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Ouas i f ib ra t ions  a re  essent ia l iy  f ibra t ions  up to w e a k  h o m o t o p y .  

They  play  a f u n d a m e n t a l  role in h o m o t o p y  t h e o r y  since a v a r i e t y  of 

i m p o r t a n t  c o n s t r u c t i o n s  give rise to quas i f ib ra t ions  wh ich  fail to be 

f ibrat ions .  Quas i f ib ra t ions  w e r e  i n t roduced  in a basic 1958 p a p e r  by  Dold 

and  Thorn [2], and  some  r e f i n e m e n t s  of the i r  w o r k  were  added by  Hardie 

in 1970 [4]. The i m p o r t a n c e  of quas i f ib ra t ions  to the  s t u d y  of c lass i fying 

spaces  and  f ibra t ions  was  first es tabl ished in a 1959 pape r  of Dold and  

Lashof [l], and a s y s t e m a t i c  a c c o u n t  was  given in [5]. Ouas i f ib ra t ions  

p layed  an  essential  role in Ouillen's 1973 pape r  [6] in w h i c h  he i n t r o d u c e d  

the  h igher  a lgebra ic  K-groups  of rings. They  h a v e  been applied in qui te  a 

large number of more recent papers. 

Despite the i r  i m p o r t a n c e ,  quas i f ib ra t ions  h a v e  not been t r e a t e d  in 

a n y  textbook,  and  I know of no be t t e r  publ ished r e f e r e n c e  t h a n  the  

original  pape r  (in G e r m a n )  of Do}d and  Thorn. Around  1972, I p r o v e d  a 

n e w  t h e o r e m  abou t  w e a k  h o m o t o p y  equ iva l ences  of pairs  of spaces  and  

obse rved  t h a t  the  basic facts  abou t  quas i f ib ra t ions  a re  v e r y  e a s y  

c o n s e q u e n c e s  of t h a t  resul t .  I 've  n e v e r  publ ished this  m a t e r i a l ,  w h i c h  

wa s  in tended  as p a r t  of a stiI! p ro j ec t ed  v o l u m e  on the  h o m o t o p i c a l  

f o u n d a t i o n s  of a lgebra ic  topology. In v iew of its close c o n n e c t i o n  to the  

t h e m e  of the  Mon t r ea l  confe rence ,  I t h o u g h t  t h a t  I would  seize the  

occas ion to give an  exposit ion. 

We give some  p re l imina r i e s  and  s t a t e  ou r  t h e o r e m  a b o u t  w e a k  

equ iva l ences  in sect ion 1. We explain the  appl ica t ion  to the  t h e o r y  of 

quas i f ib ra t ions  in sect ion 2. We p rove  the  t h e o r e m  abou t  w e a k  

e qu iva l ences  in sect ion 5. 

This paper is in final form and no version of it will be submitted for 
publication elsewhere. 
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§1. W e a k  e q u i v a l e n c e s  of p a i r s  

A m a p  f: X --~ Y of s p a c e s  is s a id  to  be  a n  n - e q u i v a l e n c e  if, for  a l l  

x ~ X, f~: ~ q ( X , x )  -~ ~ q ( Y , f ( x ) )  is a b i j e c t i o n  for  0 _< q < n a n d  a 

s u r j e c t i o n  fo r  q -- n.  A m a p  f: (X,A) -~ (Y,B) of p a i r s  of s p a c e s  is s a id  to  

be  a n  n - e q u i v a l e n c e  if ( f ~ ) - l l m ( ~ o B  --~ t o Y )  = I m ( ~ o A  ~ =oX)  a n d ,  for  

a l l  a ~ A, f~: ~ q ( X , A , a )  ~ ~q (Y ,B , f ( a ) )  is a b i j e c t i o n  fo r  1 _< q < n a n d  a 

s u r j e c t i o n  fo r  q = n. The  c o n d i t i o n  on  c o m p o n e n t s  m e a n s  t h a t  if f(x) 

c a n  be  c o n n e c t e d  to  a p o i n t  of B, t h e n  x c a n  be  c o n n e c t e d  t o ' a  p o i n t  of 

A; i t  is a u t o m a t i c a l l y  s a t i s f i e d  w h e n  X a n d  Y a r e  p a t h  c o n n e c t e d .  In  

b o t h  t h e  a b s o l u t e  a n d  t h e  r e l a t i v e  c a s e s ,  f is s a i d  to  b e  a w e a k  

e q u i v a l e n c e  if i t  is a n  n - e q u i v a l e n c e  for  a l l  n.  

By  t h e  e v i d e n t  long  e x a c t  s e q u e n c e s  a n d  t h e  f i v e  l e m m a ,  p l u s  s o m e  

t e d i o u s  e x t r a  d e t a i l s  to  h a n d l e  f u n d a m e n t a l  g r o u p s ,  w e  h a v e  t h e  f o l l o w i n g  

r e l a t i o n s h i p  b e t w e e n  w e a k  e q u i v a l e n c e s  of p a i r s  a n d  of t h e i r  c o n s t i t u e n t  

s p a c e s .  

L e m m a  1.1. Let  f: (X,A) --~ (Y,B) be  a m a p  of p a i r s  s u c h  t h a t  b o t h  

f~: ~ o A  - - ~ o B  a n d  f~: ~oX - ~ o Y  a r e  b i j e c t i o n s .  If a n y  t w o  of t h e  t h r e e  

m a p s  f: A ~ B, f: X -~ Y, a n d  f: (X,A) ~ (Y,B) a r e  w e a k  e q u i v a l e n c e s ,  

t h e n  so is t h e  t h i r d .  

O u r  n e w  t h e o r e m  on w e a k  e q u i v a l e n c e s  of p a i r s  is a k i n d  of a n a l o g  

in t h e  c o n t e x t  of e x c i s i v e  t r i a d s .  R e c a l l  t h a t  a t r i a d  (X; A, B) is s a i d  to 

be  e x c i s i v e  if X is t h e  u n i o n  of t h e  i n t e r i o r s  of A a n d  B. 

T h e o r e m  1.2. Let  f: (X; XI ,  X2) ~ (Y; Y I ,  Y2) be  a m a p  of e x c i s i v e  t r i a d s  

s u c h  t h a t  f: (Xi, X I M X 2 )  ~ (Yi, Y I N Y 2 )  is a n  n - e q u i v a l e n c e  fo r  i = 1 

a n d  i = 2. T h e n  f: (X, X i ) ~  (Y, Yi) is a n  n - e q u i v a l e n c e  fo r  i = 1 a n d  

i = 2 .  

No u s e f u l  c o n c l u s i o n  c o u l d  be  d e r i v e d  w i t h  a n  a s s u m p t i o n  on  o n l y  

o n e  of t h e  p a i r s  (Xi, X I N X 2 ) .  W h i l e  t h i s  r e s u l t  r e a l l y  does  s e e m  to  be  

n e w ,  t h e  f o l l o w i n g  i m m e d i a t e  c o n s e q u e n c e  of t h e  l e m m a  a n d  t h e o r e m  is 

fo lk lo re ;  a p r o o f  a p p e a r s  in G r a y  [3, 16.24].  

C o r o l l a r y  1.3. Let  f: (X; X1, X2) ~ (Y; Y1, Y2) be a m a p  of e x c i s i v e  

t r i a d s  s u c h  t h a t  f: XIFIX2  --~ Y 1 A Y 2 ,  f: X I  ---~Y1, a n d  f: X2 --~ Y2 a r e  

w e a k  e q u i v a l e n c e s .  T h e n  f: X ~ Y is a w e a k  e q u i v a l e n c e .  
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In  t u r n ,  t h i s  i m p l i e s  a loca l  c r i t e r i o n  for  a m a p  to  b e  a w e a k  

e q u i v a l e n c e .  

Corollary 1.4. Let f:X -* Y be a map and let 0 be an open cover of Y 

which is closed under finite intersections. If f: f - I u  -* U is a weak 

equivalence for all U e ~, then f: X --* Y is a weak equivalence. 

Proof. Let C be the collection of subspaces V of Y such that  V is 

a union of spaces in (~, f: f - l v  --*V is a weak equivalence, and 

f: f-I(UNV) --* U,~V is a weak equivalence for all U ~ O. Order C by 

inclusion. The union of a chain in C is in C by an obvious colimit 

a rgument ,  and C is nonempty  since it contains el. Thus C has a 

maximal  element V. Suppose V # Y. Then there is a U ~ ~ which is 

not contained in V. The previous corollary implies tha t  UUV is in C, 

c o n t r a d i c t i n g  t h e  m a x i m a l i t y  of V. 

§2. Q u a s i f i b r a t i o n s  

If p: E -~ B is a f i b r a t i o n ,  t h e n  p: ( E , p - I A )  --~ (B,A) is a w e a k  

e q u i v a l e n c e  fo r  a l l  n o n e m p t y  s u b s p a c e s  A of B; in p a r t i c u l a r ,  

p: ( E , p - l b )  - ,  (B,b) is a w e a k  e q u i v a l e n c e  fo r  a l l  b ¢ B (e.g. [9, p .187]) .  

T h e  n o t i o n  of a q u a s i f i b r a t i o n  t u r n s  t h i s  d e s i r a b l e  p r o p e r t y  i n t o  a 

d e f i n i t i o n .  

D e f i n i t i o n  2.1. A s u r j e c t i v e  m a p  p: E --* B is a q u a s i f i b r a t i o n  if 

p: ( E , p - l b )  -~ (B,b) is a w e a k  e q u i v a l e n c e  fo r  a l l  b ¢ B. 

I t  is to  be  e m p h a s i z e d  t h a t  t h i s  n o t i o n  does  n o t  p r o p e r l y  b e l o n g  to 

f i b r a t i o n  t h e o r y  s i n c e  t h e  p u l l b a c k  of a q u a s i f i b r a t i o n  n e e d  n o t  be  a 

q u a s i f i b r a t i o n .  

A s s u m e  g i v e n  a f i x e d  s u r j e c t i v e  m a p  p: E -~ B. W e  s h a l l  d e r i v e  

v a r i o u s  c r i t e r i a  fo r  p to  be  a q u a s i f i b r a t i o n .  

C l e a r l y  p: E --~ B is a q u a s i f i b r a t i o n  if a n d  o n l y  if i t s  r e s t r i c t i o n  

p - I C  ~ C is a q u a s i f i b r a t i o n  for  e a c h  p a t h  c o m p o n e n t  C of B. T h u s  w e  

m a y  a s  w e l l  r e s t r i c t  a t t e n t i o n  to  p a t h  c o n n e c t e d  b a s e  s p a c e s  B. 

Of c o u r s e ,  if p is a q u a s i f i b r a t i o n ,  t h e n ,  for  b ~ B a n d  x £ p - l b ,  t h e  

e x a c t  s e q u e n c e  of h o m o t o p y  g r o u p s  of t h e  p a i r  ( E , p - l b )  y i e l d s  a n  e x a c t  

s e q u e n c e  

" ' "  ~ ~ n + l ( B , b )  ~ ~ n ( p - l b , x )  ~ ~n (E ,x )  ~ ~ n ( B , b )  -~ ' ' '  ~ ~o(B,b) ,  
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Let Np = {(x,co) I c o : l  ~ B, co(1) = p(x)} c E x B I a n d  let q: Np ~ B 

be t h e  f i b r a t i o n  speci f ied  b y  q(x,co) = co(0); t h u s  q - l b  is t h e  u s u a l  

h o m o t o p y  t h e o r e t i c  f ibe r  of p o v e r  b. If ;~: E ~ N p  is t h e  n a t u r a l  

e q u i v a l e n c e ,  ;~(x) = (X,Cp(x)), t h e n  qo;~ = p a n d  ;~ r e s t r i c t s  to  a m a p  

p - l b  ~ q - l b  for  e a c h  b ~ B. C lea r ly  p is a q u a s i f i b r a t i o n  if a n d  o n l y  if 

;~: ( E , p - l b )  ~ ( N p , q - l b )  is a w e a k  e q u i v a l e n c e  for  all b ~ B. By  L e m m a  

i . i ,  t h i s  ho lds  if a n d  o n l y  ;~: p - l b  -~ q - l b  is a w e a k  e q u i v a l e n c e  for  all 

b ~ B. W i t h  B c o n n e c t e d ,  t h e  f ibers  q - l b  all h a v e  t h e  s a m e  h o m o t o p y  

t y p e ,  h e n c e  t h e  f ibe r s  p - l b  all h a v e  t h e  s a m e  w e a k  h o m o t o p y  t y p e  if p 

is a q u a s i f i b r a t i o n .  

S a y  t h a t  a s u b s p a c e  A of B is d i s t i n g u i s h e d  if t h e  r e s t r i c t i o n  

p: p - l A  --, A is a q u a s i f i b r a t i o n .  S ince  p: (E, p - i A ,  p - l a )  ~ (B, A, a) 

i n d u c e s  a m a p  of long  e x a c t  s e q u e n c e s  of h o m o t o p y  g r o u p s  of t r ip les ,  t h e  

f ive  l e m m a  a n d  s o m e  t e d i o u s  v e r i f i c a t i o n s  on t h e  ~ i  level  g ive  t h e  

fo l lowing  o b s e r v a t i o n .  

L e m m a  2.2. Let  A be a d i s t i n g u i s h e d  s u b s p a c e  of B. T h e n  t h e  m a p s  

p: (E, p - l a )  ~ (B, a) a r e  w e a k  e q u i v a l e n c e s  for  all a e A if a n d  o n l y  if 

t h e  m a p  p: (E, p - i A )  --, (B, A) is a w e a k  e q u i v a l e n c e .  

The  fo l lowing  a n a l o g  of C o r o l l a r y  1.3, w h i c h  is t h e  h e a r t  of t h e  Dold-  

Thorn  t h e o r y  of q u a s i f i b r a t i o n s ,  is n o w  a d i r e c t  c o n s e q u e n c e  of T h e o r e m  

1.2. This  o b s e r v a t i o n  is p e r h a p s  t h e  m a i n  p o i n t  of o u r  w o r k .  

C o r o l l a r y  2.3. Let  (B; B1, B2) be a n  exc i s ive  t r i ad .  If B I A B 2 ,  BI ,  a n d  

B2 a r e  d i s t i n g u i s h e d ,  t h e n  p: E ~ B is a q u a s i f i b r a t i o n .  

P roo f .  W i t h  (B, A) r e p l a c e d  b y  (Bi, B I N B 2 ) ,  L e m m a  2.2 g ives  t h a t  

p: ( p - l B i ,  p - 1 B I N p - I B 2 )  --+ (Bi, BINB2)  

is a w e a k  e q u i v a l e n c e  for  i = i a n d  i = 2. By  T h e o r e m  1.2, 

p: (E, p - l B i )  ~ (B, Bi) 

is a w e a k  e q u i v a l e n c e  for  i = 1 a n d  i = 2. By  L e m m a  2.2 app l i ed  

w i t h  A = Bi, p: (E, p - i b )  -+ (B, b) is a w e a k  e q u i v a l e n c e  for  all 

b E Bi, i = 1 a n d  i = 2, a n d  t h u s  for  all b E B. 

The  p roo f  of C o r o l l a r y  1.4 appl ies  to  g ive  t h e  q u a s i f i b r a t i o n  a n a l o g  of 

t h a t  r e su l t .  



95 

Coro l l a ry  2.4. Let O be an  open cove r  of B w h i c h  is closed u n d e r  finite 

in te rsec t ions .  If each  U ~ O is d is t inguished,  t h e n  p: E ~ B is a 

q u a s i f i b r a t i o n .  

These resu l t s  a r e  u sua l l y  used in c o n j u n c t i o n  w i t h  t he  following 

obse rva t ion .  Recall t h a t  a h o m o t o p y  ht:  B --~ B is a d e f o r m a t i o n  of 

on to  A if ho = Id, h t ( a ) =  a for a e A, and  h i ( B ) c  A. 

L e m m a  2.5. Let A be a d is t inguished subspace  of B. Suppose  t h e r e  

exist d e f o r m a t i o n s  h of B onto  A and  H of E on to  p - l A  such  

t h a t  poll1 = h l ° p  and  HI: p - l b  ~ p - l h l ( b )  is a w e a k  e q u i v a l e n c e  

for all b ¢ B. Then p: E --~ B is a quas i f ib ra t ion .  

Proof.  By L e m m a  1.1, HI: (E, p - l b )  -~ ( p - l A ,  p - l h l ( b ) )  is a w e a k  

e q u i v a l e n c e  for all b ¢ B. Passage  to h o m o t o p y  g roups  f r o m  the  

c o m m u t a t i v e  d i a g r a m  

gives t he  conclus ion .  

Hi 
(E, p- lb)  -:, (p-IA, p- lh l (b ) )  

pi lp 
(B, b) -~ (A, hl(b)) 

hl 

S a y  t h a t  B is f i l tered if it is g iven as t he  un ion  of an  inc reas ing  

s equence  of subspaces  FnB such  t h a t  each  inclusion FnB ~ F n + I B  is a 

cof ibra t ion .  By an  ev iden t  col imit  a r g u m e n t ,  a m a p  p: E ~ B is a 

quas i f ib ra t ion  if each  FnB is d is t inguished.  The following i m m e d i a t e  

i n d u c t i v e  c o n s e q u e n c e  of Coro l la ry  2.3 and  L e m m a  2.5 is p r o b a b l y  the  

mos t  g e n e r a l l y  useful  c r i t e r ion  for p to be a quas i f ib ra t ion .  

B and T h e o r e m  2.6. Let p: E -~ B be a m a p  on to  a f i l tered space  

suppose  t h a t  t he  following condi t ions  hold. 

(i) FoB and  each  open subse t  of each  FnB - F n - I B  a r e  d is t inguished.  

(ii) For each  n _> 1, t h e r e  is an  open ne ighborhood  Un of F n - I B  in 

FnB and  t h e r e  a r e  d e f o r m a t i o n s  h of Un onto  F n - I B  a n d  H 

of p - i U n  onto  p - I F n - I B  such  t h a t  poll1 = h l o p  and  

HI: p - l b  - -~p - lh l (b )  is a w e a k  equ iva l ence  for each  b ¢ Un. 

Then e a c h  FnB is d is t inguished  and  p: E ~ B is a quas i f ib ra t ion .  

There  is an  a l t e r n a t i v e  c r i t e r ion  t h a t  of ten  applies w h e n  E and  ]3 

a r e  built  up  f r o m  success ive  compa t ib l e  p u s h o u t  d i a g r a m s .  
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T h e o r e m  2.7. Le t  p: E ~ B be  a m a p  of f i l t e r e d  s p a c e s  s u c h  t h a t  

F n E  = p - I F n B  for  n _> 0 a n d ,  for  n >_ i ,  p: FnE  ~ F n B  is o b t a i n e d  b y  

p a s s a g e  to  p u s h o u t s  f r o m  a c o m m u t a t i v e  d i a g r a m  of t h e  f o r m  

gn jn 

F n - I E  ~ Dn --~ En 

P~ l q n  l P n  
F n - I B  +-- An  --+ Bn. 

fn in 

S u p p o s e  t h a t  t h e  f o l l o w i n g  c o n d i t i o n s  ho ld .  

(i) FoB is d i s t i n g u i s h e d .  

(ii) E a c h  m a p  Pn:  En -+ Bn is a f i b r a t i o n .  

(iii) E a c h  m a p  in:  A n  ~ Bn is a c o f i b r a t i o n .  

( iv)  E a c h  r i g h t  s q u a r e  is a p u l l b a c k .  

(v)  gn: ( q n ) - l ( a )  --+ P - l f n ( a )  is a w e a k  e q u i v a l e n c e  fo r  a l l  a ~ An. 

T h e n  e a c h  F n B  is d i s t i n g u i s h e d  a n d  p: E --+ B is a q u a s i f i b r a t i o n .  

The  i n d u c t i v e  s t e p  h e r e  is a c o n s e q u e n c e  of t h e  s e c o n d  of t h e  

f o l l o w i n g  t w o  l e m m a s ,  w h i c h  a r e  d u e  to  H a r d i e  [4]. B o t h  r e f e r  to  a 

c o m m u t a t i v e  d i a g r a m  

g J 
E ~--- D ~ E' 

(~) P i  ].q lP '  
B ~--- A --+ B'. 

f i 

L e m m a  2.8. If, in (~),  p, q, a n d  p' a r e  q u a s i f i b r a t i o n s  a n d  t h e  

m a p s  g: q - l ( a )  -+ p - l f ( a )  a n d  j :  q - l ( a )  ~ ( p ' ) - l i ( a )  a r e  w e a k  

e q u i v a l e n c e s  for  a l l  a ~ A, t h e n  t h e  i n d u c e d  m a p  s" M ( j , g )  -~ M(i , f )  of 

d o u b l e  m a p p i n g  c y c l i n d e r s  is a q u a s i f i b r a t i o n .  

P r o o f .  M(i , f )  = B Uf (A×I)  Ui B' is t h e  u n i o n  of B Uf ( A × [ 0 , 2 / 3 ] )  a n d  

( A x [ i / 3 , 1 ] )  Ui B', a n d  s i m i l a r l y  for  M( j ,g ) .  T h e  c o n c l u s i o n  fo l lows  e a s i l y  

f r o m  L e m m a  2.5 a n d  C o r o l l a r y  2.3. 

L e m m a  2.9. S u p p o s e  t h a t  (,~) s a t i s f i e s  t h e  f o l l o w i n g  c o n d i t i o n s .  

(i) p is a q u a s i f i b r a t i o n .  

(ii) p'  is a f i b r a t i o n .  

(iii) i is a c o f i b r a t i o n .  

( iv)  T h e  r i g h t  s q u a r e  is a p u l l b a c k .  

(v)  g: q - l ( a )  --+ p - l f ( a )  is a w e a k  e q u i v a l e n c e  for  a l l  a ~ A. 

T h e n  t h e  m a p  r:  E Ug E' -~ B Uf B' i n d u c e d  b y  p a n d  p' is a 

q u a s i f i b r a t i o n .  
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Proof .  We  h a v e  t h e  c o m m u t a t i v e  d i a g r a m  

IS 
M(j ,g)  --+ E Ug E' 

sl lr 
M(i,f) --+ B Uf B'. 

~x 

S i n c e  i a n d  j a r e  c o f i b r a t i o n s  ( t h e  l a t t e r  b y  [9, 1.7.14]), t h e  q u o t i e n t  

m a p s  cx a n d  IS a r e  h o m o t o p y  e q u i v a l e n c e s  b y  a s t a n d a r d  r e s u l t  on  

p u s h o u t s  of e q u i v a l e n c e s .  The  m a p  s is a q u a s i f i b r a t i o n  b y  t h e  p r e v i o u s  

l e m m a .  By L e m m a  1.1 a n d  a c h a s e  of t h e  d i a g r a m ,  it  su f f i ces  to s h o w  

t h a t  t3: s - l ( x )  --+ r - l ( x )  is a w e a k  e q u i v a l e n c e  for e a c h  x g M(i,f). If 

x s B or  x s B' - i(A), IS is a h o m e o m o r p h i s m .  If x = (a,s),  w h e r e  a s A 

a n d  0 < s _< I ,  t h e n  it  is e a s y  to see t h a t  IS c a n  be i d e n t i f i e d  w i t h  t h e  

w e a k  e q u i v a l e n c e  g: q - l ( a )  ~ p - l f ( a ) .  

§3. The  p roof  of T h e o r e m  1.2 

We b e g i n  w i t h  a n  a n a l y s i s  of t h e  n o t i o n  of a n  n - e q u i v a l e n c e .  In  t h e  

a b s o l u t e  case ,  w e  h a v e  t h e  fo l lowing  r e s u l t .  We o m i t  t h e  proof  s i n c e  a 

g e n e r a l i z e d  v e r s i o n  of t h e  b a s e d  a n a l o g  is g i v e n  in  [6, L e m m a  1] a n d  w e  

sha l l  s h o r t l y  be p r o v i n g  t h e  m o r e  d i f f i cu l t  r e l a t i v e  a n a l o g ,  

L e m m a  3.1. For e a c h  n _>'1, t h e  fo l lowing  s t a t e m e n t s  a b o u t  a m a p  

f: X -~ Y a r e  e q u i v a l e n t .  

(i) For  e a c h  x c X, f . :  ~ q ( X , x )  - ~ q ( Y , f x )  is a n  i n j e c t i o n  for q = n - 1  

a n d  a s u r j e c t i o n  for  q = n.  

(ii) If h: e = fg on  c31 n in  t h e  fo l lowing  d i a g r a m ,  t h e n  t h e r e  ex i s t  

a n d  ffa w h i c h  m a k e  t h e  d i a g r a m  c o m m u t e .  

io i i  

DI n ) b I n × I  ~ DI n 

I n ........ ~ I n x I  c I n 

io i l  

(iii) The  c o n c l u s i o n  of (ii) ho lds  w h e n  e = fg on  c3I n a n d  h is t h e  

c o n s t a n t  h o m o t o p y .  
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In  o r d e r  to p r o v e  the  r e l a t i v e  analog,  we  w i l l  need the  f o l l o w i n g  

r e l a t i v e  h o m o t o p y  ex tens i on  p r o p e r t y .  

L i m m a  3.2 ( r e l a t i v e  HEP). Let (L; J, K) be a t r i a d  such  t h a t  t he  

i nc l us i ons  JNK  -~ K and  JUK --+ L a re  co f i b ra t i ons .  Then  a n y  

h o m o t o p y  h: ( J , JAK)  x I --~ (X,A)  of t he  r e s t r i c t i o n  of a m a p  

f: (L,K) -~ (X ,A)  ex tends  to a h o m o t o p y  H: (L,K) x I --+ (X,A)  of f. 

Proof .  

JNK 

l 
! 
$ 
K 

This  ho lds  b y  t w o  a p p l i c a t i o n s  of t h e  u s u a l  HEP: 

i0 

A 

> ( J N K )  × I 

hJ  

a n d  

JUK 

I 
I 
i f /  $ f /  

) K x I  L 

io 

io 

(JUK) x I 

× I 

...... ~ L × I  

io 

Before proceed ing,  we  m u s t  f i x  some no ta t i ons .  Let 

dO = (0} a n d  j n  = (c)InxI) U (Inx(O}) c I n + l  for n > 1. 

For  a p a i r  (X,A) w i t h  b a s e p o i n t  a ~ A, w e  t a k e  

~ n ( X ,  A, a) = [(I n , c3I n ,  j n - t ) ,  (X, A, a)] for  n > 1. 

Let i-n = Inx{1} a n d  c3I-n = c~In ×{i} = j n  N i n . Def ine  t h e  n e g a t i v e  of 

a h o m o t o p y  h to be  h t r a v e r s e d  f r o m  1 to 0 a n d  d e f i n e  t h e  s u m  

h i  + - - -  + h j  of h o m o t o p i e s  hi: f i -1  = fi to be t h e  h o m o t o p y  o b t a i n e d  b~ 

t r a v e r s i n g  hi  on  t h e  i n t e r v a l  [ ( i - l ) / j ,  i / j ] .  

The  fo l lowing  l e m m a  a n d  i ts  proof  a r e  d u e  to S u g a w a r a  [8]. 

L e m m a  3.3. For each n > 0, the  f o l l o w i n g  s t a t e m e n t s  abou t  a m a p  

f: (X ,A)  -~ (Y,B) are  e q u i v a l e n t .  

(i) For each a g A, f~: l r q (X ,  A, a) -~ Trq(Y, B, fa) is an i n j e c t i o n  for  

q = n and  a s u r j e c t i o n  for  q = n+ l .  (When  n = 0, rep lace  the  

i n j e c t i v i t y  s t a t e m e n t  b y  ( f ~ ) - l l m ( r ~ o B  --+ r~oY) = Im(r~oA ~ r~oX).) 

(ii) If h: e = fg on  d n in  t h e  fo l l owing  d i a g r a m ,  t h e n  t h e r e  ex is t  
a n d  h w h i c h  m a k e  t h e  d i a g r a m  c o m m u t e .  
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io i l  

(Jn,ai-n) ) (Jn,c7i-n) × I ~ (Jn c3i-n) 

(In+ 1,i-n) - ( In+  1,i 'n ) xt ( ( I n + l  I-n) 

io i l  

(iii) The  c o n c l u s i o n  of ( i i ) h o l d s  w h e n  e = fg on j n  a n d  h is t h e  

c o n s t a n t  h o m o t o p y .  

P roof .  We  sha l l  l e a v e  to  t h e  r e a d e r  t h e  m i n o r  m o d i f i c a t i o n s  of p roo f s  

n e e d e d  w h e n  n -- 0. Of c o u r s e ,  (it) impl i e s  (iii) t r i v i a l l y ,  a n d  (iii) impl ies  

(i) b y  a p p r o p r i a t e  spe c i a l i z a t i ons .  A d i r e c t  p roo f  t h a t  (i) imp l i e s  (it) is 

possible,  b u t  it is s i m p l e r  to p r o v e  t h a t  (iii) imp l i e s  (it) a n d  (i) imp l i e s  (iii). 

(iii) imp l i e s  (it). A s s u m e  g i v e n  h: e --- fg on d n in t h e  d i a g r a m  

of (it). By  a p p l i c a t i o n  of r e l a t i v e  HEP to  t h e  t r i a d  ( i n + l ;  j n  ~-n), t h e r e  is 

a h o m o t o p y  j: ( I n + 1 , 1 - n ) x l - ~  (Y,B) of e w h i c h  e x t e n d s  h. S ince  J1 = fg 

on j n ,  (iii) g ives  a m a p  [ : ( I n + l , l  -n) ~ (X,A) s u c h  t h a t  [ = g on j n  

a n d  a h o m o t o p y  k: J1 - fg s u c h  t h a t  k e x t e n d s  t h e  c o n s t a n t  h o m o t o p y  

h'  a t  fg on dn.  Choose  a h o m o t o p y  L : ( J n × l , a ] - n x l ) x l - - +  (Y,B) f r o m  

h+h '  to h w h i c h  is c o n s t a n t  a t  fg on b o t h  J n x [ 0 ]  a n d  Jn×{1} .  By 

a p p l i c a t i o n  of r e l a t i v e  HEP to  t h e  t r i a d  ( In+2;  J n x l  U I n + I x c ] l ,  I n ×I), 

t h e r e  is a h o m o t o p y  F.: ( I n + 2  ~-n x l )× l  -~ (Y,B) of j+k  w h i c h  e x t e n d s  t h e  

u n i o n  of L a n d  t h e  c o n s t a n t  h o m o t o p i e s  a t  e a n d  f on  I n×{0)  a n d  

Inx{1}.  Let  h = [ l : e  : f [ .  T h e n  h e x t e n d s  h,  as  r e q u i r e d .  

(i) imp l i e s  (iii). A s s u m e  t h a t  e = fg on j n  a n d  t h a t  h is t h e  

c o n s t a n t  h o m o t o p y  in t h e  d i a g r a m  of (it). Let  * = ( 0 , - - - ,  0, 1) s I n + l  

a n d  let a = g(~) a n d  b = f(a). S ince  ( d n  c)l-n ~) is e q u i v a l e n t  to  

(I n, r31 n, dn-l), g: (jn c3~n, .) --~ (X, A, a) may be regarded as 

representing an element of Tin(X, A, a). Since e is defined on I n+l 

w i t h  e( l  -n) c B, fg r e p r e s e n t s  t h e  t r i v i a l  e l e m e n t  of = n ( Y ,  B, b). S ince  

f is i n j e c t i v e  on = n  , t h e r e  is a h o m o t o p y  j: ( j n ,  8j-n,  . )  x I --~ (X, A, a) 

f r o m  g to t h e  t r i v i a l  m a p  ~ a t  a. R e l a t i v e  HEP g ives  a h o m o t o p y  

K : ( I n + l , l - n ) x l - ~  (Y,B) of e w h i c h  e x t e n d s  f j .  S i n c e  fJ1 = B, 

K I :  (I n + l ,  c)l n + l ,  j n )  -~ (y ,  B, b) r e p r e s e n t s  a n  e l e m e n t  of = n + 1 ( Y ,  B, b). 

S ince  f is s u r j e c t i v e  on = n + l ,  t h e r e  is a m a p  J l :  (I n + l ,  c31n+1, j n )  -~ 

(X, A, a) a n d  a h o m o t o p y  L: KI = fJ1 of m a p s  of t r ip les .  A n o t h e r  

a p p l i c a t i o n  of r e l a t i v e  HEP ( w i t h  u n i t  i n t e r v a l  r e v e r s e d )  g ives  a h o m o t o p y  

J: ( I n + l , )  - n ) x l  --* (X,A) w h i c h  ends  a t  J1 a n d  e x t e n d s  j. Let g = J0. 
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C e r t a i n l y  ~ e x t e n d s  j0 = g, a n d  w e  h a v e  t h e  h o m o t o p y  K+L-fJ :  fg - fg 

on j n  xI. Choose a n y  h o m o t o p y  M: ( d n x I ,  c)Fn x I ) x I  -~ (Y,B) f r o m  

fj+lS-fj  to  t h e  c o n s t a n t  h o m o t o p y  a t  fg s u c h  t h a t  M is c o n s t a n t  a t  fg 

on  b o t h  j n x { 0 }  a n d  j n  x{1}. R e l a t i v e  HEP g ives  a h o m o t o p y  

~I: (I n + 2 ,  r n x I ) x I  ~ ( Y , B )  of K+L-fJ  w h i c h  e x t e n d s  t h e  u n i o n  of M a n d  

t h e  c o n s t a n t  h o m o t o p i e s  a t  e a n d  f~ on I n + i x { 0 }  a n d  I n + i x { i } .  Let  

= ~,/I1: e -  f~; h is c o n s t a n t  a t  fg on j n ,  a s  r e q u i r e d .  

P roo f  of T h e o r e m  1.2. R e p l a c i n g  X b y  t h e  m a p p i n g  c y l i n d e r  of f w i t h  its 

e v i d e n t  i n d u c e d  d e c o m p o s i t i o n  as  a n  e x c i s i v e  t r i a d ,  w e  m a y  a s s u m e  

w i t h o u t  loss of g e n e r a l i t y  t h a t  f is a n  inc lus ion .  S u p p o s e  g i v e n  m a p s  

g : ( J q , 0 I - q )  ~ (X,Xi) a n d  e : ( I q + l , I - q ) ~  (Y,Yi) s u c h  t h a t  fg : e on J q ,  

w h e r e  0 <_ q _< n a n d  i = 1 o r  i = 2. By  t h e  p r e v i o u s  l e m m a ,  it su f f i ces  

to  c o n s t r u c t  a n  e x t e n s i o n  g: ( I q + l ,  I q )  ~ (X,Xi) of g a n d  a h o m o t o p y  

Fa:e= fg of m a p s  ( Iq+ l ,  I q ) ~  (Y,Yi) s u c h  t h a t  ~n r e s t r i c t s  on  Jq  to 

t h e  c o n s t a n t  h o m o t o p y  h a t  fg. Cub ica l l y  s u b d i v i d e  Iq + i  so f i ne ly  t h a t  

t h e  i m a g e  u n d e r  e of e a c h  closed s u b c u b e  lies e n t i r e l y  in t h e  i n t e r i o r  of 

Y j, j = 1 o r  j = 2. S ince  f is a n  inc lus ion ,  t h e  i m a g e  u n d e r  g of t h e  

i n t e r s e c t i o n  of e a c h  s u b c u b e  w i t h  J q  lies e n t i r e l y  in t h e  i n t e r i o r  of Xj 

for  t h e  s a m e  j. R e g a r d  Iq +1 as  I q x I .  The  s u b d i v i s i o n  of Iq + t  g ives  a 

c u b i c a l  s u b d i v i s i o n  of ICl a n d  a p a r t i t i o n  of I i n t o  s u b i n t e r v a l s  

I r  = [ V r - l , V r ] ,  w h e r e  0 = v 0 < v l <  - . .  <Vs = i .  We sha l l  c o n s t r u c t  g a n d  

h t  on  t h e  s p a c e s  K × I t ,  w h e r e  K r u n s  t h r o u g h  t h e  c u b i c a l  cells of Iq 

a n d  1 -< r _< s, p r o c e e d i n g  b y  i n d u c t i o n  on r a n d ,  for  f ixed r,  b y  

i n d u c t i o n  on t h e  d i m e n s i o n  of K. We shal l  so a r r a n g e  t h i n g s  t h a t  

(a) g ( K × I r )  c Xj a n d  ~nt(Kxlr)  c Yj if e ( K x I r )  c In t (Yj ) ;  

(b) { ( K × { v r ] )  C X1 Cl X2 a n d  [~nt(K×{vr}) c Y I  Cl Y2 if 

e (K×{vr} )  c Y1 Cl Y2. 

S ince  e ( Iq )  c Xi ,  (a) a n d  t h e  c a s e  r = s of (b) e n s u r e  t h a t  g ( I q )  c Xi 

a n d  h t ( [ q  ) c Yi. At  e a c h  s t age ,  t h e  g i v e n  m a p s  g a n d  h t  = fg on oq 

a n d  t h e  i n d u c t i o n  h y p o t h e s i s  s p e c i f y  m a p s  { a n d  h t  on  

c?KxIr  U K x { v r - 1 } ,  w h e r e  OK is e m p t y i f  K is a v e r t e x .  If e i t h e r  

e ( K × { v r } )  is n o t  c o n t a i n e d  in Y1 A Y2 or  e ( K x I r  ) is c o n t a i n e d  in t h e  

i n t e r s e c t i o n  of t h e  i n t e r i o r s  of Y1 a n d  Y2 ,  w e  s i m p l y  c h o o s e  a 

r e p r e s e n t a t i o n  (d ,u)  of ( K x l r , c ~ K × I r  U K × { v r - 1 } )  as  a D R - p a i r  a n d  

s p e c i f y  { a n d  ~at on  K x I t  b y  

[ ed2 t (x )  if 0 _< t -< 1 / 2  
~(x) ~dl(x) and ~tCx) J 

{ h2t-ldl(x) if I/2 _< t _< i. 
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If e (Kx{vr})  is c o n t a i n e d  in Y1 A Y2 a n d  e ( K x l r  ) is c o n t a i n e d  in t h e  

i n t e r i o r  of j u s t  one of t h e  Y j, t h e  i nduc t ion  h y p o t h e s i s  g ives  

~: (SKxlr U Ir X{Vr-l}, c3Kx{vr}) --~ (Xj, Xl Fl X2) 

and a homotopy h: e = f~ of maps 

(c3Kxlr U I rx{vr -1} ,  8K×{vr}) -* (Yj, YI N Y2)- 

Appl ica t ion  of (ii) of L e m m a  3.3 to t he  n - e q u i v a l e n c e  

f: (X j ,  XI N X2)  --~ (Y j ,  Y1 n Y2) 

gives  t he  r e q u i r e d  e x t e n s i o n s  of ~ a n d  ~qt to K x l r .  
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