
Math 263, 2017; Problem set 6, due Thursday, May 11

Let X be a compact connected surface of genus g > 0.
1. Assume that X is orientable (the connected sum of g tori).

a Show that X can be given a structure of CW complex with
a single 0-cell (= vertex), 2g 1-cells (= edges), and one 2-cell.
Thus χ(X) = 2− 2g.

b Assume known thatH2(X) = Z. Deduce that the differential on
the cellular chains C∗(X) is zero, so that H1(X) is free Abelian
with 2g basis elements.

2. Assume that X is non-orientable (the connected sum of g projec-
tive planes).

a Show that X can be given a structure of CW complex with a
single 0-cell, g 1-cells, and one 2-cell. Thus χ(X) = 2− g.

b Assume known that H2(X) = 0 and H1(X) contains at least
one element of order 2. Deduce that H1(X) is the direct sum
of a copy of Z/2Z and a free Abelian group with g − 1 basis
elements.

For a graded vector space V = {Vn} with Vn = 0 for all but finitely
many n and with all Vn finite dimensional, define the Euler character-
istic χ(V ) to be

∑
(−1)ndim(Vn).

3. Let V ′, V , and V ′′ be such graded vector spaces and suppose there
is a long exact sequence

· · · −→ V ′n −→ Vn −→ V ′′n −→ V ′n−1 −→ · · · .
Prove that χ(V ) = χ(V ′) + χ(V ′′).

4. If {Vn, dn} is a chain complex over a field (with Vn = 0 for all but
finitely many n and with all Vn finite dimensional) show that

χ(V ) = χ(H∗(V )).

For a CW complex X and an Abelian group A, H∗(X;A) is defined
to be H∗(C∗(X)⊗ A).

5. Let X be a finite CW complex. Show that the Euler characteristic
of X (defined as the sum over i of (−1)i times the number of i-cells) is
the same as the Euler characteristic of H∗(X; k) for any field k.
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