,∞) ∩ R 6= ∅ for all rational t1 < s < t2.

2. We have seen that for each z ∈ C \ {0}, P{dist(z, γ) > 0} = 1. Using Fubini’s theorem, we
see that with probabilty one the area of γ[0,∞) is zero.
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3. Using Fubini’s theorem, we know that with probability one for almost all z, Tz < ∞ and
z ∈ γ[0, Tz]. Since γ is a continuous curve we can see that for such z z = γ(Tz). This almost
prove the result, and we delay the proof of the remainder.

The next proposition was one of the first calculations done for SLE reducing a geometric
problem to the solution of a second-order ordinary differential equation.

Proposition 2.6. Suppose γ is a chordal SLEκ curve (from 0 to ∞) in H with κ < 8. Let q(θ) be
the probability that the curve goes to the right of reiθ. Then

q(θ) = qκ(θ) = C

∫ θ

0
sin4a−2 u du, where C =

[∫ π

0
sin4a−2 u du

]−1

. (20)

One may note that the condition κ < 8 is necessary for the integrals to be convergent. There
are several interesting cases:

q2(θ) =
θ − sin θ cos θ

π
, q8/3(θ) =

1− cos θ

2
, q4(θ) =

θ

π
.

The κ = 4 case is just the gambler’s ruin estimate for Brownian motion.

Proof. To say that the curve goes to the right is to say that ΘT (z) := ΘT− = π where T = Tz.
By scaling, the probability depends only on θ. If we parametrize so that the log conformal radius
decays linearly as in (12), we see that q(θ) = Pθ{ΘT = π} where Θt satisfies

dΘt = (1− 2a) cot Θt dt+ dBt, Θt = θ,

and T = inf{t : sin Θt = 0}. Note that q(Θt∧T ) is a continuous martingale. If we also assume that
q is C2, then Itô’s formula gives

dq(Θt) = q′(Θt) dΘt +
1

2
q′′(Θt) d〈Θ〉t

=

[
(1− 2a) q′(Θt) cot Θt +

q′′(Θt)

2

]
dt+ q′(Θt) dΘt.

In order to make this a martingale, we solve the simple second order ODE,

(1− 2a) q′(θ) cot θ +
q′′(θ)

2
= 0,

which is a first order ODE in q′. Separation of variables shows that q′(θ) = c [sin θ]4a−2, and then
using the boundary conditions q(0) = 0 and q(π) = 1 we get (20). Although we assumed that
q was C2 to start with, we could go back with q as in (20) and show that q(Θt∧T ) is a bounded
martingale and use the optional sampling theorem.
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The function q(θ) is the solution of a linear second-order ODE and could also be written as a
hypergeometric function.

The arguments in the proof of Theorem 2 can be extended to establish two important “one-
point” estimates for SLEκ for κ < 8. The first discusses the probability of getting near an interior
point z and the second deals with the probability of getting near a boundary point x.

Proposition 2.7. If κ < 8, there exists α > 0 such that if γ is a chordal SLEκ curve from 0 to ∞
in H, z ∈ H, and Υ = Υ∞(z), then for 0 < r ≤ 1/2,

P {Υ ≤ rΥ0} = c∗ r
2−d [sin(arg z)]4a−1[1 +O(rα)],

where

d = 1 +
1

4a
= 1 +

κ

8
, c∗ = 2

[∫ π

0
sin4a θ dθ

]−1

.

The statement of the theorem is shorthand for the following. There exists c, α such that for all
z and all r < 1/2, ∣∣P {Υ ≤ rΥ0} − c∗ rβ

∣∣ ≤ c rβ+α.
The same fact holds for all r < 1− ε for any ε > 0, but the constant c depends on ε.

Proof. By scaling, we may assume that Υ0 = 1, that is, z = x+ i for some x ∈ R. We will use the
radial parametrization as in (11) so that Υσ(t) = e−2at, and let Θ̂t = Θσ(t), that satisfies

dΘ̂t = (1− 2a) cot Θ̂t dt+ dBt,

for a standard Brownian motion Bt. This equation is valid until T = inf{t : sin Θ̂t = 0} at which
time Υ̂T = e−2aT . Hence, if we write r = e−2as, we can write

P {Υ < r} = P{T > s}.

Let St = sin Θ̂t and let
Mt = et(2a−

1
2

) S4a−1
t . (21)

We claim that Mt∧T is a martingale satisfying

dMt = (4a− 1) [cot Θ̂t]Mt dBt. (22)

To check this, we use Itô’s formula. Using cot2 Θ̂t = S−2
t − 1, we see that for t < T ,

dSt = cos Θ̂t dΘ̂t −
1

2
sin Θ̂t dt

= St

[
((1− 2a) cot2 Θ̂t −

1

2
) dt+ cot Θ̂t dBt

]
= St

[
(2a− 3

2
+

1− 2a

S2
t

) dt+ cot Θ̂t dBt

]
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dS4a−1
t = S4a−1

t

[
4a− 1

St
dSt +

(2a− 1)(4a− 1)

S2
t

d〈S〉t
]

= (4a− 1)S4a−1
t

[
(2a− 3

2
+

1− 2a

S2
t

) dt+ (2a− 1) [
1

S2
t

− 1] dt+ cot Θ̂t dBt

]
= S4a−1

t

[
(
1

2
− 2a) dt+ (4a− 1) cot Θ̂t dBt

]
This verifies that (22) holds for t < T . It is easy to check that the martingale is continuous as
t ↑ T , and since the process is uniformly bounded on [0, t0] for all t0 < ∞, we can see that Mt∧T
is, in fact, a continuous martingale.

Using the Girsanov theorem, we define a new probability measure P∗ with expectations E∗ by
stating that if V is a nonnegative random variable measurable with respect to Bs, 0 ≤ s ≤ t, then

E∗(V ) = M−1
0 E[V Mt] = S1−4a

0 E[V Mt] .

By (22) and the Girsnaov theorem, we can see that

dBt = (4a− 1) cot Θ̂t dt+ dWt,

where Wt is a standard Brownian motion with respect to the probability measure P∗. This equation
only holds for t < T , but it is easy to see that P∗{t < T} = 1. (Indeed, since Mt∧T = 0 on the
event T ≤ t, this must be the case.) Therefore,

dΘ̂t = 2a cot Θ̂t dt+ dWt. (23)

We now write

P{T > t} = E [1{T > t}]
= E

[
MtM

−1
t ;T > t

]
= et(

1
2
−2a) E

[
Mt S

1−4a
t ;T > t

]
= et(

1
2
−2a) S4a−1

0 E∗[S1−4a
t ;T > t]

= et(
1
2
−2a) S4a−1

0 E∗[S1−4a
t ].

The last equality holds because P∗{T > t} = 1. We are left with estimating E∗[S1−4a
t ] which is

a problem about the radial Bessel equation (23). As in Proposition ??, we see that the invariant
density is

f4a(θ) = c4a sin4a θ, where cr =

[∫ π

0
sinr y dy

]−1

,

and

E∗[S1−4a
t ] = [1 +O(e−tu)]

∫ π

0
[sin1−4a θ] f4a(θ) dθ = 2 c4a [1 +O(e−tu)].

Therefore, if r = e−2at,

P {Υ < r} = P{T > t} = 2 c4a e
t( 1

2
−2a) S4a−1

0 [1 +O(e−tu)] = 2 c4a r
1− 1

4a S4a−1
0 [1 +O(rα)],

where α = u/(2a).
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It may seem that the martingale in (21) came out of the blue, but it arises very naturally. If we
consider the radial Bessel equation

dΘt = r cot Θt dt+ dBt,

with r < 1/2 and we want to compute f(θ, t) = P{T > t | Θt = θ} we might hope that this
would satisfy

f(θ, t) ∼ f(θ) e−λt t→∞.

We try to find f, λ so that
Mt = eλt f(Θt)

is a martingale. Using Itô’s formula, we see that a sufficient condition to make this a martingale
is

1

2
f ′′(x) + r [cotx] f ′(x) + λ f(x) = 0.

This is an eigenvalue/eigenfuction problem: try to find the (unique) positive solution to this
second order differential equation with f(0) = f(π) = 0. If one tries functions of the form
f(x) = [sinx]β , then one gets

f ′(x) = β f(x) cotx,

f ′′(x) = β f(x)

[
β cot2 x− 1

sin2 x

]
= β f(x)

[
(β − 1) cot2 x− 1

]
,

which leads to the equation

[β(β − 1) + 2rβ] cot2 x+ (2λ− β) = 0.

Equating coefficients gives

β = 1− 2r, λ = r − 1

2
.

We therefore get the martingale

Mt = et(r−
1
2 ) [sin Θt]

1−2r,

which satisfies
dMt = (1− 2r)Mt cot Θt dBt.

When we tilt by the martingale to give a new measure P∗, we see that

dBt = (1− 2r) cot Θt dt+ dWt,

where Wt is a standard Brownian motion with respect to P∗. Therefore,

dΘt = (1− r) cot Θt dt+ dWt.

Since r < 1/2, we see that P∗{T < ∞} = 0. This diffusion has invariant density g(θ) =
[sin θ]2−2r. The quasi-invariant density h is the limiting density (with respect to the original
measure P) as t→∞ of Θt given T > t. The density g, which is the density in the measure P∗,
can be written as g(θ) = c [sin θ]4a−1 h(θ). In other words, h(θ) = c1 sin θ = sin θ/2.
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Corollary 2.8. If κ < 8, there exists α > 0 such that that the following holds. Suppose that
z, w ∈ ∂D are distinct, γ is a chordal SLEκ path from z to w in D, and ζ ∈ D. Let D′ be the
connected component of D \ γ containing ζ. Then if r ≤ 1/2,

P{cradD′(ζ) ≤ r cradD(ζ)} = c∗ r
2−d SD(ζ; z, w)4a−1 [1 +O(rα)],

where d, c∗ are as in Proposition 2.7.

Corollary 2.9. If κ < 8, there exists α > 0 such that that the following holds. Suppose that
z, w ∈ ∂D are distinct, γ is a chordal SLEκ path from z to w in D, and ζ ∈ D. Let D′ be the
connected component of D \ γ containing ζ. Then if r ≤ 1/2,

c1 SD(ζ; z, w)4a−1 r2−d ≤ P {dist(ζ, γ) ≤ r dist(ζ, ∂D)} ≤ c2 SD(ζ; z, w)4a−1 r2−d.

Proof. Most of this follows from the previous corollary that distD′(ζ) �2 2 dist(z, ∂D). For the
upper bound for larger values of r, we also need the following fact that is easy to prove: there exists
ρ < 1, such that if ζ ∈ D2 ⊂ D1, then

cradD2(ζ) ≤ ρcradD1(ζ).

We will now prove the analogue of Proposition 2.7 where conformal radius is replaced with
distance to the boundary. We will get as strong a result although we will not get an explicit form
for the constant.

Theorem 4. If κ < 8, D is a simply connected domain, and z, w ∈ ∂D are distinct, there exists
a function GD(·; z, w) on D such that if γ is a chordal SLE path from z to w in D the following
holds.

1. If ζ ∈ D and r ≤ dist(ζ,D)/2,

P{dist(ζ, γ) ≤ r} = GD(ζ; z, w) r2−d [1 +O(rα)].

2. There exists ĉ = ĉ(κ) such that

GD(ζ; z, w) = ĉ cradD(ζ)d−2 SD(ζ; z, w)4a−1.

We call GD(ζ; z, w) the chordal SLEκ Green’s function (from z to w in D). The last assertion
can be written as a combination of

GD(0; 1, e2iθ) = ĉ (sin θ)4a−1,

and the conformal covariance rule: if f : D → f(D) is a conformal transformation, then

GD(ζ; z, w) = |f ′(ζ)|2−dGf(D)(f(ζ); f(z), f(w)).

The proof will not give the value of the κ-dependent constant ĉ.
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Proof. We first consider D = D, ζ = 0, z = 1, w = e2θi. We will write r = e−s.
We let Pθ denote the probabilities for SLEκ from 1 to e2θi in D. We will show that there exists

ĉ such that for all 0 < θ < π,

Pθ{dist(0, γ) ≤ r} = ĉ r2−d (sin θ)4a−1 [1 +O(rα)]. (24)

For each r0 > 0 and r0 ≤ r ≤ 1/2, small, we can use Corollary 2.9 to see that

Pθ{dist(0, γ) ≤ r} � [sin θ]4a−1.

Hence it suffices to find r0 so that the relation holds for r ≤ r0.
We will assume that γ has the radial parametrization as in (11), so that if Dt is the connected

component of D \ γt containing the origin, then

cradDt(0) = e−2at.

We let g̃t : Dt → D be the conformal transformation with g̃t(0) = 0, g̃t(γ(t)) = 1 and define Θt by
g̃t(e

2iθ) = e2iΘt . Then Θt satisfies

dΘt = (1− 2a) cot Θt dt+ dBt,

where Bt is a standard Brownian motion. We write gt for g̃t followed by a rotation such that
g′t(0) > 0. The curve has finite lifetime T in this parametrization. As before, using the Koebe
1/4-theorem,

2 dist(0, ∂Dt) �2 e
−2at.

Let τs = inf{t : |γ(t)| = e−s}, so that (24) can be rephrased as

Pθ{T > τs} = ĉ es(d−2) (sin θ)4a−1 [1 +O(e−αs)]. (25)

We will first give a sketch for why (25) holds. Note that τs ≥ s−log 4
2a > q where q = qs = s−2

2a .
The relation (25) can be established for large s by showing there exists u,C,C ′ such that

Pθ {T > q} = C e(d−2)s (sin θ)4a−1 [1 +O(e−us)] (26)

Pθ {T > τs | T > q} = C ′ +O(e−us). (27)

Theorem 2.7 gives us (26). For the second equality note that conformal invariance implies that

Pθ {T > τs | T > q} = PΘq{γ ∩ g̃q(e−sD) 6= ∅}.

Using the Koebe 1/4-theorem, we can see that there exist 0 < ρ1 < ρ2 < 1 such that

ρ1 D ⊂ g̃q(e−sD) ⊂ ρ2 D.

If we can show that the conditional distribution of (Θq, g̃q(e
−sD)) given T > q converges exponen-

tially fast to some distribution, then we would have (27).
For a proof, we consider the quasi-invariant density corresponding to the density of Θt given

T > t. Let P∗θ,E∗θ denote the probability measures obtained by tilting by the martingale

Mt = et(a−
1
2

) [sin Θt]
4a−1
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as in the proof of Theorem 2.7 , if St = sin Θt, Then, if F is a continuous function,

Eθ[F (Θt);T > t] = et(
1
2
−a) Eθ

[
Mt F (Θt)S

1−4a
t ;T > t

]
= et(

1
2
−a) [sin θ]4a−1 E∗θ

[
F (Θt)S

1−4a
t ;

]
= c4a e

t( 1
2
−a) [sin θ]4a−1 [1 +O(e−αu)]

∫ π

0
F (x) [sinx]4a [sinx]1−4a dx

= 2 c4a e
t( 1

2
−a) [sin θ]4a−1 [1 +O(e−αu)]

∫ π

0
F (x)

sinx

2
dx

In other words, (sinx)/2 is the quasi-invariant density. Indeed, if we write Pµ,Eµ for probabilities
and expectations assuming that the initial θ has density (sinx)/2, then

Eµ[F (Θt);T > t] = et(
1
2
−a) Eµ[F (Θ0)] =

∫ π

0
F (x)

sinx

2
dx.

Let
P (s) = es(2−d) Pµ{T > s}.

We will now show that there exists c0, c such that

|P (s)− c0| ≤ c e−s. (28)

Suppose 0 ≤ δ ≤ 1, and note that g′δ(0) = e2aδ. Distortion estimates imply that there is a universal
c (we could find an exact value but will not bother) such that for s sufficiently large and |z| ≤ e−s,

|gδ(z)− e2aδ z| ≤ c e−2s.

In particular, there exists universal c1, c2 such that

(e−s − c1e
−2s)D ⊂ gδ(e−(s+2aδ)D) ⊂ (e−s + c1e

−2s)D

Pµ{T > τs+c2e−s} ≤ Pµ{T > τs+δ | T > δ} ≤ Pµ{T > τs−c2e−s}.

Using the fact that µ is a quasi-invariant distribution, we see that this implies that for 0 ≤ δ ≤ 1
and s sufficiently large,

|logP (s)− logP (s+ δ)| ≤ c e−s.

Similarly, if k is a positive integer

|logP (s)− logP (s+ k)| ≤
k∑
j=1

|logP (s+ j − 1)− logP (s+ j)| =
k∑
j=1

O(e−s−j) = O(e−s).

We therefore get
sup
δ>0
| logP (s)− logP (s+ δ)| ≤ c e−s,

which is another way to express (28).
If our initial condition is Θ0 = θ, we write

Pθ {T > τ2s} = Pθ
{
T >

s

2a

}
Pθ
{
T > τ2s | T >

s

2a

}
.
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Using distortion estimates and g′s/2a(0) = es as in the previous paragraph, we can see that there
exists c3 such that

PΘs/2a

{
T > τs+c3 e−s

}
≤ Pθ{T > τ2s | T >

s

2a
} ≤ PΘs/2a

{
T > τs−c3 e−s

}
,

Combining this, with (28), we see that

Pθ{T > τ2s | T >
s

2a
} = [1 +O(e−us)]Pµ{T > τs+O(e−s)}

= c0 e
−s(2−d) [1 +O(e−us)].

Pθ{T > s} = c∗ e
−2as(2−d) [sin θ]4a−1 [1 +O(e−us)].

Proposition 2.7 implies that

Pθ
{
T >

s

2a

}
= c∗ e

−s(2−d) [1 +O(e−us)].

This finishes the result for D = D, ζ = 0, z = 1, w = e2iθ. For more general D, z, w, let
f : D → D be the unique conformal transformation f : D → D with f(ζ) = 0, f(z) = 1 and define
θ by f(w) = e2iθ. Note that sin θ = SD(ζ; z, w). By scaling, we may assume that |f ′(ζ)| = 1. Note
that cradD(ζ)−1 = |f ′(ζ)| � 1. Let Vr denote the image under f of the open disk of radius r about
ζ. By distortion estimates, there exists a universal c′ such that if r ≤ dist(ζ, ∂D)/2, then

(r − c′ r2)D ⊂ f(Vr) ⊂ (r + c′ r2)D.

Hence, we can use the result for the disk.

The estimates above can be considered as “interior” or “bulk” estimates for the probability
that the SLE curve gets close to an interior point. We will now give the estimates for getting
near a boundary point. By scaling, we can consider the probability that an SLEκ path from 0 to
∞ gets near 1. The interior estimate gives us a (correct) guess for the correct exponent of decay.
Suppose ζ = 1 + iε. Then one might expect that the probability of getting within distance ε of 1 is
comparable to the probability of getting within distance ε/2 of ζ. Since SH(1 + ε; 0,∞) = ε, we see
that the latter probability is comparable to ε4a−1. Indeed, this is correct, and the next proposition
gives a much finer estimate. We will use the alternative conformal radius Ψt that was introduced
in the proof of Theorem 2. Recall that Ψt is one-fourth times the conformal radius of 1 in the
unbounded component of

C \
(
γt ∪ {γ(s) : 0 ≤ s ≤ t} ∪ (−∞, 0]

)
.

Proposition 2.10. There exists α > 0 such that if x > 0,

P{Ψ∞(x) ≤ rx} =
Γ(6a)

Γ(4a) Γ(2a+ 1)
r4a−1 [1 +O(rα)] .
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Proof. Without loss of generality we assume that x = 1. Let Xt = Xt(1) = gt(1)− Ut and

Mt = X1−4a
t g′t(1)4a−1.

Since

dX1−4a
t = X1−4a

t

[
1− 4a

Xt
dXt +

(1− 4a)(−2a)

X2
t

d〈X〉t
]

= X1−4a
t

[
−a(1− 4a)

X2
t

dt+
1− 4a

Xt
dBt

]
.

∂tg
′
t(1)4a−1 = −g′t(1)4a−1 a(4a− 1)

X2
t

,

we see that Mt = g′t(1)4a−1X1−4a
t is a local martingale satisfying

dMt =
1− 4a

Xt
Mt dBt.

Let P∗,E∗ denote probabilities and expectations obtained by tilting by the local martingale Mt.
Then the Girsanov theorem implies that

dBt =
1− 4a

Xt
dt+ dB∗t ,

where B∗t is a standard Brownian motion with respect to P∗. Using the notation as in (16), we get

dJt =
Jt
X2
t

(
3a− a

1− Jt

)
dt− Jt

Xt
dB∗t .

If we reparametrize as in (18) so that Ψσ(t) = e−at, we see that Ĵt := Jσ(t) satisfies

dJt =
(

2a− 3aĴt

)
dt+

√
Ĵt (1− Ĵt)Wt, (29)

where Wt is also a standard Brownian motion with respect to P∗. In the new parametrization,

M̂t := Ψ̂1−4a
t Ĵ4a−1

t = Mσ(t) = e(4a−1)at Ĵ4a−1
t .

As before, we define Qt by

Ĵt =
1− cos Q̂t

2
,

so that (29) can be written as

dJt =

(
a

2
+

3a

2
cosQt

)
dt+

sinQt
2

dWt.

Since

dQ̂t =
1

2
sinQt dQt +

1

4
cosQt d〈Q〉t,
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we can see that

dQt =

[
a

sinQt
+

(
3a− 1

2

)
cotQt

]
dt+ dWt.

This is the SDE studied in Section ?? with

v = a, u = 2a− 1

2
.

As in the Proof of Proposition 2.7,

P{Ψ∞ < e−at} = E
[
1{Ψ∞ < e−at}

]
= e(1−4a)at E

[
M̂t Ĵ

1−4a
t ; Ψ∞ < e−at

]
= e(1−4a)at E∗

[
Ĵ1−4a
t

]
.

So it suffices to show there exists α such that

E∗
[
Ĵ1−4a
t

]
=

Γ(6a)

Γ(4a) Γ(2a+ 1)
+O(e−tα).

This is obtained by plugging v = a, u = 2a− 1
2 , k = 1− 4a into (??).

It follows from the last proposition and the Koebe-1/4 theorem that for 0 < r ≤ 1, and x ∈ R,

P{dist(x, γ) ≤ xr} � r4a−1.

This can be improved using essentially the same proof as Theorem (4) so we omit it. As in that
theorem, we are unable to determine the value of the constant c′.

Theorem 5. There exist c′ = c′κ and α > 0 such that for r ≤ 1,

P{dist(x, γ) ≤ r|x|} = c r4a−1 [1 +O(rα)] .

For practical purposes, the following simple corollary of Proposition 2.10 usually suffices. It is
useful to write it in terms of a conformally invariant quantity, excursion measure.

Proposition 2.11. If κ < 8, there exists c < ∞ such that the following holds. Suppose D is a
simply connected domain and z, w are distinct boundary points. Let ∂− denote one of the two arcs
of ∂D with endpoints z, w and let η be a crosscut of D whose endpoints are on ∂D \ ∂−. Let D′ be
the connected component of D \ η whose boundary contains z and w. If γ is an SLEκ curve from
z to w in D, then

P{γ ∩ η 6= ∅} ≤ c ED′(η, ∂−)4a−1.

Proof. By conformal invariance, we may assume D = H, z = 0, w = ∞ and ∂−is the negative real
axis. We can also assume that one of the endpoints of η is 1. In this case (see Lemma ??),

capH(η) ≥ cdiam(η),

and from this we see that ED′(η, ∂−) ≥ c r where r = 1 ∧ diam(η).

P{γ ∩ η 6= ∅} ≤ P{dist(γ, 1) ≤ r} ≤ c r4a−1 ≤ c ED′(η, ∂−)4a−1.
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Here we give a similar result which is a little easier to prove because we only need to consider
a real SDE.

Proposition 2.12. Suppose 4 < κ < 8 and γ is an SLEκ curve from 0 to ∞. Let

T = inf{t : γ(t) ∈ [1,∞)}.

Then

P{γ(T ) < 1 + x} =
Γ(2a)

Γ(4a− 1) Γ(1− 2a)

∫ x
1+x

0

du

u2−4a (1− u)2a
.

Note in particular

P{γ(T ) < 1 + x) ∼ Γ(2a)

Γ(4a− 1) Γ(1− 2a)
x4a−1, x ↓ 0.

Proof. Let Xt = gt(x)−Ut, Yt = gt(1+x)−Ut. Then T = inf{t : Xt = 0}. Let Tx = inf{t : Yt = 0}.
Then the event {γ(T ) < 1 + x} is the same as the event {T < Tx}. Let Rt = [Yt −Xt]/Xt. Then
this event can also be described as {RT− =∞}. Since

dXt =
a

Xt
dt+ dBt, dYt =

a

Yt
dt+ dBt,

an Itô’s formula calculation shows that

dRt =

[
(1− a)Rt

X2
t

− aRt
(Rt + 1)X2

t

]
dt− Rt

Xt
dBt.

Under a suitable time change we get that R̂t := Rσ(t) satisfies

R̂t =

[
1− 2a

R̂t
+

a

R̂t + 1

]
dt+ dWt,

for a Brownian motion Wt.
If ψ(x) = P{Tx > T}, then scaling shows that ψ(R̂t) is a martingale and hence (assuming ψ is

C2),
1

2
ψ′′(x) +

[
1− 2a

x
+

a

x+ 1

]
ψ′(x) = 0.

This is a first-order differential equation for ψ′ that can be solved easily. Using the boundary
conditions ψ(0) = 0, ψ(∞) = 1, we get the formula.

3 Dimension and natural parametrization

The definition of SLE was given modulo reparametrization. When the curve is parametrized
by capacity, the conformal transformation removing the curve evolves so that it is C1 in time.
However, the capacity parametrization has some major disadvantages. For example, if one takes
a particular realization of the curve and changes the domain that the curve lies in, then the
parametrization changes. Also, SLE curves are models for scaling limits of discrete lattice curves
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that are parametrized so that edge is traversed at the same rate. For this reason, we would like
to parametrize the SLE curve by length. If the curve γ were a C1 curve, then we could use the
natural parametrization, that is, parametrization by arclength. However, Theorem 4 implies that
SLEκ, κ < 8 paths are d-dimensional where

d = dκ = 1 +
κ

8
.

In this section, we will assume κ < 8 and define the natural parametrization for SLE curves.
We need a concept of “d-dimensional length” to replace arclength. One possibility is to consider
Hausdorff d-measure of the curve, but it turns out that this is zero. The correct analogue is (d-
dimensional) Minkowski content.We will state some theorems in this section but will delay the
proof until ???. The main technical tool needed to prove these theorems is a “two-point” analogue
of Theorem 4.

Definition If V ⊂ C is bounded and 1 < d < 2, the d-dimensional Minkowski content of V is
defined by

Contd(V ) = lim
ε↓0

εd−2 Area{z : dist(z, V ) ≤ ε}, (30)

provided that the limit exists.

One can also define the upper and lower Minkowski contents by taking limsups and liminfs
instead of limits. It is easy to see that if the box dimension of V is strictly less than d, then
Contd(V ) = 0. The limit on the right-hand side of (30) often does not exist, but for SLEκ paths
it exists and is nontrivial.

Theorem 6. If κ < 8, and γ is an SLEκ path from 0 to ∞ in H, then with probability one, for all
t, the Minkowski content Contd(γt) exists. Moreover, the function t 7→ γ(t) is continuous, strictly
increasing, and satisfies the additivity rule: if s < t,

Contd(γt) = Contd(γs) + Contd(γ[s, t]).

The additivity rule is immediate (given the rest of the theorem) if κ ≤ 4 since the curve is
simple. For 4 < κ < 8, it requires a little more work but essentially follows from the fact that the
double points of the paths have fractal dimension strictly less than d. Since the function t 7→ γt
is continuous and strictly increasing, one can reparametrize the curve so that the content grows
linearly.

Although we delay the full proof to later, let us discuss the construction. We will, in fact,
construct the occupation measure νocc for SLE which is a nontrivial, positive measure supported
on γ such that for each s < t, 0 < νocc(γt \ γs) <∞. We say that S is a (closed) dyadic square in
H if it is of the form

S =

{
x+ iy :

j

2n
≤ x ≤ j + 1

2n
,
k

2n
≤ y ≤ k + 1

2n

}
where j, n are integers and k is a positive integer. Let

νocc
ε (S) = εd−2

∫
S

1{dist(z, γ) ≤ ε} dA(z),
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and note that Theorem 4 implies that

lim
ε↓0

E [νocc
ε (S)] =

∫
S
G(z) dA(z).

We will show that for each dyadic S, the limit νocc(S) = νocc
0+ (S) exists with probability one and

in L2. With a little more, we see that any subsequential limit ν of the measures νocc
ε must satisfy

ν(∂S) = 0, from this see that any two limit measures agree on all open sets from which we conclude
that the limit is unique and we can define

νocc = lim
ε↓0

νocc
ε .

Definition We say that an SLEκ curve γ from 0 to ∞ in H has the natural parametrization if for
each t,

Contd[γt] = t, d = dκ = 1 +
κ

8
.

If κ ≥ 8, we could say that SLEκ has the natural parametrization if for each t, Area[γt] = t. In
this book we will only talk about natural parametrizaton for κ < 8.

We want to extend this definition to talk about SLEκ from z to w in D in the natural
parametrization. We will take a little care to avoid pathological domains.

Definition Let Qsc denote the collection of triples (D, z, w) where D is a simply connected domain;
z, w are distinct points in ∂D; z 6=∞; and satisfying

• If w 6=∞, then

GD(D; z, w) :=

∫
D
GD(ζ; z, w) dA(ζ) <∞. (31)

• If w =∞, then for every bounded set V ,

GD(V ; z,∞) :=

∫
V
GD(ζ; z,∞) dA(ζ) <∞. (32)

Recall that SLEκ from z to w in D is defined as the image of SLEκ from 0 to ∞ under a
conformal map f : D → f(D). Let us define the curve f ◦ γ = f ◦d γ as follows:

f ◦ γ(t) = f [γ(σ(t))]

where σ(t) is defined by ∫ σ(t)

0
|f ′(γ(s))|d ds = t.

In other words, the time for f ◦ γ to traverse f [γt] is∫ t

0
|f ′(γ(s))|d ds.



3 Dimension and natural parametrization 27

This definition assumes that D, z are sufficiently nice so that∫ t

0
|f ′(γ(s))|d ds <∞,

for all t <∞. This will be guaranteed, for example, if for all t <∞,

max
0≤s≤t

|f ′(γ(s))| <∞.

In order to keep the notation short, we have decided to write f ◦γ rather than f ◦dγ. However, it
is important to remember that the notation implicitly assumes the dimension d. When studying
SLEκ paths, we fix one value of κ, and then d is implied by d = min{1 + κ

8 , 2}. If one is only
interested in the curves modulo reparametrization, then one does need to worry about d.

Here we are doing an analogue of what is done in establishing the conformal invariance of two-
dimensional Brownian motion. If Bt is a complex Brownian motion and f is a conformal map,
then f ◦ B = f ◦2 B is also a complex Brownian motion. The 2 represents the dimension of
Brownian paths, and this gives a shorthand for the change in time parametrization needed to
state conformal invariance.

Proposition 3.1. Suppose γ is an SLEκ(κ < 8) path from 0 to∞ in H with the natural parametriza-
tion. Suppose f : H → D is a conformal transformation with f(0) = z, f(∞) = w satisfying (31).
Then with probability one, for every t,

Contd[f(γt)] =

∫ t

0
|f ′(γ(s))|d ds.

In other words, the curve γ̃ := f ◦ γ has the natural parametrization in the sense

Contd[γ̃t] = t.

Proof. We will not give the details of the proof. If f ′ is constant, this is immediate from the
definition of the Minkowski content. Otherwise, we can use the additivity of the content to partition
time t0 = 0 < t1 < t2 < · · · < tn = t so that the derivative does not change much in each interval.
The condition (31) is used to see that the contribution of the content for the curve near the boundary
(for which the derivative can be very large) is negligible.

The total “natural time duration” T of a path is Contd[γ]. We can see that if (31) holds, then

E [T ] = GD(D; z, w) <∞.

In the case z = 0, w =∞, D = H, T =∞ with probability one. but if D is a bounded domain and
z, w are analytic boundary points, then E[T ] <∞.

One major advantage of the natural parametrization over the capacity parametrization is that
the time to traverse a curve γ depends only on the curve γ and not on the domain it sits.
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Definition Suppose κ < 8 and (D, z, w) ∈ Qsc.

• We define µ#
D(z, w) to be the probability measure induced by SLEκ from z to w with the

curves curves parametrized naturally.

• If f : D → f(D) is a conformal transformation and µ is a measure on naturally parametrized
d-dimensional curves from z to w in D, we define the measure f ◦ µ by

f ◦ µ[V ] = f ◦d µ[V ] = µ{γ : f ◦ γ ∈ V }.

Note that there is an implicit d in the definition.

Under this definition, the conformal invariance of SLEκ can be stated as follows.

Proposition 3.2. Suppose (D, z, w), (D1, z1, w1) ∈ Qsc, and f : D → D1 is a conformal transfor-
mation with f(z) = z1, f(w) = w1. Then

f ◦ µ#
D(z, w) = µ#

D1
(z1, w1).

Throughout this book we use superscripts of # to indicate probability measures. As we will
see, it is very natural to consider measures on paths that are not probability measures.

The measure µ#
D(z, w) is just another way to define SLEκ in the same way that Brownian

motion can be defined equivalently as the Wiener measure on continuous paths. The Minkowski
content gives the convenient way to parametrize the paths for the path measure formulation.

We have used d-dimensional Minkowski content to characterize the fractal dimension of the
curve. One can also use Hausdorff dimension, and this agrees. This proof also needs the two-point
estimates, and so we delay it.

Theorem 7. If κ < 8 and γ is an SLEκ curve from 0 to ∞ in H, then with probability one the
Hausdorff dimension of the curve is d = 1 + κ

8 .

Proof. Consider γ restricted to a compact subset K in H. There exist c = cK such that for
0 < ε ≤ 1, z ∈ K,

c−1
K ε2−d ≤ P{dist(z, γ∞) ≤ ε} ≤ cK ε2−d.

In Section 9, we prove a two-point estimate,

P{dist(z, γ∞) ≤ ε, dist(w, γ∞) ≤ ε} ≤ cK ε2−d |z − w|d−2.

This is enough to show that the dimension is at most d with probability one, and that with positive
probability it is at least d; see Section 10. To show that it is equal to d with probability one, we can
use the fact that the dimension of γ[0, 1] is the maximum of the dimensions of γ[k−1

n , kn ], k = 1, . . . , n;
we leave the details as the next exercise.

Exercise 1. Complete the proof by showing that with probability one, for all s < t, dimh(γ[s, t]) = d.
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It is typical for random curves with Hausdorff dimension d to have zero d-Hausdorff dimension.
Indeed, this true for SLEκ curves for κ < 8 but we will not prove it here. This is different than
the case of deterministic fractals such as the Koch snowflake curve. It is possible that there is
a Hausdorff gauge function such that the measure with this gauge function is strictly between
zero and infinity, but this is unknown.

4 Rate of escape for SLE

Let γ be an SLEκ path from 0 to ∞ in H. Let

ξs = inf{t : |γ(t)| = es}.

Since hcap[esD+] = e2s, we can see that ξs ≤ e2s/a.
In this section we prove the following theorem.

Proposition 4.1. For every κ < 8, there exists c < ∞ such that the following holds. Suppose
η : [0, 1] → H is a curve with η(0+) = 1, η(1) = w ∈ ∂D and 0 ≤ |η(t)| < 1 for 0 < t < 1. Let D
denote the unbounded component of H \ η. Let γ be an SLEκ curve from w to ∞ in D. Then

P{γ ∩ {|z| ≤ r} 6= ∅} ≤ c r4a−1.

We will only give a complete proof for κ ≤ 4. For 4 < κ < 8, we will sketch a proof (this second
proof also works for κ ≤ 4) but we omit some details.

Corollary 4.2. For every κ < 8 and β > (4a − 1)−1 = κ/(8 − κ), with probability one, for all
integers n sufficiently large,

γ[ξn,∞) ∩ (n−β enD+) 6= ∅, (33)

and for all t sufficiently large
|γ(t)| ≥ t1/2(log t)−β.

Proof. If En denotes the event in (33), then Proposition 4.1 applied to D = Hξn and scaling imply
that P(En) = O(n−u) for some u > 1 and hence the first assertion follows from the Borel-Cantelli
lemma. The second follows from ξn ≤ e2n/a.

Proof of Proposition 4.1 for κ ≤ 4. Let C denote the half-circle of radius r about the origin in H.
Let g : D → H be a conformal transformation with g(w) = 0, g(∞) =∞. Note that D∩∂D consists
of two circular crosscuts L+, L− where g ◦ L+ (resp., L−) is a crosscut of H from 0 to a positive
(resp., negative) number.

Note that C ∩D consists of a finite or countably infinite number of circular crosscuts L = {`j}.
In order for γ to hit {|z| ≤ r} it must hit one of the crosscuts, and so

P{γ ∩ {|z| ≤ r} 6= ∅} ≤
∑
`∈L

P{γ ∩ ` 6= ∅}.
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A curve from `j to infinity in D must first hit the unit circle at L+ or L−. We will restrict ourselves
to the positive crosscuts L+, that is, those that go through L+. (A similar argument will handle
the negative crosscuts). Using Proposition 2.11, we have

∑
`∈L+

P{γ∩ ` 6= ∅} =
∑
`∈L+

P{γ̃∩ (g ◦ `) 6= ∅} ≤ c
∑
`∈L+

EH(R−, g ◦ `)4a−1 ≤ c

∑
`∈L+

EH(R−, g ◦ `)

4a−1

.

The last inequality uses 4a − 1 ≥ 1; this is where the assumption κ ≤ 4 is being used. Hence we
have reduced to showing the estimate∑

`∈L+

EH(R−, g ◦ `) ≤ c r.

Note that by continuity and monotonicity of excursion measure, EH(R−, g ◦ `) ≤ ED(L+, `).
Note that

ED

L+,
⋃
`∈L+

`

 ≤ EH(∂D, C) = O(r).

We claim (and this will finish the proof) that

∑
`∈L+

EH(L+, `) ≤ 2 ED

L+,
⋃
`∈L+

`

 .

If z ∈ D, let f(z) be the probability that a Brownian motion starting at z hits ∪`∈L+` before
leaving D or hitting L+. Let f`(z) be the probability that a Brownian motion starting at z hits `
before leaving D or hitting L+. Then,∑

`∈L+

EH(L+, `) =

∫
L+

∑
`∈L+

∂n f`(z) d|z|,

ED

L+,
⋃
`∈L+

`

 =

∫
L+

∂n f(z) d|z|.

where ∂n denotes inward normal derivative. It suffices to show for each z ∈ D,∑
`∈L+

f`(z) ≤ 2f(z).

Note that the left-hand side gives the expected number of crosscuts hit by the Brownian motion.
So it suffices to show that for every z, the expected number of crosscuts hit given that at least one
is hit is at most two. In turn, to show this it suffices to show that if we start a Brownain motion
on a crosscut `, then the probability that it will reach any other crosscut before leaving D is at
most 1/2. This last fact can be seen by noting that if we have any curve starting on the crosscut
and ending on a different crosscut, there is a dual path obtained by reflecting across the circle C.
These are equally likely for the Brownian motion, but simple connectedness implies that at most
one of these paths is in D.
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We will need another proof to handle 4 < κ < 8. We start with the notation of the proof
and let h(z) = log g(z) which is a conformal transformation of D onto the doubly infinite strip
S = {x+ iy : 0 < y < π} sending 0 to −∞ and ∞ to +∞. Here −∞,∞ refer to the left and right
boundary points of S, respectively. For ` ∈ L+, h ◦ ` is a crosscut of S with both endpoints on the
real line. Let

K =
⋃
`∈L+

(h ◦ `).

Proposition 2.11 and conformal invariance show that the probability that an SLEκ path from
−∞ to ∞ in S hits one of the crosscuts is bounded above by a constant times∑

`∈L+

[diam(h ◦ `)]4a−1.

This estimate is not sufficient. However, we not that if U1, U2, . . . is any cover of K with balls
centereed on the real line, then the probability of hitting K is bounded above by the probability
of hitting

⋃
Un which in turn is bounded by a constant times

∞∑
n=1

diam(Un)4a−1. (34)

If we ease the restriction that the balls be centered on the real line, one can only reduce this
quantity by a multiplicative constant and so we get that the probability of hitting K is bounded
above by a constant times the infimum of the quantity in (34) where the infimum is over all covers
of K. This infimum is called the (4a− 1)-Hausdorff content.

The problem then reduces to an estimate for the content. We omit it here because we will not
need the proposition for 4 < κ < 8.

5 SLE in a smaller domain

5.1 Introduction

We will study chordal SLEκ from 0 to ∞ in a subdomain of H. Suppose D is a simply connected
subdomain of H with K := H \D bounded and dist(0,K) > 0. Let Φ = ΦD : D → H denote the
unique conformal transformation with Φ(z) = z + o(1) as z → ∞. Let F = Φ−1 which takes H
onto D. Then SLEκ in D from 0 to infinity is defined as follows.

• Let γ be an SLEκ from 0 to H and consider F ◦ γ.

We can consider this as a probabiity measure on curves modulo reparametrization or for curves
with the natural parametrization.

If κ ≤ 4, we will see that SLEκ in D, is absolutely continuous with respect to SLEκ in H. Let
us see what this will imply. Since the measure is a probability measure on simple curves γ, we
can parametrize the curves so that hcap[γt] = at and the conformal maps gt satisfy the Loewner
equation

ġt(z) =
a

gt(z)− Ut
, g0(z) = z, (35)
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where Ut = gt(γ(t)) is the driving function. To say that this probability measure is absolutely
continuous with respect to usual SLEκ is to say that the probability distribution on the driving
function is absolutely continuous with respect to a standard Brownian motion. The way to get such
measures is to give a drift to the Brownian motion, that is if Bt is a standard Brownian motion,
we can let

dUt = At dt− dBt, (36)

where At is a continuous, adapted process. One way to find At is starting with an SLEκ γ
∗(t) in H

with driving function U∗t = −B∗t and carefully using a version of Itô’s formula to compute dF (U∗t ).
We will do essentially the equivalent, by finding which At to choose so that Φ(Ut) is a (time change
of a) Brownian motion.

One way to put drifts onto Brownian motion is to find an appropriate local martingale and use
Girsanov theorem. We will start with SLEκ in H using driving function −Bt and then tilt by a
local martingale to get (36). Recall that if x ∈ R \K, then Φ′(x) denotes the probability that a
Brownian excursion from x to ∞ in H stays in D; in particular, 0 < Φ′(x) ≤ 1. We will “tilt” by
Φ′t(Ut)

b where b = bκ is an exponent that we will call the boundary scaling exponent. It will be
chosen so the calculations work out nicely but the choice will help describe the SLE path. More
precisely, we will consider a local martingale Mt = Ct Φ′t(Ut)

b where Ct is a C1 compensator. The
calculations will be valid for all κ for t sufficiently small but for κ ≤ 4 it will be valid for all t and
we will be able to write E[C∞ = E[M∞] = E[M0] = Φ′(0)b.

The term C∞ will be written in terms of integrals over time of spatial derivatives, but it can
also be interpreted in terms of Brownian loops. Indeed, if κ ≤ 4,

M∞ = exp
{c

2
Λ(γ,K;H)

}
1{γ(0,∞) ⊂ D}, (37)

where Λ(γ,K;H) denote the Brownian loop measure of loops in H that intersect both γ and K.
Here c = cκ is an exponent that is also computed along the way.

The strongest results hold only for κ ≤ 4, but some things still hold for κ > 4. If κ > 4, then
there is a positive probability that the SLEκ path hits K; if κ ≥ 8, this probability equals one. If
the curve hits K, then SLEκ in D will act differently than SLEκ in H since the curve bounces off
of K.

• If κ ≥ 8, SLEκ in D is singular with respect to SLEκ in H.

• If 4 < κ < 8, SLEκ in D has a singular part and an absolutely continuous part with respect
to SLEκ in H. The absolutely continuous part corresponds to curves in H that do not hit K,

Since they will appear in the computations, we define two parameters now.

Definition

The boundary scaling exponent is

b = bκ =
6− κ

2κ
=

3a− 1

2
.

The central charge c = cκ is defined by

c =
2b(3− 4a)

a
=

(3a− 1) (3− 4a)

a
=

(6− κ)(3κ− 8)

2κ
.
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We make several remarks.

• The value b = 0 for κ = 6 gives a property we call the locality property.

• We have c = 0 for κ = 8/3, 4. The value κ = 8/3 gives the measure on simple curves such
that the Brownian loop term in (37) is trivial. This is called the restriction property.

• We can invert the formula for central charge

a =
(13− c)±

√
(13− c)2 − 144

24
, κ =

(13− c)±
√

(13− c)2 − 144

3
.

Note that κ 7→ cκ is a two-to-one mapping from (0,∞) to (−∞, 1]; more precisely it is
two-to-one except that c = 1 has a single preimage κ = 4.

• For any c < 1, there are two corresponding values of κ, κ′ with cκ = cκ′ = c. They satisfy
κκ′ = 16 (as does the double root κ = κ′ = 4 for c = 1).

• The term central charge comes from conformal field theory. There are algebraic meanings
of the term which we will not discuss here. The standard notation for central charge is c,
but it would be too confusing to use this when c so often means an arbitrary constant. As a
compromise, we use c.

5.2 Computations and locality

Let γ be an SLEκ curve from 0 to infinity in H satisfying (35) where Ut = −Bt is a standard
Brownian motion, and, as before, let Ht denote the unbounded component of H \ γt. Let Tε =
inf{t : dist(γt,H \D) ≤ ε} and T = T0+ = inf{t : γ(t) ∈ H \D}. For fixed ε > 0, we can consider
SLEκ in H (from 0 to ∞) and chordal SLEκ in D (from 0 to ∞). Note that

P{T =∞} > 0, κ < 8,

P{T =∞} = 0, κ ≥ 8.

We will show that the two distributions are absolutely continuous if viewed as measures on curves up
to time Tε. Also, on the event {T =∞}, the measures on the full curves are absolutely continuous.

We will start by doing some computations that are valid for all κ for t < T . We will use
some deterministic results from Section ?? which we now recall. Let Dt = gt(D) = H \Kt where
Kt = gt(K). Let Φt = ΦDt which is the unique conformal transformation of Dt onto H with
Φt(z) = z + o(1), z → ∞. Let γ∗(t) = Φ(γ(t)) and H∗t = Φ(Ht \ K). Let g∗t : H∗t → H be the
conformal transformation with g∗t (z) = z + o(1), z →∞. Then (??) tells us that

hcap[γ∗t ] = a

∫ t

0
Φ′s(Us)

2 ds, ∂tg
∗
t (z) =

aΦ′t(Ut)
2

g∗t (z)− U∗t
, (38)

where U∗t = Φt(Ut). (Here we have replaced the factor 2 with the factor a because we are growing
our curve so that the hcap grows at rate a.) We will use the following deterministic results which
are restatements of (??) and (??), where they are stated for a = 2,

Φ̇t(Ut) = lim
z→Ut

Φ̇t(z) = −3a

2
Φ′′t (Ut), (39)
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Φ̇′t(Ut) =
a

4

Φ′′t (Ut)
2

Φ′t(Ut)
− 2a

3
Φ′′′t (Ut). (40)

We have mentioned before that the capacity parametrization of a curve depends on the domain.
We have parametrized γ so that the half plane capacity of γt in H (from infinity) grows at rate
a. We can interpret (38) as saying that the capactiy of γt viewed as a curve in D grows at rate
aΦ′t(Ut)

2.

Theorem 8. Suppose γ(t), 0 ≤ t < T is a solution to the Loewner equation (35) where the driving
function Ut satisfies

dUt = b
Φ′′t (Ut)

Φ′t(Ut)
dt+ dWt, t < T,

where Wt is a standard Brownian motion. Then γ has the distribution of SLEκ in D up to time
T . Here b = (3a− 1)/2 is the boundary scaling exponent.

Proof. Itô’s formula and (39) give

dU∗t = d[Φt(Ut)] =

[
Φ̇t(Ut) +

1

2
Φ′′t (Ut)

]
dt+ Φ′t(Ut) dUt

= −bΦ′′t (Ut) dt+ Φ′t(Ut) dUt

= Φ′t(Ut) dWt. (41)

Let γ∗(t) = Φ[γ(t)] with corresponding conformal maps g∗t as in (38). Let γ̂(t) = γ∗(σ(t)) where
the time change σ(t) is chosen so that hcap[γ̂t] = at, that is∫ σ(t)

0
Φ′s(Us)

2 ds = t.

In other words, U∗ is a continuous local martingale with quadratic variation

〈U∗〉t =

∫ t

0
Φ′s(Us)

2 ds = hcap[γ∗t ]

Using scaling (Proposition 1.1), we can see that γ∗ is (a time change of) SLEκ.

Here we are using Itô’s formula on a function Φt(·) that is random but adapated to the Brownian
motion. The results (??) and (??) show that these are C1 in t and hence the usual proof of
Itô’s formula is valid. We will often write quantitites such as Φ̇t(Ut); this denotes the function
Φ̇t(z) evaluated at the point z = Ut. The time derivative is not taken on the (in fact, not even
differentiable) function Ut.

The following is an immediate corollary since b = 0 if κ = 6.
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Theorem 9 (Locality for SLE6). Suppose γ is an SLE6 in H and T is defined as above. Then the
distribution of γT is the same as the distribution of SLE6 from 0 to ∞ in D stopped at the first
visit to K.

The two distributions are clearly different after time T since SLE6 in D “bounces off” K which
SLE6 in H does not see K.

This is somewhat analogous to a reflected Brownian motion in a domain D. Such a Brownian
motion does not “see” the boundary ∂D until it hits it, that is, the distribution of the path
before the hitting time is the same whether or not the boundary is there. For other values of κ,
the SLEκ does feel the boundary before reaching it.

The discrete model that satisfies the locality property is the percolation exploration process and
this is why κ = 6 is the natural choice for the scaling limit.

5.3 The fundamental local martingale

In the section we will do one of the early fundamental calculations about SLE. It was first done
when the restriction property was conjectured for SLE8/3; more precisely, it was conjectured that
the scaling limit of self-avoiding walks would be a probability measure on simple curves and that
the restriction propertry, which held trivially on the discrete level, would also hold for this process.
So it was asked which valuse of κ give a process that satisfies restriction. If it did it could be shown
that there must be a β such that the probability that SLEκ does not hit K is Φ′(0)β. Using the
conformal Markov property for SLEκ that would imply that Mt = Φ′(Ut)

β was a martingale.
Using this as motivation, we will consider for all κ what happens when one tilts by Φ′(Ut)

β.
This is not always a local martingale but by choosing an approriate value of β we can also find
the compensator to make this a martingale. Recall the exponents b, c defined above. The next
proposition is an exercise in Itô’s formula using the deterministic identity (40).

Proposition 5.1. Suppose D is as above and gt satisfies (35) where Ut is a standard Brownian
motion. Let

Mt = Φ′t(Ut)
b exp

{
−ac

12

∫ t

0
SΦs(Us) ds

}
, t < T,

where b is the boundary scaling exponent, c is the central charge, and S denotes the Schwarzian
derivative

Sf(z) =
f ′′′(z)

f ′(z)
− 3f ′′(z)2

2f ′(z)2
.

Then Mt is a local martingale for t < T satisfying

dMt = b
Φ′′t (Ut)

Φ′t(Ut)
Mt dUt. (42)

Proof. This is a straightforward calculation. Let ψt(z) = Φ′t(z)
β. Then, using (40) we see that

ψ̇t(Ut) = β ψt(Ut)
Φ̇′t(Ut)

Φt(Ut)
= β ψt(Ut)

[
aΦ′′t (Ut)

2

4 Φ′t(Ut)
2
− 2aΦ′′′t (Ut)

3Φ′t(Ut)

]
,
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ψ′t(z) = β ψt(z)
Φ′′t (z)

Φ′t(z)
,

ψ′′t (z) = β ψt(z)

[
(β − 1)

Φ′′t (z)
2

Φ′t(z)
2

+
Φ′′′t (z)

Φ′t(z)

]
,

Therefore, Itô’s formula gives

dΦ′t(Ut)
β = β Φ′t(Ut)

β

([
a+ 2β − 2

4

Φ′′t (Ut)
2

Φ′t(Ut)
2

+
3− 4a

6

Φ′′′t (Ut)

Φ′t(Ut)

]
dt+

Φ′′t (Ut)

Φ′t(Ut)
dUt

)
.

The term inside the square brackets can be written as

3− 4a

6
SΦt(Ut) +

2β + 1− 3a

4

Φ′′t (Ut)
2

Φ′t(Ut)
2
.

If we choose β = b = (3a− 1)/2, then the second term vanishes and we have

dΦ′t(Ut)
b = Φ′t(Ut)

b

[
b

3− 4a

6
SΦt(Ut) dt+ b

Φ′′t (Ut)

Φ′t(Ut)
dUt

]
= Φ′t(Ut)

b

[
ac

12
SΦt(Ut) dt+ b

Φ′′t (Ut)

Φ′t(Ut)
dUt

]
.

Given this, the computation for dMt follows from the product rule.

One surprise that comes from the calculation is that choosing β = b not only makes the com-
pensator term nicer, it also gives the equation (42) which tells us what the drift will be if we tilt
by Mt and use the Girsanov theorem.

Proposition 5.2. Under the assumptions of the previous theorem, if γ is an SLEκ with driving
function Ut = −Bt, and if we tilt by the local martingale Mt, t < T , then

dUt = b
Φ′′t (Ut)

Φ′t(Ut)
dt+ dWt,

where Wt is a standard Brownian motion in the new measure. In particular, in the new measure,
γ is SLEκ in D stopped at time T .

Proof. The equation for dUt follows immediately from the Girsanov theorem and the last comment
follows by comparison with (8).

The proof of Proposition 5.1 was a straightforward, if a bit tedious, calculation. We will give
a more geometric and probabilistic interpretation to the compenstor term in the martingale. We
start by recalling theh relationship among SΦ, half-plane capacity and “Brownian bubbles”. If
D = H \ K is a subdomain of H (not necessarily simply connected) with dist(0,H \ D) > 0, we
define

Γ(0, D) = hcap[−1/K] = lim
y↓0

y−1 Eiy [Im(−1/Bτ )] ,

where Bt is a standard complex Brownian motion, τD is the first exit time from D. Recall that
Im(−1/z) = HH(z, 0) where H denotes π times the Poisson kernel. This can be interpreted as the
measure of Brownian bubbles at 0 in H that do not stay in D. We recall (??).
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• Suppose D is a simply connected subdomain of H with dist(0, ∂D) > 0. Let Φ : D → H be a
conformal transformation with Φ(0) = 0. Let D′ = {−1/z : z ∈ D} and K ′ = H \D′. Then

Γ(0, D) = hcap(K ′) = −1

6
SΦ(0).

We can write the martingale in terms of the Brownian loop measure discussed in Section ??.
By (??), we can see that

a

∫ t

0
Γ(Ut, Dt) ds = Λ(H;H \D, γt),

where the right-hand side is the Brownian loop measure of loops in H that intersect both H \ D
and γt. This representation focuses on the first point of the curve γ hit by a loop. (The factor a
is there because we have parametrized our curve so that the capacity grows at rate a.) For this
reason, we will write our local martingale as

Mt = Φ′t(Ut)
b exp

{c

2
Λ(H;H \D, γt)

}
, t < T,

where T is the first time that γ hits K. One advantage of this representation is that looks the same
for all parametrizations of the SLE curve. This local martingale is valid for all κ > 0, but for κ ≤ 4
it is a martingale.

Theorem 10. Suppose 0 < κ ≤ 4 and D = H\K is a simply connected domain with K bounded and
dist(0,K) > 0. Let ΦD : D → H be the conformal transformation with ΦD(z) = z + o(1), z → ∞.
Let γ denote an SLEκ curve from 0 to ∞ in H. Let

M∞ = exp
{c

2
Λ(H;K, γ)

}
1{γ ∩K = ∅}.

Then,
E[M∞] = Φ′D(0)b.

Moreover, if Q denotes the probability measure

dQ

dP
=
M∞
M0

=
M∞

Φ′D(0)b
,

then with respect to Q, γ has the distribution of SLEκ from 0 to ∞ in D.

Proof. We first make a remark about SLEκ in D. Let η̃ denote an SLEκ from 0 to ∞ in H and
η = Φ−1

D ◦ η. Then η has the distribution of chordal SLEκ from 0 to infinity in D. It follows
from Corollary 4.2 that with probability one, dist(η,K) > 0 and ηt →∞ as t→∞. In particular,
Γ(H;K, η) <∞.

We now prove the theorem. Recall that Φ′t(Ut) denotes the probability that a Brownian excur-
sion from Ut to infinity in H stays in the domain Dt. In particular, 0 < Φ′t(Ut) ≤ 1. If c ≤ 0 and
b > 0 (that is, if 0 < κ ≤ 8/3), then Mt is a bounded local martingale. However, for 8/3 < κ ≤ 4,
we have c > 0 and hence Mt is not uniformly bounded. However, even if this case, we can find a
sequence of stopping times Tn with Tn ↑ T such that Mt∧Tn is bounded. For example, we could
choose

Tn = n ∧ inf{t : Mt ≥ n or dist(γt,H \D) ≤ 1/n}.



5 SLE in a smaller domain 38

For each n, there is a probability measure Qn on paths γt, 0 ≤ t ≤ Tn given by

dQn =
MTn

M0
dP.

Using the Girsanov theorem and (42), we see that if

Wt = Ut −
∫ t

0
b

Φ′′s(Us)

Φ′s(Us)
ds,

Then Wt, 0 ≤ t ≤ Tn is a standard Brownian motion with respect to the measure Qn. In other
words,

dUt = b [log Φt(Ut)]
′ dt+ dWt.

Note that Tn does not appear in this equation so we can consider Q as a measure on paths γ(s), 0 ≤
s < T satisfying the above SDE. This is exactly the equation one gets in Proposition 8. This shows
that up to time Tn, the Q-distribution of γ is that of SLEκ in D. But, as we remarked in the
first paragraph of this proof, with probability one in this new measure, the path stays a positivie
distance away from K and goes to infinity. When this happens, we see that Mn →M∞ where M∞
is as above.

To be a bit more precise, the martingale convergence theorem tells us that with P-probability
one, the limit MT− exists. Also, we see that Mt is tight with respect to the measure Q; indeed we
have Mt ≤ 1 for κ ≤ 8/3. For 8/3 < κ ≤ 4 with c > 0, we have with Q-probability one T =∞ and

Mt ≤ exp
{c

2
Λ(H;K, γ)

}
.

Therefore with Q-probability one the limit M̃∞ = limt→∞Mt exists. We will have M̃∞ = M∞ as
above provided that Φ′(Ut) → 1. Since we know we have convergence and exp

{
c
2Λ(H;K, γt)

}
is

increasing in t, it suffices to show that lim sup Φ′(Ut) = 1 and we can do a deterministic estimate
taking a conveninent increasing sequence of stopping times, e.g., the first time that curve reaches
the circle of radius R.

Theorem 11. (Restriction property) Under the assumptions of the previous theorem, the only value
of κ ≤ 4 such that SLEκ from 0 to ∞ in D is the same as SLEκ from 0 to ∞ conditioned to avoid
K is κ = 8/3. If γ is an SLE8/3 path, then

P{γ ∩K 6= ∅} = Φ′D(0)5/8.

For κ ≤ 4 with κ 6= 8/3, there is simple formula for P{γ ∩K 6= ∅}. This is the primary reason
that SLE8/3 is the conjectured scaling limit for self-avoiding walks.

Here are the ideas of stochastic calculus used in the last proof.

Suppose Xt satisfies
dXt = mt dt+ dBt,
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where Bt is a standard Brownian motion and mt is adapted. Suppose Ψt is a positive function
and T is a stopping time such that for t < T ,

dΨt = Ψt [At dBt +Rt dt] .

Then the measure Q obtained by “tilting by Ψ” will mean the measure obtained by tilting by
the local martingale

Mt = Ψt exp

{
−
∫ t

0

Rs ds

}
which satisfies

dMt = AtMt dBt.

If T is not given explicitly, we let T = limε↓0 Tε where

Tε = min{t : Mt ≤ ε or Mt ≥ 1/ε}.

By the Girsanov theorem,
dBt = At dt+ dWt, t < T,

where Wt is a standard Brownian motion with respect to Q. In particular,

dXt = [mt +At] dt+ dWt, t < T

The martingale convergence theorem implies that with P-probability 1, the limit

MT = lim
t↑T

Mt,

exists. If we also have tightness in the measure Q, that is, if M∗ = suptMt,

lim
ε↓0

Q{Tε <∞} = 0,

then we also have that convergence to M∞ with probability one with respect to Q and

M∞ =
dQ

dP
.

5.4 The chordal partition function (in simply connected domains)

The term partition function in statistical mechanics is ofteen used for the total mass of the measure
for some weight on discrete models. It often depeends on a parameter such as inverse time and
perhaps the lattice spacing. We will use the term here for the total mass of a nonprobabilty measure;
in some cases it is conjected to be the normalized limit of a lattice partition function. We will define
it for all κ but the meaning will be clearest for κ ≤ 4 as we will see in the next subsection. For now
we will define it only for simply connected domains, and some smoothness assumptions are needed
on the boundary. We start with the assumptions.

Definition Suppose (D, z, w) ∈ Qsc.

• If w 6=∞, and ∂D is locally analytic in neighborhoods of z, w, then (D, z, w) ∈ Qa.
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• If D ⊂ H, H \ D is bounded, and ∂D is locally analytic in a neighborhood of z, then
(D, z,∞) ∈ Qa.

Definition Suppose 0 < κ ≤ 4 and (D, z, w) ∈ Qa. We define the SLEκ partition function by

• If w 6=∞, then
Ψ(D; z, w) = HD(z, w)b, (43)

where HD(z, w) denotes the Poisson kernel normalized so that HH(0, x) = x−2

• If w =∞ and ΦD : D → H is the conformal transformation with ΦD(ζ) = ζ+o(1) as ζ →∞,
then

Ψ(D; z,∞) = Ψκ(D; z,∞) = |Φ′D(z)|b.

We make some remarks.

• Although Ψ(D; z,∞), depends on κ, we will usually write them without the κ.

• It may seem to be a waste of notation to use a letter Ψ to denote the right-hand side of (43).
However, when we extend the definition of Ψ(D; z, w) to multiply connected domains we will
see that (43) does not hold.

• If D1 ⊂ D and D1, D agree in neighborhoods of z, w, then

HD1|D(z, w) :=
HD1(z, w)

HD(z, w)

gives the probability that a Brownian excursion from z to w in D does not hit D \D1. Hence
it is possible to define

Ψ(D1 | D; z, w) :=
Ψ(D1; z, w)

Ψ(D; z, w)
=

[
HD1(z, w)

HD(z, w)

]b
(44)

even if D ∈ Qsc \ Qa (again, assuming that D,D1 agree in neighborhoods of z, w).

• If (D, z,w), (D1.z1, w1) ∈ Qa and f : D → D1 is a conformal transformation with f(z) =
z1, f(w) = w1, then

Ψ(D; z, w) = |f ′(z)|b |f ′(w)|b Ψ(D1; z1, w1). (45)

If w,w1 6= ∞, this follows from the corresponding scaling property of the boundary Poisson
kernel. Although the map f is not unique, the product |f ′(z)| |f ′(w)| does not depend on
the choice. One can choose a unique f by requiring that |f ′(w)| = 1; for this particular,
choice we get Ψ(D; z, w) = |f ′(z)|b Ψ(D1; z1, w1). This formula also holds, if either or both of
w,w1 equal infinity provided we choose the correct analogue of the derivative. It is easiest to
choose the unique f such that “|f ′(w)| = 1”. If w = w1 =∞, then this becomes the familiar
condition

f(ζ) = ζ +O(1), ζ →∞.
If w 6=∞, w1 =∞ and n denotes the normal derivative at w, the condition becomes

f(w + εn) =
i

ε
+O(1),

and if w = ∞, w1 6= ∞, we get a similar condition on f−1. We will write (45) with this
understanding about derivatives at infinity.
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• For example if f(z) = z/(1− z), which is the Möbius transformation of H with f(0) = 0 and

f(1 + εi) =
i

ε
,

then f ′(0) = 1 and

1 = HH(0, 1)b = ΨH(0, 1) = |f ′(0)|b ΨH(0,∞) = ΨH(0,∞).

We will see an interpretation of the partition function as a total mass of a measure in the next
subsection. Even when this interpretation is not available, one can use the partition function as
a way to write the (local) martingale used to tilt paths to go from one type of SLEκ to another
SLEκ. The case we have seen is comparing SLEκ from 0 to ∞ in D to that in H. The local
martingale Mt can be written as

Mt = Ct
Ψ(Dt; γ(t),∞)

Ψ(H; γ(t),∞)
, (46)

where Ct is C1 in t. In other word,

• Different versions of SLEκ (with the same κ) tend to be “locally absolutely con-
tinuous”. One type of SLEκ is obtained from another type by tilting locally by
the ratio of the partition functions.

Sometimes a compensator Ct will be needed but not always.

5.5 The SLEκ measure for κ ≤ 4

While the partition function is defined for all κ, we will see that for κ ≤ 4 it can be used to
redefine SLEκ as a nonprobablity measure whose total mass is given by the partiition function.
For this section we will assume that 0 < κ ≤ 4, and as before we will write µ#

D(z, w) for the
probability measure associated to chordal SLEκ in D from z to w with the curves parametrized by
the Minkowski content (naturally). This assumes that (D, z, w) ∈ Qsc. If z, w are nice boundary
points, then it is convenient to consider a nonprobability measure on paths. We first define nice.

Definition Suppose 0 < κ ≤ 4 and (D, z, w) ∈ Qa. The SLEκ measure µD(z, w) is defined by

µD(z, w) = µD,κ(z, w) = Ψ(D, z,w)µ#
D(z, w).

We make some remarks.

• As in the previous subsection, it is possible to define the ratio

µD1(z, w)[V ]

µD(z, w)[V ]
,

even if the two measures µD1(z, w), µD(z, w) are not well defined. Indeed,

µD1|D(z, w) :=
µD1(z, w)[V ]

µD(z, w)[V ]
=
µ#
D1

(z, w)[V ]

µ#
D(z, w)[V ]

Ψ(D1; z, w)

Ψ(D; z, w)
, (47)

where the right-hand side makes sense using (44).
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• If (D, z,w), (D1.z1, w1) ∈ Qa and f : D → D1 is a conformal transformation with f(z) =
z1, f(w) = w1,

f ◦ µD(z, w) = |f ′(z)|b |f ′(w)|b µf(D)(f(z), f(w)),

where the derivatives are interpreted as above.

We now restate the results of the last section in terms of the measures µD(z, w). As a slight
abuse of notation, we will write γ ⊂ D to mean that the curve lies in D except perhaps the
endpoints. For example, since κ ≤ 4, the measure µD(z, w) is carried on curves γ with {γ ⊂ D}.

Theorem 12. Suppose 0 < κ ≤ 4, (D, z,w) ∈ Qa and D′ ⊂ D is a simply connected domain that
agrees with D in neighborhoods of z, w. Then µD′(z, w)� µD(z, w) with

dµD′(z, w)

dµD(z, w)
(γ) = 1{γ ⊂ D′} exp

{c

2
Λ(D; γ,D \D′)

}
.

In particular, if κ = 8/3,
dµD′(z, w)

dµD(z, w)
(γ) = 1{γ ⊂ D′}.

The last part of the theorem is the most succinct way of stating the restriction property for
SLE8/3: if D′ ⊂ D, then µD′(z, w) is the restriction of µD(z, w) to curves that lie in D′.

We now return to the martingale in the previous section. Suppose that D = H \K is a simply
connected domain with K bounded and dist(0,K) > 0. We can write the martingale as

Mt = Φ′t(Ut)
b exp

{c

2
Λ(H; γt,K)

}
, t < T.

As before, we write P for the original probability measure and Q for the measure obtained by tilting
by Mt. Since κ ≤ 4, we know that with Q-probability one, dist(γ∞,K)0. and Λ(H; γ∞,K) < ∞.
In particular, with P-probability one

lim
t↑T

Mt = 0,

on the event {T <∞}. For this reason we can write

Mt = Φ′t(Ut)
b exp

{c

2
Λ(H; γt,K)

}
1{γt ⊂ D},

and stop the martingale at time T knowing that Mt∧T is a continuous martingale. Since time
changes of martingale are martingales (under suitable conditions), it does not matter how we
parametrize γt. Let us assume that γ has the natural parametrization so that, in particular, the
parametrization is the same whether we consider γ as an SLE path in H or an SLE in D. Note
that if t < T , then

Φt, (Ut)
b = Ψ(Dt;Ut,∞) =

Ψ(Dt;Ut,∞)

Ψ(H, Ut,∞)
=

Ψ(D \ γt; γ(t),∞)

Ψ(H \ γt; γ(t),∞)
.

The numerator and the denominator of the expression on the right do not technically make sense,
but the ratio is well defined by (44). Formally, we can write

Ψ(D \ γt; γ(t),∞)

Ψ(H \ γt; γ(t),∞)
=
|g′t(γ(t))|b |g′t(∞)|b Ψ(Dt;Ut;∞)

|g′t(γ(t))|b |g′t(∞)|b Ψ(H;Ut.∞)
= Ψ(Dt;Ut,∞),

if we are willing to cancel the |g′t(γ(t))|b even though this derivative does not exist. We will reiterate
this as a proposition, replacing (H, D) with a more general (D,D1).
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Proposition 5.3. Suppose (D, z, w) ∈ Qa and D1 is a simply connected subdomain of D that
agrees with D in neighborhoods of z, w. Suppose S is a stopping time and µD1(z, w), µD(z, w) are
viewed as measures on the stopped paths γ(t), 0 ≤ t ≤ S. Then

dµD1|D(z, w)

dµD(z, w)
(γS) = Ψ[D1 \ γS | D \ γS ; γ(S), w] exp

{c

2
Λ(D; γS , D \D1)

}
1{γS ⊂ D1}.

This proposition does not care how the curves were originally parametrized since it refers to
the stopping time S. The assumption (D, z, w) ∈ Qa can be replaced with (D, z, w) ∈ Qsc provided
that we interpret the left-hand side as in (47).

Proposition 5.4. Suppose (D, z, w), (D1, z, w1) ∈ Qa with D1 ⊂ D and such that D and D1 agree
in neighborhoods of z, w. Suppose S is a stopping time and µD1(z, w1), µD(z, w) are viewed as
measures on the stopped paths γ(t), 0 ≤ t ≤ S. Then

dµD1(z, w1)

dµD(z, w)
(γS) =

ΨD1\γS (γ(S), w1)

ΨD\γS (γ(S), w)
exp

{c

2
Λ(D; γS , D \D1)

}
1{γS ⊂ D1}.

5.6 SLE in H connecting two real points

In this subsection we will view SLEκ in H from 0 to x > 0 as SLEκ from 0 to ∞ weighted by the
partition function. Here we will take any κ > 0 and let T = inf{t > 0 : γ(t) ∈ [x,∞)}. For t < T ,
we let Ht be the unbounded component of H \ γt and we consider the local martingale

Mt =
ΨHt(γ(t), x)

ΨHt(γ(t),∞)
, t < T

which is in the form similar to (46). It may not be obvious that this is a local martingale and
no compensator is needed, or even that it is well defined. To justify this, we first do the formal
calculation

ΨHt(γ(t), x)

ΨHt(γ(t),∞)
=
|g′t(γ(t))|b g′t(x)b ΨHt(Ut, gt(x))

|g′t(γ(t))|b g′t(∞) ΨH(Ut,∞)
= g′t(x)bX−2b

t = g′t(x)bX1−3a
t ,

where Xt = gt(x)− Ut. This shows that Mt is well defined and this allows us to use Itô’s formula
to show it is a local martingale.

Proposition 5.5. If Mt = g′t(x)bX1−3a
t , then Mt is a local martingale for t < T satisfying

dMt =
1− 3a

Xt
Mt dBt, t < T.

Proof. Itô’s formula and (7) give

dX1−3a
t = X1−3a

t

[
1− 3a

Xt
dXt +

3a(3a− 1)

2X2
t

dt

]
= X1−3a

t

[
ab

X2
t

dt+
1− 3a

Xt
dBt

]

∂tg
′
t(x)b = − ab

X2
t

dt,

and hence the proposition follows from the product rule.
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If we use the Girsanov theorem to tilt by Mt, we see that

dBt =
1− 3a

Xt
dt+ dWt, dXt =

1− 2a

Xt
dt+ dWt, (48)

where Wt is a standard Brownian motion in the new measure. We emphasize that this description
is valid only up to time T . Although we will not prove it now, we explain what this means in the
three regimes. When we talk about “time” we mean in the usual capacity parametrization such
that hcap[γt] = at.

• 0 < κ ≤ 4, a ≥ 1/2. This process stops in finite time and γ(T ) = x. The amount of time to
reach x is finite.

• 4 < κ < 8, 1/4 < a < 1/2. The process stops in finite time but γ “overshoots” x, γ(T ) > x.

• κ ≥ 8, a ≤ 1/4. Here the process survives for infinite time. This can be understood in the
plane filling nature of the path. By the time SLEκ going to x reaches x it has to visit all
other points in the plane and hence has infinite capacity.

We summarize as follows.

Theorem 13. Suppose 0 < κ < 8 and x > 0. There are three different ways to construct SLEκ
from 0 to x in H up to time T = Tx.

1. The conformal image of SLEκ in H from 0 to x under the transformation Φ−1 where

Φ(z) =
xz

z − x
.

2. The solution of the Loewner equation (1) where Xt := gt(x)− Ut satisfies

dXt = − 2b

Xt
dt+ dBt =

1− 3a

Xt
dt+ dBt,

and Bt is a Brownian motion. Equivalently, Ut satisfies

dUt =
2a− 1

Xt
dt− dBt.

3. Take SLEκ from 0 to ∞ in H and tilt by HH(0, Xt)
b.

Proof. Note that Φ is the conformal transformation of H onto H with Φ(0) = 0,Φ(∞) = −x,Φ(x) =
∞. Let F = Φ−1. Let γ be an SLEκ path from 0 to ∞ and as in Section ??, let γ∗(t) = F (γ(t)).
As before, for t < T , let g∗t be the conformal transformation of the unbounded component of H\γ∗t
satisfying g∗t (z) = z + o(1), z →∞, and let Ft = g∗t ◦ F ◦ g−1

t , U∗t = Ft(Ut). Then, Itô’s formula as
in (41) shows that

dU∗t = −b F ′′t (Ut) dt+ F ′t(Ut) dUt.

If we reparametrize, setting γ̂(t) = γ∗(σ(t)) so that hcap[γ̂t] = at, then we get

dÛt = −b
F ′′σ(t)(Ûσ(t))

F ′σ(t)(Ûσ(t))2
dt+ dWt = b

Φ̂′′t (Ût)

Φ̂′t(Ût)
dt+ dWt,
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where Φ̂t = F−1
σ(t) andWt is a standard Brownian motion. Note that Φ̂t is a conformal transformation

of H with Φt(ĝt(x)) = ∞ where ĝt = g∗σ(t). There is a two-parameter family of such maps, but for
each one,

Φ̂′′t (Ût)

Φ̂′t(Ût)
=

2

ĝt(x)− Ût
.

If we let Xt = ĝt(x)− Ût, then we get

dXt = − 2b

Xt
dt+ dBt,

where Bt = −Wt. The upshot of this is that if we let gt be the solution of the Loewner equation
(1) with Ut satisfying

dUt =
2b

Xt
dt− dBt =

3a− 1

Xt
dt− dBt,

for a standard Brownian motion, then the distribution is the same as the image of SLEκ in H
from 0 to ∞ under F . In other words, this gives the distribution of SLEκ from 0 to x up to time
T = inf{t : Xt = 0}. To see that this is the same as tilting by Mt, see (48).

This shows the equivalence of the first two definitions and the third follows from HH(0, x) = x−2

and Itô’s formula which shows that

dX−2b
t = X−2b

t

[
− 2b

Xt
dBt +

2b(2b+ 1)

2X2
t

dt

]
.

6 Radial SLE

Chordal SLEκ is a measure on curves connecting two boundary points of a domain. Radial SLEκ
is a similar construction, but in this case connecting a boundary point to an interior point. There
are several ways to construct the measure. We will start with the original definition in terms of a
process from the boundary of the unit disk to the origin and then we will give another construction
that shows that radial and chordal SLE are locally absolutely continuous. Recall the discussion of
the radial Loewner equation in Section ??.

Definition If κ = 2/a > 0, then radial SLEκ is the solution to the Loewner equation

ġt(z) = 2a gt(z)
e2iUt + gt(z)

e2iUt − gt(z)
, (49)

where Ut = −Bt is a standard Brownian motion.

There exists a curve γ : (0,∞)→ D with γ(0+) = e2iUt such if Dt is the connected component
of γ \ γt containing the origin, then gt is the unique conformal transformation of Dt on D with
g′t(0) = 0, g′t(0) > 0. The curve has been parametrized so the g′t(0) = e2at. An equivalent (up to
time change) definition, and the original one due to Schramm, is parametrize the curve so that
g′t(0) = et and then to let gt be the solution of

ġt(z) = gt(z)
wt + gt(z)

wt − gt(z)
,
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where wt is a Brownian motion on the unit circle with variance parameter κ. We will use (49).
Recall that if ht is defined by

gt(e
2iz) = exp {2iht(z)} ,

then h satisfies the equation
ḣt(z) = a cot(ht(z)− Ut),

that is, if Xt = Xt(z) = ht(z)− Ut, then Xt satisfies the radial Bessel equation

dXt = a cotXt dt+ dBt. (50)

Note that if θ ∈ R, then

ḣ′t(θ) = − a h′t(θ)

sin2(ht(θ)− Ut)
, h′t(θ) = exp

{
−a
∫ t

0

ds

sin2(ht(θ)− Ut)

}
,

and since |g′t(e2iθ)| = h′t(θ),

|g′t(e2iθ)| = exp

{
−a
∫ t

0

ds

sin2(hs(θ)− Us)

}
. (51)

In Section 5.6, two SLEκ paths in H with different boundary “target points” were compared.
The measures on paths were locally absolutely continuous and could be described using a local
martingale obtained by the ratio of the partition functions. We will do the same thing here with
one of the target points being an interior point. Along the way we will have to determine the radial
partition function.

Suppose that U0 = 0 and let w0 = e2iθ0 with 0 < θ0 < π. We will compare radial SLEκ from 0 to
∞ with chordal SLEκ from 0 to w0. Suppose γ is chordal SLEκ from 0 to w0 and we parametrized
the curve using a radial parametrization with respect to 0. In other words we parametrize so that
the conformal radius at time t of D \γt with respect to the origin is e−2at. Let Dt be the connected
component of D \ γt containing the origin and ĝt the unique conformal transformation of Dt onto
D with ĝt(0) = 0 and define Θt by ĝt(w0) = e2iΘt . Let T be the first time t that γt disconnects w0

from the oirign We have seen in (12) that Θt satisfies

dΘt = (1− 2a) cot Θt dt+ dWt, t < T

where Wt is a standard Brownian motion. However, if it were radial SLE, we see from (50) that is
should satisfy

dΘt = a cot Θt dt+ dBt. (52)

To get from one to the other, we use the Girsanov theorem. We want to get a drift of (1−3a) cot Θt

and this leads us to tilt by sin3a−1 Θt. We omit the proof of the next proposition which is an exercise
in Itô’s formula. It uses another scaling exponent so we will define it first.

Definition The interior scaling exponent b̃ is defined by

b̃ =
1− a

2a
b =

κ− 2

4
b.
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Proposition 6.1. If

Mt = e2ab̂t exp

{
ab

∫ t

0

ds

sin2 Θs

}
[sin Θt]

3a−1 = e2ab̂t |g′t(w0)|−b [sin Θt]
3a−1, (53)

where b̂ = b(κ− 4)/2 is the interior scaling exponent, then Mt is a local martingale satisfying

dMt = [cot Θt]
3a−1Mt dBt.

Proof. The first equality is an exercise in Itô’s formula which we omit. The second follows from
(51).

We can think of this proposition as the computation of the interior exponent b̃; it is the unique
number such that Mt as defined in (53) is a local martingale.

Girsanov’s theorem now shows that radial SLEκ can be obtained from chordal SLEκ up to a
stopping time by tilting by Mt.

Definition Suppose D is a simply connected domain, z a locally analytic point on ∂D; and ζ ∈ D.
The radial partition function Ψ(D; z, ζ) is defined by Ψ(D; 1, 0) = 1 and the scaling rule: if
f : D → f(D) is a conformal transformation,

ΨD(z, ζ) = Ψ(D; z, ζ) = |f ′(z)|b |f ′(ζ)|b̃ Ψ(f(D); f(z), f(ζ)).

We will give another interpretation which helps understand how to view this local martingale.
Recall that the partition function for chordal SLEκ from 1 to w0 is HD(1, w0)b which (see Section
??) is a constant times [sin θ]−2b = sin1−3a θ. Hence we can write

Mt

M0
=
|g′t(0)|b̃ ΨD(1, w0)

|g′t(w0)|b ΨD(1, wt)
=

ΨDt(γ(t), 0)

ΨDt(γ(t), w0)
.

Proposition 6.2. Suppose γ is a chordal SLEκ curve with distribution µ#
D (1, w) where w =

e2iΘ0 , 0 < Θ0 < π. Let ε > 0 and let T be a stopping time such that dist(0, γt) ≥ ε and w is
on the boundary of the connected component of D \ γT containing the origin. Then radial SLEκ
from 1 to 0 is D, viewed as a measure on paths γ(t), 0 ≤ t ≤ T , is absolutely continuous with respect

to µ#
D (1, w) with Radon-Nikodym derivative

MT

M0
= |g′t(0)|b̃ |g′t(w)|−b ΨD(1, w)

ΨD(1, e2iΘT )
= e2ab̂T exp

{
ab

∫ T

0

ds

sin2 Θs

} [
sin ΘT

sin Θ0

]3a−1

.

Recalling that a = 1/3, b = b̂ = 0 for κ = 6, we get the following corollary.

Corollary 6.3. Let T be the first time t that w is not on the boundary of the connected component
of D\Dt containing the origin. Then the distribution of chordal SLE6 and radial SLE6 up to time
T is the same.
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After time T the distributions are different because chordal SLE6 goes toward w while radial
SLE6 goes toward the origin.

For κ > 4, we can compare radial SLE to chordal SLE only up to the point that the curve
separates the boundary target point from the origin. However, at this time, we can choose a new
boundary point in the domain DT and compare to that, stopping when the curve close the new
point. Alternatively, we can go until we almost separate the boundary point from the interior
point and at that time change to a new target point. The key point is that the path is absolutely
continuous with respect to some chordal SLEκ path and almost sure facts about chordal paths also
hold for radial paths. For example, radial SLEκ paths have fractal dimension d = 1 + κ

8 and can
be parametrized naturally (by d-dimensional Minkowski content). The following can be proved but
we omit the proofs.

Proposition 6.4.

1. The radial Green’s function

GD(ζ; 1, 0) = lim
r↓0

rd−2 P{dist(ζ, γ) ≤ r}

exists for ζ ∈ D \ {0}. Moreover, ∫
D
GD(ζ; 1, 0) dA(ζ) <∞.

2. With probability one, the path is continuous at the origin.

Definition For κ ≤ 4, we define the radial SLEκ measure µD(z, w) where z ∈ ∂D,w ∈ D, by

µD(z, w) = ΨD(z, w)µ#
D(z, w).

Here ΨD(z, w) is the radial partition function as above and µ#
D(z, w) is the corresponding probability

measure. Then we can write

f ◦ µ#
D(z, w) = |f ′(z)|b |f ′(w)|b̂ µf(D)(f(z), f(w)),

f ◦ µD(z, w) = µ#
f(D)(f(z), f(w)),

where the first relation requires that the boundaries be nice at z, f(z).

6.1 Fundamental local martingale and radial restriction

We are going to consider the fundamental local martingale and the restriction property for radial
SLEκ. While this could be done directly using stochastic calculus we will take a short cut that
allows us to use the local martingales that we have already defined.

Suppose D = D\K is a simply connected subdomain of the unit disk including the origin, with
dist(1,K) > 0. Let Φ = ΦD : D → D be the conformal transformation with Φ(0) = 0,Φ′(0) > 0.
Let γ(t) be a radial SLEκ path from 1 to 0 in D and let T = inf{t : dist(γ(t),K) = 0}. It will not
be important for use the exact parametrization; it can be by capacity or by Minkowski content.
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Let Dt = gt(D). Let γ∗(t) = Φ(γ(t)) and Φt = g∗t ◦ Φ ◦ g−1
t . Note that Φt : Dt → D is the unique

conformal transformation with Φt(0) = 0,Φ′t(0) > 0.
As in the chordal case, we will consider the ratio of partition functions,

ΨD\γt(γ(t), 0)

ΨD\γt(γ(t), 0)
=
|g′t(γt)|b |g′t(0)|b̃ ΨDt(zt, 0)

|g′t(γt)|b |g′t(0)|b̃ΨD(zt, 0)
= ΨDt(zt, 0) = |Φ′t(zt)|b Φ′t(0)b̃.

where zt = gt(γ(t)). We can also, at least for small t, take another boundary point w0, let wt =
gt(w0) and write

ΨD\γt(γ(t), 0)

ΨD\γt(γ(t), 0)
= NtRt Ñt,

where

Nt =
ΨD\γt(γ(t), 0)

ΨD\γt(γ(t), wt)
, Rt =

ΨD\γt(γ(t), wt)

ΨD\γt(γ(t), wt)
, Ñt =

ΨD\γt(γ(t), wt)

ΨD\γt(γ(t), 0)
.

We then do a series of tilting starting with the probability measure for radial SLEκ from 1 to
0 in D.

• In this measure, Ñt is a local martingale, and if we tilt by this we get chordal SLEκ from 1
to w0.

• If we are in the new measure, and

M̃t = 1{γt ⊂ D} exp
{c

2
λD(γt,K)

}
,

, then M̃t is a local martingale in the new measure and tilting by M̃t gives a new measure
that is chordal SLEκ from 1 to w in D.

• Finally in this newer measure, Nt is a local martingale, and tilting by Nt yields SLEκ from
1 to 0 in D.

Combining this we see that if

Mt = Nt M̃t Ñt = {γt ⊂ D} exp
{c

2
λD(γt,K)

}
|Φ′t(zt)|b Φ′t(0

b̃,

then Mt is a local martingale and tilting by Mt gives SLEκ in D from 1 to 0. We summarize here.
We state the theorem for radial SLEκ from 1 to 0 in D but it clearly applies to other domains by
conformal invariance. We have stated the proposition so that the parametrization of the curve is
not important.

Proposition 6.5. . Suppose D is a simply connected subdomain of D with 0 ∈ D and dist(1,D \
D) > 0. Let γ(t) be a radial SLEκ path from 1 to 0 and let T be the first time that γ hits D \D.
Let Dt = gt(D), zt = gt(γ(t)), and let Φt denote the conformal transformation of Dt onto D with
Φt(0) = 0,Φ′t(0) > 0. Then,

Mt = {γt ⊂ D} exp
{c

2
λD(γt,K)

}
|Φ′t(zt)|b Φ′t(0)b̃,

is a local martingale for t < T . If one tilts by Mt, then in the new measure γ(t), 0 ≤ t < T is an
SLEκ from 1 to 0 in D.

If κ ≤ 4, then T =∞ in the new measure and

E[M∞] = E
[
{γt ⊂ D} exp

{c

2
λD(γ,K)

}]
= Φ′0(0)b̃ Φ′0(1)b.
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7 Computing an expectation

Here we use stochastic calculus to compute an expectation for chordal SLE with κ < 8.

Theorem 14. If κ < 8, 0 < x < y, λ ≥ −(a− 1
2)2/2a, and γ denotes an SLEκ path from 0 to ∞

in H, then

E

[(
HH\γ(x, y)

HH(x, y)

)λ
;HH\γ(x,y) > 0

]
=

Γ(2a) Γ(4a+ 2r − 1)

Γ(2r + 2a) Γ(4a− 1)
(x/y)r F (2r, 1− 2a, 2r + 2a;x/y),

where

r =
1

2
− a+

√(
a− 1

2

)2

+ 2λa,

is the larger root of the equation r(r− 1) + 2ar− 2aλ = 0 and F = 2F1 denotes the hypergeometric
function.

An important case is λ = b = (3a− 1)/2 for which r = a and

E

[(
HH\γ(x, y)

HH(x, y)

)b
;HH\γ(x,y) > 0

]
=

Γ(2a) Γ(6a− 1)

Γ(4a) Γ(4a− 1)
(x/y)a F (2a, 1− 2a, 4a;x/y).

It is instructive to see what happens as κ→ 0, that is, as a→∞. In this case, if u = a− 1
2 ,

r = −u+ u

√
1 +

2λ(u+ 1
2 )

u2
= λ+ o(1).

As κ→ 0, we expect that H \ γ has a “limit” of D, the northeast quadrant, since γ has a limit
of the imaginary axis. Using conformal invariance, one can see that

HD(x, 1) ∼ xHH(x, 1), x ↓ 0.

Proof. Note that HH\γ(x, y)/HH(x, y) denotes the probability that a Brownian excursion from x to
y in H stays in H \ γ. Scaling shows that its distribution depends only on the ratio x/y so without
loss of generality, we will assume that y = 1. We will use

r + a ≥ 1

2
.

Let Xt = gt(x) − Ut, Yt = gt(1) − Ut. Let Kt = Kt(x, 1) be the probability that a Brownian
excursion from x to 1 in H stays in H \ γt, that is,

Kt(x, y) =
HH\γt(x, y)

HH(x, y)
= (y − x)2HH\γt(x, y) = K0(x, y)

g′t(x) g′t(y)

(Yt −Xt)2
.
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We need to compute φ(x) = φλ,κ(x) = E
[
Kλ
∞;K∞ > 0

]
.

The Loewner equations give

d[logXt] =
a− 1

2

X2
t

+
1

Xt
dBt, ∂tg

′
t(x)λ = −aλg

′
t(x)

X2
t

,

and similarly for Yt. If Qt = Xt/Yt, Lt = logQt, we have

dLt =

[
a− 1

2

X2
t

−
a− 1

2

Y 2
t

]
dt+

Yt −Xt

XtYt
dBt.

=
a− 1

2

Y 2
t

1−Q2
t

Q2
t

dt+
1

Yt

1−Qt
Qt

dBt

=
a− 1

2

Y 2
t

[
1−Qt
Qt

]2 1 +Qt
1−Qt

dt+
1

Yt

1−Qt
Qt

dBt,

and,

∂tK
λ
t = aλKt

[
2

XtYt
− 1

X2
t

− 1

Y 2
t

]
= −aλ(1−Qt)2

Y 2
t Q

2
t

.

This suggests a time change. Let X̂t = Xs(t), and Ŷt, Q̂t, L̂t similarly where

ṡ(t) =

[
Q̂t Ŷt

1− Q̂t

]2

.

Then K̂λ
t = e−aλt and

dL̂t = (a− 1

2
)

1 + Q̂t

1− Q̂t
dt+ dWt,

for a standard Brownian motion Wt. Since Q̂t = eL̂t , Itô’s formula gives

dQ̂t = Q̂t

[
dL̂t +

1

2
dt

]
= Q̂t

[
[(a− 1

2
)
1 + Q̂t

1− Q̂t
+

1

2
] dt+ dWt

]

= Q̂t

[(
a+

(2a− 1)Q̂t

1− Q̂t

)
dt+ dWt

]
We now use standard methods. Note that

M̂t := E
[
K̂λ
∞ 1{K̂∞ > 0} | γσ(t)

]
= K̂λ

t 1{K̂t >∞}φ(Q̂t).

The left-hand side is a martingale and hence the dt term on the right-hand side must vanish giving
the differential equation

x2 φ′′(x) + 2x

(
a+

(2a− 1)x

1− x

)
φ′(x)− 2aλφ(x) = 0. (54)
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To solve this equation, we first consider only the largest order terms near the origin in (54) to get
the equation

x2f ′′ + 2axf ′ − 2aλf = 0. (55)

Since r(r − 1) + 2ar − 2aλ = 0, we see that xr is a solution to (55). This observation leads us to
try solutions of the form φ(x) = xr h(x) for (54). Since

φ′(x) = xr h′(x) + rxr−1h(x),

φ′′(x) = xr h′′(x) + 2rxr−1h′(x) + r(r − 1)xr−2 h(x),

we can plug in to get

h′′(x) + 2

[
r + a

x
+

2a− 1

1− x

]
h′(x)− r(2− 4a)

x(1− x)
h(x) = 0,

x(1− x)h′′(x) + [2(r + a)− (2r − 2a+ 2)x]h′(x)− 2r(1− 2a)h(x) = 0.

This is a hypergeometric equation with α = 2r, β = 1 − 2a, γ = 2r + 2a. Note that γ − α − β =
4a− 1 > 0. One solution to this equation is F (x) := F (2r, 1− 2a, 2r + 2a;x). Two important fact
about this function (which use γ > α+ β) are the following.

• As x ↑ 1,

F (1) = lim
x↑1

F (x) =
Γ(γ) Γ(γ − (α+ β))

Γ(γ − α) Γ(γ − β)
=

Γ(2r + 2a),Γ(4a− 1)

Γ(2a) Γ(2r + 4a− 1)
.

See [Lebedev, (9.3.1)].

• There exists u < 1 such that as x ↑ 1,

F ′(x) = O((1− x)−u).

If γ > β > 0, this follows from the integral representation [Lebedev, (9.14)]

F (z) =
Γ(γ)

Γ(β) Γ(γ − β)

∫ 1

0
tβ−1 (1− t)γ−β−1 (1− tx)−α dx.

For other values, of (α, β, γ) with γ 6∈ {0,−1,−2, . . .} and γ > α+ β it can be deduced using
the recursion formula [Lebedev, (9.1.6)]

γ(γ + 1)F (α, β, γ;x) = γ(γ − α+ 1)F (α, β + 1; γ2);x)

+α[γ − (γ − β)x]F (α+ 1, β + 1, γ + 2;x).

At this point, we step back and define φ(x) = xr F (x)/F (1) and our goal is to show that
φ(x) = E[Kλ

∞;K∞ > 0]. We know that φ is C2 on (0, 1); is continuous on [0, 1]; Also, as x→ 0,

[log φ(x)]′ =
r

x
+O(1), [log φ(1− x)]′ = O((1− x)−u),

for some u < 1. It is also true that φ(x) > 0 for all 0 < x ≤ 1; we will use this fact now but we will
show later how this could actually be deduced separately. Let τ = inf{t : Kt = 0}. Itô’s formula
shows that φ(Qt)K

λ
t is a local martingale for 0 ≤ t < τ .
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Let us do another time change so that Rt = Q̂σ(t) satisfies

dRt =

(
a

Rt
+

2a− 1

1−Rt

)
dt+ dBt,

for a standard Brownian motion Bt. The usual chain rule implies that

Kσ(t) = exp

{
−a
∫ t

0

ds

R2
s

}
.

Then, Mt := Kλ
σ(t) φ(Rt) is a local martingale for 0 < t < T where T = inf{t : Rt ∈ {0, 1}}. It

satisfies

dMt =
φ′(Rt)

φ(Rt)
Mt dWt, 0 ≤ t < T.

If we use Girsnaov and tilt by the local martingale Mt, then

dBt =
φ′(Rt)

φ(Rt)
dt+ dB∗t

where B∗t is a Brownian motion in the new measure. In other words,

dRt =

(
a+ r

Rt
+

2a− 1

1−Rt
+ δ(Rt)

)
dt+ dB∗t ,

where
δ(x) = O(1), δ(1− x) = O((1− x)−u) x ↓ 0.

Since a+ r ≥ 1
2 , then solutions to this equation never reach the origin and since a > 1/4 they reach

1 in finite time so that K∞ = Kσ(T ) > 0. Hence Mt is actually a martingale and

φ(x) = Ex[M0] = Ex[M∞] = Ex[φ(1)Kλ
∞;K∞ > 0].

This assumed that φ > 0 on (0, 1] which could be derived from facts about hypergeometric
functions. If we do not want to use this fact, we can first note that it is immediate that φ(x) > 0
for 0 < x ≤ δ. Suppose y were the smallest positive number with φ(y) = 0. Then we could do the
same argument with T = inf{t : Rt ∈ {0, y}}. Then we would have

φ(x) = Ex
[
φ(RT )Kλ

σ(T )

]
= 0,

which would be a contradiction since in the tilted measure Kσ(T ) > 0.

Suppose Xt satisfies

dXt =

(
1

2Xt
− r
)
dt+ dBt,

where r is a constant. Then Xt never reaches the origin. One way to see this is to write

dXt =
1

2Xt
dt+ dWt,

where Wt is a Brownian motion with drift. But on every compact time interval B and W are
absolutely continuous.
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7.1 Multiple SLE paths

We will define the measure on n-tuples of SLEκ, κ ≤ 4 paths connecting different boundary points
in a domain D. The measure will lie of paths that do not intersect, but the measure is more
complicated then just restricting to paths that are noninterecting.

It will be useful to set up notation. We will write

z = (z1, . . . , zn), w = (w1, . . . , wn)

for 2n distinct points on ∂D, and we write

γ = (γ1, . . . , γn)

for an n-tuple of curves with γj connecting zj to wj in D. We let I(γ) be the indicator function
that the curves are nonintersecting, that is, γj ∩ γk = ∅ for j 6= k. We define the measure

µD(z,w) = ΨD(z,w)µ#
D(z,w)

to be the measure absolutely continuous with respect to the product measure d[µD(z1, w1)× · · · ×
µD(zn, wn)] with Radon-Nikodym derivative

dµD(z,w)

d[µD(z1, w1)× · · · × µD(zn, wn)]
(γ) = I(γ) exp

c

2

n∑
j=2

Λ(D; γj , γ1 ∪ · · · ∪ γj−1)

 .

This formulation assume that D is locally analytic at the points zj , wj ; however, the right-hand
side does not require any smoothness. In particular, we have

ΨD(z,w)∏n
j=1 ΨD(zj , wj)

= E

I(γ) exp

c

2

n∑
j=2

Λ(D; γj , γ1 ∪ · · · ∪ γj−1)


 ,

where the expectation on the right is with respect to the product measure µ#
D(z1, w1) × · · · ×

µ#
D(zn, wn). The left-hand side is a conformal invariant and the measures satisfy the scaling rules

f ◦ µD(z,w) = |f(z)|b |f ′(w)|b µf(D)(f(z), f(w)), f ◦ µ#
D(z,w) = µ#

f(D)(f(z), f(w)),

where f ′(z) is shorthand for f ′(z1) · · · f ′(zn).

Proposition 7.1. Let µ̂ denote the marginal distribution on γ1 in µD(z,w). Then

dµ̂

µD(z1, w1)
(γ1) = ΨD\γ1(ẑ, ŵ).

Moreover, given γ1, the conditional distribution on γ̂ is that of µ#
D\γ1(ẑ, ŵ). Here

ẑ = (z2, . . . , zn), ŵ = (w2, . . . , wn), γ̂ = (γ2, . . . , γn).
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The set D \ γ1 has two components, but we can define µD\γ1(ẑ, ŵ) in the obvious way.
We will compute a crossing exponent. Let RL denote the rectangle

RL = {x+ iy : 0 < x < L, 0 < y < π}.

Using conformal invariance, we can see that

HRL(iy, L+ iy′) � e−L (sin y) (sin y).

We define the crossing exponents ξn = ξn,κ by ξ1 = b and the relation

ξn+1 = b+ ξn + rξn = b+ ξn +
1

2
− a+

√(
a− 1

2

)2

+ 2aξn.

A simple induction argument shows that

ξn =
an2 + (2a− 1)n

2
= bn+

an(n− 1)

2
= bn+

n(n− 1)

κ
.

The following proposition can be derived from Theorem 14.

Proposition 7.2. For every n, there exists C = Cn <∞ such that if

z = (iy1, iy2, . . . , iyn), w = (L+ iỹ1, . . . , L+ iỹn),

with y0 = 0 < y1 < · · · < yn < yn+1 = π, ỹ0 = 0 < ỹ1 < · · · < h̃n < ỹn+1 = π, then for all L ≥ 1,

ΨRL(z,w) ≤ C e−ξnL.

Moreover, for every ε > 0, there exists cε > 0 such that if yj − yj−1 ≥ ε and ỹj − ỹj−1 ≥ ε for
j = 1, 2, . . . , n− 1, then fpr L ≥ 1,

ΨRL(z,w) ≥ cε e−ξnL.

The last inequality can be written as

ΨRL(z,w) � e−ζnL
n∏
j=1

ΨRL(zj , wj), ζn =
an(n− 1)

2
=
n(n− 1)

κ
.

8 Reverse SLEκ chains

Here we derive some of the facts about the reverse Loewner chains including the important estimate
to establish the existence of the SLEκ curve for κ 6= 8.

We will consider a solution to the reverse Loewner flow

∂tht(z) = − a

ht(z)− Ut
, (56)

where Ut = −Bt is a standard Brownian motion. We will call such solutions reverse SLEκ chains.
For each t, ht : H→ ht(H) is a conformal transformation with

ht(z) = z − at

z
+O(|z|−2), z →∞.

It is related to the usual (forward) SLEκ with maps gt and driving function Vt as follows.
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Proposition 8.1. For fixed t > 0, the distribution of ht is the same as the distribution of the
function f̂t defined by

f̂t(z) = g−1
t (z + Vt)− Vt.

In particular, f̂ ′t and ĥ′ have the same distribution.

Proof. For fixed t, the maps hs, 0 ≤ s ≤ t, are exactly the reverse flow for the forward maps
g̃s, 0 ≤ s ≤ t where g̃ has driving function Ṽs = Ut−s. We let gt be the corresponding maps with
driving function Vs = Ṽs − Ṽ0 = Ut−s − Ut.

The proposition shows that for a fixed t, h′t and f̂ ′t has the same distribution. However, it is not

true that that the joint distribution (h′s, h
′
t) is the same as (f̂ ′s, f̂

′
t).

The properties of reverse SLEκ chains are similar but not identical to those of the forward flow.
We start with the scaling relation whose proof is identical.

Proposition 8.2. Suppose ht is a reverse SLEκ chain and r > 0.

• If h̃t(z) = r−1hr2t(rz), then h̃t is a reverse SLEκ chain.

• The distribution of h′r2t(rz) is the same as that of h′t(z).

Proof.

∂th̃t(z) =
ar

ht2(rz)− Ut2
=

a

h̃t(z)− Ũt
,

where Ũt = r−1 Ur2t is a standard Brownian motion. This gives the first assertion and the second
follows from h̃′t(z) = h′r2t(rz).

As in the forward case, if z ∈ H, we let Zt = Zt(z) = ht(z)− Ut which in this case satisfies

dZt = − a

Zt
dt+ dBt.

If Zt = Xt + iYt, then

dXt = − aXt

X2
t + Y 2

t

dt+ dBt, ∂tYt =
a Yt

X2
t + Y 2

t

.

Note that the imaginary part increases, so this is valid for all times. Since

∂tY
2
t =

2aY 2
t

X2
t + Y 2

t

≤ 2a,

we get
Y 2
t ≤ 2at+ Im(z).
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By differentiating (56) with respect to z, and then taking real parts, we see that

∂t log |h′t(z)| = Re

[
a

Z2
t

]
=
a (X2

t − Y 2
t )

(X2
t + Y 2

t )2
.

We will do a change of time in which log Yt grows linearly. Let σ(t) = inf{s : Ys = eat}, and let
X̂t = Xσ(t), etc. Then

a Yσ(t) = ∂t Yσ(t) =
a Yσ(t)

X2
σ(t) + Y 2

σ(t)

σ̇(t).

which implies
σ̇(t) = X̂2

t + e2at.

dX̂t = −aX̂t dt+

√
X̂2
t + e2at dWt.

Define Kt by X̂t = eatKt and let Lt =
√
K2
t + 1. Then

σ̇(t) = e2at L2
t ,

dKt = e−at dX̂t − aKt dt = −2aKt dt+ Lt dWt.

∂t log |ĥ′(z)| = a (X̂2
t − Ŷ 2

t )

X̂2
t + Ŷ 2

t

= a
(
1− 2L−2

t

)
.

We do a change of variables using the following easy Itô’s formula calculation.

Lemma 8.3. If Jt satisfies

dJt = −
(

1

2
+ 2a

)
tanh Jt dt+ dWt,

where Wt is a standard Brownian motion, and Kt = sinh Jt, Lt = cosh Jt, then

dKt = −2aKt dt+ Lt dWt,

dLt =

[
Lt
2
−
(

1

2
+ 2a

)
K2
t

Lt

]
dt+Kt dWt.

This gives us another way to construct the Loewner flow starting at z. For ease, let us assume
Im(z) = 1, so that σ(0) = 0. Let Wt be a standard Brownian motion, and define Jt,Kt, Lt as
above. We define

σ(t) =

∫ t

0
σ̇(s) ds =

∫ t

0
eas L2

s ds.

τ = σ−1, Ys = eaτ(s), Xs = Kτ(s) Ys.

As the analogue of log |ĥ′(z)| we can just define

∆t = exp

{
a

∫ t

0

(
1− 2L−2

s

)
ds

}
= exp

{
a

∫ t

0
(2 tanh2 Js − 1) ds

}
.

This gives a one parameter family of martingales.
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Proposition 8.4. If r ∈ R and

λ = r

(
1 +

1

2a

)
− r2

4a
, ζ = λ− r

2a
, (57)

then
Mt := ∆λ

t [cosh Jt]
r eaζt,

is a martingale satisfying
dMt = r [tanh Jt]Mt dWt. (58)

We can also write the martingale in the other parametrization.

Nt = Mτ(t) = |h′t(i)|λ Y
ζ
t

[
Yt√

X2
t + Y 2

t

]−r
= |h′t(i)|λ Y

ζ
t [sin Θt]

−r,

where Θt = argZt.

Proof. Showing that Mt is a local martingale satisfying (58) is a straightforward exercise using

∂t∆
λ
t = aλ [2 tanh2 Jt − 1] ∆λ

t , ∂te
aζt = aζ eaζt,

dLrt = dLrt

[
r

Lt
dLt +

r(r − 1)

2L2
t

d〈L〉t
]

= dLrt

[(
[
r(r − 1)

2
− r

2
− 2ar] tanh2 Jt +

r

2

)
dt+ r tanh Jt dWt

]
To see that it is actually a martingale, we consider the measure obtained by tilting by Mt. Note
that

dJt = −q tanh Jt dt+ dBt, q =
1

2
+ 2a− r,

where Bt is a Brownian motion in the new measure. This is well defined if we use stopping times,
but since | tanhx| ≤ 1, we can see from this equation that there is no blow-up or other bad behavior
in finite time with respect to the new measure, and hence it is actually a martingale.

Corollary 8.5. If r ≥ 0 and λ, ζ are defined as in (57), and z = i, then

E
[
|h′t(i)|λ Y

ζ
t

]
≤ 1. (59)

Proof.

E
[
|h′t(i)|λ Y

ζ
t

]
= E

[
∆λ
τ(t) Y

ζ
τ(t)

]
≤ E

[
∆λ
τ(t) e

atζ [cosh Jt]
r
]
≤ 1.

Lemma 8.6. If a 6= 1/4 (κ 6= 8), then we can find r satisfying

0 < r <
1

2
+ 2a, λ+ ζ > 2,

and
ζ > 0 if a > 1/4, and ζ < 0 if a < 1/4.
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Proof. Note that

λ′(r) = 1 +
1

2a
− r

2a
, ζ ′(r) = 1− r

2a
.

• If a > 1/4, we use λ(1) + ζ(1) = 2, ζ(1) > 0, and

λ′(1) + ζ ′(1) = 2− 1

2a
> 0

to see that we can find r slightly larger than 1 with λ(r) + ζ(r) > 2 and ζ(r) > 0.

• If a < 1/4, we use λ(4a) + ζ(4a) = 2, ζ(4a) = 0, and

λ′(4a) + ζ ′(4a) =
1

2a
− 2 > 0

to see that we find r slightly larger than 4a with λ(r) + ζ(r) > 2. Since ζ ′(4a) = −1, we have
ζ(r) < 0.

Proposition 8.7. If κ 6= 8, then there exists δ > 0 such that that the following holds with probability
one for SLEκ. For every t0 < ∞ and all n sufficiently large, if t = k2−2n is a dyadic time with
t ≤ t0, then

|f ′t(Ut + i2−n)| ≤ 2(1−δ)n.

Proof. By scaling it suffices to prove the result for t0 = 1. By the Borel-Cantelli lemma it suffices
to find δ, ε > 0, C <∞ such that for all n sufficiently large and all t ≤ 1,

P
{
|f ′t(Ut + i2−n)| ≥ 2(1−δ)n

}
≤ C 2−(2+ε)n,

and by Proposition 8.1 this is equivalent to

P
{
|h′t(i2−n)| ≥ 2(1−δ)n

}
≤ C 2−(2+ε)n.

By scaling (see Proposition 8.2), this will follow if we show for all t sufficiently large,

P
{
|h′t2(i)| ≥ t1−δ

}
≤ t−(2+ε).

We choose r, λ, ζ as in the previous lemma and use (59). Recall that Yt2 ≤
√

2at2 + 1 ≤ ct (for
t ≥ 1 say). The Koebe 1/4-theorem implies that image under ht2 of the disk of radius 1 about i
has radius at least |h′t2(i)|/4; hence Yt2 ≥ |h′t2(i)|/4. If a ≥ 1/4, ζ > 0 and hence

E
[
|h′t2(i)|λ+ζ

]
≤ 4ζ E

[
|h′t2(i)|λ Y ζ

t2

]
≤ 4ζ , if ζ ≥ 0.

If a < 1/4, ζ < 0 and Yt2 ≤ t for t large enough, hence for t large enough

E
[
|h′t2(i)|λ+ζ ; |h′t2(i)| ≥ t1−δ

]
≤ t−δζ E

[
|h′t2(i)|λ Y ζ

t2

]
≤ t−δζ .
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Combining these estimates, we see there exists a C <∞ such that

P
{
|h′t2(i)| ≥ t1−δ

}
≤ C t−v, v = (1− δ)(λ+ ζ) + δ(0 ∧ ζ).

We now choose δ sufficiently small so that (1− δ)(λ+ ζ) + δ (0 ∧ ζ) = 2 + 2ε with ε > 0. Then for
all t sufficiently large

P
{
|h′t2(i)| ≥ t1−δ

}
≤ t−(2+ε).

Proposition 8.8. If κ 6= 8, then there exists δ > 0 such that that the following holds with probability
one for SLEκ. For every t0 <∞ and all y sufficiently small

max
0≤t≤t0

|f ′t(Ut + iy)| ≤ yδ−1.

Proof. By scaling, it suffices to prove this for t0 = 1. Using the distortion estimate, it suffices to
establish this for dyadic y = 2−n. Let

In = max
{
|f ′t(Ut + i2−2n)| : t = k2−2n, k = 0, 1, . . . , 22n

}
.

I∗n = max
{
|f ′t(Ut + i2−2n)| : 0 ≤ t ≤ 1

}
.

If t = k2−2n ≤ s ≤ t+ 2−2n, then distortion estimates imply that

|f ′s(Us + i2−n)| ≤ c [2n|Ut − Us|+ 1]4 |f ′s(Ut + i2−n)|.

By the inverse Loewner equation (see Lemma ??), we have

|f ′s(Ut + i2−n)| ≤ c |f ′t(Ut + i2−n)|.

Using the modulus of continuity for Brownian motion we know that for n sufficiently large

|Ut − Us| ≤ C
√
n 2−n.

Combining this with the distortion theorem we can see that for all n sufficiently large

I∗n ≤ C n2 In.

Hence the result follows from the previous proposition.

9 Two-point estimate

An important, but technically a bit tricky, estimate used to establish fractal properties of an SLE
curve is the two-point estimate for the Green’s function and related probabilities. We state a version
here. Throughout this section we assume that κ < 8 and allow all constants to depend on κ. Let
γ denote an SLEκ path from 0 to infinity in H.

If z ∈ H let
ξzr = min{t : |γ(t)− z| = e−r Im(z)}.
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Theorem 15. There exists c such that the following is true. If w, z ∈ H, then for all r, s ≥ 0,

P{ξzr <∞, ξws <∞} ≤ c e(d−2)(r+s)

(
|w − z|

Im(z) + Im(w)
∧ 1

)d−2

. (60)

By scaling, it suffices to prove this when Im(w) ≤ Im(z) = 1 and in this case the right-hand
side is comparable to

P{ξzr <∞}P{ξws <∞} |w − z|d−2.

In particular, if |w − z| � 1, then the events {ξzr < ∞} and {ξws < ∞} are “independent up to
a multiplicative constant”. This will allow second moments to be bounded. The hardest work is
needed to establish this when |w − z| � 1; we state this as a proposition.

Proposition 9.1. For every δ > 0, there exist c <∞, such that the following is true. If w, z ∈ H
with Im(w) ≤ Im(z) = 1 and |w − z| ≥ δ. then for all r, s ≥ 0,

P{ξzr <∞, ξws <∞} ≤ c e(d−2)(r+s).

Proof of Theorem 15 given Proposition 9.1. By scaling, we may assume that Im(w) < Im(z) ≤ 1
and define u by |w − z| = e−u−4. If u ≤ 0, then the result follows immediately from Proposition
9.1. If s ≤ u+ 4 then the right-hand side of (60) is greater than O(e(d−2)r) and hence (60) follows
from

P{ξzr <∞, ξws <∞} ≤ P{ξzr <∞} ≤ c e(d−2)r.

Similarly, if r ≤ u+ 4, the one-point estimate applied to ξws gives the result.
Hence without loss of generality we assume r, s ≥ u+ 4 ≥ 4. We then write

P{ξzr <∞, ξws <∞} = P{ξzu <∞}P{ξzr <∞, ξws <∞ | ξzu <∞}
≤ c e(d−2)u P{ξzr <∞, ξws <∞ | ξzu <∞}.

On the event {ξzu < ∞}, we consider the image under the map gξzu . Using distortion estimates
(details omitted) and Proposition 9.1, we get

P{ξzr <∞, ξws <∞ | ξzu <∞} ≤ c e(d−2)(r−u) e(d−2)(s−u),

and hence
P{ξzr <∞, ξws <∞} ≤ c e(d−2)r e(d−2)s e(2−d)u.

We will now discuss the proof of Proposition 9.1. This next lemma is important. We start with
some notation. Let w, z ∈ H. Let Ht denote the unbounded component of H\γt and assume that t
is a time with z, w ∈ Ht and |z − w|max{dist(w, ∂Ht), dist(z, ∂Ht)}. Let Bwt denote the open disk
of radius dist(w, γt) about w with boundary circle Cwt . There is a unique crosscut `wt of Ht that lies
in Cwt and such that z and w are in different components of Ht \ `wt . Let V w

t denote the connected
component of Ht \ `wt containing w, and note that z 6∈ V w

t . We define Bzt , `zt , V z
t analogously. A key

observation is that if γ(t) ∈ ∂V w
t , then the distance from γ to z cannot decrease without hitting

the crosscut `zt .
We will write

ξwr = inf{t : dist(w, γt) = e−r}
(this is slightly different than defined earlier). Note that if ξwr > 0, then `ξwr is the entire circle of
radius e−r about w (with a single endpoint γ(t)).
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Lemma 9.2. If 0 < κ < 8, there exist c <∞ such that the following holds. Suppose γ is an SLEκ
path from 0 to ∞ in H, |w − z| ≥ 1. Suppose ρ is a stopping time with w, z ∈ Hρ satisfying the
following:

• |γ(ρ)− w| = e−s = dist(γρ, w),

• dist(γρ, z) = e−r,

and let V denote the connected component of Hρ∩Bzr containing z. Let τr = inf{t ≥ ρ : γ(t) ∈ `zρ and

for positive integer j, let τr+j = inf{t ≥ ρ : |γ(t)−z| = e−(r+j)}. Let ρ̃j = inf{t ≥ τr+j : γ(t) ∈ `wτr+j}
Then,

P{ρ̃j <∞ | γρ} ≤ c e−β(r+s) e−(2−d)j , β =
4a− 1

4
.

With more work one can prove this result with β = (4a − 1)/2 but we will not need it so we
will just prove this proposition.

The basic idea of the proof is the following. If the SLE curve is near w and it has also gotten
near z then at one of the following is true: it will be unlikely starting near w to get closer to z,
or, if we succeed, then it will be unlikely to return close to w after we have gotten close to z.
Which of these is the case depends on the location of w and z. For example, if w is near the
origin and z is far away, then it is not difficult to get near z but returning to w is difficult. The
opposite is true if z is near the origin and w is far away.

Proof. Let g = gρ − Uρ and let ˆ̀w = g(`wρ ), ˆ̀z = g(`zρ). Note that ˆ̀w, ˆ̀z are disjoint crosscuts of H
with one of the endpoints of ˆ̀w being the origin. For ease we will assume that `z has at least one
endpoint on the positive real axis R+ (there is an identical argument if both endpoints are on the
negative axis). By conformal invariance and the Beurling estimate,

EH(ˆ̀w, ˆ̀z) = EHρ(`wρ , `zρ) ≤ c e−(r+s)/2.

The second inequality uses only the facts that Hρ is simply connected, its boundary intersects Cwr
and Czr , and |w − z| ≥ 1.

We split into four cases. In two of the cases we will show that

P{τr <∞ | γρ} ≤ c e−β(r+s), (61)

It then follows from the interior estimate that

P{ρ̃j <∞ | γρ} ≤ P{τr <∞ | γρ}P{τr+j <∞ | τr <∞} ≤ c e−β(r+s) e−(2−d)j .

In the other two cases, we will show that

P{ρ̃j <∞ | τr+j <∞} ≤ c e−β(r+s). (62)

It then follows from the interior estimate that

P{ρ̃j <∞ | γρ} ≤ P{τr+j <∞ | γρ}P{ρ̃j <∞ | τr+j <∞} ≤ c e−(2−d)j e−β(r+s).
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• Case I: ˆ̀z is in the bounded component of H \ ˆ̀w. In this case ˆ̀w separates ˆ̀z from R− and

EH(ˆ̀z,R−) ≤ EH(ˆ̀w, ˆ̀z) ≤ c e−(r+s)/2.

Hence from the boundary estimate, we get (61).

• Case II: ˆ̀w is in the bounded component of H \ ˆ̀z; let us denote this component by U .
Assume τr+j < ∞, let H̃ = Hτr+j . We assume w ∈ H̃; otherwise, the result is trivial. Let

V be the component of U ∩ H̃ containing w; V is clearly bounded. Let ˜̀ denote the unique
crosscut of H̃ contained in ˆ̀z that is also contained in ∂V . If j = 0, then γ(τr) is an endpoint
of ˜̀. If j > 0, then γ(τr) is not on the boundary of V . In either case, we see that ˜̀ separates
`wτr+j and the probability that the SLE hits `wτr+j after time τr+j is bounded above by

EH̃(`wτr+j ,
˜̀) ≤ EHρ(`wρ , `zρ) ≤ e−(r+s)/2.

Hence, using the boundary exponent, we get (62).

For the remaining cases we assume implicitly that neither I nor II holds. Let φz = diam(ˆ̀z)/diam(ˆ̀w),
δ = dist(ˆ̀w, ˆ̀z)/diam(ˆ̀w). If δ ≤ 1∧φz, then EH(ˆ̀w, ˆ̀z) ≥ c which is impossible for r+s sufficiently
large. Hence we may assume that δ ≥ 1 ∧ φz.

• Case III: Neither I nor II and φz ≤ 1. If δ ≤ 2, then

EH(ˆ̀w, ˆ̀z) ≥ c EH(R−, ˆ̀z).

If δ ≥ 2, then

EH(R−, ˆ̀z) � φz/δ, EH(ˆ̀w, ˆ̀z) � φz
δ2
.

Then
EH(ˆ̀w, ˆ̀z) ≥ c (φz/δ)

2 � EH(R−, ˆ̀z)2.

Therefore, by the boundary estimate, (61) holds.

• Case IV: Neither I nor II and φz > 1. Note that EH(ˆ̀w, ˆ̀z) ≥ c/δ2 and hence there exists
c1 such that

δ ≥ 2c1 e
(r+s)/4.

Let C be the half-circle of radius c1e
(r+s)/4 about the origin and let η = g−1(C). Then η is a

crosscut of Hρ with

EHρ(`wρ , η) = EH(ˆ̀w, C) � e(r+s)/4.

Let τ = τr+j and let H̃ = Hτ . Let U be the component of H̃ \ η that contains w (if w 6∈ H̃,
the result is trivial). There is a unique crosscut l of H̃ that is a subset of η and is contained
in ∂U . Note that l disconnects w from `zρ and that

EH̃(`wτ , l) ≤ EHρ(`wρ , η) ≤ e(r+s)/4.

Using the boundary exponent, we see that the probability that γ[τ,∞) hits `wτ isO(e(4a−1)(r+s)/4)
and hence (62) holds.
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Proof of Theorem 15. We will consider paths that go to w first and then z; the same argument
works for paths that get to z first and then w. We will consider “excursions” between points near
w and near z.

Let ρs,r = ξws ∨ ξzr . We will be considering the case where s, r are positive integers (this clearly
suffices for our result). We think of ρs,r as first stopping at time ξws , and then, if necessary,
continuing until time ξzr . Using this viewpoint, on the event {ρs,r <∞} define the finite sequence
j = (j1, . . . , jm),k = (k1, . . . , km) by the following,

• Each integer is strictly positive except perhaps km which can equal zero.

• km = 0 if and only if ξzr < ξws .

• j1 + · · ·+ jm = s, k1 + · · ·+ km = r

• For q = 1, . . . ,m− 1,
ξwj1+···+jq < ξz(k1+···+kq)∧r < ξwj1+···+jq+1,

ξzk1+···+kq−1
< ξwj1+···+jq < ξzk1+···+kq−1+1,

We can now write

P{ξws ∨ ξzr <∞; ξw1 < ξz1} =
∞∑
m=1

∑
j=(j1,...,jm),k=(k1,...,km)

P{ξws ∨ ξzr <∞; j,k}

where the sum is over all finite sequences j = (j1, . . . , jm),k = (k1, . . . , km) of nonnegative integers
all of which are positive except perhaps km.

Using the proposition, we can see that there exist c, β such that for a given m, j,k,

e(2−d)(r+s)P{ξws ∨ ξzr <∞; j,k} ≤ cm
m−1∏
i=1

exp {−β(j1 + · · ·+ ji + k1 + · · ·+ ki−1)} .

Let

Sm =
∑

cm
m−1∏
i=1

exp {−β(j1 + · · ·+ ji + k1 + · · ·+ ki−1)}

where the sum is over all finite sequences (j1, . . . , jm), (k1, . . . , km−1) of finite integers. By focusing
on the possible values of (j1, k1) = (j, k) we get the inequality

Sm+1 ≤ c
∞∑
j=1

∞∑
k=1

e−β(j+k)(m−1)Sm.

Using this, we see that for m sufficiently large Sm+1 ≤ Sm/2 and hence

∞∑
m=1

Sm <∞.
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10 Notes about fractal dimension

In this section we will prove some general facts about how to compute dimensions of random
subsets. Since we do not need to use planarity, we will state our results for Rd. Throughout this
section we will make the following assumption.

• There is a fixed compact K ⊂ Rd and V is a random compact subset of K such that with
probability one dist(V, ∂K) ≥ 1.

This may be more restrictive than one wants. If V is not bounded, we can use these results for
the intersection of V with compact sets. We fix 0 < α < d, set ζ = d − α and allow all constants
to depend implicitly on α, ζ, d,K. We will consider ways to rigorously state that “V has fractal
dimension α.”

Let V ε = {x : dist(x, V ) ≤ ε} denote the closed ε-“sausage” around V , and `(V ε) the Lebesgue
measure of V ε. The sets V ε increase with ε and V 1 ⊂ K. If V is α-dimensional, then we expect
that `(V ε) ≈ εd−α as ε → 0. The upper and lower box or Minkowski dimensions of V are defined
by

dimb(V ) = lim inf
ε↓0

log[ε−d`(Vε)]

log(1/ε)
≤ lim sup

ε↓0

log[ε−d`(Vε)]

log(1/ε)
= dimb(V )

If the liminf and limsup agree, we call the common value dimb(V ) the box or Minkowski dimension.
Note that we would get the same definition if we took the limit just along a geometric sequence,
{ρn} where 0 < ρ < 1.

The box dimension α is often defined by saying that if Nε is the minimum number of balls of

radius ε need to cover V , then Nε ≈ ε−α (with corresponding liminf and limsup versions). It is

a straightfoward exercise to check that this agrees with our definition.

To define the Hausdorff dimension, we start by defining

Hαε (V ) = inf

∞∑
j=1

[diam(Uj)]
α,

where the infimum is over all covers of V by sets U1, U2, . . . , with diam(Uj) ≤ ε. Since Hαε (V ) is
decreasing in ε, we can define the Hausdorff measure Hα(V ) = Hα0+(V ). The Hausdorff dimension
dimh(V ) is the unique α such that

Hβ(V ) =

{
0, β > α
∞, β < α.

This is well defined for all V .

The major difference between box and Hausdorff dimension is that the former uses cover by sets
of size ε while the latter uses covers by sets of size at most ε. The former is more natural for
numerical approximations and for comparison to lattice models, but the latter has the advantage
of being defined for all sets and producing a mathematically nicer object.
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It is not hard to see that dimh(V ) ≤ dimb(V ) but the inequality can be strict. We can give
upper bounds for Hausdorff dimension by estimating the box dimension. Lower bounds are trickier.
We will use the following fact that states that if a set supports an “α-dimensional measure”, then
it must be at least α-dimensional. If µ is a positive measure on Rd we define the β-energy by

Eβ(µ) =

∫ ∫
µ(dx)µ(dy)

|x− y|β
.

Proposition 10.1. Suppose V is a compact set and there exists a probability measure µ supported
on V with Eβ(µ) <∞, then dimh(V ) ≥ β.

For each 0 < ε ≤ 1, define

Iε(x) = ε−ζ 1V ε(x) = ε−ζ 1{dist(x, V ) ≤ ε},

and let µε be the (random) measure whose Radon-Nikodym derivative with respect to Lebesgue
measure is Iε. Let

Jε = µε(Rd) =

∫
K
Iε(x) dx = ε−ζ `(V ε).

Proposition 10.2. Suppose V is a random subset of a compact set K ⊂ Rd and 0 < ζ < d, α =
d− ζ. Suppose that there exist 0 < c1 < c2 <∞ and ε0 > 0 such that for all x, y and all 0 < ε < ε0,

E[Iε(x)] ≤ c2, E[Jε] ≥ c1, E[Iε(x) Iε(y)] ≤ c2 |x− y|−ζ . (63)

Then, there exists δ = δ(c1, c2,K, d, ζ) > 0 such that

δ ≤ P{dimh(V ) = α} ≤ P{dimb(V ) ≤ α} = 1.

Proof. Note that the first inequality in (63) implies that E[Jε] ≤ c2 `(K). Also, using the third
inequality,

E[J2
ε ] ≤ E

[(∫
K
Iε(x) dx

) (∫
K
Iε(y) dy

)]
=

∫
K

∫
K
E[Iε(x) Iε(y)] dy dx

≤ c2

∫
K

∫
K
|x− y|−ζ dy dz := c3 <∞.

For any nonnegative random variable X, we have

P
{
X ≥ E(X)

2

}
≥ (E[X])2

4E[X2]
.

Therefore, using the second inequality,

P
{
Jε ≥

c1

2

}
≥ c2

1

4c3
> 0. (64)
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If β < α, let

Eβ(µε) =

∫
K

∫
K

µε(dx)µε(dy)

|x− y|β
,

and note that the third inequality gives

E [Eβ(µε)] ≤ c2

∫
K

∫
K

dx dy

|x− y|ζ |x− y|β
:= Cβ <∞.

Therefore,

P
{
Eβ(µε) ≥

8c3Cβ
c2

1

}
≤ c2

1

8c3

Combining this with (64), we see that

P
{
µε(K) ≥ c1

2
, Eβ(µε) ≤

8c3Cβ
c2

1

}
≥ δ :=

c2
1

8c3
> 0. (65)

• Upper bound. Since E[J2−n ], is uniformly bounded, we can see from the Markov inequality
that

∞∑
n=1

P{J2−n ≥ n2} <∞,

and hence from the Borel-Cantelli lemma that with probability one for all n sufficiently large

2nd `(V 2−n) = 2nα J2−n ≤ n2 2nα.

• Lower bound. It suffices to show for every β < α, P{dimh(V ) ≥ β} ≥ δ. Let E = Eβ be
the event that for infinitely many n,

µε(K) ≥ c1

2
, Eβ(µε) ≤

8c3Cβ
c2

1

. (66)

Using (65), we see that P(E) ≥ δ. On the event E, find a subsequence that satisfies (66), and
then take a further subsequence that converges to a measure µ. Using compactness of K and
Fatou’s lemma we see that

µ(K) ≥ c1

2
, Eβ(µ) ≤

8c3Cβ
c2

1

,

and since µε is supported on V ε, we can see that µ is supported on V . Using Proposition
10.1, on the event E we have dimh(V ) ≥ β.

We let Sn denote the set of dyadic cubes of side length 2−n, that is, the set of closed cubes of
the form

S = [(k1 − 1)2−n, k12n]× · · · × [(kd − 1)2−n, kd2
n],

where k1, . . . , kd are integers. Let S = ∪nSn and

Jε(S) = µε(S) =

∫
S
Iε(x) dx.



10 Notes about fractal dimension 68

Definition We say that the Minkowski content exists if (63) hold, and with probability one, for
every S ∈ S, the limit

J(S) = lim
ε↓0

Jε(S) (67)

exists.

Lemma 10.3. Suppose the Minkowski content exists. If S ∈ Sm and n ≥ m, let Sn denote the
union of all squares in Sn that intersect ∂S. Then, with probability one, for all n sufficiently large,

J(Sn) ≤ 2−dm 2(m−n)/2. (68)

In particular, limn→∞ J(Sn) = 0.

Proof. Since E[J(Sn)] ≤ c `[J(Sn)] ≈ 2−dm 2m−n we have P{J(Sn) ≥ 2−dm 2(m−n)/2} ≤ c 2(m−n)/2,
and the result follows by Borel-Cantelli.

Proposition 10.4. Suppose that a random subset V satisfies the hypothesis of Proposition 10.2,
A sufficient condition for the existence of the limit (67) for S ∈ S is to show that for every ρ < 1
there exists u > 0 such that for all n sufficiently large,

E[(Yn+1 − Yn)2] ≤ n−(3+2u) where Yn = Jρn(S). (69)

The hard work in establishing the existence of Minkowski content is to show (69). In practice,
one often shows a stronger estimate, E[(Yn+1 − Yn)2] = O(e−βn) for some β = βρ > 0.

Proof. We fix S and write Jε = Jε(S). For a fixed ρ, (69) immediately shows that {Yn} is a Cauchy
sequence in L2, and hence there exists Y∞ = Y∞,ρ such that Yn → Y∞ in L2. Using Markov’s
inequality,

∞∑
n=1

P{(Yn+1 − Yn)2 ≥ n−(2+u)} <∞,

and hence with probability one |Yn+1 − Yn| ≤ n−(1+u
2

) for all n sufficiently large. On this event
Yn → Y∞.

We will choose ρk+1 =
√
ρk, that is ρk = 2−2−k . For fixed k, the condition (69) implies that

there exists a random variable Y∞ such that Yn → Y∞ in L2 and with probability one. Since
{ρnk : n ≥ 1} ⊂ {ρnk+1 : n ≥ 1}, we see that the limit Y∞ must be the same for all k. If

ρn+1
k ≤ ε ≤ ρnk , then

Jρn+1
k
≤ ρζk Jε ≤ ρ

2ζ
k Jρnk .

Using this and the uniform bound on E[J2
ε ], we see that Jε → Y∞ in L2 and with probability one.

If U is an open set, we can write U uniquely as

U =
⋃
S∈SU

S, (70)

where SU is the set of S ∈ S with S ⊂ U but whose “parent” cube is not contained in U . Note
that {int(S) : S ∈ SU} are disjoint
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Proposition 10.5. If the Minkowski content exists, then with probability one the measure µ =
limε↓0 µε exists. Moreover, if U is an open set written as in (70),

µ(U) =
∑
S∈SU

J(S). (71)

Proof. We will consider the event of probability one on which (67) and (68) holds for all S ∈ S.
By choosing S ∈ S containing K in its interior, we can see that with probability one, {µε} is a
collection of measures whose support is contained in S with µε(S) → J(S). Hence the collection
is precompact and every subsequence contains a convergent subsequence. To prove that the limit
exists, it suffices to show that every subsequential limit is the same. Since these are finite Borel
measures, it suffices to show that all subsequential limits agree on every open set U . Hence, it
suffices to show that any subsequential limit satisfies (71).

Let µ be a subsequential limit. We claim that µ(∂S) = 0 for all S ∈ S. To see this we use
Lemma 10.3. Suppose S ∈ Sm and let Sn be defined as in that lemma. Then for all n sufficiently
large, J(Sn) ≤ 2−dm 2(m−n)/2. If we now fix n (so that there are only a finite number of cubes from
Sn in Sn), we can see that there exists ε′ such that for ε < ε′, µε(S

′) = Jε(S
′) ≤ 2 · 2−dm 2(m−n)/2.

From this we conclude that µ(∂S) ≤ 2 · 2−dm 2(m−n)/2. If we now let n → ∞, we get µ(∂S) = 0.
With the claim, we now see that

µ(U) = µ

 ⋃
S∈SU

int(S)

 =
∑
S∈SU

µ(int(S)) =
∑
S∈SU

µ(S) =
∑
S∈SU

J(S).


