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Preface

- This is the first of a series of papers devoted to thé study
~.of iterated loop spaces. Our goal is’to develop a simple and
coherent theory which encompasses most of the known results about
such spaces. We begin with some history and a description of thé
desiderata of such a tHeory.

First of all, we require a recognition principle for n-fold
loop spaces. That is, we wish to specify appropriate interﬁal
structure such that a space X possesses such structure if and
only if X 1is of the (weak) homotopy type of an n-fold loop
space. For the case n= 1, Stasheff's notion [28] of an A, space
is such a recognition principle. Beck [5] has given an elegant
proof of a recognition principle, but, in practice, his recogni-
tion principle appears to be unverifiable for a space that is not
given a priori as an n-fold loop space. In the casen =oco, a
very convenient recognition principle is given by Boardman and
Vogt's notion [8] of a homotopy everything space, and, in [71,
Boardman has stated a similar recognition principle for n<eco .

We shall prove a recognition principle for n«<eo in section
13 (it will first be stated in section 1) and for n =oo in section

14; the latter result agrees (up to language) with that of
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Boardman and Vogt, but our proof is completely different. By
generalizing the methéds of Beck, we are able to obtain immediate
non-iterative constructions of classifying spaces of all orders.
Our proof also yields very precise consistency and naturality
statements. In particular, a connected space X which satisfies
our recognition principle (say for n =o0) is not only weakly
homotopy equivalent to an infinite loop space B, X, where spaées
B; X with B, X = J}.Bi 4 1 X are explicitly constructed, but also
the given internal structure on X agrees under this equivalence
with the internal structure on B X derived from the existence of
the spaces Bi X. We shall have various other consistency state-
ments and our subsequent papers will showkthaé these statements
help to make the recognition principle not merely a statement as
" to the existence of certain cohomology theories, but, far more
important, an extremely effective tool for, the calculation of the
homology of the representing spaces.

An alternative recognition principle in the case n = o0 is
due to Segal [27] and Anderson [1, 2]. Their approach starts with
an appropriate topological category, rather than with internal
structure on a space, and appears neither to generalize to the
recognition of n-fold loop spaces, 1 <n<eo, nor to yield the
construction of homology operations, which are essential to the

most important presently known applications.

The second desideratum for a theory of iterated loop spaces

is a useable geometric approximation to {2"S"X and Q7S¥X=1im Q"S"X.

*
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In the case n = 1, this was first obtained by James [15]. For n<eo,

Milgram [22] obtained an ingenious, but quite intricate, approxi-

“mation for connected CW-complexes. In the case n =o0, such an

" approximation was first obtained by Dyer and Lashof [unpublished]

and later by Barratt [4], Quillen {unpublished], and Segal [27].
o We shall obtain simple functorial approximations to j1n5n><
for all n and all connected X in section 6 (a first statement

ig in éection 2). Our result shows»that the homotopy type of.ﬂfgn)(
is built up from the iterated smash products thj of X with -
itself and the classical configuration spaces F(RY; j) of j-tuples
of distinct poihts of R%. Moreover, in our theory the approxima-
tion theorem, together with guite easy categoriéal constructions
and some technical results concerning geometric realization of-
simplicial topological spaces, will directly imply the recognition
principle. This is in fact not surprising since ﬁ)nsnx and Sl“S“?(
are the free nffold and infinite loop spaces generated by X and
should play a central role in any complete theory of iterated loop
spaces.

The third, and pragmatically most important, requirement of a
satisfactory theory of iterated loop spaces is that it lead to a
simple development of homology operations. The third paper in
this series will study such operations on n-fold loop spaces,

n < @, and will contain descriptions of H*(QnSnX) for all n as
functors of H, (X). The second paper in the series will study
homology operations on Ee. spaces and infinite loop spaces and will
apply the present theory to the study of such spaces as

F, /0, BF, BTop, etc. It will be seen there that the precise
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geometry that allows the recognition principle to be applied to
these spaces is not only well adapted to the construction of
homology operations but can actually be used for their explicit
evaluation. Statementsof some of the results of these papers may
be found in [20].

Our basic definitional framework is developed in sections 1,
2, and 3. The notion of "operad" defined in § 1 arose gimulta--
neously in Max Kelly's categorical work on coherence, and conver-
sations with him led to the present definition. Sections 4 through
8 are concerned with the geometry of iterated loop spaces and with
the approximation theorem. The definition of the little cubes operads
in §4 and of their actions on iterated loop spaces . in §5 are due
to Boardman and Vogt [8]. The results of §4 and §5 include all of
the geometry required for the construction of homology operations
and for the proofs of their properties (Cartan formula, stability,
Adem relations, etc.). The observations of §8, which simplify and
generalize results originally proven by Milgram [23], Tsuchiya [33],.
and myself within the geometrical framework developed by Dyer and
Lashof [11], include all of the geometry required for the computa-
tion of the Pontryagin ring of the monoid F of based homotopy equi-
valences of spheres. Our key categorical construction is presented
in §9, and familiar special cases of this construction are discussed
in §10. This construction leéds to simplicial spaces, and a variety
of technical results on the geometric realization of simplicial

spaces are proven in §ll and §12. The recognition theorems are

E
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proven in §l3 and §l4 and are discussed in §15. A conceptual under-
standing of these results can be obtained by reading §l—3 and §9
and then §13, referring back to the remaining sections for the

geometry as needed.

T

Thé results of §10 and §ll will be used in [21] to simplify and
gehefalize the theories of classifying spaces of monoids and of
classification theorems for various types of fibrations.

It is a pleasure to acknowledge my debt to Saunders Mac Lane
and Jim Stasheff, who read preliminary versions of this paper and
made very many helpful suggestions. Conversations with Mike

Boardman and Jim Milgram have also been invaluable.
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1. Operads and C-spaces

Our recognition principle will be based on the notion of an operad
acting on a space. We develop the requisite definitions and give a pre-
liminary statement of the recognition theorem in this section.

_ To fix notations, let7l denote the category of compactly generated u
Hausdorff spaces and continuous maps, and let T denote the category of (j

based compactly generated Hausdorff spaces and based maps. Base-points

o

will always be denoted by * and will be required to be non-degenerate, in

the sense that (X, *) is an NDR-pair for X ¢ j . Products, function
spaces, etc., are always to be given the compactly generated topology.
Steenrod's paper [ 30] contains most of the point-set topology required for
our work. In an appendix, we recall the definition of NDR-pairs and prove
those needed results about such pairs which are not contained in [30].

An operad is a collection of suitably interrelated spaces c(j), the v
points of which are to be thought of as j~adic operations Xj ~X. Pre-

cisely, we have the following definitions.

Definition 1,1. An operad ¢’ consists of spaces f-.(_]) eu for j2 0,

with C(O) a single point % , together with the following data:

(a) Continuous functions vy: C(k) X Z’(ji) X.oo X C(jk) - ¢ (i)

i= = js’ such that the following associativity formula is

satisfied for all c e C(k), dg e C(js), and e, ¢ C (it):

Y(Y(C;di’""dk);e'i""’ej) = Y(C;fi""’fk)’




where fs = y(ds;e.

yeeey€, )s and
g

Fao bt Bt vy

£s==:< if JS=0.

(b) An identity element 1 ¢ c(i) such that y{1;d)=d for de C (i) and

y(c;‘ik)= c for ce C(k), 1k= (i,...,i)ec(i)k.

{c) A right operation of the symmetric group Zj “on E(J) such that the
following equivariance formulas are satisfied for all c e ;:(k),

dse C(JS), o e Ek, and T € Ejs :

Y(eosd,,... 4, ) =v(esd

200y

d Yol s eeesiy)
o 1(1) o L) Mt Yk

and y(ezd; 7 ,..0,q T ) =y(esd, .., d )T @, 0T,

where cr(ji, - ,jk) denotes that permutation of j letters which
permutes the k blocks of letters determined by the given partition
of j as ¢ permutes k letters, and +,® ... ® 1, denotes the

i k

image of (Ti""’T

k) under the evident inclusion of T, X ...X I,

in %, .
An operad ( is said to be Z-free if Z‘j acts freely on ?;(J) for all j. A

/
morphism  : C - C of operads is a sequence of Ej-equivariant maps

Lle: f G) —~ C,(j) such that \pi(i) = 1 and the following diagram commutes
G X EG )X X E (j) ——L—> £ )

q,kxq;jix...xl,ujk "’j

Cx Clipx... xE T —X— ')

s e s o

Definition 1,2, Let X ¢ J and define the endomorphism operad €
of X as follows. Let EX(J) be the space of based maps x) - X3 x° = %,

and EX(O) is the inclusion * -+ X, The data are defined by

(=) Y.(f;'gi, cees gk) = f(g,l X...X gk) for fe ‘Ex(k) and g_e &X(JS). |
(bY The identity element 1 ¢ E X(i) is the identity map of X .

{¢) (Eo)y)=£f{oy) for fe EX(j), e Zj, and y e XJ, where Ej acts on X

By el T )

An operation € of an operad f on a space X is a morphism of operads
-H] C-' EX’ and the pair (X,0) is then said to be a C—sPace. A morphism
f: (X,0) = (X',8") of g’—spaces is a based map f:X — X' such that
feej(c) = Oj(c)ij for all ce C (j). The category of C-spaces is denoted
by CIT L

It should be clear that the associativity and equivariance formulas in
the definition of an operad merely codify the relations that do in fact hold

in EX The notion of an operad extracts the essential information contained

_in the notion of 2 PROP, as defined by Adams and MacLane [16] and topo-

logized by Boardman and Vogt [ 8 ].
Our recognition theorem, roughly stated, has the following form.
Theorem 1‘3‘ There exist Z-free operads Cn’ 1 £ n < w, such that
every n~-fold loop space is a fn—space and every connected Cn—space has

the weak homotopy type of an n-fold loop space.





































































































































































































































































