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Preface  

This volume i s  a collection of five papers (to be r e f e r r e d  to a s  

I-V). The f i r s t  four together give a thorough treatment of homology 

operations and of the i r  application to the calculation of, and analysis 

of internal  s t ructure  in, the homologies of various spaces of inter&. 

The l a s t  studies an  up to homotopy notion of a n  algebra over  a monad 

and the role of this  notion in the theory of i tepated loop spaces.  I have 

established the algebraic pre l iminar ies  necessa ry  to  the f i r s t  four 

papers and the geometric pre l iminar iesnecessary  fo r  a l l  of the papers 

i n  the following references ,  which shall  be r e fe r red  to by the specified 

l e t t e r s  throughout the  volume. 

[A]. A general  algebraic approach to Steenrod operations. Springer 

Lecture Notes in  Mathematics Vol. 168, 1970, 153-231. 

[GI. The Geometry of I terated Loop Spaces. Springer Lecture  Notes 

in  Mathematics Vol. 27 1, 1972. 

[GI]. Ew spaces,  group completions, and permutative categories.  

London Math. Soc. Lecture  Note Se r i e s  Vol. 11, 1974, 61-93. 

In addition, the paper I1 h e r e  is a companion piece to m y  book (con- 

tr ibuted to by F. Quinn, N. R a y ,  and J. Torneha~e) 

[R]. E Ring Spaces and E Ring Spectra. 
m w 



With these  papers, this volume completes the development of a 

theory of the geometry and homology of i tera ted loop 

spaces. There  a r e  no known resul ts  in o r  applications of this a r e a  of 

topology which do not f i t  naturally into the framework thus established. 

However, the re  a r e  several  papers by other authors which seem to m e  

to add significantly to the theory developed i n  [GI. The relevant 

references will be incorporated in the list of e r r a t a  and addenda to [A], 

[GI, and [GI] which concludes this volume. 

The geometric theory of [GI was incomplete in two essential  

respects.  F i r s t ,  i t  worked well only for  connected spaces (see [G, p. 156- 

1581). It was the p r imary  purpose of [GI] to generalize the theory to  

non-connected spaces. In particular,  this allowed i t  to be applied to 

the classifying spaces of permutative categories and thus to algebraic 

K-theory. More profoundly, the ring theory of [R] and fI was thereby 

made possible. 

Second, the theory of [GI circumvented analysis of homotopy 

invariance (see [G, p. 158-1601). It i s  the purpose of Ladals  paper V 

to  generalize the theory of [GI to one based on homotopy invariant 

s t ructures  on topological spaces in the sense  of Boardman and Vogt 

[Springer Lecture Notes in Mathematics, Vol. 3471 I. In Boardman. and 

' ~ n c i d e n t a l l ~ ,  the c la im the re  (p. VII) that [GI failed to  apply to non 
2 - f ree  operads is based on a misreading; see  [G, p. 221. 

Vogtls work , an action up to homotopy by a n  operad (or PROP) on a 

space was essentially a n  action by a l a rge r ,  but equivalent, operad 

on the  same  space. In Lada1s work, an  action up to homotopy i s  

essentially an  action by the given operad on a l a rge r ,  but equivalent, 

space. In both cases ,  the expansion makes room for  higher homotopies . 

While these  need not be made explicit in the f i r s t  approach, i t  s eems  to 

m e  that the second approach is nevertheless technically and conceptually 

s impler  (although s t i l l  quite complicated in  detail) since the expansion 

construction i s  much l e s s  intricate and since the problem of composing 

higher homotopies largely  evaporates. 

We have attempted to  make the homological resul ts  of this volume 

accessible to the  reader  unfamiliar with the geometric theory in the 

papers cited above. In I, I se t  up the theory of homology operations on 

infinite loop spaces. This is based on actions by E operads on spaces 
m 

and i s  used to compute H*(CX; Z ) and H*(QX; Z ) a s  Hopf algebras 
P P 

over the Dyer-Lashof and Steenrod algebras,  where CX and QX a r e  

the f r e e  -space and f ree  infinite loop space generated by a space X. 

The s t ructure  of the Dyer-Lashof algebra i s  a lso  analyzed. In 11, I se t  

up the theory of homology operations on E ring spaces,  which a r e  spaces 
m 

with two suitably interrelated E space structures.  In particular,  the 
m 

mixed Cartan formula and mixed Adem relations a r e  proven and a r e  



shown to determine the multiplicative homology operations of the free 

E ring space c(x') and the free E ring infinite loop space Q(x') 
m m 

generated by  an*^ space X. In the second half of 11, homology 
m 

operations on E ring spaces associated to matrix groups a r e  analyzed 
m 

and an exhaustive study i s  made of the homology of BSF and of such 

related classifying spaces a s  BTop (at p> 2) and BCoker J. Perhaps 

the most interesting feature of these caleulations i s  the precise homo- 

logical analysis of the infinite loop splitting BSF = BCoker J X BJ a t  

odd primes and of the infinite loop fibration BCoker J * BSF - BJ@ 

at p = 2. 

In III, Cohen sets up the theory of homology operations on n-fold 

loop spaces for n < a. This i s  based on actions by the little cubes 

operad Cn and i s  used to compute H*(C~X; Z ) and H*(Q~z%; Z ) 
P P 

as  Hopf algebras over the Steenrod algebra with three types of homology 

operations. While the f i rs t  four sections of 111 a r e  precisely parallel to 

sections 1,2,4,  and 5 of I, the construction of the unstable operations 

(for odd p) and the proofs of a l l  requisite commutation formulas between 

them (which occupies the res t  of 111) i s  several orders  of magnitude more 

difficult than the analogous work of I (most of which i s  already contained 

in [A]). The basic ingredient i s  a homological analysis of configuration 

spaces, which should be of independent interest. In IV, Cohen computes 

H*(SF(~); Z ) as  an algebra for p odd and n even, the remaining 
P 

cases being determined by the stable calculations of 11. Again, the 

calculation is considerably more difficult than in the stable case, the 

key fact being that H*(SF(n); Z ) i s  commutative even though SF(n) 
P 

i s  not homotopy commutative. Due to the lack of internal structure 

on BSF(~) ,  the calculation of H*(BSF(n); Z ) i s  not yet complete. 
P 

In addition to their original material, I and 111 properly contajh 

all work related to homology operations which antedates 1970, while 

11 contains either complete information on o r  at least an introduction 

to most subsequent work in this area, the one major exception being 

that nothing will be said about BTop and BPL at the prime 2. Up to 

minor variants, a l l  work since 1970 has been expressed in the language 

and notations established in I § 1-5 2 and II 5 1. 

Our tflanks . to @ ! a  May for preparing the mex.  

J .P.  May 
August 20,1975 
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The Homology of E Spaces 
m 

J.P. May 

Homology operations on i terated loop spaces were  f i r s t  introduced, 

mod 2, by Araki and Kudo [1] i n  1956 ; thei r  work was clarif ied and ex- 

tended by Browder [2] i n  1960. Homology operations mod p, p > 2, were  

f i r s t  introduced by Dyer and Lashof [6] i n  1962. Thework of Araki and 

n 
Kudo proceeded in  analogy with Steenrod's construction of the S q  i n  

t e r m s  of V.-products, whereas that of Browder and of Dyer and Lashof 

n 
proceeded in  analogy with Steenrod's l a t e r  construction of the P i n  

t e r m s  of the cohomology of the symmetr ic  group I: The analogy was 
P' 

closest  in  the case  of infinite loop spaces and, in [A], I reformulated the 

algebra behind Steenrod's work in a sufficiently general  context that i t  

could be applied equally well to the homology of infinite loop spaces and 

to the cohomology of spaces.  Later ,  in  [GI, I introduced the notions of 

E operad and E space. Their  use greatly simplifies the geometry 
a3 m 

required for  the construction and analysis of the homology operations and, 

i n  the non-connected case ,  yields operations on a wider c lass  of spaces 

than infinite loop spaces. These operations, and fur ther  operations on 

the homology of infinite loop spaces given by the elements of H*F, will 

be analyzed in  section 1. 
f 
t Historically, the obvious next s tep  after introduction of the homology 

operations should have been the introduction of the Hopf algebra of all 

i / 

homology operations and the analysis of geometrically allowable modules 



2 

(and m o r e  complicated structrues) over this algebra, in analogy withthe 

definitions in  cohomology given by Steenrod [22] i n  1961. However, this 

step seems not to have been taken until lectures of mine in  1968-69. The 

requisite definitions will be  given i n  section 2. Since the idea that homology 

operations should satisfy Adem relations f i r s t  appears in [6] (although 

these relations were  not formulated o r  proven there),  we cal l  the resulting 

algebra of operations the Dyer-Lashof algebra; we denote i t  by R. The 

main point of section 2 i s  the explicit construction of f r ee  allowable struc- 

tu res  over R. 

During my 1968-69 lectures,  Madsen ra ised and solved a t  the pr ime 2 

the problem of carrying out for  R the analog of Milnor's calculation of the 

dual of the Steenrod algebra A. His solution appears in  [8]. Shortly 

after,  I solved the problem a t  odd primes,  where the s t ructure  of R* 

turned out to  be surprisingly complicated. The details of this computation 

(p = 2 included) will be given in section 3 .  

In section 4, we reformulate (and extend to general  non-connected 

spaces X) the calculation of H* QX, QX = l im  anxnx, given by Dyer 
-C 

and Lashof [6]. Indeed, the definitions in  section 2 allow us to describe 

H*QX a s  the f r ee  allowable Hopf algebra with conjugation over R and A. 

With the passage of t ime,  i t  has  become possible to give considerably 

s impler  details of proof than were  available in  1962. We also compute 

the Bockstein spect ra l  sequence of QX (for each prime) i n  t e r m s  of that 

of X. 

Jus t  a s  QX is the f r e e  infinite loop space generated by a space X, 

so  CX, a s  constructed in [G, 921, is the f r ee  -space generated by X 

(where & i s  an E operad). In section 5, we prove that H*CX i s  the 
m 

3 

f r e e  allowable Hopf algebra (without conjugation) over R and A. The 

proof is quite simple, especially since the geometry of the situation makes 

half of the calculation an  immediate consequence of the calculation of H*QX. 

Although the resul t  h e r e  seems to be new, i n  this generality, special  cases  

have long been known. When X is connected, CX is weakly equivalent to  

QX by [G, 6.31. When X = So, CX = U K(B 1) and the result thus 
j ' 

contains Nakaokats calculations [16,17,18] of the homology of symmetr ic  

groups. We end section 5 with a generalization (from So to a rb i t r a ry  

spaces X) of Priddy's homology equivalence BEm - aosO [201. 

In section 6, we describe how the i terated homology operations of 

an infinite loop space appear successively in the stages of i t s  Postnikov 

decomposition. 

In section 7, we construct and analyze homology operations analo- 

gous to the Pontryagin pth powers in  the cohomology of spaces.  When - 

p = 2, these operations were  f i r s t  introduced by Madsen 191. 

Most of the mater ia l  of sections 1-4 dates f rom m y  1968-69 lec tures  

a t  Chicago and was summarized in  [12]. The mater ia l  of section 5 dates 

f rom my 1971-72 lec tures  a t  Cambridge. The long delay in publication, 

for  which I must apologize, was caused by problems with the sequel 11 

(to be explained in  i t s  introduction). 
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51.. Homology operations 

We first define and develop the properties of homology 

operations on Em spaces. We then specialize to obtain further 

properties of the resulting operations on infinite loop spaces. 

In fact, the requisite geometry has been developed in [GI 51,4,5, 

and 8.1 and the requisite algebra has been developed in [A, 51-4 

and 91. The proofs in this section merely describe the transition 

from the geometry to the algebra. 

All spaces are to be  compactly generated and weakly Hausdorff; 

'T denotes the category of spaces with non-degenerate base-point 
[GI p.11. All homology is to be taken with coefficients in Z 

P 
for an arbitrary prime p; the modifications of statements required 

in the case p=2 are indicated inside square brackets. 

We require some recollections from [GI in order to make sense 

of the following theorem. Recall that an Em space (XI@) is a 

'$-space over any Em operad [GI Definitions 1.1, 1.2, and 3.51 ; 

@ determines an H-space structure on X with the base-point * E X  

as identity element and with O2 (c) : XxX -+ X as product for any 

c (2 (2) [GI p, 41 . Recall too that the category & [ TI of 
c-spaces is closed under formation of loop and path spaces 

[GI Lemma 1.5 I and has products and fibred products [G, Lemma 1-71. 

Theorem 1.1. Let # be an E, operad and let (XI@ 1 be a $-space. 
s Then there exist homomorphisms Q : H,X + H,X, s 2 o, which satisfy 

the following properties: 

(1) The QS are natural with respect to maps of %-spaces. 

(2 Q' raises degrees by 2s (p-1) [by sl . 
( 3 )  

s Q x = 0 if 2s < degree (x) [if s < degree (x)], x 6H,X 

( 4 )  
S 

Q x = xP if 2s = degree (x) [if s = degree (x)] , x EH,X 

(5) QS(P = 0 if s > 0, where (P E Ho (X) is the identity element. 



(6 The e x t e r n a l ,  i n t e r n a l ,  and d iagonal  Cartan formulas hold: 

QS (xy) = C (Qix) (Qjy)  i f  x ,  y  E H,X; and 
i+j=s 

(7) The QS a r e  s t a b l e  and t h e  Kudo transgression theorem holds:  

s s % 
Q a, = o,Q , where 0,: H, QX -+ H,X i s  t h e  homology suspen- 

s ion;  i f  X i s  simply connected and i f  x E H  X t r a n s g r e s s e s  
4  

t o  Y E ; H ~ - ~ Q X  i n  t h e  Se r r e  s p e c t r a l  sequence of t h e  pa th  

s 
space f i b r a t i o n  n: PX -+ X, then Q x  and f3QSx t r a n s g r e s s  

t o  QSy and and, i f  p  > 2 and q  = Z s ,  x P - l a y  

~ t r a n s g r e s s e s u  t o  - B Q ' ~ ,  dq (P-') (xP-l e y )  = -BQ'Y. 

(8)  The Adem r e l a t i o n s  hold:  I f  p  2  and r > ps ,  then 

r+i r+s-i i 
QrQS = C (-1) (p i - r ,  r- (p-1) s-i-1)Q Q ;  

i 

if p  > 2, r  2 ps, and @ denotes the mod p Bockstein, then 

r+s-i i QrBQS = c (-l)r+i (p i - r ,  r- (p-1) s-i) 8Q Q 
i 

r+s-igQi - C (-1) r+i (pi-r-1 , r- (p-1) s-i) Q 
i 

(9) The Nishida r e l a t i o n s  hold: Let P:: H,X -+ H,X be dua l  to pr 
r  r *  4. 

where pr = S$ i f  p = 2 (thus P  = (P*) on H*X = (H$)*). Then 

p:QS = C (-1) r+i (r-pi, s (p-1) -pr+pi) Q 
s - r + i  i. 

p* 1 

i s-1 
i n  p a r t i c u l a r ,  8QS = (s-l)Q i f  p=2; i f  p  > 2, 

s - r t i  i 
p ~ 8 ~ ~ = C ( - l ) ~ ~ ~ ( r - ~ i , s ( p - l ) - ~ r t p i - i ) ~ Q  P* 

i 

( I n  (8)  and (91, ( i , j )  = ( i + j )  !/i! j! i f  i > 0 and j > 0, ( i , O ) = l = ( O , i )  

i f  i 2 0, and ( i , j )  = 0 i f  i < 0 o r  j < 0; t h e  sums run  over t h e  

i n t ege r s -  ) 

Proof: The symmetric group Z a c t s  f r e e l y  on t h e  c o n t r a c t i b l e  
P  

space % ( p ) ,  hence t h e  normalized s ingu la r  cha in  complex C,P(p) 

i s  a  C - f r ee  r e s o l u t i o n  of Z [ 7 , I V  1 1 1 .  Let W be t h e  s tandard 
. P P  

n-free r e s o l u t i o n  of Z [A, Def in i t i on  1.21, where n  i s  c y c l i c  of 
P  

order  p ,  and l e t  j  : W -+ C, $ (p)  be a  morphism of a-comple&es over  

Z Let ( c , x ) ~  denote t h e  p-fold t enso r  product .  We a r e  given a  
P '  

-equivar ian t  map Op: & ( p ) ~ ~ P  - X I  and we d e f i n e  O, : W B(c,x)~-C,X 
P  

t o  be t h e  fol lowing composite morphism of a-complexes: 

Here Q i s  t h e  s h u f f l e  map; f o r  diagram chases ,  it should be r e -  

c a l l e d  t h a t  n :  C,X@C,Y -+ C,(XxY) i s  a  commutative and assoc ia-  

t i v e  n a t u r a l  t ransformat ion  which i s  cha in  homotopy inve r se  t o  t h e  

Alexander-Whitney map 5. I n  view of [ G ,  Lemmas 1 .6  and 1.9 (i) 1 , 
(C,X,O,) i s  a  u n i t a l  and mod p  reduced o b j e c t  of t h e  ca tegory  

$ (plm) def ined  i n  [A, Def in i t i ons  2.11 . Moreover, (x ,  0) -+ (C,X, O,) 

i s  c l e a r l y  t h e  o b j e c t  map of a  func to r  from < [ T I  t o  t h e  subcate-  

gory p(p,m) of % (p ,  m) def ined  i n  [A, Def in i t i ons  2.11 . Let 

x  E H X .  A s  i n  [A, Def in i t i ons  2.21 , we d e f i n e  
4  

(i) Q ~ ( x )  = ~ , ( e ~ ~ x ~ ) ,  0,: H W ~ H X ~ H W C X  - H,X, 

s 
and we d e f i n e  t h e  d e s i r e d  ope ra t ions  Q by t h e  formulas 

s (ii) p = 2: Q x  = 0 i f  s < q and Q'X = Q (x)  i f  s q ;  and 
s -q 

s S 
(iii) p > 2: Q x  = 0 i f  2s  < q and Q x=(-1) ' v ( ~ ) Q  (2s-q) (p-1) (x)  

i f  2,s > q ,  where v ( q )  = (-1)q(q-1)m/2 1 
(m! ) with  m = 2- (p-1) . 



The QS a r e  homomorphisms which s a t i s f y  (1) through (5) by [A, 

proposit ion 2.3 and Corollary 2.41. Note t h a t  [A, Proposition 2.31 

S s 
a l s o  implies t h a t  i f  p > 2, then f3Q x = (-1) v ( q )  Q(2s-q) (p-l) -1 (x) 

and the  and p QS account f o r  a l l  non- t r iv ia l  operations Qi. For 

( 6 ) ,  r e c a l l  t h a t  the  product of &-spaces ( X I @ )  and ( Y , Q 1 )  i s  
'I, 'I, 

(XxY,O)  , where O i s  the  composite 
P 

8 X e '  

$(P)x(XXY) 
p .  AXu 

> & ( P ) x ~ ( P )  x x p 1 X t X i  
< > r ( p ) x x P  X,$(P)XY P > X X Y  

(Here A, u, and t a r e  the diagonal and the evident shuffle and interchange maps.)  

Similarly, the tensor  product of objects (K, 8*) and (L, 0;) in  C(p, m)  i s  

.-d N 

(K X L, e*), where @* i s  the composite 

e*@e; 
w@(K@L) P-> W @ W Q ~ K ~ @  L~ lBTQ9' > w @ K ~ @  W @ L ~  - KQL. 

(Here $, U, and T a r e  the coproduct on W and the evident shuffle and in ter-  

change homomorphisms. ) Since ( j  @ j)$ i s  s-homotopic to ( 5  0 C*A)j, an easy 

diagram chase demonstrates that 11: C*X@ C+Y + C,(XxY) is a morphism in the 
-A- 

category C(p ,  m). The external Cartan formula now follows f rom [A, Corollary 

2.71. By [G, Lemmas 1.7 and 1.9 (ii)], A: X + X X X is a map of & -spaces 

and (C:,X, 0+) i s  a Cartan object of $(p, m); the diagonal and internal 

Cartan formulas follow by naturality. P a r t  (7) i s  an immediate consequence of 

[G, Lemma i. 51 and [A, Theorems 3.3 and 3.41; the simple connectivity of X 

2 
se rves  to ensure  that E = H*X@H*OX in the S e r r e  spect ra l  sequence of 

TF: PX -+ X. F o r  (8), note that the following diagram is commutative by 

[G, Lemma 1.41: 

An easy diagram chase demonstrates t h a t  (C,X,O,) i s  an Adem object ,  

i n  the  sense of [A, Definit ion 4 . 1 1 ,  and (8 )  follows by [A, Theorem 

4.71. Pa r t  ( 9 )  follows by t h e  n a t u r a l i t y  of the  Steenrod operations 

from [A, Theorem 9 . 4 1 ,  which computes the  Steenrod operations i n  

H, ( % ( P ) ~ , r ~ P ) .  A s  explained i n  [A, p.2091, our formula d i f f e r s  

by a s ign from t h a t  obtained by Nishida [19]. 

Let xm be the  category of in£ i n i t e  loop sequences. Recall 

t h a t  an ob jec t  Y = {yi} i n  f,, is  a sequence of spaces with 

- yi - QYi+l and a morphism g = Igi1 i n  xm i s  a sequence of maps 

with gi = Ogi+l. Yo i s  sa id  t o  be an i n f i n i t e  loop space, go an 

i n f i n i t e  loop map. By t h e  r e s u l t s  of [ l o ] ,  these  notions a r e  equi- 

valent  f o r  the  purposes of homotopy theory t o  the  more usual ones 

i n  which e q u a l i t i e s  a r e  replaced by homotopies. By [G, Theorem 

5.11, the re  i s  a functor Wm: f m  + c m [ q 1  , with WmY = (YvOm) 

and Wmg = g where Gm i s  the  i n f i n i t e  l i t t l e  cubes operad of o r  
[G, Definit ion 4 . 1 1 .  The previous theorem therefore  appl ies  t o  

H,YO; t he  resu l t ing  operations QS w i l l  be referred t o  a s  t h e  

loop operations.  The re levant  Pontryagin product i s  t h a t  in-  

duced by the  loop product on Yo = OY1. Note t h a t  the re  a r e  two 

d i f f e r e n t  ac t ions  of Gm on O Y o r  one coming from [G, Lemma 1.51 

and t h e  o ther  from the  f a c t  t h a t  OYo i s  again an i n f i n i t e  loop 

space; by [GI Lemma 5.61, these  two act ions  a r e  equivar iant ly  

homotopic, hence p a r t  (7)  of the  theorem does apply t o  the  loop 

operations. . Similarly,  p a r t  ( 6 )  app l i e s  t o  the  loop operations 



s ince ,  by [GI Lemma 5.71, the  two evident ac t ions  of cm on t h e  

product of two i n f i n i t e  loop spaces a r e  i n  f a c t  the  same. 

The recognit ion theorem [ G I  Theorem 1 4 . 4  ; GI]  gives a weak 

homotopy equivalence between any given grouplike E space X and 
CO 

an i n f i n i t e  loop space BOX; moreover, a s  explained i n  [G, p.153- 

1551, the  homology operations on H,X coming v i a  Theorem 1.1 from t h e  

given Em space s t ruc tu re  agree under t h e  equivalence with the  loop 

operations on H B X.  Thus, i n  p r inc ip le ,  it i s  only f o r  non * 0 

grouplike Em spaces t h a t  t h e  operations of Theorem 1.1 a r e  more 

general than loop operations.  In p rac t i ce ,  the  theorem gives 

considerable geometric freedom i n  the  construction of the  opera- 

t i o n s ,  and t h i s  freedom is  of ten  e s s e n t i a l  t o  the  ca lcula t ions .  

The following addi t ional  property of the  loop operations,  which 

i s  implied by [ G I  Remarks 5.81, w i l l  be important i n  the  study 

of non-connected i n f i n i t e  loop spaces. Recall t h a t  the  conjugation 

x on a Hopf algebra,  i f  present ,  i s  re la ted  t o  the  u n i t  n ,  

augmentation E ,  product 4, and coproduct + by the  formula 

Q E  = 4 ( 1 ~  X 

Lemma 1.2. For Y f xm, ~4 = x QS on H,Yo, where the  conjugation 

i s  induced from the  inverse map on Yo  = QY1. 

In the  next t w d  sec t ions ,  we w i l l  def ine  and study t h e  global  

a lgebraic  s t ruc tu res  which a r e  na tu ra l ly  suggested by the  r e s u l t s  

above. We make a preliminary de f in i t ion  here. 

Definit ion 1.3. Let A be a Hopf algebra. Let A a c t  on Z through P 

i t s  augmentation, a.1 = € ( a ) ,  and l e t  A a c t  on the  tensor product 

M @ N  of two l e f t  A-modules through i t s  coproduct, 

a (m a n )  = c (-i)deg a"deg ma'mbpa'ln i f  +a = Cat e~ a" .  

A.,left o r  r i g h t  s t ruc tu re  (algebra,  coalgebra, Hopf algebra,  

Hopf algebra with conjugation, e t c . )  over A i s  a l e f t  o r  r i g h t  

A-module and a s t ruc tu re  of the  speci f ied  type such t h a t  a l l  of . . 

t h e  s t ruc tu re  maps a r e  morphisms of A-modules. 

We s h a l l  def ine  a Hopf algebra R of homology operations i n  the  

next sect ion and, i f  YE, zmI H Y w i l l  be a l e f t  Hopf algebra * 0 
with conjugation over R. For any space X ,  H,X i s  a l e f t  coalgebraover  

the  opposite algebra A' of the  Steenrod algebra; here the  oppo- 

s i t e  algebra en te r s  because dual iza t ion i s  contravar iant .  Hence- 

forward, although we s h a l l  continue t o  wr i t e  the  Steenrod opera- 

t i o n s  P: on the  l e f t ,  we s h a l l  speak of r i g h t  A-modules r a t h e r  

than of l e f t  AO-modules. Thus H,YO i s  a r i g h t  Hopf algebra with 

conjugation over A,  and t h e  Nishida r e l a t i o n s  give commutation 

formulas between the  A and R operations on H,YO. 

There i s  ye t  another Hopf algebra which a c t s  na tu ra l ly  and 
'I, 'L 

s tab ly  on H,YO namely H,F where F i s  t h e  monoid (under compo- 

s i t i o n )  of based maps of spheres. The precise  d e f i n i t i o n  of 8 
is  given i n  [ G I  p.741, and it i s  shown the re  t h a t  composition 

'I, 'I, of maps def ines  a n a t u r a l - a c t i o n  c - YOxF -+ Y o  of F on i n f i n i t e  
FO- 

loop spaces. The following theorem gives the  bas ic  ~ r ~ p e r t i e s  

'I, 
of the  induced ac t ion  of H,F On H,YO. 

f 'L 
Theorem 1 . 4 .  For YE j&o, cm,: H,Yo ED H,F -+ HxYO gives H,Yo a 

i 'I, 

s t ruc tu re  of r i g h t  Hopf algebra with conjugation over H,F. 
I- 

Moreover, cm, s a t i s f i e s  the  following proper t ies ,  where 

c m , ( x ~ f )  = xf :  

(I) cm, i s  na tu ra l  with respect  t o  maps i n  zm. 
I. 
h 

'I, 

( 2 )  u, (xf)  = (u,x)f, where a,: H,QYO -+ H,Yo i s  the  suspension. 
i' 

deg x ( 3 )  P:(xf) = c ( P ~ x )  (p i£ )  and B(xf) = (Bx)f+(- l )  x(6.f) 
i + j = r  

(4) (QSx)f = c ~ ~ ~ ~ ( x p t f )  and, i f  p > 2 1  
i 

(BQSx) f = C B Q ~ + ~ ( ~ P ~ ~ )  - c (-1) deg (X P:B~) . 
i i 



Proof: Part (1) is trivial. The maps * + Yo and Yo +* are 

infinite loop maps, hence the unit and augmentation of H,YO are 

morphisms of H,%-modules. The loop product is a morphism of 

H,$-modules by a simple diagram chase from [GI Lemma 8.81, and a 

similar lemma for the inverse map implies that the conjugation 

is a morphism of H,$-modules. The coproduct on H,YO is a 

morphism of H,$-modules and formula (3) holds because cm, is 

induced by a map. Formula (2) is an immediate consequence of 

[G, Lemmas 8.4 and 8.51. For ( 4 ) ,  consider the following dia- 

gram, in which we have abbreviated ?$ for Sm (p) and X, X(P) , and 
xP for C,X, (c,x) ', and C, (xP) : 

Here Q: W@ C, (xP) -t W 69 (c,x)' is given by [A, Lemma 7.11 , and 
(1 0 q) Q is 8-homotopic to the identity by [A, Remarks 7.21 . 
The bottom left square is I: -homotopy commutative by [GI Propo- 

P 

sition 8.91, and the remaining parts of the diagram commute 

trivially. The shuffle and interchange homomorphisms U and T 

merely involve signs, the composite cmq: C,YO @ c,$ + C,YO in- 



duces cm*, and the map induced on s-equivariant homology by 

d = @(I69 A) is explicitly computed in [A, Proposition 9.13. 

Of c o u r s e ,  it is the presence of d in the diagram which leads 

to the appearance of Steenrod operations in formula (4). 

The verification of this formula is now an easy direct cal- 

culation from the definition of the operations Q'. 

The essential part of the previous diagram is of course 

the geometric bottom left square. Henceforward, we shall 

omit the pedantic details in the passage from geometric dia- 

grams to algebraic formulas. 

We evaluate one obvious example of the operations on 
'l, 

H,Yo given by right multiplication by elements of H,F. 
'l, 

Lemma 1.5. Let [i]EHOF be the class represented by a map 

of degree i. Then x [-I] = ~ x  for all xEH.,YO, Y E x m .  

Proof: Define f: sn + sn by f (sl,. . . ,sn) = (1-sl,s2,. . . ,sn) , 
where Sn = In/aIn. For any X, the inverse map on Qnx is given 

by g -t go£, g: Sn -t X, and similarly on Yo by passage to 

limits via [ G I  p.741 . The result follows. 

Recall that QX = lim 0%"~ and QX = QQZX [G, p. 421 . * 
As we shall see in 11 f! 5 ,  application of the results  

N 

above to Y = QS', where c reduces to the product on F, completely 
0 m 

rV 

determines the composition product on H+F. 

Remarks 1 .6 .  A functorial definition of a smash product between objects 

of xm i s  given in [13], i n  which a new construction of the stable homotopy 

category i s  given. (In the language of [13], m is a category of 

coordinatized spectra;  the smash  product i s  constructed by passing to the 

category & of coordinate-free spectra,  applying the smash product there,  

a&d then returning to . ) F o r  objects Y, Z E xQ3 and elements 
m 

x, y .E HeyO and z E H*ZO, [G, Lemma 8.11 and a s imi lar  l emma fo r  the 

inverse map imply the formulas 

( X * ~ ) A Z  = ): (-1) d e g y d e g z ' ( x i u ~ )  * ( y h z ~ )  if +z = z 1 6 z "  

and (XY)A z = X ( Y A Z )  , 

where * and A denote the loop and smash  products respectively. Via a 

diagram chase precisely analogous to that i n  the proof of Theorem 1.4 ,  

[G, Proposition 8.21 implies the formulas 

and, if p > 2, 

In particular,  these resul ts  apply to A : QX X QX' Q(XLX1) fo r  any 

spaces X and XI. By [G, Lemma 8.71, the smash and composition pro- 

0 - 
ducts coincide and a r e  commutative on HeQS = H 'F . * 



i $2. Allowable structures over the Dyer-Lashof algebra 

I 
I I We here describe the Hopf algebra of homology operations 

I I on Em spaces generated by the QS and BQS and develop analogs 

of the notions of unstable modules and algebras over the Steenrod 

algebra. The following definition determines the appropriate 

I I "admissible monomials". 

Definition 2.1. (i) p = 2: Consider sequences I = (sl,...,sk) 

such that s > 0. Define the degree, length, and excess of I 
j - 

k 
d(1) = C s g(1) = k; and 

j' j=1 

k k 
e (I) = sk - C (2sj - Sj-l) = S1 - S 

j =2 j=2 j' 

The sequence I determines the homology operation Q' = Q 

1 / I is said to be admissible if 2sj sjel for 2 2 j 2 k. 

(ii) p > 2 : Consider sequences I = ( E ~  , s1 , . . . , sk) such 

that E = 0 or 1 and s > E.. Define the degree, length, and 
j j -  I 

excess of I by 
k 

I Ek sk 
The sequence I determines the homology operation Q1 =BEIQS1.. . Q . 

I! 1 I is said to be admissible if psj - E~ 2 s ~ - ~  for 2 2 j 2 k. 

(iii) Conventions: b(1) = if p > 2 and b(1) = 0 if p = 2. 

The empty sequence I is admissible and satisfies d(1) = 0, 

I/ k(I) = 0, e(1) = m, and b(1) = 0; it determines the identity 

1 homology operation Q' = 1. 

S generated by {QSls 2 0) if p = 2 or by {QSls 2 O}~{BQ 1s > 01 

if p > 2 (not B itself) . For q 2 Or define J(q) to be the 
Z 
k two-sided ideal of F generated by the Adem relations (and, 

t 
[ if p > 2, the relations obtained by applying B to the Adem 
ii 

! relations, with B2 = 0) and by the relations Q' = 0 if e(I)< q. 

Define R(q) to be the quotient algebra F/J(q), and observe that 

E 
k there are successive quotient maps R(q) -t R(q+l) . Let R = R(0) ; 

! R will be called the Dyer-Lashof algebra. 

i To avoid circularity, we have defined the R(q) purely 

algebraically. The following theorem implies that this defini- 

tion agrees with that naturally suggested by the geometry. 

Theorem 2.3. (i) Let i 6 H sqc H Qsq be the fundamental class 
9 4 q 

if q > 0 and the class of the point other than the base-point 
c 

if q = 0; then 

f 
{Q1i I I is admissible and e(1) 2 q) 

q 

is a linearly independent subset of H,Qsq. 

t (ii) J(q) coincides with the set X(q) of all elements of F 

which annihilate every homology class of degree 2 q of every 

Em space (equivalently, of every infinite loop space). 

(iii) {Q'II is admissible and e(1) 2 q} is a Zp-basis for R(q) . 
(iv) R(q) admits a unique structure of right A-module such. 

that the Nishida relations are satisfied. 

(v) R = R(0) admits a structure of Hopf algebra and of un- 

stable right coalgebra over A with coproduct defined on gene- 

rators by 

I# Q' = E Qi @ Q' and )8QSt1 = 6 ( BQitlg, Q' + Qi s BQ j+l) 
i+j=s i+j=s 

Ok 
and with augmentation defined on Ro = PCQO} by E (Q ) = 1, k 2 0. 

Proof: We shall prove (i) in 54. It is obvious from the Adem 



relations that R(q) is generated as a Z -space by the set speci- 
P 

fied in (iii), and J(q) is contained in K(q) by (3) and (8) of 

Theorem 1.1. Therefore (i) implies (ii) and (iii) . For (iv) , 
the A operations on if R o(q) are determined by = 1 and Ri (q) =O 

I 
for i < 0 and the A operations on a11 elements Q1 = Q .1 with 

$(I) > 0 are determined from the Nishida relations by induction 

on $(I). This action does give an A-module structure since 
I I 

if f (q) : R(q) + H, (Qsq) is defined by T(q) Q = Q iqr then 

f(q) is a monomorphism which commutes with the Steenrod opera- 

tions. Let f(0) = f; since Ji(1) = 1Q)Iand Ji(i 0 ) = i 0 @i 0 and 
k 

since ~ ( i . )  = 1, f commutes with the coproduct and augmentation. 
0 

Here Ji is well-defined on R and R is a Hopf algebra since 

J = J(0) is a Hopf ideal, Ji (J) c F 63 J + J QIF, by commutativity 

of the following diagram (where a is the quotient map): 

Observe that this argument fails for q > 0 since Jii = i LBl+lepi 
q q q' 

Since H,QSO is an unstable right coalgebra over A, so is R. 

Of course, we understand unstable right structures over 

A in the sense of homology: the dual object (if of finite 

type) is an unstable A-structure of the dual type, as defined 

by Steenrod [22,23]. We shall study the structure of R it- 

self in the next section. The remainder of this section will 

be devoted to the study of structures over R. In order to 

deal with non-connected structures, we need some preliminaries. 

De~ginition 2.4. A component coalgebra is a unital (and aug- 

mented) coalgebra C such that C is a direct sum of connected 

coalgebras. Given such a C, define 

aC = { g l g ~ ~ ,  Jig = g m g  and g # 0). 

Clearly aC is a basis for Co. For gE nC, define C to be the 
9 

connected sub-coalgebra of C such that gE C and the set of 
9 

positive degree elements of C is 
g 

- 
C = {xIJix = xdDg + Cx'ax" + gex, deg x'>O and deg xn>O}. 

Then C is the direct sum of its components C for gcnC . Note 
9 

that &g = I for g e K .  nC contains the distinguished element $ = tl(i), and 

JC = Coker q may be identified with 63 ( 63 Cg) C C. 
g f $  

If X i s  a based space, then H*X i s  a component coalgebra; the base-point 

determines q and the components determine the direct sum decomposition. Indeed, 

there  i s  an obvious identification of T X with nH*X. As another example, we 0 

have the following observations on the structure of R. 

Lemma 2.5. R i s  a component coalgebra. -rrR i s  the f ree  monoid generated by 

0 Ok 
Q and the component ~ [ k ]  of (Q ) , k 2 0, i s  the sub unstable A-coalgebra of 

R spanned by 
I 

{Q I I i s  admissible, e(1) 2 0, and l(1) = k}. 

The product on R sends R[k] @R[l] to R[k+ P ] for  a l l  k and 1, and the ele- 

ments and pQS a r e  a l l  indecomposable. 

Definition 2. 6. A component Hopf algebra B i s  said to be monoidal (resp., group- 

like) if nB i s  a monoid (resp. , group) under the product of B. Equivalently, B i s  

monoidal if a l l  pairwise products of elements of nB a r e  non-zero. 

The proof of the following lemma requires only the defining formula 

?E  = $(I @x)+ for  a conjugation. 

Lemma 2.7. A component Hopf algebra B admits a conjugation if and only if 

- 1 B i s  grouplike, and then xg = g if g e TB and 



if d e g x > O  and + x = x @ g + Z x t @ x " + g @ x  wi th  d e g x t >  0 and d e g x N >  0. 

We can now define allowable structures over R, by which 

we simply mean those kinds of R-structures which satisfy the 

algebraic constraints dictated by the geometry. 

Definition 2.8. A left R-module D is allowable if J (q) D = 0 9 

for all q 2  0. The category of allowa,ble R-modules is the full 

subcategory of that of R-modules whose objects are allowable; 

it is an Abelian subcategory which is closed under the tensor 

product. An allowable R-algebra is an allowable R-module and 
s 

a commutative algebra over R such that Q x = xP if 2s = deg x 

[Q'X = x2 if s = deg x] . An allowable R-coalgebra is an al- 
lowable R-module and a cocommutative component coalgebra over 

R. An allowable R-Hopf algebra (with conjugation) i s  a monoidal Hopf 

algebra (with conjugation) over R which is allowable both as 

an R-algebra and as an R-coalgebra. For any of these struc- 

tures, an allowable AR-structure is an allowable R-structure 

and an unstable right A-structure of the same type such that 

the A and R operations satisfy the Nishida relations. 

Theorem 1.1 implies that the homology of an Em space is 

an allowable AR-Hopf algebra. Lemma 1.2 implies that the 

homology of an infinite loop space is an allowable AR-Hopf al- 

gebra with conjugation. Observe that a connected allowable 

AR-Hopf algebra is automatically an allowable AR-Hopf algebra with 

conjugation. 

In order  to take advantage of these  definitions, we requ i re  five basic 

f r e e  functors, D, E, V, W, and G, of which E 

apd W are essentially elaborations of D and V in the presence 

of coproducts. In addition, each of these functors has a 

more elaborate counter-part, to be defined parenthetically, in 

the presence of Steenrod operations. The composite functors 

WE and GWE will describe H,CmX and H,QX, with all structure in 

sight, as functors of H,X. 

We shall describe our functors on objects and shall show 

that the given Internal structures uniquely determine the re- 

quired internal structures. The verifications (not all of 

which are trivial) that these structures are in fact well-defined 

and satisfy all of the requisite algebraic indentities will be 

left to the reader, since these consistency statements obviously 

hold for those structures which can be realized geometrically. 

It is trivial to verify that our functors are indeed free, in 

the sense that they are adjoint to the forgetful functors 

going the other way. The functor V, which is a special case 

of the universal enveloping algebra functor on Abelian restricted 

Lie algebras, and the functor W occur in many other contexts 

in algebraic topology; they are discussed in detail in [ I l l .  

D: Z -modules (resp., unstable A-modules) to allowable R-modules 
P 

(resp., AR-modules): Given MI define 

R acts on DM via the quotient maps R + R(q); thus DM is just 

the obvious quotient of the free R-module R@M. The inclusion 

of M in DM is given by m + ICom. If A acts on MI then this 

action and the Nishida relations determine the action of A on 

DM by induction on the length of admissible monomia1.s. 

E: Cocommutative component coalgebras (resp., unstable A-coalgebras) 

to allowable R-coalgebras (resp., AR-coalgebras): Given C, de- 

fine EC as an R-module, and as an A-module if A acts on C, by 



EC = DC/IR.Imn = Z @DJC, IR = Ker E and JC = Coker n. 
P 

The inclusion of C in EC is induced by that of C in DC. The 

coproduct on C and the diagonal Cartan formula determine the 

coproduct on EC. The unit of C and the augmentations of R and 

C determine the unit and augmentation of EC. Equivalently, 

EC is the obvious quotient component coalgebra of ReC; thus 

0 k aEC = {(Q ) qpglk>O and g€aC, k=O if g=+=q(l)), 

and the component of (no) @ g is the image of R [k] @ C in EC 
g 

if g f + while the component of I@+ is the image of RQDC + -  
V: Allowable R-modules (resp., AR-modules) to allowable R-algebras 

(resp., AR-algebras): Given D, define 

VD = AD/K 

where AD is the free commutative algebra generated by D and K 

is the ideal of AD generated by 

{xP - nSx12s = deg x if p>2 or s = deg x if p=2). 

The R-action, and the A-action if A acts on D, are determined 

from the actions on DCVD by the internal Cartan formulas (for 

R and A) and the properties required of the unit. 

W: Allowable R-coalgebras (resp., AR-coalgebras) to allowable 

R-Hopf algebras (resp., AR-Hopf algebras): Given El define 

WE as an R-algebra, and as an A-algebra if A acts on E, by 

WE = VJE, JE = Coker n. 

The inclusion of E in WE is given by E = Z 63JE and JECVJE. 
P 

The coproduct and augmentation of WE are determined by those of 

E and the requirement that WE be a Hopf algebra (it is a well- 

defined Hopf algebra by [11, Proposition 121). The components 

of:WE are easily read off from the definition of VOJE. 

G: Allowable R-Hopf algebras (resp., AR-Hopf algebras) to 

allowable R-Hopf algebras (resp., AR-Hopf algebras) with conju- 

gation : 

Given W, define GW as follows. aW is a commutative monoid under 

the product in W and Wo is its monoid ring. Let sGW be the 

commutative group generated by aW and let GOW be its group ring. 

Let + = n(1), let E be the set of positive degree elements of 

W, and let k be the connected subalgebra Z + OV of W. Define 
P 

G W = E + ~ P G W  o = W B  G W  
a W  0 

as an augmented algebra. Embed W in GW as the subalgebra 

The coproduct on GW is determined by the requirements that 

W and GOW be subcoalgebras and that GW be a Hopf algebra. 

The conjugation is given by Lemma 2.7. The R-action, and the 

A-action if A acts on W, are determined from the actions on 

WCGW by commutation with X and the Cartan formulas. If the 

product in WG is denoted by *, then the positive degree ele- 
ments of the component of f€aGW are given by 

Observe that GW = W if W is  connected and that, as  a ring, GW is  just 

the localization of the ring W at the rnonoid f l .  



53. The dual of the Dyer-Lashof algebra 

Since EH,SO is the allowable AR-coalgebra Z @ R (which 
P 

should be thought of as Z 4 [Ol @R* [l]), a firm grasp on the 
P 

structure of R is important to the understanding of H,cmsO a d  

of H,QSO. The coproduct and A-action on R are determined by 

the diagonal Cartan formula and the Nishida relations, but these 

merely give recursion formulas with respect to length, the ex- 

plicit evaluation of which requires use of the Adem relations. 

To obtain precise information, we proceed by analogy with 

Milnor's computation of the dual of the Steenrod algebra 1141. 

In the case p = 2, the analogy is quite close; in the case p > 2, 

the Bocksteins introduce amusing complications. The structure 

of R*, in the case p = 2, was first determined by Madsen [8 1 ;  

his proofs are closer to the spirit of MilnOr's work, but do 

not generalize readily to the case of odd primes. 

By Lemma 2.5, R = @ R[k] as an A-coalgebra. Of course, 
k> 0 

R[O] = Z We must firsF determine the primitive elements PR[k] 
P' 

of the connected coalgebras R[k],.k 2 1. To this end, define 

P[k] = {I \I is admissible, e(1) O., R(1) = k, and I ends with 11. 

We shall see that IQ' ]I€ P[k] 1 is a basis for PR[k] . Define 

(inductively and explicitly) certain elements of P[k] as follows: 

(I) lzj~k, p=2: Ill = (1) , Ij,k+l = (2k-2k-j, I. ) if j k ,  
3 k 

k 
and 1k+l,k+l=(2 , i then d ( ~ .  3k )=2k-~k-j, e(xjk)=O if j<k, 

k-1-2k-l- j 2k-2 - 2k-Z-j 
e (Ikk) = 1; I = (2 

j k 
I ,..., 2j-i,~j-~ ,..., i). 

k k-j 
(I1) Ijk, lLjLk, ~ > 2 :  Ill =(0,1), Ij,k+l=(Of~ -P , I. 3k ) if j<k, 

k- k-j 
and I ~ + ~ , ~ + ~ = ( O ~ ~ ~ , I ~ ~ ) ;  thend(1 )=2(p p 1, e(Ijk)=O if j<k, 

jk 

k k-j (111) Jjk, 1 3 5  P>Z: Jll=(~,l). J~,~+~=(o.P -p , J. ) if j<k, 
3k 

k k k-j 
and Jk+l,k+l=(lf~ ,Ikk); thend(J. = 2(p -p 1-1, e(~. 1-1; 

3k . 3k - 
k-1 k-1- j 

Jjk = ( 0 1 ~  -p I ..- f ~ f ~ ~ ~ ~ f ~ f  pj-1f~fpj-2f . a *  roll). 

k k-i k-j (IV) Kijk. lzi<jk, p>2: Xi, ,k+l=LOfp -p -p , K ~ ~ ~ )  if j<k, - 
k k-i k k-i k-j and Ki , k+l , k+l= (1. P -P Jik) i then d (Ki k) = 2 (p -p -p . , 

If we look back at the definition of the in terms of 

the Qi in the proof of Theorem 1.1, we see that, when acting 

on a zero-dimensional class, our four classes of sequences 

correspond to sequences of operations of the respective forms 

Many arguments in this section and the next can be illuminated 

by translation to lower indices. 

Lemma 3.1. P[k] = {I. Il~jzk} if p=2; ~ [ k ] = ~ ~ ~ ~ . J ~ ~ , K ~ ~ ~ / l ~ j ~ k , l ~ i < j }  
3 k 

I I I if p > 2. If I&P[kl, then Q is primitive, +Q =Q @(QO)~+(QO)~@QI. 

Proof: Proceed by induction on k, the case k = 1 being trivial. - 
Consider I = (E,S,J)EP[~], k>2. Then, since I is admissible and - 

e(1) > 0, JE_P[k-11, pr-6:s if J = (6,r,K), and 2s-E 2 d(J) . The - 
first part follows inductively from these inequalities by a 



trivial examination of cases. The second part is an easy calcu- 

lation based on the facts that 13'QiQJ=0 if 2i-y<d(J) and that 

!3'Q1Q0=0 by the first Adem relation. 

The computation of R[k]* as an algebra is based on a cor- 

respondence between addition of admissible sequences and multi- 

plication of duals of admissible monomials. We first set up 

the required calculus of admissible sequences. 

Definitions 3.2. The sum I+J and difference I-J of two sequences 

(as in Definition 2.1) of length k is defined termwise, under 
th 

the conventions that I+J is undefined if p>2 and the i- "Bockstein 

entry" E~ is one in both I and J and that I-J is undefined if 

any entry is less than zero. Observe that e(I2J) = e(I)te(J) 

and d (I+J) = d (1)fd (J) . If I and J are admissible, then I+J 

is admissible but I-J need not be admissible. In order to 

enumerate the admissible monomials when p>2, consider all sequences 

e = {elf...,e 1 with 1 2  el< ... <e.<k and define 
j 3 - 

I [k]={I is admissible, e(I)>O, 1?(I)=k, and el. e 

Write I, [k] = I [k] when e is empty. When j>l, define L E [kl by 
e ,k 

Kele2k+' "+Kej-lejk if j is even 

Ke k+. . +K 
1 2  ej2ejlkJe.k 3 if j is Odd 

If p=2, write I[k] = {III is admissible, e(I)LO, and 1?(1)=kl. 

With these notations, we have the following two counting 

lemmas. 

Lemma 3.3. Let N denote the set of non-negative integers. For 
k 

>2 and k>l, define f: N~ + I[k] by f (rill.. . .nk) = P njIjk. Rr j=1 

Then f is an isomorphism of sets. 

I Proof: For p>2, omit the irrelevant zeroes corresponding to 

/ absence of Bocksteins. Then f is given explicitly by 

j -1 k 
f (nlr. . . ,nk) = (sl , . . . , sk) , where s k+l-j= P nq(p j-1 -P j-l-q)+ pj-l. 

q=1 +j 9 

The required inverse to f is given by 

if lcj<k 
-1 f (sir.. .,s )=(nlI.. . ,n ) where n.= k k 

k 
- C (p sq-sq-l) if j=k 
q=2 

Lemma 3.4. For p>2, k>l,and each non-empty eldefine fe: I[k] + ~,[k] 

by fe(I) = I+Lek. Then fe is an isomorphism of sets. 

-1 -1 Proof: Obviously fe must be given by fe (J) = J-Lekl J EIe[k] , 
and it suffices to show that J-Lek is defined, admissible, and 

has non-negative excess. Write Lek = (61,r1,...16kfrk) and 

J = (E~,s~;...,E~,s~). Observe that 

k k 
e(J) = 2sk - 1 E - 2 C (p S~-E~-S~-~)>O and ps -E >s 

q=l q q=2 q q- q-1' 

Lek is the unique element of I [kl such that, if e has j=2i-E 
e 

elements, then e(Lek)=~ and Lek ends with i. Explicitly, 6 = E  
9 q 

is determined by e, rk=i, and rq-l=prq-6q for q k .  The result 

follows from the inequalities satisfied by the entries of J. 

As a final preliminary, we require an ordering of sequences. 

Definition 3.5. For a sequence I=(E~,s~,...,E s ) ,  define 
kf k 

I.= (E~,s~,...,E~,s~), l~jLk, and similarly when p=2. Note 3 
that e(I .)=e (J. 1 for all j implies I=J, and define a total or- 

3 3 
dering of the sequences of length k by I<J if e(I.)<e(J.) for 

3 3 
the smallest j such that e(I.)#e(J.). Observe that 151' and 

7 3 
J<J' implies I+J<I1+J'. 

An easy 'inspection demonstrates the following lemma. 



I J Lemma 3.6. If I is inadmissible and Q =ZAJQ where the J are 

admissible, then AJ#O implies J<I. If P:Q1=~A p J ,  where r>O 

and the J are admissible, then AJ#O implies'J<I. 

R* = lT R[k]* as an A-algebra. In the dual basis to that 
k'0 

of admissible monomials, define elements of R[k]* by 

To simplify statements of formulas, define Sjk=O if j<Oor 

j>k, 0 if j o r  k and oijk=O if i<l, j i ,  or j>k. 

SOk is ,the identity element of R[k]* and lT EOk is the 
k>O 

identity element of R*. The augmentation of R* is given by 

E( II AkCok) = Ao. Of course, R* is not a coalgebra since Ro 
k> 0 - 

is not finite dimensional (although R is finite dimensional for q 

q>O). However, R* does have a well-defined coproduct on positive 

degree elements and on finite linear combinations of the SOk; 

the latter is evidently given by 

*So, = 'So ,k-i @'o,i . 
n 

It is perhaps worth observing that although II R[kl* is a 
k= 0 

quotient augmented A-algebra of R* and a coalgebra (dual to the 

quotient algebra R/Z R[ml of R) such that ,the product is a 
m> n 

n 
morphism of coalgebras, lT R[k]* is nevertheless not a Hopf 

k= 0 
algebra because its unit fails to be a morphism of coalgebras 

(dually, (QO)~" = 0 but EQO = 1) . 
We shall successively compute R[k]* as an algebra, compute 

the Steenrod operations on generators, and compute the coproduct 

on generators. 

Theorem 3.7. If p=2, R[k]* = P{S~~,...,S 3 as an algebra. kk 

, If p>2, let M[kl be the subspace of R[k]* spanned by the set 

consisting of SOk together with the monomials 

and 

u ek-s.ae e.kr Icel< ...< e.<k and j even, 
1 2  j-1 I I - 

ae k.. .a k~e.k , Icel<. . .<e.<k and j odd. 
1 2  ej-2ej-1 3 3 - 

This set is linearly independent, and the product defines an 

isomorphism of Z -spaces 
P 

P{Slk1. . . BM[k] -+ R[k]*. 

R[kl* is determined as an algebra by commutativity and the 

following relations: 

(i) T~~ T~~ = Skkaijk if i<j (and T ~ ~ T ~ ~  = 0); 

(ii) oijk T~~ = ( T ~ ~ T ~ ~ T ~ ~ ) / S ~ ~ ;  and 

(iii) uijkumk = (T T T 
2 

ik jk mkTnk)/'kk' 

(In (ii) and (iii), the right sides are to be evaluated in terms 

of the basis monomials by use of (i); the numerators, if non-zero, 

2 are divisible by the non zero-divisor Skk or Skk.) 

Proof: By the counting lemmas, an admissible monomial I with 

~(1) =k and e(1)~O can be uniquely expressed in the form 

I = nlIlk+. . .+nkIkk+Lek, n > O  and e = {el,. . . ,eJ3, 
9- 



Let j=2i-E,  E=O o r  1, and def ine  n ( I ) = i f  Enq. Let he denote the  
a 

monomial i n  M[k] corresponding t o  t h e  seq;ence e ,  Let <, > 

be t h e  Kronecker product ( t h a t  i s ,  t h e  eva lua t ion  p a i r i n g  

R[k]*@R[k] -t Zp). We claim t h a t  

"1 n k 
(1)  <Elk . . Ekk h e ,  Q'> = 1, and 

"1 n k 
(2)  <Elk  . . . Ekk h e ,  Q ~ >  # 0 and J # I imply J>I. 

Let $: R[k] + ~ [ k ] " ' ~ )  be t h e  i t e r a t e d  coproduct.  For any J ,  

Now ( 1 )  i s  immediate from the  d e f i n i t i o n  of t h e  Lek. Given J 

a s  i n  ( 2 ) ,  we can ob ta in  a summand 

I1 
hQ @ . . . @ &  I n ,  E l i  = I 2nd h Z 0 .  

on the  r i g h t  s i d e  of (3 )  by applying Adem r e l a t i o n s  t o  put t h e  

,Ji i n  admissible form, and ,>I fol lows.  I f  we express t h e  

n 1 monomials g1 = elk..  . ~ ~ k  h e  i n  t h e  ordered b a s i s  dual  t o  t h a t  

of admissible monomials, 

then  (1) and (2) s t a t e  t h a t  (aIJ) i s  an upper t r i a n g u l a r  mat r ix  

wi th  ones along t h e  main diagonal .  Therefore {SI} is  a b a s i s  

f o r  R[k] *. It remains only t o  prove (i) , (ii) , and (iii) . By 

inspect ion  of t h e  d e f i n i t i o n s ,  we have 

An easy dimensional argument shows t h a t  ckkuijk i s  t h e  only 

poss ib l e  summand of rik -r jk ,  and t h i s  proves (i). Since 

formulas (ii) and (iii) fol low immediately from (i). 

In  order  t o  determine t h e  Steenrod opera t ions  on t h e  

genera tors  of R[k]*, we need t o  know a l l  opera t ions  i n  R[k] 

I which h i t  any of  t h e  Q , I ~ P [ k l ,  from above; of course,  w e  
L 

may r e s t r i c t  a t t e n t i o n  t o  t h e  genera tors  pP and B of A .  For 

dimensional arguments, it should be observed t h a t  R can be 

given a second grading by t h e  number of Bocksteins which occur 

i n  monomials and t h a t  a l l  s t r u c t u r e  (except ,  of course,  a c t i b n  

by B )  p reserves  t h i s  grading.  

Lemma 3 . 8 .  The fol lowing formulas a r e  v a l i d  i n  R[k], k > l ,  - 
r 

and these  formulas spec i fy  a l l  opera t ions  pQJ and PI: QJ, r,O, 

on b a s i s  elements QJ, which have a summand of t h e  form X Q  I 

wi th  0 # ~ € 2 ~  and I € P [ k ] :  

J ik  (i) p>Z: j3QIkk=pJkkandj3Q = Q  Kikk if l(i<k 

+J  J 
pk-I Q1jk l k  = 20 jk if 12j2k ( v i i i )  p> 2 : P, 



Proof:   he statements about 6 are obvious. For the rest, we - 
first reduce the problem to manageable proportions by a search 

of dimensions. Observe that 
k k-l<d (I) <2 k -11 . (a) ~g P [k] implies zpk" ( ~ ~ - ~ - 1 )  Fd (I) F2 (p -1) C2 - - 

Since R[k]* is an unstable A-module, (a) implies that 

PpqQ1') = 0 i f  r 2 k and i t  P[k]. For  r <  k and I t  P[k], we have 

k k-i  k-2 2 
(b) d(1) t 2pr(p-i) 2(2p - p - 1) < 6p (p - p-l)[d(I) + 2r < 3 ~ 2 ~ - ~ ] .  

I 
Clearly (a) and (b) imply that i f  P ; P ~ Q ~  has a summand hQ with h # 0 and 

I t P[k], then either J t P[k] o r  J = J 1  + J "  with both J 1  and J1' in ~ [ k ] .  1 
I 

Observe further that k-2 2 
d(I) ~ p ~ ( p - 1 )  < 4p (P - P-i),  IcP[kl, 

if either p> 3 and r ( k-2 o r  p= 3 and r 5 k-3; thus the possibility J = J 1  t J n  

i s  also ruled out in these cases. Simple dimensional arguments in the few re- I 
maining cases demonstrate that our list will be exhaustive provided that the 

following formulas also hold: 

k-i I. +Kiik 
P Q ~k (xi) p>Z: P* = O  i f  l < i < j S k ,  

(xii) p = 2 :  = O  if Z ( j 5 k .  

To prove (ii) through (xii), observe that the Nishida relations can be described I 
J 

as  follows on admissible monomials Q . I 
r 

(4) 
J 

Let J = ( c , s , K ) ;  if r 2 O  and S < ~ ~ S E ,  then ~ , 5 )  Q = O ; i f  r ) l  I 
r r - i  r-1"- 

J e s - p t p  
and s > pr + & , then P t  Q E @ Q P: QK modulo linear I 
combinations of admissible monomials QL such that e(L) ( e(J) - 2(p- E ) I 

Further, we have the particular Nishida relations 

(5) 
I s 

P'Q = (s-i)QS-'  and p:@QS = sPQs-' - Qs-'@ if s ,  i .  

Formulas (4) and (5) clearly imply 

k-1 J-Ilk 
(6) If e(Jj)<Z (p-E) , lLj<k, then P: Q = ( s ~ - ~ + E ~ ) Q  

k-1 
[If e(Jj)<2, lj<k, then P: QJ = (sk-l)Q 

J-llk] I 

where J = ( E ~ , s ~ ,  . .. , E ~ , s ~ )  and J = ( E ~ , s ~ ,  . . 
j kl sk) ' 

In all cases (vi) through (xi), the hypothesis of (6) is satis- 

fied, and this proves (vi), (vii), and (ix) . In (viii) , (x) 

and (xi), the sequence J-Ilk obtained on the right side of 

(6) is not admissible. However, the only Adem relation re- 

quired to reduce J-Ilk to admissible form is 

(7 )  Q ~ ~ B Q ~  = B Q ~ ~ Q ~  if s2.1.. 

The proofs of (ii) through (v) and (xii) are similar applications 

of ( 4 )  and (5); they are simplified by use of induction on k. 

The following Adem relation is needed in the proof of (xii). 

(8) Qps+lQS = 0 if s2O. 

Because of the change of basis involved in our description 

of R[k]*, our formulas simplify slightly upon dualization. 

Theorem 3.9. The following list of relations specifies all 

non-trivial actions of the generators p p r ,  rlO, and 6 of the 

Steenrod algebra on the generators (Ejkl T~~~ aijkl of Rtkl*. 

(i) p>2: Brkk = Ekk and @aikk = -T if l<i<k ik - - 

k- i - j  
(iii) p > 2: pp = -7. 

Tjk j+l,k 
i f  . i S j < k  



k- 1 -i 

(iv) p > 2: pp if 1 5 i < j - 1 < k  i+I,j,k 
k-I-j  

crijk jk= - u+ 

(v) p > 2: pp cr. - i f  I S i < j < k  ijk - -ui,j+l,k 

(vi) p 2 2: p ~ k - i  'jk = '1k6jk if I c j 5 . k  

k- 1 
(vii) p > 2: pp ijk = C i k i j k  + Cjkr lk  if 1 5 j c k  

k- 1 
(viii) p > 2 pp qjk = Slkuijk + Cikuljk - ejkrIik if 1 < i < j ( k ,  u I l k  = o .  

Proof. (i) is trivial since, as  explained in [A, p. 2071, the cohomology and 

homology Bocksteins are related by 

<pel a >  = (-l)deg fffl < c ,  @a>. 

Relations (ii) through (vi) a re  immediate from the corresponding numbered 

d. 

relations of the lemma, since ~ [ k ] *  i s  one-dimensional in the degrees in which 

these relations occur. For (vii), we can certainly write 

k- 1 
pP rjk = aglkrjk + bgjkilk 

(with a = 0 if j = l). 

J + I  
Fo r  j 2 2 ,  I l k + J j k < J l k + J  and < 6  lkrjk' 

Ik jk> = 1, a s  can be seen 
jk 

J1k+ljk 
by examination of L$ Q . By (vii) and (viii) of the lemma, and by 

formulas (1) and (2), we find 

k-1 I + J  
1 = < p p  , Q ' ~  jk> = a i f  2 5 j 5 . k  

jk' 
and 

k- 1 
J1kf Ijk 

2 = < p P  I- Q > = a + b  i f  1 < j ( k .  
jk' 

This proves (vii). Similarly, for (viii), we can certainly write 

k- 1 
pp qjk = a61kcrijk i b6ikuijk t c6ikulik (with a = 0 and c = 0 if i = 1). 

I. + Klik 
I,, +'Kijk < Iik + Kijk < Ijk + Klik . and < 6 ik"l jk' Q Jk > = 0, 

by examinations of coproducts. Now (ix), ( x ) ,  and (xi) of the lemma, to- 

k- 1 
gether with (1) and (2), imply (viii) by evaluation of PP u.. on 

13k 

Ilk+ K.. qk,  di*+ K1jk 
J + K  

Q , and Q jk like Note that (viii) can be predicted 

k-1 
from (vi) and (vii) by application of pZp to the relation rik;k = Skkcrijk. 

We have the following immediate corollary. 

Corollary 3.  10. If p = 2, ~ [ k ]  l' i s  generated as an A-algebra by 

CIk. If p > 2, ~ [ 1 ] *  is generated a s  an A-algebra by r and ~ [ k ] *  , 11 

k 2 2, is generated as an A-algebra by 5 and cr 
Ik 12k' 

* :: 
In other words, R[k] is a quotient A -algebra of H K(Z n) o r  of 

P. * 
H*K(Z , m) @ H K(Z , n) for appropriate integers m and n. 

P P 

Remarks 3.  i1. In order to obtain an upper bound on the spherical classes 

of HIQsO by determination of its A -annihilated primitive elements, it would 

be desirable to have complete information on the A-module (rather than the 

A-algebra) generators of ~[k]* :  we can add classes not in R to elements 

of R to obtain primitive classes of H*QS': we cannot so obtain A-annihi- 

lated classes of HIQSO unless the given class in R was A-annihilated. 

I have not carried out the necessary calculations. Madsen [ 8 ] has 

obtained considerable information in the case p = 2 and has used this 

information to retrieve Browder's results [ 4 ] on the Arf invariant. 

.b * 
It remains to compute the coproduct on generators of ~ [ k ]  , and we 

I 
need information about the products in R which hit any of the Q , 

I e P[k]. Fortynately, we do not need complete information when I = K ijk' 



Lemma 3.12. Let IOk denote the sequence of length k, k 2 0, 

with all entries zero. Suppose that J and K are admissible sequences 

I 
such that QJQK has a summand XQ with X f 0 and I E P[k]. Then 

either K E P[i] o r  K = I for some i < k and, in the latter case, 
O i  

I = I for some j. A l l  possible choices for J and K when I = I o r  
jk jk 

I = J a re  specified in the following relations; in (i) and (ii), if h < i 
jk 

and h < j, then the asserted relations merely hold modulo the subspace of 

1 
R[k] spanned by the admissible monomials which do not end with Q . 

i i-h i-h I 
(i) Q ( P - P  )'k-i,k-itP I j -h ,k- idhi .  Q jk  , oChStLk ,  Olj-hck-io 

i i-h i-h 
J (P -p  i k - i  'j-h, k-i :hi _ jk , i5h.=-i~k , 0 5 j - h ~  k-i . 

(ii) Q 

i 
I. (P -l)L-i, k-itJj-i; k-i li J 

(iii) Q Q = Q  jk , O c i < j ( k .  

Proof. If (J, K) is admissible and in P[k], then K E P[i] for 

some i; such decompositions of I and J account for the relations 
jk jk 

with h = i in (i) and with h = j @ (i) and (ii) and for all relations in (iii). 

If (J,  K) i s  inadmissible, then K E ~ [ i ]  o r  K = I for some i since the 
O i  

1 
only Adem relations which have Q appearing on the right side are  

We claim that i f  (t, ki) is inadmissible, 0 I h 2 i ,  then Qt dhi has no 

1 i 
non-zero summand ending with Q unless t = p and h < i, when 

t Iii dMititi is the only such summand. Indeed, Q Q can have no such 

summand because, in the Adem relation QrQS = 
x.Qr+s-j aj for r > ps, 

J 

A. = 0 unless j > s. The claim now follows by upwards induction on i 
J 

and, for fixed i,  downwards induction on .h, via explicit calculation from 

the ~ d e m  relations and the inductive definition of the Ihi. The essential 

i i-1- i-1-h Pi-l-hQpi-* 
. fact 5s that QP Q' has the summand I 

Ihi 
0 ( h  < i. Note that, since f3Q = 0 for h < i, it follows that if (J, &) 

is inadmissible, 0 5 h 5 i, and if any Bockstein entry E in J i s  non-zero, 

J Ihi j 
1 then Q Q has no non-zero summand ending with Q . We claim also 

that i f  (t, J ) i s  inadmissible, 1 2 d 5 i ,  then Qt dhi has no non-zero . hi 
1 i 

summand ending with Q unless t = p , when Q Jhila iii i s  the only such 

summand. The proof i s  again an easy double induction; the Adem relation 

(7) i s  used to prove the claim when h = i. A straightforward bookkeeping 

argument from our claims shows that the relations of (i) and (ii) with h < i 

J K and h <  j giveallpossibilitiesfor Q Q tohaveanon-zero summand 
I J. 

hQjk  o r  XQJk when (J,K) isinadmissible. 

* 
In our formulas for the coproduct in R-', the sums are  to range 

over the integers; this makes sense in view of our convention that 6. 
Jk' 

Tjk, and o. 
ijk 

a re  zero except where explicitly specified otherwise. 

The formula for 4 o.. announced in [12 ] is incorrect; the correct 
1Jk 

formula given here i s  in fact somewhat simpler. 

Theorem 3.13. The following formulas specify the coproduct on 

* 
the generators of R'. 

i i-h i-h 
= s p - p  (i) "jk 

(h, i) k-i,k-i j-h,k-i 

i i-h i-h 
(ii) + T ~ ~  = cP - eP 

, , j ,  @ 

h-f h-g 
s - sP sP 

j-g,k-h i-f,k-h j-f,k-h i-g,k-h 

h h:g- 
P - P  i('Ph-g h- g - cp T '(5) 'k-h, k-h j-g,k-h i-h, k-h i-g,k-h j-h,k-h)Q9Tgh 



ph- 1 
0- ' Sk-h, k-h i-h, j-h, k-h @ 'hh 

h 

Proof. Observe f i r s t  that if J = X n I ik +Leks  then e(J) = n k S € ,  

where E = e (L  ) i s  zero  o r  one. In view of the lemma, (i) and (ii) will 
ek 

hold provided that the monomials to the left of the tensor  signs a r e  precisely 

J 
dual to the corresponding admissible monomials Q . By (1) and (2) in the 

proof of Theorem 3.7, this will certainly hold if the J a r e  maximal among 

a l l  admissible sequences of the requisite degrees. A dimensional argument 

i i -h  
shows that, due to the multiple p - p of Ik-i, k-i which appears,  

the J actually have maximal excess among the admissible sequences of 

the requisite degrees.  We prove (iii) by a trick. By the lemma, we can 

certainly write 

(ggh for  g < h cannot appear on the right because, a s  noted in the proof 
I 

*'jk unless of the lemma, Q ~ Q  gh cannot have a non-zero summand AQ 

(J ,  i s  admissible, when g = h .  ) We have T. T = Ik jk 'kkUijk and 

therefore ( +rik)(+rjk) = uijk). After expanding both sides by 
* * 

use of Theorem 3.7 and the fact  that R[klT. R[I 1- = 0 fo r  k # P , we find 

that the re  i s  a unique solution for  the unknowns a @ and y f gh' gh' h ' 

namely that specified in (iii). 

§4. The homology of QX 

In this section and the next, we shall  compute H*QX and H,CX 

fo r  any space X, where C i s  the monad associated to an E operad 
m 

[see G, Construction 2.41. We shall  also fompute the mod p 

Bockstein spectral  sequences of QX and CX, hence our  results  will 

determine the integral homology groups of these spaces. 

(M i s  the f r ee  infinite loop space generated by X in the sense 

that if Y r xm and f:X + Y o  i s  any map in 5 ,  then there  i s  a 

unique map g: { Q Z ~ )  + Y in Xrn such that go q = f, where 

q :  X + QX i s  the natural  inclusion [see G, p. 431. Since, for a l l  finite 

n, the composite 

i s  the identity, where A i s  the evaluation map, q*: H*X -+ H*QX i s  a 

monomorphism. It i s  therefore reasonable to expect H*QX to be an  

appropriate f ree  object generated by H*X. 

Similarly, for  any operad c ,  (CX, p) i s  the f r ee  -space 

generated by X in the sense that if (Y, 8) i s  a $ -space and f:X + Y 

i s  a map in 2 , then the re  i s  a unique map g: CX + Y of -spaces 

such that gq = f ,  qr X + CX [see G, p. 13,16,17]. Again, i t  i s  reason- 

able to expect H*CX to be an appropriate f ree  object generated by H*X, 

a t  least  for  nice operads . 

We have constructed certain f r ee  functors WE and GWE in 

section 2 and, by f reeness ,  there  a r e  unique morphisms ?j:, of allow- 

able AR-Hopf algebras and ';i* of allowable AR-Hopf algebras with 

conjugation such that the following diagrams a r e  commutative: 



and 

.,- 

We have the following two theorems. 

f- 
Theorem 4. 1. F o r  every space X G J and every E operad & , m 

- 
q*: WEH,X + H*CX i s  an isomorphism of AR-Hopf algebras. .,- 

i-- rG 
Theorem 4.2. F o r  every space X 6 J , .q*: GWEH,X + H,QX 

is an isomorphism of AR-Hopf algebras with conjugation. 

The second theorem i s  a reformulation (and generalization) of the 

calculations of Dyer and Lashof [ 6 1. 
0 

By [G, Lemma 8.111, CS = U $(j)/Z. for any operad (where 
j 2 0  J 

U denotes disjoint union). If & i s  an E operad, the orbit space 
m 

j )  i s  s t  a K 1). Thus, a s  a ve ry  special case,  Theorem 4.1 
j' 

contains a concise reformulation of Nakaoka's results  [16,17,18] on the 

homology of symmetric groups. An E operad should be thought of 
C13 

a s  a suitably coherent construction of universal bundles for symmetric 

groups; the simple statement that CSO i s  a c - s p a c e  contains a great  

deal of information that i s  usually obtained by more' cumbersome alge- 

bra ic  techniques. 

The elements of H,X C H,CX and of H*X C H*QX play a 

role in  the homology of E spaces and of infinite loop spaces which i s  
m 

analogous to that played by the fundamental c lasses  of K(a, n) 's  in the 

cohomology of spaces, In particular,  the following corollaries a r e  

analogs of the statement that the cohomology of any space can be rep re -  

s ented, via the morphism induced by a map, a s  a quotient of a f r ee  

Corollary 4.3. If (X, B) i s  a &-space, where i s  an 

Em operad, then 8,: H,CX -. H,X represents  H*X a s  a quotient AR- 
T .,. .,- 

Hopf algebra of the f r ee  allowable AR-Hopf algebra WEH,X. 

Proof. 0: CX * X i s  the unique map of c - s p a c e s  such that 

Corollary 4.4, If Y i s  an infinite loop sequence, then 

-$ ,: H*QYO + H*YO represents  H,YO . a s  a quotient AR-Hopf algebra 
WT 

with conjugation of the f r e e  allowable AR-Hopf algebra with conjugation 

GWEH,X. -,. 

Proof. g m S Y O  * Yo i s  the unique infinite loop map such 

that -$ q = 1: ljm i s  defined explicitly in [G, p. 431. 
m 

Of course,  Theorems 4 .1  and 4 ,2  a r e  not unrelated. By 

[G, Theorem 4.21, there  i s  a morphism of monads a : C + Q. Thus 
m m 

amq = q, amzCmX + Q x  i s  a map of -spaces for a l l  X, and we m 

have the following commutative diagram: 
- 
Tr, 

Here L i s  the natural  inclusion. Since L i s  the identity if X i s  con- 

nected, Theorems 4.1 and 4.2, coupled with the Whitehead theorem 

f o r  connected H-spaces, imply the following result. 

Corollary 4.5. a : CmX + QX i s  a weak homotopy 
m 

equivalence fo r  a l l  connected spaces X. unstable A-algebra. 



The corollary was proven geometrically in  [G, Theorem 6.11 

n n 
by use of the much deeper fact that cr CnX * S? Z X i s  a weak homo- 

n * 

topy equivalence for a l l  n and a l l  connected X. We shall  prove 

Theorem 4.1 and shall generalize the corollary by obtaining a homology 

approximation to QX, for a rb i t r a ry  X, in  the next section. We prove 

Theorem 4.2 and compute the Bockstein spectral  sequence of CX and 

QX here. 

For counting arguments,  i t  will be useful to have explicit bases  

f o r  WEH,X and GWEH,X. .,. Let tX be a bas is  for JH*X which con- 

tains the s e t  of components of X, other than the component $ of the 

base-point, regarded a s  homology c lasses  of degree zero. Thus 

N 

tX u { $ } i s  a basis fo r  H*X. Let NnOX and Nn X denote the 
? 

f ree  commutative monoid and the f r e e  commutative group generated 

by n X, each subject to the single relation $ = 1; le t  Z NnOX and 
0 P 

N 

Z NIT X denote thei r  monoid and group rings. Let ATX be the f r ee  
P O  

commutative algebra generated by the  se t  

I 
(1) TX = { ~ I x f  xetX, I i s  admissible,  e(1) tb(1) >deg x, deg Q x >  0) 

(Recall the conventions, Definition 2.l(iii). ) Then, as  algebras, 

(2) WEH,X = ATX @ Z  NnOX and GWEH,X = ATX@Z h O x .  
P P 

I I 
Note that the Q x with e(1) = deg x,  b(1) = 0, and deg Q x  > 0 pre- 

cisely account for a l l  p-th powers of positive degree elements. Note 

also that Theorems 4.1 and 4 ,2  a r e  correct  in  degree zero  by com- 

parison of (2) with [G, Proposition 8.141. 

We need some preliminaries in o rde r  to prove Theorem 4.2 

for rion-connected spaces. The following well-known lemma clear ly  

I implies that Theorem 4.2 will hold provided that i t  correct ly  describes 

the homology of the component X of the base-point of QX. 9 
Lemma 4.6. Let X be  a homotopy associative H-space such 

that s X i s  a group under the induced product. Choose a point a e [a] . 0 

- 1 - 1 fo r  each component [a] of X, write a for the chosen point in  [a] , 

and le t  X denote the component of the identity element. Define 
$ 

I - 1 
I f: X + X$ X sOX by f(x) = (x- a , [a]) if x F [a]. Then f i s  a homo- 

topy equivalence with homotopy inverse g given by g(y, [a]) = ya. If 

left translation by any given element of X i s  homotopic to right transla- 

tion by the same element, then f and g a r e  H-maps. 

To study Q X, which i s  the component $2 QXX of the tr ivial  
$ $ 

I 
I loop in QZX, observe that we may assume,  without loss  of generality, 

that a l l  connected spaces Y in sight a r e  sufficiently well-behaved 

locally to  have universal covers n: UY -+ Y. Of course,  S2s:QUY 
* "gY 

I !  i s  then a weak homotopy equivalence. We require two simple lemmas 

I that X i s  connected and IT X i s  a f r e e  Abelian group. Then there  
I 1 

exists a map p: K(n X, 1 )  + X such that p induces an isomorphism on 
1 

nl. 
The composite of the product on X and .rr X p i s  therefore a weak 

homotopy equivalence UX X K(n X, 1) -+ X. 
1 

Proof. K(nlX, 1 )  i s  the res t r ic ted  Cartesian product of one 

copy of s1 for  each generator of s X, res t r ic ted  in the sense that a l l  
1 

but finitely many coordinates of each point a r e  at a chosen base-point in  



product on X f rom any chosen representatives S' -t. X for  the generators 

of alX. 0 f  course,  if X is a monoid, we can use the product directly 

ra ther  than inductively. 

Lemma 4.8. Let (X, 0) be a connected c-space,  w h e r e  

& i s  any operad. Then UX admits a s t ructure  of &-space such 

that n :UX+X i s a m a p o f  &-spaces .  

Proof. UX = PX/(N ), where two paths in  X which s t a r t  

at + a r e  equivalent if they end a t  the same point and a r e  homotopic 

with end-points fixed, and s i s  induced by the end-point projection. 

It i s  t r iv ia l  to verify that the pointwise k -space s t ructure  on PX of 

[G, Lemma 1,5] passes  to the quotient space UX. 

As a final preliminary,  we have the following observation con- 

cerning the homology suspension. 

Lemma 4.9. Let X be  a space. Let x E HOQX and y E H+QX. 

Then, if & y = 0, the loop product x +  y suspends to (EX)(U+YJ. 

Proof. Let a and b be representative cycles in  C+QX for 

x and y. Let i:QX + PX and s: PX * X be the inclusion and end- 

point projection. u*y i s  the homology c lass  of n+c, where c eC+PX 

is a chain such that i+b = d c .  QX acts  on the left of PX by composi- 

tion of paths, and s(f +g)  = s g  for  a loop f and path g. Now 

d(i+a * c) = i,(a .,. + b) and n,(i,a .,. .3. + c) = (E a)(s*c). The result  follows. 

Proof of Theorem 4.2. If X i s  (q-1)-connected, q > 1, 

then q+:H+X + H+QX i s  an isomorphism in  degrees l e s s  than 2q , 
i 

a s  can easily be verified by inductive calculation of H$ C ~ X  fo r  i( n 

in low degrees (by use of the Se r re  spect ra l  sequence). Indeed, this 

i s  just the standard proof that q,: n+X -t n+QX = T:x .,. i s  an  isomorphism 

in  degrees 'less than 2q-  1 and an epimorphism in degree 2q- 1. Thus 

the theorem i s  tr ivially t rue  in degrees l e s s  than 29 if X i s  (q-1)- 

connected. We cla im that if the. theorem is t rue  for  ZX i n  degrees 

l e s s  than n, then the theorem i s  t rue  for X in degrees l e s s  than n-1. 

This will complete the proof since i t  will follow that the theorem for 

zqx in degrees l e s s  than 2q implies the theorem fo r  X in  degrees 

l e s s  than q, for  a l l  integers q >  1, We shall  prove our claim by con- 

structing a model spect ra l  sequence {'Er}, mapping it into the S e r r e  

spect ra l  sequence {Er) of the path space fibration over UQZX, and 

invoking the comparison theorem [7 ,XI  11.11. By [G, Proposition 8-14] 

and Lemma 4.7, we may write 

H , ~ Z X  = ~ , u a x x  -%. @ ~ + x ( i j n , x ,  1). 

Let x' = x - (EX)$ for  x E H+X. We take tZX = {Z_xl I x e t ~ )  a s  our  
-,- 

IY 

basis for  JH+ZX, Z*: H+X ~ + Z X .  We may then wri te  

Of course,  if p = 2, this is not a sub-algebra and the squares 

2 1 d 

( z+x l )  = Q Z*xl l ie  in H+UQXX. Define WEH,ZX to be the sub- 

algebra of WEH*ZX generated by the elements of TZX of degree 

1 greater  than one and, if  p = 2, the squares Q E*xl, x E t X. Define 
0 

2 
(1f X i s  connected, 'E reduces to WEH,ZX@WEH,X. ) The 

.,. .I- 

differentials of { ' E ~ )  a r e  specified by requiring { ' E ~ }  to be a 

I spect ra l  sequence of differential algebras such that if Q x E TX, 

then 

and, if p > 2 ' and deg Q*X = 2s - 1, 



( ( Q X ) ~  @ Q x a x ] )  = (-1) d(1) 3-1 /3Q s Qx*Ep I P(I)+l ax]. 

Here ax E n X denotes the component i n  which the homology c lass  
0 

x l ies  ( q x  = x @ a x  t a x @ x  plus other t e r m s  if deg x > 0) and, f o r  

a E n X and n E 2, [na] denotes the n-th power of a in  the group 
0 

4 
Nn X C GWEH,X. An easy counting argument demonstrates that {lEr} 

0 

i s  isomorphic to a tensor  product of elementary spectra l  sequences of 

the  forms E { ~ ) @ P { T ~ )  and, if p >  2, 

p{z}/(zP) @[E{Tz} @ P { T ( Z P - ~  @ -rz)H, where E and P denote exterior 

and polynomial algebras. Here y runs through 

I I 
{QZ*x1 I I admissible, e(1) >deg x ,  deg QZ,xl> 1 and odd if p> 21 

and, i f  p > 2, z runs through 

I 
{ Q% l '  I I admissible, e(1) > deg  x, deg Q E l 1  even) 

(Note that, if p > 2, e(1) d(1) mod 2, hence e(1) = deg x S 1 implies 

I 
that  deg Q Z*xl i s  even. ) Of course,  to the eyes of {'Er}, the base 

N 

WEH*ZX looks like a tensor  product of exterior and truncated poly- 

nomial algebras ra ther  than like a f r ee  commutative algebra. Clearly 

'Em = Z By construction, there  i s  a unique morphism of algebras 
P' 

f: lE2 _* E2 such that the following diagram i s  commutative.' 

I f 
Since Q x  = Q x '  i f  d(1) > 0, by Theorem 1.1 (5), Lemma 4.9 implies 

that, %for u,: H,QX + H,QZX, 

(the sign comes f rom up = -pu ). By the naturality of u*, the same 

formula holds for u*: H*SZUQZX -+ H,UQZX, although here  the ele- 

ments QSZ,x', x E t X, a r e  of course not operations because the ele- 
T 0 

ments Z,x' a r e  not present in H*UQZX. By Theorem 1.1 (7) and the . T 

definition of { 'Er),  f induces a morphism of spect ra l  sequences. 

Since f = f(base) 8 f(fibre), our  c la im and the theorem now follow 

directly f rom the comparison theorem. 

The following observation on the s t ructure  of HQQX i s  some- 

t imes  useful. Note that H*Q X i s  the f r e e  commutative algebra 

-1 
a' 

generated by iy * (ay) I y c TX) , where ay  i s  the component 

in  which y l ies.  This description uses operations which occur in  

various components of QX. We can instead use just those operations 

which actually occur i n  the component Q X. a' 
Lemma 4.10. H*Q X i s  the f r e e  commutative algebra 

ff 
generated by the union of the following th ree  sets: 

I 
{Q1xl Q X E  TX and a x = @ }  

{x*[-axI I xetX, deg x > 0 ,  and ax # ff ) 

{aJ(# QSx * [-p. ax]) I QJpc QSx E TX and a x  # ff)  . 
Proof. [-P- ax] = [-ax] * . . . *[-ax], and we therefore have 

J . 5  s l(J) t 1 aJ({ QSx 4 ax]) = (Q  p Q X) * [-P ax] , 

modulo decomposable elements of H,Q X, by the Car tan formula. 

0 
ff 

When X = S , the f i r s t  two se ts  above a r e  clearly empty. 

We complete this section by computing the Bockstein spectral 



sequences of H*CX and of H,QX. Let {ErX} denote the mod p 

Bockstein spect ra l  sequence of a space X. A slight variant (when p > 2 

and r = 2) of the proof of [A, Proposition 6.81 .yields the following 

lemma. 

Lemrna 4.11. If (X, 8) i s  a -space, where i s  an E 
CKJ 

operad, then {ErX) i s  a spectral  sequence of differential algebras 

such that i f  Y E  Er-'X, then pryP = yp-lBr-ly if p >  2 o r  if p = 2 
2q 

2 
and r > 2, and f3 y = ypy + Q~~~~ if p = 2. and r = 2. 2 

Let Y = CX o r  Y = QX, and let  { E ~ A T X }  denote the 

restrict ion of {Ery} to ATX; in .both cases ,  we clearly have 

E r y  = E ~ A T X  @HoY for a l l  r 2 1. To describe E ~ A T X  explicitly, 

we require some notations. 

Definition 4.12. Let C r 2 1, be a basis for  the positive 
r' 

degree elements of E r x ,  and assume the C to be so chosen that 

Cr = DrU BrDr'J Crt1 * 

where D prDr, and C a r e  disjoint linearly independent subsets rS1 

of ErX such that prDr = {pry I y E D ~ )  and Cril i s  a se t  of cycles 

r+l 
under p which projects to the chosen basis for E X. Define A'X, 

r 2 2, to be the f r ee  str ict ly commutative algebra generated by the 

following set  (s t r ic tness  requires the squares of odd degree elements 

to be zero): 

pr- j  
where S = {y I y eDj, deg y even} and 

j r 

The proof of the following theorem i s  precisely analogous to the 

computation of the cohomology Bockstein spect ra l  sequence of K(Z t, n) 

P 
given in  [A, Theorem 10.41 and will therefore be omitted. It depends 

2s Q2s-l only on Lemma 4.11, the fact that f3Q = if p = 2, and counting 

arguments. 

Theorem 4.13. Define a subset SX of TX a s  follows: 

I 
(a)  p = 2 : SX = {Q1x 1 I = (25, J), deg Q x  i s  even, 1 (I) > 0) 

(b) p > 2 : SX = {Q1x 1 b(1) = 0, deg dx i s  even, ~ (1 )  > 0 )  
I 

1 
Then E ~ + ' A T X  = P{ypr I y E SX} @ E { @ ~ + ~  ypr / ~ E S X }  @ Ar+'X fo r  

a l l  r 2 1, where 

Therefore E ~ A T X  = AC0X i s  the f ree  str ict ly commutative algebra 

03 generated by the positive degree elements of E X. 



- 
$5.  The homology of CX and the spaces CX 

We f i r s t  prove Theorem 4.1 and then construct a homology approxi- 

- - - 0 
mation a :CwX -+ Q X for  a rb i t r a ry  spaces X. The space 

03 pl CwS 

will  be a K(Z,, I ) ,  and this special  case  of our approximation theorem 

was f i r s t  obtained by Priddy [ 201. 

Observe that the maps T* of Theorem 4.1 a r e  natural  in k a s  well 

a s  in  X. In particular,  the following result  holds. 

Lemma 5.1. If and &' a r e  E operads , then the following 
w 

i s  a commutative diagram of morphisms of AR-Hopf algebras: 

Moreover, a and a a r e  isomorphisms fo r  a l l  spaces X. 
1 * 2 * 

Proof. X & I  i s  an E operad by [G, Definitions 3 .5  and 3.81, 
m 

and n and n2* a r e  isomorphisms by [G, Proposition 3.101 and the 
1 s 

proof of [G, Proposition 3.41. 

By Theorem 4.2 and Figure  I, we already know that 

- 
qg: WEH,X -*. H,C X i s  a monomorphism (since a _T*L i s  a mono- 

-.- -.- m m-.- 

morphism); by the lemma, we know this for every E operad $. In 
OD 

order  to prove that Tis i s  an epimorphism, we need the following stan- 

dard  consequence of the properties of the t ransfer  in  the (mod p) 

homology of finite groups; a proof may be found in  [ 5 , p. 2551. 

Lemma 5.2. If n i s  a subgroup of the finite group II and if 

the index of a in II is prime to p, then the restrict ion 

i s  an epimorphism for  every Z II-module M. 
P 

We shall  also need the definition of wreath  products. 

~ e f i n i t i o n  5.3. Let a be a subgroup of En and le t  G be  any 

monoid. Then the wreath product n J  G i s  the semi-direct  product of 

n 
n and G~ determined by the permutation action of a on G ; explicitly 

if u E n and T . E G, then, in a j  G, 

n t l  
Embed G~ in  G a s  G~ X {e) and embed Z in  Z a s  the sub- 

n n t 1  

group fixing the las t  le t ter ;  this fi*es an embedding of Z {G in  
n 

z n t l  
IG, and Z IG i s  defined to be the union of the Z J G  for  finite n. 

m n 

Proof of Theorem 4.1. Consider the monad (C,p, q) associated to 

an  E operad & . As in  [G, p. 171, we wri te  p both for  the f-action 
43 

on CX and fo r  the monad product p: CCX + CX. Recall that, by [G, p. 13 

and 141, CX i s  a f i l tered space such that the product :: and &-action p 

re s t r i c t  to give 

*: F .CX X FkCX -+ F CX 
J j t k  

and 

p,: t ( k ) X F .  CXX ... X F .  CX -+ F.CX , j = j t . . . t j k .  
1 J k  J 

1 

Indeed, * i s  p (c) for  any fixed c 5 $(2) and, if y denotes the 
2 

s t ructura l  map of the operad [G, Definition 1.11, then 

p,(d; [el, ~ ~ 1 , .  . . , [ekt ykl) = [ ~ ( d ;  el' • . a  $ ek); Y ~ ,  ' a  • s ~ k ]  

j 
f o r  d E c ( k ) ,  ei E & (ji), and y. E X . We define a corresponding alge- 

bra ic  f i l trat ion of WEH*X by giving a l l  elements of the image of . 


























































































































































































































































































































































































































































