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ABSTRACT. We develop rigorous foundations for parametrized homotopy the-
ory. After preliminaries on point-set topology, base change functors, and
proper actions of non-compact Lie groups, we develop the homotopy theory of
equivariant ex-spaces (spaces over and under a given space) and of equivari-
ant parametrized spectra. We emphasize several issues of independent interest
and include a good deal of new material on the general theory of topologi-
cally enriched model categories. The essential point is to resolve problems in
parametrized homotopy theory that have no nonparametrized counterparts.
In contrast to previously encountered situations, model theoretic techniques
are intrinsically insufficient. Instead, a rather intricate blend of model theory
and classical homotopy theory is required. Stably, we work with equivariant
orthogonal spectra, which are simpler for the purpose than alternative kinds
of spectra that have highly structured smash products.

We give a fiberwise duality theorem that allows fiberwise recognition of
dualizable and invertible parametrized spectra. This allows use of formal du-
ality theory in closed symmetric monoidal categories to construct and analyze
transfer maps. Surprisingly, the notion of duality relevant to the parametrized
analogue of Spanier-Whitehead duality relating homology and cohomology is
entirely different. It was discovered by Costenoble and Waner. We give it
a conceptual treatment based on formal duality theory in “closed symmetric
bicategories”, which is a new theory of independent interest. Parametrized
Atiyah duality is central to the theory and leads to a better conceptual under-
standing of classical Poincaré duality and to a fiberwise version of Costenoble—
Waner duality that gives a fiberwise version of Poincaré duality. Equivari-
antly, the Wirthmiiller isomorphism is a very special case of parametrized
Atiyah duality, and the Adams isomorphism is a very special case of fiber-
wise Costenoble-Waner duality. Fiberwise bundles of spectra, first studied
rigorously here, are crucial to both forms of fiberwise duality theory.

We begin the study of parametrized homology and cohomology theories.
We describe such theories both axiomatically and in represented form, show-
ing that parametrized homology and cohomology theories are represented by
parametrized spectra. Theories represented by bundles of spectra are of par-
ticular interest and include twisted K-theory as a very special case. The
parametrized way of thinking sheds light on the construction of Thom spectra
and leads to a plethora of curious new nonparametrized commutative algebra
spectra. These are obtained by an entirely elementary general construction
that uses only ex-spaces, not parametrized spectra. Among other examples, it
gives iterated Thom spectra MU for ¢ > 1 such that M9U is a commutative
M9~ 1U-algebra.
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Prologue

What is this book about and why is it so long? Parametrized homotopy
theory concerns systems of spaces and spectra that are parametrized as fibers over
points of a given base space B. Parametrized spaces, or “ex-spaces”, are just spaces
over and under B, with a projection, often a fibration, and a section. Parametrized
spectra are analogous but considerably more sophisticated objects. They provide
a world in which one can apply the methods of stable homotopy theory without
losing track of fundamental groups and other unstable information. Stable homo-
topy theory has tended to ignore such intrinsically unstable data. This has the
effect of losing contact with more geometric branches of mathematics in which the
fundamental group cannot be ignored.

Parametrized homotopy theory is a natural and important part of homotopy
theory that is implicitly central to all of bundle and fibration theory. Results that
make essential use of it are widely scattered throughout the literature. For classical
examples, the theory of transfer maps is intrinsically about parametrized homotopy
theory, and Eilenberg-Moore type spectral sequences are parametrized Kiinneth
theorems. Several new and current directions, such as “twisted” cohomology theo-
ries and parametrized fixed point theory cry out for the rigorous foundations that
we shall develop.

On the foundational level, homotopy theory, and especially stable homotopy
theory, has undergone a thorough reanalysis in recent years. Systematic use of
Quillen’s theory of model categories has illuminated the structure of the subject
and has done so in a way that makes the general methodology widely applicable
to other branches of mathematics. The discovery of categories of spectra with
associative and commutative smash products has revolutionized stable homotopy
theory. The systematic study and application of equivariant algebraic topology has
greatly enriched the subject.

There has not been a study of parametrized homotopy theory that takes these
developments into account, and we shall provide one. We shall also give some direct
applications, especially to equivariant stable homotopy theory where the new theory
is particularly essential. However, we shall leave many interesting loose ends, and
we shall end the book with just glimpses of several new directions that are only
beginning to be mapped out.

One reason this study is so lengthy is that, rather unexpectedly, many seem-
ingly trivial nonparametrized results fail to generalize, and many of the conceptual
and technical obstacles to a rigorous treatment have no nonparametrized counter-
parts. Another reason is that new general concepts are required to understand the
full structure present in the parametrized setting and, in particular, to understand
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parametrized duality theory. For these reasons, the resulting theory is consider-
ably more subtle than its nonparametrized precursors. We indicate some of these
problems and phenomena here.

How to read this book. Before getting to this, we offer some words of advice
on reading this book. There is a lot of technical material that most readers will want
to skip at a first reading. The first three parts comprise the lengthy justification of
results that can be summarized quite briefly. Part I introduces the basic categories
of spaces, spaces over spaces, and ex-spaces in which we shall work, describing the
closed symmetric monoidal category of ex-spaces (in §1.3), the basic triple of base
change functors (in §§2.1 and 2.2), and many other interrelated functors. Part II
explains in careful detail how all structure in sight passes to homotopy categories
unstably. Part IIT explains how to do all of this stably. Along the way, we also
explain how to do everything equivariantly, at least for actions by compact Lie
groups. In the end, everything works out as well as can be expected, despite the
unexpected technicalities that we encounter. Accepting this, much of Parts IV and
V, which treat duality and homology and cohomology, should make sense without
a careful reading of Parts I-III. We have tried to signpost where things are going
with introductions to each of the five Parts and to each of the twenty-four Chapters.
We urge the reader to peruse these introductions, as well as this Prologue, before
plunging into the details.

Base change functors. A central conceptual subtlety in the theory enters
when we try to prove that structure enjoyed by the point-set level categories of
parametrized spaces descends to their homotopy categories. Many of our basic
functors occur in Quillen adjoint pairs, and such structure descends directly to
homotopy categories. Recall that an adjoint pair of functors (T, U) between model
categories is a Quillen adjoint pair, or a Quillen adjunction, if the left adjoint T
preserves cofibrations and acyclic cofibrations or, equivalently, the right adjoint U
preserves fibrations and acyclic fibrations. It is a Quillen equivalence if, further, the
induced adjunction on homotopy categories is an adjoint equivalence. We originally
hoped to find a model structure on parametrized spaces in which all of the relevant
adjunctions are Quillen adjunctions. It eventually became clear that there can be
no such model structure, for altogether trivial reasons. Therefore, it is intrinsically
impossible to lay down the basic foundations of parametrized homotopy theory
using only the standard methodology of model category theory.

The force of parametrized theory largely comes from base change functors asso-
ciated to maps f: A — B. The existing literature on fiberwise homotopy theory
says surprisingly little about such functors. This is especially strange since they
are the most important feature that makes parametrized homotopy theory useful
for the study of ordinary homotopy theory: such functors are used to transport
information from the parametrized context to the nonparametrized context. One
of the goals of our work is to fill this gap.

On the point-set level, there is a pullback functor f* from ex-spaces (or spectra)
over B to ex-spaces (or spectra) over A. That functor has a left adjoint f; and a
right adjoint f.. We would like both of these to be Quillen adjunctions, but that
is not possible unless the model structures lead to trivial homotopy categories. We
mean literally trivial: one object and one morphism. We explain why. It will be
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clear that the explanation is generic and applies equally well to other situations
where one encounters analogous base change functors.

COUNTEREXAMPLE 0.0.1. Consider the following diagram.
0
|

B——=Bx1

i1

_* .5

0

Here () is the empty set and ¢ is the initial (empty) map into B. This diagram is a
pullback since B x {0} N B x {1} = (. The category of ex-spaces over ) is the trivial
category with one object, and it admits a unique model structure. Let xp denote
the ex-space B over B, with section and projection the identity map. Both (¢, ¢*)
and (¢*, ¢.) are Quillen adjoint pairs for any model structure on the category of
ex-spaces over B. Indeed, ¢ and ¢, preserve weak equivalences, fibrations, and
cofibrations since both take %y to x5. We have (ig)* o (i1)1 = ¢ o ¢* since both
composites take any ex-space over B to xp. If (i1); and (ip)* were both Quillen left
adjoints, it would follow that this isomorphism descends to homotopy categories.
If, further, the functors (i1); and (ip)* on homotopy categories were equivalences of
categories, this would imply that the homotopy category of ex-spaces over B with
respect to the given model structure is equivalent to the trivial category.

Information in ordinary homotopy theory is derived from results in parametrized
homotopy theory by use of the base change functors ry and r, associated to the triv-
ial map r: B — x*, as we shall illustrate shortly. For this and other reasons, we
choose our basic model structure to be one such that (f, f*) is a Quillen adjoint
pair for every map f: A — B and is a Quillen equivalence when f is a homotopy
equivalence. Then (f*, f.) cannot be a Quillen adjoint pair in general. However,
it is essential that we still have the adjunction (f*, f.) after passage to homotopy
categories. For example, taking f to be the diagonal map on B, this adjunction
is used to obtain the adjunction on homotopy categories that relates the fiberwise
smash product functor Ag on ex-spaces over B to the function ex-space functor Fz.
To construct the homotopy category level right adjoints f., we shall have to revert
to more classical methods, using Brown’s representability theorem. However, it is
not clear how to verify the hypotheses of Brown’s theorem in the model theoretic
framework.

Counterexample 0.0.1 also illustrates the familiar fact that a commutative dia-
gram of functors on the point-set level need not induce a commutative diagram of
functors on homotopy categories. When commuting left and right adjoints, this is a
problem even when all functors in sight are parts of Quillen adjunctions. Therefore,
proving that compatibility relations that hold on the point-set level descend to the
homotopy category level is far from automatic. In fact, proving such “compatibil-
ity relations” is often a highly non-trivial problem, but one which is essential to
the applications. We do not know how to prove the most interesting compatibility
relations working only model theoretically.
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Poincaré duality. Before continuing our discussion of the foundations, we
pause to whet the reader’s appetite by pointing out how the parametrized theory
sheds new light on even the most classical parts of algebraic topology. Nonequivari-
antly, we shall construct a good homotopy category of spectra over B for any space
B. A spectrum kp over B represents (reduced) homology and cohomology theories,
denoted kB and kj, on ex-spaces over B and, more generally, on spectra over B.
We shall have a smash product that assigns a spectrum kA X over B to an ordinary
spectrum k£ and an ex-space or spectrum X over B. Taking k. to mean reduced
homology and implicitly stabilizing by applying suspension spectrum functors, we
shall have the following conceptual variant of the usual homotopical proof of the
Poincaré duality theorem. See §20.5 for details. It illustrates the use of the functor
ry from spectra over B to spectra, which collapses sections to a point, and its proof
features a comparison between r and r,; the latter is the “global sections” functor
from spectra over B to spectra.

ExAMPLE 0.0.2 (Poincaré duality). Let M be a smooth closed n-manifold and
let ST denote the spherical fibration obtained from the tangent bundle 7 of M by
fiberwise one-point compactification; it is an ex-space over M. Let S}, denote the
ex-space S™ x M:; it is a trivial spherical fibration, and S, = M II M. For any
spectrum k, the “parametrized Atiyah duality theorem” implies an isomorphism

kg (M) = (kA ST) 3/ (S3)-
Thus the parametrized theory implicitly gives a direct global homotopical con-
struction of a version of “generalized cohomology with local coeflicients” that gives
Poincaré duality for any representing spectrum k, without orientation hypotheses.
Now let k£ be a commutative ring spectrum. The Thom space of 7 is Tt = rS7,
r: M — %, while r.S}, = ¥"(M,). By definition, a k-orientation of M is a coho-
mology class p1 € k™(T'T) that restricts to a unit of k"(S™) = k%(SY) on each fiber.
We may view p as a map
w: ST — X"k
with adjoint
f: ST — r*(Z"k) =2 kA Sy
Smashing with £ and using the product £ A k — k, we find that g induces a map
p:kANST — kEASy
of k-module spectra over M. The unit property of yu is exactly the statement that
[l restricts to an equivalence on each fiber, and this implies that i is an equivalence
of spectra over M. This is a precise mathematical formulation of the intuition that
the tangent bundle of a k-orientable manifold is stably trivial when viewed through
the eyes of k-theory. The equivalence i induces an “untwisting” isomorphism

(kA ST)af (Shr) = E" (M)

This completes a proof of the Poincaré duality theorem as a formal implication
of parametrized Atiyah duality and the definition of an orientation. The proof
does not use the Thom isomorphism directly, but the equivalence of spectra
implies the isomorphism k,(T7) = k,_,, (M) on passage to homotopy groups, and
similarly for cohomology.

Here is another example of something that should be an old result and is
intuitively very plausible, but seems to be new. Details are given in §18.6.
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ExAMPLE 0.0.3. As an application of a relative form of parametrized Atiyah
duality, we prove that if M is a smooth closed manifold embedded in R? and L
is a smooth closed submanifold, then M/L is (¢ — 1)-dual to the cofiber of the
Pontryagin-Thom map Tvy; — Tvy, of Thom spaces, where vy, and vy, are the
normal bundles of M and L.

Model structures. Returning to our discussion of the foundations, we shall
of course use model structures wherever we can. However, even in the part of
the theory in which model theory works, it does not work as expected. There is
an obvious naive model structure on ex-spaces over B in which the weak equiv-
alences, fibrations, and cofibrations are the ex-maps whose maps of total spaces
are weak equivalences, fibrations, and cofibrations of spaces in the usual Quillen
model structure. This “g-model structure” is the natural starting point for the
theory, but it turns out to have severe drawbacks that limit its space level utility
and bar it from serving as the starting point for the development of a useful spec-
trum level stable model structure. In fact, it has two opposite drawbacks. First,
it has too many cofibrations. In particular, the model theoretic cofibrations need
not be cofibrations in the intrinsic homotopical sense. That is, they fail to satisfy
the fiberwise homotopy extension property (HEP) defined in terms of parametrized
mapping cylinders. This already fails for the sections of cofibrant objects and for
the inclusions of cofibrant objects in their cones. Therefore the classical theory of
cofiber sequences fails to mesh with the model category structure.

Second, it also has too many fibrations. The fibrant ex-spaces are Serre fibra-
tions, and Serre fibrations are not preserved by fiberwise colimits. Such colimits
are preserved by a more restrictive class of fibrations, namely the well-sectioned
Hurewicz fibrations, which we call ex-fibrations. Such preservation properties are
crucial to resolving the problems with base change functors that we have indicated.

In model category theory, decreasing the number of cofibrations increases the
number of fibrations, so that these two problems cannot admit a solution in com-
mon. Rather, we require two different equivalent descriptions of our homotopy
categories of ex-spaces. First, we have another model structure, the “qf-model
structure”, which has the same weak equivalences as the ¢-model structure but has
fewer cofibrations, all of which satisfy the fiberwise HEP. Second, we have a descrip-
tion in terms of the classical theory of ex-fibrations, which does not fit naturally
into a model theoretic framework. The former is vital to the development of the
stable model structure on parametrized spectra. The latter is vital to the solution
of the intrinsic problems with base change functors.

Other foundational issues. Before getting to the issues just discussed, we
shall have to resolve various others that also have no nonparametrized analogues.
Even the point set topology requires care since function ex-spaces take us out of
the category of compactly generated spaces. Equivariance raises further problems,
although most of our new foundational work is already necessary nonequivariantly.
Passage to the spectrum level raises more serious problems. One main source of
difficulty is that the underlying total space functor is too poorly behaved, especially
with respect to smash products and fibrations, to give good control of homotopy
groups as one passes from parametrized spaces to parametrized spectra. Moreover,
since the underlying total space functor does not commute with suspension, it does
not give a forgetful functor from parametrized spectra to nonparametrized spectra.



6 PROLOGUE

The resolution of base change problems requires a different set of details on the
spectrum level than on the space level.

This theory gives perhaps the first worked example in which a model theoretic
approach to derived homotopy categories is intrinsically insufficient and must be
blended with a quite different approach even to establish the essential structural
features of the derived category. Such a blending of techniques seems essential
in analogous sheaf theoretic contexts that have not yet received a modern model
theoretic treatment. Even nonequivariantly, the basic results on base change, smash
products, and function ex-spaces that we obtain do not appear in the literature.
Such results are essential to serious work in parametrized homotopy theory.

Much of our work should have applications beyond the new parametrized the-
ory. The model theory of topological enriched categories has received much less
attention in the literature than the model theory of simplicially enriched categories.
Despite the seemingly equivalent nature of these variants, the topological situation
is actually quite different from the simplicial one, as our applications make clear. In
particular, the interweaving of h-type and g-type model structures that pervades
our work seems to have no simplicial counterpart. Such interweaving does also
appear in algebraic contexts of model categories enriched over chain complexes,
where foundations analogous to ours can be developed. One of our goals is to give
a thorough analysis and axiomatization of how this interweaving works in general
in topologically enriched model categories.

The foundational issues that we have been discussing occupy the first three
parts of this book. Part I gives basic preliminaries, Part II develops unstable
parametrized homotopy theory, and Part III develops stable parametrized homo-
topy theory. The end result of this foundational work may seem intricate, but it
gives a very powerful framework in which to study homotopy theory, as we illustrate
in the last two parts.

Parametrized duality theory. In Part IV, we develop parametrized duality
theory. This has three aspects. First, there is a fiberwise duality theory that
leads to a smooth general treatment of transfer maps. There are two ways of
thinking about transfer maps. For fibrations in general, they are best thought of
as instances of generalized trace maps present in any closed symmetric monoidal
category. For bundles, they are best thought of fiberwise, with transfer maps on
fibers inserted fiberwise into bundles of spectra. It is not obvious that these give
equivalent constructions when both apply, and our fiberwise duality theory makes
that comparison transparent.

Second, there is a new kind of parametrized duality theory that was first discov-
ered by Costenoble and Waner. It, rather than fiberwise duality, is the appropriate
parametrized analogue of Spanier-Whitehead duality, and it is the kind of duality
that is used in the proof of Poincaré duality described in Example 0.0.2. These two
notions of duality are quite different. Parametrized sphere spectra are invertible
and therefore fiberwise dualizable, but they are not Costenoble-Waner dualizable
in general. Parametrized finite cell spectra are Costenoble-Waner dualizable, but
they are not fiberwise dualizable in general. The previous sentence hides another
subtlety. Finite cell objects in topological model categories such as ours are elusive
structures because their fibrant approximations are no longer finite. In our triangu-
lated stable categories, the parametrized finite cell spectra and their retracts do not
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seem to give the objects of a thick subcategory, which is contrary to all previously
encountered situations.

More centrally, conceptual understanding of the new duality theory requires
the new categorical notion of a closed symmmetric bicategory and a formal duality
theory for 1-cells in such a bicategory. Bimodules over varying rings, their derived
and brave new counterparts, and parametrized spectra over varying base spaces all
give examples. Dual pairs of “base change bimodules” and “base change spectra”
encode base change functors in terms of the bicategory operations. These categor-
ical foundations promise to have significant applications in other fields and will be
more fully developed elsewhere. The basic treatment here, in Chapter 16, can be
read independently of everything else in the book.

Third, there is a way to insert parametrized Atiyah duality fiberwise into bun-
dles of spectra to develop a fiberwise Costenoble-Waner duality theory. The basic
change of groups isomorphisms of equivariant stable homotopy theory, namely the
generalized Wirthmiiller and Adams isomorphisms, are very special cases of our du-
ality theorems, which are already of considerable interest nonequivariantly. These
applications depend on a clear and precise definition of a bundle of spectra and an
analysis of how such bundles behave homotopically. This notion has appeared spo-
radically in the literature, although without rigorous foundations. It seems certain
to become important.

Parametrized homology and cohomology. The first three parts, and most
of the fourth, give reasonably complete treatments of the topics they cover, but
Part V has a different character. Its main focus is the definition of parametrized
homology and cohomology theories and the beginning of their study. It seems to
us that another book this length could well be written on this topic, which we
believe will come to play an increasingly important role in algebraic topology and
its applications. We just scratch the surface. In Chapters 20 and 21, we show how
to axiomatize and represent parametrized homology and cohomology theories, and
we say a little about duality, base change, coefficient systems, products, and the
Serre and parametrized Atiyah-Hirzebruch spectral sequences. We give separate
treatments of the nonequivariant and equivariant theory for the reader’s conve-
nience. While we describe various calculational tools, we do not turn to explicit
computations here.

We observe in Chapter 22 that twisted K-theory is an example of a partic-
ular kind of parametrized cohomology theory, thereby making its associated ho-
mology theory precise and making all of the standard tools of algebraic topology
readily available. We also explain a Cech local to global (or descent) spectral se-
quence, the twisted Rothenberg-Steenrod spectral sequence, and a construction of
the Eilenberg—Moore spectral sequence, viewed as a parametrized Kiinneth spectral
sequence in the stable homotopy category of spectra over B.

Generalizations of Thom spectra. Another topic in Part V is the construc-
tion of generalized analogues of Thom spectra. We explain how the parametrized
way of thinking leads directly to the construction of new nonparametrized orthogo-
nal ring spectra and thus F, ring spectra. Our iterated Thom spectra are examples.
The construction is entirely elementary and only uses ex-spaces, not parametrized
spectra. We urge the interested reader to turn directly to Chapter 23, since the con-
struction is almost completely independent of everything else in the book. A more
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sophisticated application of parametrized methods constructs the Thom spectrum
associated to a map f: X — B, where B is the classifying space for some class
of bundles or fibrations, by pulling back the universal sphere bundle or fibration
spectrum E over B along f and then pushing down along r: X — * to obtain
the ordinary spectrum 7 f*E. We explain the idea briefly, but we do not pursue it
here. It is the starting point of work in progress with Andrew Blumberg.

In fact, we have hardly begun the serious study of any of the topics in Part V.
There are other areas, such as fixed point theory and Goodwillie calculus, where
parametrized theory is expected to play an important role but has not yet been
seriously applied due to the lack of firm foundations. It is time for this book to
appear, but it is only a beginning. There is a great deal more work to be done in
this emerging area of algebraic topology.

History. This project began with unpublished notes of the first author, dating
from the summer of 2000 [111]. He put the project aside and returned to it in
the fall of 2002, when he was joined by the second author. Some of Parts I and
IT was originally in a draft of the first author that was submitted and accepted
for publication, but was later withdrawn. That draft was correct, but it did not
include the “gf-model structure”, which comes from the second author’s 2004 PhD
thesis [152]. The first author’s notes [111] claimed to construct the stable model
structure on parametrized spectra starting from the ¢g-model structure on ex-spaces.
Following [111], the monograph [78] of Po Hu also takes that starting point and
makes that claim. The second author realized that, with the obvious definitions,
the axioms for the stable model structure cannot be proven from that starting point
and that any naive variant would be disconnected with cofiber sequences and other
essential needs of a fully worked out theory. His ¢f-model structure is the crucial
new ingredient that is used to solve this problem.

The new duality theory of Chapters 16, 17, and 18 was inspired by work
of Costenoble and Waner [41]. The applications of Chapter 19 were inspired by
Hu’s work [78]. The implementation of her results as manifestations of fiberwise
Costenoble-Waner duality came as a pleasant surprise.

Thanks. We thank the referee of the partial first version for several helpful
suggestions. We thank Gaunce Lewis and Peter Booth for help with the point set
topology, Mike Cole for sharing his remarkable insights about model categories,
Mike Mandell for much technical help, and Brooke Shipley for an illuminating
discussion of different types of generators. We thank Kathleen Lewis for working
out the counterexample in Theorem 1.7.1, Victor Ginzburg for giving us the striking
Counterexample 11.6.2, Amnon Neeman for giving us the useful Lemma 20.8.4, and
Shmuel Weinberger for pointing out Proposition 21.7.4.

We are especially grateful to Kate Ponto for a meticulously careful reading that
uncovered many obscurities and infelicities. Needless to say, she is not to blame for
those that remain.

Some of the work on this book was done during the second author’s visits to the
University of Chicago and the Institut Mittag-Leffler and he gratefully acknowledges
their hospitality and support. He would also like to thank the members of the
homotopy group at the University of Sheffield for useful conversations and a very
stimulating environment.
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Finally, we would like to thank the Editorial Committee of the Mathematical
Surveys and Monographs series of the AMS for accepting this book for publica-
tion unconditionally, while gently suggesting that we add more motivation and “an
attempt at more examples” and also suggesting a tentative deadline for us not to
meet. The freedom and pressure their decision gave us led directly to our working
out and writing up the new material that begins in Chapter 16, despite the prelim-
inary nature of much of it. Nearly all of this work postdates the acceptance of the
book on April 13, 2005.

Dedication. On May 17, 2006, Gaunce Lewis died after a lengthy bout with
brain cancer. This book is in large part the culmination of a long development
of the foundations of equivariant stable homotopy theory that began with Lewis’s
1978 Chicago PhD thesis and his joint work with the first author that appeared in
1986 [98]. His influence on our work will be evident. With sadness, we dedicate
this book to his memory.

July 11, 2006
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Point-set topology, change
functors, and proper actions






Introduction

The point-set topology of parametrized spaces is surprisingly subtle. Parame-
trized mapping spaces are especially delicate, and to have them one must leave the
most commonly accepted convenient category of topological spaces. Such issues are
dealt with in Chapter 1. Rather than give complete proofs, we shall collate results
from the extensive literature on the subject to arrive at the framework that we find
most convenient.

While in Chapter 1 we focus on single categories, in Chapter 2 we study
“change” functors between categories, focusing on change of base space and change
of groups. There are myriads of such functors, and sorting out all of the relation-
ships among them is a thankless task. In fact, from a categorical point of view,
a full theory of coherence relating them is well beyond current reach. Analogous
compatibility relations in algebraic geometry are well-known to be as important to
the applications as they are tedious to prove. We are interested here in the point-set
level, preparing the way for our later study of these relations in derived homotopy
categories.

Chapter 3 gives foundations for the generalization of parts of our theory from
compact Lie groups to general Lie groups. It was already observed by Palais [136]
that many results in equivariant homotopy theory can be generalized to Lie groups,
or even to locally compact groups, provided that one restricts to proper actions.
In the parametrized world, the homotopy theory is captured on fibers. When we
restrict to proper actions on base spaces, the fibers have actions by the compact
isotropy groups of the base space. So even though our primary interest is in compact
Lie groups of equivariance, proper actions on the base space seem to provide the
right natural level of generality. We set the stage for such a theory by generalizing
various classical results about equivariant homotopy types and equivariant bundles
and fibrations to the setting of proper actions by Lie groups. In Part II, we develop
foundations for space level parametrized homotopy theory in that generality, but
we will not go on to the spectrum level analogue in this book. Little of the material
in Chapter 3 is needed in the nonequivariant specialization of our work.
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CHAPTER 1

The point-set topology of parametrized spaces

Introduction

It is well understood that a convenient category of topological spaces should
be complete and cocomplete and should be closed cartesian monoidal. That is,
it should have all limits and colimits and it should be symmetric monoidal under
cartesian products; “closed” means that it should have mapping spaces related in
the expected way to cartesian products. With cartesian products replaced by smash
products, we have the same criteria for a convenient category of based spaces, but
here not even the associativity of the smash product is clear. The same criteria for
convenience also apply in the parametrized context, but there are additional ones
concerning the relationships between spaces and parametrized spaces. We develop
the basic point-set level properties of the category of ex-spaces over a fixed base
space B in this chapter.

In §1.1, we fix our convenient categories of topological spaces. We defer discus-
sion of our choices to §1.5, and we defer some technical results to §1.6. The usual
category of compactly generated spaces is not adequate for our work, and we shall
see later that the interplay between model structures and the relevant convenient
categories is quite subtle. In §1.2, we give basic facts about based and unbased
topologically bicomplete categories. This gives the language that is needed to de-
scribe the good formal properties of the various categories in which we shall work.
We discuss convenient categories of ex-spaces in §1.3, and we discuss convenient
categories of ex-G-spaces in §1.4.

As a matter of recovery of lost folklore, §1.7 is an appendix, the substance
of which is due to Kathleen Lewis. It is only at her insistence that she is not
named as its author. It documents the nonassociativity of the smash product in
the ordinary category of based spaces, as opposed to the category of based k-spaces.
When writing the historical paper [120], the first author came across several 1950’s
references to this phenomenon, including an explicit, but unproven, counterexample
in a 1958 paper of Puppe [138]. However, we know of no reference that gives details,
and we feel that this should be documented in the modern literature.

We are very grateful to Gaunce Lewis for an extended correspondence and
many details about the material of this chapter, but he is not to be blamed for the
point of view that we have taken. We are also much indebted to Peter Booth. He
is the main pioneer of the theory of fibered mapping spaces and function ex-spaces
(see [16-18]), and he sent us several detailed proofs about them.

1.1. Convenient categories of topological spaces
We recall the following by now standard definitions.

15



16 1. THE POINT-SET TOPOLOGY OF PARAMETRIZED SPACES

DEFINITION 1.1.1. Let B be a space and A a subset. Let f: K — B run over
all continuous maps from compact Hausdorff spaces K into B.

(i) A is compactly closed if each f~1(A) is closed.

(ii) B is weak Hausdorff if each f(K) is closed.

(iii) B is a k-space if each compactly closed subset is closed.

(iv) B is compactly generated if it is a weak Hausdorfl' k-space.
Let Jop be the category of all topological spaces and let ¢, ws’, and % =
JNw A be its full subcategories of k-spaces, weak Hausdorff spaces, and compactly
generated spaces. The k-ification functor k: Jop — # assigns to a space X the
same set with the finer topology that is obtained by requiring all compactly closed
subsets to be closed. It is right adjoint to the inclusion £~ — Zop, and it restricts
to a right adjoint to the inclusion % — w.#. The weak Hausdorffication functor
w: Jop — wH assigns to a space X its maximal weak Hausdorfl quotient. It is
left adjoint to the inclusion w# — Jop, and it restricts to a left adjoint to the
inclusion % — .

From now on, we work in %", implicitly k-ifying any space that is not a k-space
to begin with. In particular, products and function spaces are understood to be
k-ified. With this convention, B is weak Hausdorff if and only if the diagonal map
embeds it as a closed subspace of B x B. Like %, the category £ is closed cartesian
monoidal. This means that it has function spaces Map(X,Y") with homeomorphisms

Map(X x Y, Z) = Map(X, Map(Y, Z)).

This was proven by Vogt [166], who uses the term compactly generated for our
k-spaces. See also [174]. (An early unpublished preprint by Clark [33] also showed
this, and an exposition of ex-spaces based on [33] was given by Booth [17]).

We have concomitant categories J#, and %, of based spaces in J# and in % .
We generally write 7 for %, to mesh with a number of relevant earlier papers.
Using duplicative notations, we write Map(X,Y") for the space J£(X,Y) of maps
X — Y and F(X,Y) for the based space #.(X,Y) of based maps X — Y
between based spaces. Both %, and 7 are closed symmetric monoidal categories
under A and F [94, 166, 174]. This means that the smash product is associative,
commutative, and unital up to coherent natural isomorphism and that A and F' are
related by the usual adjunction homeomorphism

F(XA\Y,Z) = F(X,F(Y,Z)).

1.2. Topologically bicomplete categories and ex-objects

We need some standard and some not quite so standard categorical language.
All of our categories € will be topologically enriched, with the enrichment given
by a topology on the underlying set of morphisms. We therefore agree to write
% (X,Y) for the space of morphisms X — Y in ¥. Enriched category theory
would have us distinguish notationally between morphism spaces and morphism
sets, but we shall not do that. A topological category € is said to be topologically
bicomplete if, in addition to being bicomplete in the usual sense of having all limits
and colimits, it is bitensored in the sense that it is tensored and cotensored over
. We shall denote the tensors and cotensors by X x K and Map(K, X) for a
space K and an object X of . The defining adjunction homeomorphisms are

(1.2.1) C(X x K,Y) = 4 (K, €(X,Y)) 2 ¢(X,Map(K,Y)).
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By the Yoneda lemma, these have many standard implications. For example,

(1.2.2) X xx=2X and Map(+Y)=2Y,

(1.23) X x(KxL)2 (X xK)xL and Map(K,Map(L, X)) = Map(K x L, X).

We say that a bicomplete topological category % is based if the unique map
from the initial object @ to the terminal object * is an isomorphism. In that case,
% is enriched in the category 7. of based k-spaces, the basepoint of ¥(X,Y") being
the unique map that factors through *x. We then say that % is based topologically
bicomplete if it is tensored and cotensored over .. We denote the tensors and
cotensors by X A K and F(K, X) for a based space K and an object X of €. The
defining adjunction homeomorphisms are

(1.2.4) CXNK,Y) = A(K,C(X,Y)) = C(X, F(K,Y)).
The based versions of (1.2.2) and (1.2.3) are
(1.2.5) XAS">2X and F(S)Y)=2Y,

)

(126) XA(KAL 2(XAK)AL and F(K,F(L,X))~F(KAL,X).

Although not essential to our work, a formal comparison between the based
and unbased notions of bicompleteness is illuminating. The following result allows
us to interpret topologically bicomplete to mean based topologically bicomplete
whenever ¢ is based, a convention that we will follow throughout.

PROPOSITION 1.2.7. Let € be a based and bicomplete topological category. Then
% is topologically bicomplete if and only if it is based topologically bicomplete.

PROOF. Suppose given tensors and cotensors for unbased spaces K and write
them as X x K and Map(K, X),. as a reminder that they take values in a based
category. We obtain tensors and cotensors X A K and F(K, X) for based spaces K
as the pushouts and pullbacks displayed in the respective diagrams

Xxs—=XxK and F(K,X)—— Map(K, X).

. l |

*k ——= X AN K * Map(*, X ).

Conversely, given tensors and cotensors X A K and F(K, X) for based spaces K,
we obtain tensors and cotensors X x K and Map(K, X ), for unbased spaces K by
setting

XxK=XAK,; and Map(K,X).=F(K,X),

where K is the union of K and a disjoint basepoint. [

As usual, for any category € and object B in €, we let ¥ /B denote the
category of objects over B. An object X = (X, p) of ¢ /B consists of a total object
X together with a projection map p: X — B to the base object B. The morphisms
of ¥ /B are the maps of total objects that commute with the projections.

PROPOSITION 1.2.8. If € is a topologically bicomplete category, then so is €/ B.
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PROOF. The product of objects Y; over B, denoted X pgY;, is constructed by
taking the pullback of the product of the projections Y; — B along the diagonal
B — x;B. Pullbacks and arbitrary colimits of objects over B are constructed
by taking pullbacks and colimits on total objects and giving them the induced
projections. General limits are constructed as usual from products and pullbacks.
If X is an object over B and K is a space, then the tensor X xp K is just the
tensor X x K in € together with the projection X x K — B x * = B induced by
the projection of X and the projection of K to a point. Note that this makes sense
even though the tensor x in % need have nothing to do with cartesian products in
general; see Remark 1.2.10 below. The cotensor Map g (K, X) is the pullback of the
diagram

B —~= Map(K, B) =<—— Map(K, X)

where ¢ is the adjoint of B x K — B X * = B. O

The terminal object in /B is (B,id). Let ¢p denote the category of based
objects in € /B, that is, the category of objects under (B,id) in ¥/B. An object
X = (X,p, s) in €p, which we call an ex-object over B, consists of on object (X, p)
over B together with a section s: B — X. We can therefore think of the ex-objects
as retract diagrams

B—s>x-—sB

The terminal object in @ is (B, id, id), which we denote by *p; it is also an initial
object. The morphisms in ¥5 are the maps of total objects X that commute with
the projections and sections.

PrOPOSITION 1.2.9. If € is a topologically bicomplete category, then the cate-
gory € is based topologically bicomplete.

ProOOF. The coproduct of objects Y; € ¥p, which we shall refer to as the
“wedge over B” of the Y; and denote by VgY;, is the coequalizer of the maps
B — 11Y; given by the sections of the Y;, that is, the pushout of the coproduct
OB — I1Y; of the sections along the codiagonal II; B — B; it is given the evident
induced projection. Dually, the product of the Y; is constructed in € /B and given
the evident induced section. Pushouts and pullbacks in €5 are constructed by
taking pushouts and pullbacks on total objects and giving them the evident induced
sections and projections. The tensor X Ap K of X = (X, p,s) and a based space
K is the pushout of the diagram

B<=— (X x%x)Ug (BxK)—— X x K,

where the right map is induced by the basepoint of K and the section of X. The
cotensor Fp(K, X) is the pullback of the diagram

B —2> X <—— Mapg(K, X),
where ¢ is evaluation at the basepoint of K, that is, the adjoint of the evident map

X x K — X over B. O

REMARK 1.2.10. Notationally, it may be misleading to write X x K and X A K
for unbased and based tensors. It conjures up associations that are appropriate
for the examples on hand but that are inappropriate in general. The tensors in a
topologically bicomplete category ¢ may bear very little relationship to cartesian
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products or smash products. The standard uniform notation would be X ® K.
However, we have too many relevant examples to want a uniform notation. In
particular, as in the proofs above, we generally use the notations X xpg K and
X Ap K for tensors in the parametrized context, and there a notation such as
X ®p K would conjure up its own misleading associations. Actually, we shall
later use the notations X x K and X xp K interchangeably for tensors in ¢/B,
since X xp K is just the tensor X x K in % equipped with a projection. The
distinguishing notation X Ap K for tensors in €5 is more essential since it serves
as a useful reminder of the fiberwise nature of the smash product.

1.3. Convenient categories of ex-spaces

We need a convenient topologically bicomplete category of ex-spaces® over a
space B, where “convenient” requires that we have smash product and function ex-
space functors Ag and Fp under which our category is closed symmetric monoidal.
Denoting the unit B x S° of Ap by S%, a formal argument shows that we will then
have isomorphisms

(1.3.1) XA K=2XAp (S ApK) and Fp(K,Y)= Fp(S% Ap K,Y)

relating tensors and cotensors to the smash product and function ex-space functors.
In particular, S% Ap K is just the product ex-space B x K with section determined
by the basepoint of K.

The point-set topology leading to such a convenient category is delicate, and
there are quite a few papers devoted to this subject. They do not give exactly
what we need, but they come close enough that we shall content ourselves with a
summary. It is based on the papers [16-18,21,22,96] of Booth, Booth and Brown,
and Lewis; see also James [83,84].

We assume once and for all that our base spaces B are in . We allow the
total spaces X of spaces over B to be in J#. We let ¢ /B and % /B denote the
categories of spaces over B with total spaces in J# or %/. Similarly, we let £z and
% denote the respective categories of ex-spaces over B.

Both the separation property on B and the lack of a separation property on
X are dictated by consideration of the function spaces Mapg(X,Y) over B that
we shall define shortly. These are only known to exist when B is weak Hausdorff.
However, even when B, X and Y are weak Hausdorff, Mapz(X,Y) is generally not
weak Hausdorff. This motivates us to drop the weak Hausdorff condition on total
spaces and to focus on #p as our preferred convenient category of ex-spaces over B.
The cofibrant ex-spaces in our g-type model structures are weak Hausdorff, hence
this separation property is recovered upon cofibrant approximation. Therefore, use
of 2 can be viewed as scaffolding in the foundations that can be removed when
doing homotopical work.

We topologize the set of ex-maps X — Y as a subspace of the space % (X,Y)
of maps of total spaces. It is based, with basepoint the unique map that factors
through xp. Therefore the category J#p is enriched over J#,. It is based topo-
logically bicomplete by Proposition 1.2.8. Recall that we write xgY; and VgY;
for products and wedges over B. We also write Y/gX for quotients, which are

1Presumably the prefix “ex” stands for “cross”, as in “cross section”. The unlovely term “ex-
space” has been replaced in some recent literature by “fiberwise pointed space”. Used repetitively,
that is not much of an improvement. The term “retractive space” has also been used.
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understood to be pushouts of diagrams xg «— X — Y. We give a more concrete
description of the tensors and cotensors in .# /B and J#p specified in Propositions
1.2.8 and 1.2.9.

For a space X over B, we let X; denote the fiber p~1(b). If X is an ex-space,
then X, has the basepoint s(b).

DEFINITION 1.3.2. Let X be a space over B and K be a space. Define X xg K
to be the space X x K with projection the product of the projections X — B and
K — x. Define Mapg (K, X) to be the subspace of Map(K, X) consisting of those
maps f: K — X that factor through some fiber Xj; the projection sends such a
map f to b.

DEFINITION 1.3.3. Let X be an ex-space over B and K be a based space.
Define X Ap K to be the quotient of X xp K obtained by taking fiberwise smash
products, so that (X A K), = X, AK; the basepoints of fibers prescribe the section.
Define Fp(K, X) to be the subspace of Mapz (K, X) consisting of the based maps
K — X, C X for some b € B, so that Fp(K, X), = F(K, X3); the section sends
b to the constant map at s(b).

The category # /B is closed cartesian monoidal under the fiberwise cartesian
product X xp Y and the function space Mapg(X,Y) over B. The category 5
is closed symmetric monoidal under the fiberwise smash product X Ag Y and the
function ex-space Fg(X,Y). We recall the relevant definitions.

DEFINITION 1.3.4. For spaces X and Y over B, X xpY is the pullback of the
projections p: X — Band q: Y — B, with the evident projection X xgY — B.
When X and Y have sections s and t, their pushout X VgY specifies the coproduct,
or wedge, of X and Y in Jp, and s and ¢t induce a map X Vg Y — X XY over
B that sends z and y to (z,tp(x)) and (sq(y),y). Then X Ap Y is the pushout in
/B displayed in the diagram

XVpY — X xpY

L

*p——> X A Y.
This arranges that (X ApY), = X, AY}, and the section and projection are evident.
The following result is [22, 8.3].

ProrosiTION 1.3.5. If X and Y are weak Hausdorff ex-spaces over B, then so
is X Ap Y. That is, Ug is closed under N\p.

Function objects are considerably more subtle, and we need a preliminary def-
inition in order to give the cleanest description.

DEFINITION 1.3.6. For a space Y € JZ, define the partial map classifier Y to
be the union of ¥ and a disjoint point w, with the topology whose closed subspaces
are Y and the closed subspaces of Y. The point w is not a closed subset, and Y is
not weak Hausdorff. The name “partial map classifier” comes from the observation
that, for any space X, pairs (A4, f) consisting of a closed subset A of X and a
continuous map f: A — Y are in bijective correspondence with continuous maps
f: X — Y. Given (A, f), f restricts to f on A and sends X — A to w; given f,
(A, f)is f~1(Y) and the restriction of f.
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DEFINITION 1.3.7. Let p: X — B and q: Y — B be spaces over B. Define
Mapg(X,Y) to be the pullback displayed in the diagram

Mapp(X,Y) — Map(X,Y)

i J{Map(id,q)

B ———= Map(X, B).

Here ) is the adjoint of the map X x B — B that corresponds to the composite
of the inclusion Graph(p) C X x B and the projection X x B — B to the
second coordinate. The graph of p is the inverse image of the diagonal under
p xid: X x B — B x B, and the assumption that B is weak Hausdorff ensures
that it is a closed subset of X x B, as is needed for the definition to make sense.
Explicitly, A(b) sends X} to b and sends X — X, to the point w € B.

This definition gives one reason that we require the base spaces of ex-spaces to
be weak Hausdorff. On fibers, Mapz(X,Y"), = Map(X,,Ys). The space of sections
of Mapg(X,Y) is #/B(X,Y). We have (categorically equivalent) adjunctions

(1.3.8) Mapgz(X xpY,Z) = Mapg(X,Mapgz(Y, 2)),

(1.3.9) A |B(X xpY,Z)= % /B (X, Mapy(Y, Z)).

These results are due to Booth [16-18], but we follow [21] and [22]; §7 of the first of
these and §8 of the second explain details in the categories in which we are working;
see also [83, I1§9], and [96].

As we have already mentioned, Mapz(X,Y’) need not be weak Hausdorff even
when X and Y are. Some examples are given in [21, 5.3] and [96, 1.7]. The question
of when Mapy(X,Y) is Hausdorff or weak Hausdorff was studied in [21, §5] and
later in [83,84], but the definitive criterion was given by Lewis [96, 1.5].

ProrosiTiON 1.3.10. Consider a fized map p: X — B and varying maps
q: Y — B, where X and the Y are weak Hausdorff. The map p is open if and
only if the space Mapg(X,Y) is weak Hausdorff for all q.

ProrosiTiON 1.3.11. Ifp: X — B and q: Y — B are Hurewicz fibrations,
then the projections X XxgY — B and Mapg(X,Y) — B are Hurewicz fibrations.
The second statement is false with Hurewicz fibrations replaced by Serre fibrations.

PRroOOF. The statement about X xp Y is clear. The statements about
Mapg(X,Y) are due to Booth [16, 6.1] or, in the present formulation [17, 3.4];
see also [83, 23.17]. O

DEFINITION 1.3.12. For ex-spaces X and Y over B, define F(X,Y) to be the
subspace of Mapgz(X,Y) that consists of the points that restrict to based maps
X, — Y}, for each b € B; the section sends b to the constant map from X, to the
basepoint of V3. Formally, Fp(X,Y) is the pullback displayed in the diagram

Fp(X,Y) ——— Mapgz(X,Y)

i i Map g (s,id)

B - Y = Mapg(B,Y),

where s and ¢ are the sections of X and Y.
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The space of maps S% — Fp(X,Y) is #5(X,Y), and we have adjunctions
(1313) FB(X AB Y,Z)gFB(X,FB(Y,Z)),

(1.3.14) A (X ApY,Z) = A (X, Fp(Y,Z)).
Proposition 1.3.10 implies the following analogue of Proposition 1.3.5.

ProrosITION 1.3.15. If X and Y are weak Hausdorff ex-spaces over B and
X — B is an open map, then Fp(X,Y) is weak Hausdorff.

We record the following analogue of Proposition 1.3.11. The second part is
again due to Booth, who sent us a detailed write-up. The argument is similar to
his proofs in [16, 6.1(i)] or [17, 3.4], but a little more compli