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Problems in infinite loop space theory

J.P. May

Thie; will be a rémbling discussion of the status of infinite loop sPac.e'
theory, with the 'empha.sis on uhsoived pl;oblems in geometric ltopolo gy, alge=
bra.ic'K-theory", cobordigm-,' homology operations, and the general abstréc£
theory. Mansr of the problems willinvolve Eyp riﬁg spaces 'and s.-pectra.'
This is not solely a 1.'e'f2_|.ec.tion of-my personal interests. Imélici’tly ér
. explicitly, tizese structures are ce:gtral to most of the: applicatigns. The basic
reference ia [9], which w111 contain fhe material of the prepri.ntls "Coordinate~
frée épectf.ra.“, " .ﬂ -functors and orientation t_héory“, "Eoo ring -spectra"

(with Frank ‘-Quinn and Nigel ﬁ:'ay); and "On EO-o riented Bhndl_e theories™, as
well as the material on E,, ring s;laace‘s aboﬁt which I talked at the .confere-nce :
. and other ma;ferial developed since {some of which is sketched below).

_We now have a coherent theory of infinite loop épaces an_d spectra,
and it has gradually become appa.rer;t what the theory can and cannot do. 1
know of very few significant e:icazri-ples of H-séaces which are éuspected but-
not known to be in.finite"l;op spaces a:nd there are no outstanding thgoreticél
problems concerning the recognition of infinite loop‘spa.ces.- The only possible
exception might be Quillen's old conjecture that the representing space §_f a
functor with,-an appropriate transfer is an infinife loop space. It Ais. By now

well understood that this conjecture is wholly implausible; but that any counter-

example would be sufficiently ugly as to be wholly uninteresting (see Lada [4]).
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The situation as regards the recognition of E_, ring spectra is ﬂo£
quite ars_ satisfactory. Thére are significant examples of ring specti-a. which
are suspected but not known to be Eoo ring spectra. The only Thorm spectrum
ndt yét accoqnted fo: is MPL (and Quinn is working on this). A very Pro‘}o_'

cative example is BP.

Pflablem. 1_. Does the Brown-Peterson spectrum admit a model as an Eco
ring spectrum ?

-The point here is that the notion of an’ E_, ring spectrum seems not to
be a purely homotopical one; good concrete geometric models are required,
.a.nd no sﬁch model is known for BP, Fof much the same reason, we ha.;are the

awkward state of affairs revealed by the following question.

Prdblern _2. Are localizations and completions of Eoo ring spectra .a._gain,Eoo
ring spéctra?

Of course, we can use global Eoo ring spectra to bbtaiﬁ infinite loop
space information and can then localize or complete (as must be done even
to make sense of some of the georﬁetric problems V‘below).

One way to han‘gﬂe‘ the local version of Problem 2 wbuid be to carry

out the follo{ving program, which is certainly well within reach and should

have other useful applications.

Problem 3. Develop recognition principles for passage from "p local® Ec)o

spaces and Eoo ring spaces to p local spectra and Em ring spectra,
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The i&ea here is to recénstruct the entire machine of [7, 8, 9] with
the lfull syrhmetric groups replaced by suitably compatible p—Sylox&"‘sui)groués,

The situation as regards the recognition of infinite loop mapé. is still
less,satisfa.ctoryr. The machine does produce 1ots_ of infinite loop maps and
cﬁ;es show that once certain key maps are proveﬁ to be infinite loop maps theh :
it will follow that various other maps are so- as well, Unfortunately, many of
the itey maps have yet to be proven to be infinite loop maps. | I suspect that
this is 'in the general nature 6f things and that improvements in the abstract 7
theory will bé of little help with the remaining problems. Hoivejrer, a solution
to Prob_l.em 3 would be of some use since the machine has a marked avérs.ion
to virtual ::'eprese:_ita.ti.o:xt.ll.ﬁ= and the localization at p of a global map defined
in termas of virtual rep-.zjc.e.sentatio_nls can éometimes be defined in terms of
honest representﬁtiohs. |

Of course.,‘ we ﬁeed not rely only on ﬁaturality properties of the
machine to construct infinite loop maps.,— since all of the familiar techniques
of stable homﬁtoby theory are also available, There is as yet no analdg of
this statement for maps of Eco _ring.spectra: the only technique curreh‘tly
available is the const;‘uction of models acceptable to the machine, .

Given this picture of the abstract situation, let's turn to concrete
aw.ppli.c_:a-,f:i.ons° We would like to have a complete understanding of Adams!'
analysis of the groups JO(X) and of Sullivan's analysis of KTo'p(K) away
from 2 on the level of cé)homology theories or, more or less equiva'lently';

on the level of infinite loop space structures on the classifying spaces of
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various fibration and .bu'ndle theoretié functors. Explicitly, we wbuld lii{e -
to decompose the localizations or completions of all relevant infinite loop-'

spaces into products {or, at 2, fibrations) Qf specific atomic pieces, nafnél'y _
. BCoker J and pieces obtained solely from BO (such as Blm J, the various
factc-)rsr of BO at odd primes; BSpin; etc.). The following three conjectures

would supply the key infinite loop maps necessary for this purpose. .

Conjecture 1. The complex Adams conjecture holds on the infinite loop

space level,
This means that, for each r, the composite

r . ' .
pu ¥ -l 5 py-Bi 5 msp

is trivial as an infinite ;];9_0p map when localized away from r, .The real analog
is wildly false. With r =3 and U replaced by 6, Madsen [5] showed that
not even the first delooping is null homotopic. The splitting of BSF as an
infinite loop space at odd primes (Tornehave [16] or [9]) shows that the con-
| jectﬁre is a; least plausible, and several people seem to be Workiﬁg on it.

To state thé nc;.xt two ?:onjectuxjes',. we require some preliminaries.
from [9]. Let G be a bindle theory (O, U, Spin, Top, F, etc.). Let B(G; E)
be the classifying space for E-oriented stable G-bundles and let .
q: B(G}_E) ~ BG éorrespond to neglect of orientation. An E-orientation of G
is an H-map g:BG ~ B(G,E) such that qog =21, Thus g 'specifi'es'na_tural
E-Torientations.,r with product formula, of stable G-bundles, When E is an Eoo
ring spectrurh',.B(G.g_E) is an infinite loop space. Say that g is perf(;ict if it is

an infinite loop map and if qog =¥ 1 as infinite loop maps.
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Conjecture 2. The Atiyah-Bott-Shapiro orientation gs BSpin - B(Spin; kO)

is perfect.

Conjecture 3. The Sullivan orientation g:BSTop - B(STop; kO[1/2]) is

perfect.

Quinn is working on the second of these.

To relate these conj'e;:tures to BCokér J, we compose g and g with
the natural infinite loop maps from their ranges to B(SF;kO) (suitablsr localized)
and then apply the universal cannibalistic ¢lass C(L!Jr): B{SF; kO) -~ BSpin_, ,
where }E!oSpin® is the 2—connéétive cover of the special unit infinite loop space
BO®-"= SF kO (see [9]). At p, the fibre of c(t])r(p)) is BCoker J, where
r(2) = 3 and, for p> 2, }r(p) is a power of a prime q§# p such that r(p)
reduces mod pz to a ge'nlelzlrator'of the group of units of Z 2° Aﬁ affiér:mative

: P
answer to the following question would imply that c(q;r) is an infinite loop

b

map.
Problem 4. Is ¢ :kO[1/r] ~kO[1/r] a mapof E_ ring spectra?

As our abstract discussion makes clear, we are not yet close to an .
answer. To avoid this qthj.estion', we turn to discrete models and alrge‘bra.ic
K-theory. Recall from [9] that "bipermutative categories! naturally give
risé to Eco ring spaces and thus to Eoo ring spectra. For a cornmu'ta.tive
topological ring A, we have bipermutative categories (YA and H LA of

orthogonal and general linear groups. The Eoo ring spectrum kO used

above is obtained from OR. Let kO6 denote the completion a.wag-r from q
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(as abm}'_e, when thinkﬁlg of p) of the Eoo ring spectrum obtained ffc‘)m' Cﬁ’tﬂq-,
where Eq is an ‘a.lgeb:_raic closure of the field of q elements, Bréuér
liftiirg ﬁelds,' an e‘q'uivalence i :1‘:06 - 1:(\)[1 /a] of ring spectra. A local v'er-l
sion ;)f this result (in the complex case) was proven by Tornehave [15]; oﬁ

. the complet.ed level (which is the one of topological interest), the result is
i,n‘.fact extremely simple [9]. | |

A .
Problem 5. Is Q :kO° - kO[1/q] a map of E_ ring spectra?

~Again, we are not yet close to an answer. The Frobenius automorphism
ﬂr: @‘Eq - @'Eq (r = ¢°) is a morphism of bipermutative -categories, and
the indﬁced map (again denoted ¢r) on k()6 is transported to LIJr via '71 .
c:(jé’fr):k(ﬁ5 - BSpinzi® (ff:;ész—(‘:onnective cover of BO% = SF kOﬁ) is an infi#ite
| loop map. Its fibre at p, with = = r{p), is BCoker J endowed with an infinite
loop space structure. This fibre admits a more conceptua.l' de.scription as
B(SF;jOﬁ), where jO5 is a certain Eoo rirg spectrum which is a diSC;rete
model for the fibre jO of q;r(p).- 1:kO - kSpin at p (see [9]). In view of
Iérobléfns 4 and 5; it shquld b;a apparent tha.t-._,. a.t; presentr,‘ Conjectu:_:es Zand 3
woulci be muéh more u";eful if proven with kO replaced by kOa. So reformﬁ--
la.téd, they a:ﬁd Conjecture 1 would complete the desi":_red analysis of Adams!
work and of Sullivan's work away from 2, The sketch above is philosophicaily
sound because 1<:O6 and 1?0[1/(1] JALe indiétinguishable on the motivatringrlevel

5 N
of multiplicative cohomology theories and because BO® and BO®[1/q] are

equivalent as infinite loop spaces at p 75 q.



Here the last clause follows from a recent result of Adams and
Priddy which shows thaf, up to equivalence, there is only one p-local or
th

p~complete connective spectrum with zexro" space equivalent to BSO

localized or completed at p. 'Again; maps are more difficult,

Problem 6. When is an H-map between two infinite loop spaces, both

equivalent to BSO localized or completed at p, an infinite loop map 2

Adams's map p3:BSO - BSO® is a good test case. The cannibalistic
classes .pr: BSpin —~ .‘BSpir}8 will be infinite loop maps when completed away
from r if Conjecture 2 holds (in its original form) and (a weakened fo-rrn of)
either Problem 4 or Pr?blem 5 has an Vaf_ﬁrmative answer. The Adams-
Priddj result shows tl;at F/Top and BO® are equivalent as infinite loop
spaces at each p> 2. If Conjecture 3 holds (in its original form), then the 7
Sullivan L-genus.equivalence F/Tpp - BO® away from 2 will be an infinite
loop map. |

We are still very far from understanding F/Top at p = 2.,‘ and the

following problem is p}_robably beyond reach at present.
Problen; 7. Déscribe ¥/Top and F/PL as infinite loop spaces at p = 2;
then describe BTop and BPL.

Madsen [5] showed tha.t B‘3(F/Top) does not split at 2 ‘a,s a product
of Eilenberg-Maclane spaces; Madsen and Milgram [6] have shown that

BZ(F/Top) does so split.
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We return for 2 moment to the categories ,ﬂ;{A and (OA for a
discrete commutative ring A, Let kA and kOA denote the resulting Eoo
ring spectra. Ruillen's algebraic K-groups are KiA = -rrik.A for ix 1
(and th-e Eoo' ring structure gives K*A a ring structure}, Quillen's work
sugggsts. that it may be reasonable to define’ KOi.A = ‘iTiROA :Epr iz1 and t§

regard the natural map KOA -K *A as analogous to complexification..

Problem 8, What are the images of the stable stems in KO*Z and ~K*Z
under the induced maps on homotopy groups of the units e of the spectra
KOZ and KZ? |
 Quillen showed that, in degrees 4s-1, the image of T maps mox%.o- '
morphically to K 7 (onto a direct summand exgept possibly fox ‘Z--torsi.on
when s is odd), and the image of J maps monomorphically onto a direct
summand of KO_Z in all degrees [9]. Beyond the obvious stable families
of order Z; which map monomorphically onto direct summands of both KO*Z
an& K*Z; nothing is known about the behavior of the cokernel of J. While
one really wants to know all of K *Z,l such a calculation seems unlikely to

come out of infinite loop space techniques.

Problem 9. ' What is the precise relationship between the machine-built

spectrum kA and the Gersten-Wagoner spectrum KA [2,18]?
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~ One would hope that, modulo adjustment necessitated by KO._A, kA ‘-is.
the connective spectrum associated to KA, This problem, and the category
(?A, are‘closely rela.ted to Hermitian K-theory and alggbraic Ll;theory, an |
area which abounds in biperm\itative categories whose assoc;ated Eco ring
spéctra ﬁa.ve yet to be studied. A good solution of Problem 9.shou1d also
yield the conjecture of Karcubi [3,lp. 397 and 392] in the topological form
stated by Wall [19, p. 292]. Incidentally, the theory of Eoo ring speétra should
answer the question about products raised ip‘[19, p. 292] although hefe, Iand _
in various other é.pplica.tions, a solution of the f_ollowing problem rﬁa.y

eventually be required in order to obtain a really complete picture.

Problem 10;.. Develop 'ai};:i:'heory of Eoo pairings of Eoo module spectra over
an Eoo fmg spectrum.

We turn next to homological calculations in geometric topology. On .
the infinite classifying space level, the calculations are quite complete
(and will be summarized in {1 1]), although we still know relatively little

about how to interpret them.

Problem 11, Find fibration-theoretic interpretations of characteristic

classes for spherical fibrations.

Ravenel [13] and others have given such inteérpretations of certain
classes, but not enough to generate H (BSF) (under all structure in sight,

including the duals of the homology operations).
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- We can read off ¥ (BSF(n); Zp) from H (BSF; Zp) when p = 2 ox
n - is odd, and similarly for G(n+l). The following problem should not be

too difficult.

_ Problem 12. Compute H,(BSF(n); z) and H*(BSG(n+1)§zp) for p odd

and n even.

Provided that PL(n) and Top{n) are interpreted in the (compara-
tively uninteresting) block bundle sense, G{n)/PL(n} = G/PL for n> 3
and Top(n)/PL(n) at Top/PL for n> 5. Thus the foliowing problem should

be solvable by comparison with the infinite case.

Problem 13. Gompute ;;_,:H*(BPL(n); z) and H*V(BTop(n); Z) forall
primés p. |

The analog for the usual PL(n) and Top(n) is still beyond reach
(and iterated loop space techniques probably have little relevance), |

On th; Thom spectrum level, there is still much to be done. At the
prirﬁe 2, Brumfiel, Madsen, and Milgra.ﬁl [1] in the unoriented casé and
Madsen and Milgram. Lunbublished] in the oriented case have obtained
essentially complete information about Top and PL. cobordism. At odd
primes; Téuchiya [17] showed that the kernel of the natural map
A - H*.(MSTop) is the left idealk “generated by the Milnor elements QO

" and Qi. Unfortunately, that now seems to be the easiest step in the follow-

ing program,
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‘ % - . :
Problem 14, Gompute H (MSTop; Zp) as a module over the Steenrod
algebra A; then compute 'rr*MSTop bjr use of the Adams spectral se quence;

find representative manifolds for the resulting cobordism classes. .

 See Peterson [12] for a possible approach to the first step, The

following easier problem is also still open. .

Problem 15, Compute 11'*'MSF explicitly.; use the Levitt exact sequence to
read off the oriented Poincaré duality cobordism groups and find fepresen'ta.;

. » z . .
tive Poincaré complexes for the resulting cobordism classes.

éince M;.-SF splits as a product of Eilenberg-MacLane spectra :
(see Petérson [12]), the first step (on the additive Ievél) requires only a
counting arg’ﬁmen_t from the known structure of H*(BSF‘).

The previous problems deal primarily with the cohomology of
spectra MG for stable bundle theorie.s G. Since the MG are Em-ring
spectra, their zgsroth spaces MOG are Eoo ring spaces and their unit |
spa..ces FMG C MOG a,:t;e infinite loop spa,ces. The infinite loop map "~
Be: BF - BFMG is thg universal obstruction to the MG~0rienta.bility of
stable spherical fibra;ions [9]. Even when MG is just a product of
Eilenberg-MacLane spectra; the spectrum determined by FMG may well
be complicated. The following would be a first step towards understanding

these spectra. Define an AR-Hopf bialgebra (with x) to be an A-coalgebra

together with two structur es of R-algebra (and a conjugation y for the
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‘additive structure) subject to all requisite commutation formulas between
the various pieces of structure [10,11]. (The less appropriate term

"Hopf ring" has been used by other authors.)

Problem 16. Compute H*(MOG;.'—ZP) as. an AR~Hopf bia,lgebra.; ther?. Compute'
H*(BFMG; ‘Zp).
| When G = {e}, MG is the sphere spectrum and H*(MOG; Zp) is the
free AR-Hopf bialgebra with X geﬁerated by H*éo because the "Mixed .
: Ca.rta.n formulal and'"_mixed Adem rela.tionsi’ completely cieterminé the
multiplicative homology operations in terms of the additive homology opera-
tions [I.ii]. Simila.rl;}, f:he free AR~Hopf bialgébra. (without x) is realiz;d.b;r
H (L BE;Z). - | o

Ravel;el and Wilson [14] have computed H*(MOU; Zp) as a Hopf
bialgebra (without homology operations).

. Whﬂe. thé theory of hﬁmqlogy operations on_E‘.00 ring spé.ces is well

undé:rstood, there should also be a related theory of homotopy operations.
Problem 17. Analyze the homotopy operations implicit in the definition of
‘Eoo ring spaces.
Kabn's ui-products on the stable stems are consequences of the E
Lo}

0-
ring structure on QS , but their definition uses only a very small part of

&

. the total structure available. I suspect that this problem is intimately related

to the Arxf invariant question in the (ZS« 2)-stems.
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The notion of Eoo ring space is clearly essential to infinite locop
' space theory, There are those who feel that the abstract theory cannot

be regarded as complete until the structures used are shown to be homo-
topy invariant.
Problem 18. Is a space of the homotopy type of an Eoo ring space again

an Eoo ring space?
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