The Work of J, F. Adams!

I first met Frank here in Manchester in 1964, when this building was being
planned. I remember from the first feeling that he was a far more impressive
man than the anecdotes of his exploits had led me to expect', and a far nicenq
one. I also felt humbled by the sheer amount of mathematics that he knew
and perhaps more so by the amount that he somehow assumed [ knewd¥ I
feel alittle the same way now, faced with this audience and this topic. Still,
I don’t want to spend much time in reminiscence.? I want rather to give a
quick guided tour through Frank’s work, largely letting it speak for itself,

1 should say that Frank’s colletted works are to be published in the near
future by the.Cambridge University Press. Like this talk, the collected
works are organized by subj'ect matter rather than by strict chronology.
However, I will begin not quite at the beginning of his work with a sequence
of four papers submitted between 1955 and 1958. All dates cited are dates
of submission, not necessarily of appearance.

A. The cobar construction, the Adams spectral sequence, higher
order cohomology operations, and the Hopf invariant one problem
1. On the chain algebra of a loop space (1955, with Peter Hilton) [5]?

2. On the cobar construction (1956) [6)

Let K be a CW-complex with trivial 1-skeleton. In the first paper, a
DGA-algebra A(K) is constructed whose homology is the Pontryagin alge-
bra H,(QK); as an algebra, A(I() is free on generators in bijective corre-
spondence with the cells of K (other than the vertex). As Kathryn Hess
explained in her talk a few hours ago, this Adams-Hilton model is small
eniotigh to be of concrete value for computations and is still being used and
studied today. In the second paper, a larger, but functorial, DGA is given
whose homology is Hy(Q.K), namely the cobar construction F(C,(K )). This
construction was discussed in John McCleary’s talk o1 Hochschild homol-
ogy. Nowadays, an obvious and trivial next step after the introduction of

1Reconstruction and expansion of the talk given at the conference, most of which was not
written out beforehand :

“A more personal tribute has been published in The Mathematical Tntelligencer, Vol. 12,
No. 1, 1990, 40-48.

3Details of publication of Adams’ works discussed here can be found in the complete
bibliography which follows this paper.




“tion of A* to redo the calculations in the previous paper. It gives a detailed
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the cobar construction would be to filter it and so arrive at what is calléd
the Eilenberg-Moore spectral sequence for the computation of K. (QK). It
fact, Moore and Adams were already in contact before this paper was writ-
ten, and it was cited by Eilenberg and Moore as an important precursor to

"

their work.
3. On the siructure and applications of the Steenrod algebra (1957) [9]

Adams viewed this paper as a step towards the solution of the Hopf invari-
ant one problem. The main theorem states that if wg,_1 (5™) and Tan—-1(S2")
both contain eleménts of Hopf invariant one, then n < 4. It is now chiefly
celebrated'fi_)r the introduction of the Adams spectral sequence converging
from Ext$'(H*(X), Zyp) to pm(X). Products are defined in the spectral se-
quence when X = 5%, and the sub-Hopf algebras A, are used to compute
products of the elements k; nductively, where h; corresponds to Sﬁz". The
basic argument runs as follows. Let n :i2m, m > 3. Assuming that hm is a
permanent. cycle, h'[;(h,'n)2 would survive to Eoo if dohimta ﬁ__O. This would
contradict the fact that, in 7$(5°), 222 = 0 if deg(z) is odd. This seems
straightforward enough today, but it was revolutionary at the time. The
idea of reducing such a fundamental topological problem as Hopf invariant
one to the non-triviality of a particular differential in a spectral sequence

was quite new and unexpected.

Adams was curiously modest about the Adams spectral sequence, He
always referred to it as aformalization of the Cartan-Serre method of killing
homotopy groups. I think we all see it as. something very much more than
that. Its introduction was a watershed, and it substantially raised the level
of algebraic sophistication of our subject. ) SRR

4. On the non-cvistence of elements-of Hopf invariant one (1958) [14]

If 79p—1(5™) contains an element of Hopf i'nvari&nt "(“)r_ie', then n = 1,2, 4,
or 8. The proof is based on showing that 'S¢ decomposes.in terms of sec-
8. The paper contains definiti
including minimaliresolutiots and
&8 Miltior’s descrip-

ondary cohomology operations if m >
mological algebra for the study of Ext4, |
the cobar construction with its « and i products. Tt iis

study of stable secondary cohomology operations via universal examples,
which are generalized two-stage Postnikov systems. The results include ax-
ioms for the operations, existence and uniqueness theorems, ‘ﬁleﬁi‘eiéﬂbnship
between the operations and Tord, and a Cartan formula, Particular opera-
tions are studied via homological algebra, and a key computation in CP%
is used to start the induction which shows that the undetermined constants

)
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in the decompositions of the ¢ are non-zero.

Adams was a problem solver. He introduced exactly the tools he needed
to. solve the problems he studied, and he had relatively little interest in
Bourbaki style analysis of the foundations or in systematic calculations. He
had an extraordinary talent for proving important and*easily formulated
conceptual theorems through a mix of new ideas, new foundational con-
structions, and adroit calculations. The solution of the Hopf invariant one
problem was the first of many such successes.

B. ‘,A‘pplicatl_ions of K-theory
1. Vector fields on spheres (1961) [23]

 Having so spectacularly solved the Hopf invariant one problem, Adams
turned next to the vector fields problem. It was natural for him to try
cohomology operations here too.- A 1960 note [20] gave a partial result, and
he was still working in cohomology in July, 1961, when he gave a series of
lectures in Berkeley. When the solution came, however, it used K-theory
and Adams wrote of his cohomological efforts: “The author’s work on this
topic may be left in decent obscurity, like the bottom nine-tenths of an
iceberg.” Write n = (2a + 1)2% and b = ¢ + 4d and let p(n) = 2° + 84.
Hurwicz-Radon and Eckman had shown that there exist p(n) —~ 1 linearly
independent vector fields on S"~1. Adams proved that there do not exist
p(n) such fields. It suffices to show that the truncated projective space

Rpm+o(m) /RP™=1 is not coreducible (the bottom cell is not a retract up

to homotopy) for any m. He introduced what are now called the Adams
operation ¥* into real and complex K-theory, he calculated the K-theory of
truncated projective spaces, with their Adams operations, and he showed
that there is no splitting of their real K-theory which is compatible with
the operations. All of Adams’ papers are well written, but the exposition

in this classic paper is especially lovely.

For background, James, in part, and Atiyah had shown that the bundle

- 0(n)/O(n — k) — S™! admits a cross-section if and only if n is a multiple

of the order of the image of the canonical line bundle in J(RP*~1), and

- analogously in the complex and quaternionic cases. Curiously, it was left to

Atiyah and Bott to observe that Adams’ calculations actually imply that
KO(RP*) = J(RP¥). This group is cyclic of order 2¢(%), where (k) is

'~ the number of j such that 0 < j < k and j = 0,1,2, or 4 mod 8. Mark

Mahowald discussed the significance of this calculation in his talk.
2. On complez Stiefel manifolds (1964, with Grant Walker) [29]
It is shown that U(n)/U(n—k) — S2*~1 admits a cross-section if and only

Ak
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it My, divides n; here vy (M) = sup{r+v,(r)[1 <7 < (k=1)/(p—1)}ifp < k

and vp(Mp) = 0 if p > k. Atiyah and Todd h&d shown that the condition -
is necessary, and they had conjectured that it is sufficient. As already
noted, Atiyah had reduced the problem to a caleulation in J(C Pk~ 1y, and -

this paper analyzes J(CP") by the methods of J (X)- I 11 It gives a worked
example of the general study in those papers.

3. On the groups J(X)-I (1963), IT (1963), III (1963) v (1965) ([25]

(28], [31], [35])

The program in this fundamentally 1mportant cycle of papers is to give
effective means for computing the group J(X) = J(X)$Z of fiber homotopy
equivalence classes of stable vector bundles over a finite CW-complex X.
The basic idea’is to give computable upper and lower bounds J" (X) and
J(X) for J(X) and to show that the two bounds coincide. Thus J(X)
would be captured in the diagram of epimorphisms

J"(X)
e

KO(X) —— J(X)

N

J(X).

That J"(X) really is an upper bound dépetids on the celebrated Adams
conjecture: “If & is an integer, X is a finite CW-complex and y € KO(X),
then there exists a non-negative 1nteger e = e(k,y) such that ke(xp* — 1)y
maps to zero in J(X).”

As Michael Crabb explained in his talk, it is now possible to give a fairly
elementary proof of the Adams conjecture. It is fortunate that such an
argument was not discovered early on: The proofs of the Adams conjecture
by Sullivan and Quiillen led to a veritable cornucopia, of new mathematics,
including 10ca11zat10115 and completions of ¢ spaces a,nd the hlgher algebralc
K-groups of rings.

J(X)-I. The Adams conjecture is proven if y is a linear ¢combination of
O(1) and O(2) bundlés or if X = S and y is a complex bundlé. The proot
is based on the Dold theorem mod k: if there'is a 'fiberwise map- EE By
of degree £k on each fiber, then keﬁ and ken are fiber homotopy equlvalent

for some e> 0.
J(X)-I1. The group J"(X) is specified as I{O(X)/W(X), where W(X) is
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the subgroup generated by all elements ke“)(zpk ~ 1)y for a suitable functlon
e(indepéndetit of ). The cannibalistic classes'p¥ are deﬁned by the’ formula
k(é‘) = cp?lz,bl”(p(l) o Spm(Sn) bundles ¢, and it is shown that’ they can

' be defined miore. generally after: locahzatlon If ¢ and 0 are ﬁber ho:notopy
_equwafent ‘then pP(¢) = pk(n)[gbk(l 4 y)/(l + )] for some y € K(X) (in-
dependent of k) JHX) is Spemﬁed as KO(X)/V(X), where V(X )is the
subgmup of those-z such that p¥(z) = P*(141)/(1 + y) in KO(X)®Z[1/k
“for all k # 0. id. some y € KO(X). Explicit computations give the groups
' KO( P”)*— JRP) = JRP*) and J"(§7) = J'(5™). The latter calcula-
tions imply that: J(vrgnﬂ(SO)) = Z ifi =0 or 1 and that J(7m4-1(SO)) is
_~-cycl1c of order m(9n) whiere m(Zn) is the denommator of B, /4n, althiough
Adains was left with an amb:gulty when n is even because he only had the
“complex and not the real Adams conjecture for bundles over spheres. Of
sourse, these basic calculations are essential to the understanding of the
_stable homotOpy groups of . spheres
“J(X)-IIL. The main theotem of the series is proven: JI(X) = J'(X).
This is based on the fundamental commutative diagram

e(kyr ok _
Tk KSO(X) zt .(w -, - KSO(X)
[ze* N et

— P/l —
1+ KSO(X) _11-—-> [Tel+ KSO(X)® Z[-l/ﬂ]

The diagram is obtained by summing individual diagrams for pairs (k,£),
and the Y* are constructed in the course of the character theoretic proof.
The main theoremfollows frony the faet that this diagram is a weak pullback.
'The paper also explains and exploits the modular per10d1(:1ty of the Adams
operations.

~ The paper has a tantalizing last section. It asks for a theory Sph(X) of
stable spherical fibrations in which J(X) is a direct summand mapped to by
KO(X); Sph{X) should be represented by BF X Z, where F is the monoid
of hpmotopy equivalences.of spheres. It also asks for a‘theory Sph(X;k0)
6f kO-otiented stable sphetical fibrations and gives a number of probable
consequences. With characteristic honesty, Adams wrote:of-this discussion
“I will not call the results “theorems”, since the underlying assumptions
have not been stated prec1sely enough.” This section makes vividly clear
Just how prescient this whole series of papers was. Many relevant and now
standard tools were unavailable to Adams, but he foresaw much that would
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later be formulated and proven with them.

For example, an alternative version of the diagram above can. be con-
structed conceptual-ly by explmtmg localized classifying spaces rather than
representation theory. At p = 2, the relevant diagram is:

50
L | 173 $2-1
o | SF/Spin -———  BSpin -——;-»’BSF
| |» |
BOg +————s B(S8F;kO) —— BSF
[ew?) |

B Sping

Here B(SF;kO) classifies Sph(F; kO), c(¢)%) is the universal cannibalistic
class determined by 3, and p is given by the Atiyah-Bott-Shapiro orienta-
tion. The rows are fibration sequences, so y determines v and the Adams
conjecture determines y®. The composite c(¥®)opu is p®, the composite v o~
can be taken as 93, and these two maps are 2-local equivalences.? I discussed
this approach with Frank, who had envisioned something of the sort. He
very much liked it, but he rightly emphasized that you can’t proceed this
way before you have the Adams conjecture.

J(X)-IV. The results of I-I1 are applied to computations in the stable
homotopy groups of spheres. The starting point is an abstract analysis of the
“d and ¢ invariants” of a half exact functor k from the homotopy category
to an abelian category A. For f: X — ¥, d(f) = f* ¢ Hom(k(Y), k(X))
Ifd(f) =0 and d(Ef) = 0, then e(f) is the class of

0 - L(EX) — k‘(Cf) — k(Y) — 0

P
-
-

in Extl(k(l*'), R(Z)X )). In the applications, A consists of finitely generated -
Abelian groups with Adamns operations, & is taken to be Kork O, and X
and Y-are taken to be spheres or Moore spaces, for which the Hom:and Ext
target groups are readily computed.

1For details, see Chapter V of [J. P. Ma.y (with contributions by Nigél Ra,y,. E‘ré,nk Quinn,
and J. Tornehave) B, ring spates and Ey ring spectra. Springet Lécture Notes in Math-
ematics Vol 577, 1977} :
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Ca,lcula,tzons of these invariants on the groups 73 for r > 1 are related to
Jo: we(§0) — m}. Hete d = 0 except in the real-case with =1 ot 2 mod 8,
when d detects a-direct summand Z; ¢ Im'J generated by clemeénts ir. For
a,ny T, the real e 1nvar1ant detects Im J as a dlrect summand the caser =7

nvolved are: fa:rly elementary The concept;lon is a ma,rvelous example of
- algebraic; modehng of topolegical phenomena, ST

The-complex ‘e-invariant is determined by the Chern character and, via
Adains’ paper on the Chern character, to.be discussed shortly, this leads
o a proof by K-theory of the Hopf invariant one problem for any prime
. F inall Vg /the e-invariant is used to -prove that.if ¥ is the mod pf Moore
ace: for’ an odd prime p (Wlth bottom cell in &-suitable odd dimension)
dif r = 2(p l)pf !, then thereisamap 4 ;'Y — ¥ which induces an
‘*omorphxsm on K so that all of the iterates of A are essential. You have
) ard about these vitally important periodicity maps in several talks, for

‘example those of Katsumi Shimomura, Doug Ravenel, and especially that
; of Pete ,Bo'us,’ﬁeld'

‘4. K-theory and the Hopf Invariant (1964, with Michael Atiyah) [34]
‘This paper gives the beautiful and definitive K-theoretic proofof the Hopf
nvariant otie result for all primes p. For p-= 2, it is based on the relation

h29p3 = oh34p? applied in the obvious 2- cell complex. Alain Jeanneret showed
& that this trick can still be used to good effect to obtain new results.

5. Geomet'rzc dimension of bundles over RP™ (1974) [51]

Smce Kee Y. Lam’s talk gave a rather complete summary of the results
1-this nice paper, I will not discuss its main thrust. However, in view of
e current interest in periodicity maps, I want to mention an addendum
hat it gives to the discussion of Moore spaces in J(X)- IV: for n > 5, there
& map Y8, ~+ Y, which induces an 1somorphlsm on KS Py where Y, is
he mod 2 Moore space with bottom cell in d1mens1on n.

: Charact‘eristic classes and calculations in K-theory and cobor-

1. -On formulae of Thom and Wu (1961) [19]
In this beautiful early exathple of ‘modern algebraic modeling, Adams
hows that any Poinceré dublity algebra over the Steenrod algebra has “Wu
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classes” and thus Stiefel Whitney classes which satisfy all of the same for-
‘mulas which relate these classes in the cohomoLley of differential manifolds.
The proof is based on the construction and analysis of a suitable universal
left and right A-algebra. '

2. On Chern characters and the structure of the unitary group (196'0) [18]

Using Bott periodicity to study the Postnikov system of BU[2g,... ,00),
Adams defines characteristic classes chg,(€) € H¥27(X;Z) for stable bun-
dles ¢ over (2g-1)-connected spaces. If ch, is the 7' component of the Chern
character, then chg,(€) rationalizes to m(r)cheir(£), and the chy . (€) relate
appropriately to Steenrod operations when reduced mod p. Yuli Rudjak
noted that some of the ideas Adams introduced here are relevant to the
study of the orientability of various kinds of bundles,

3. Chern characters revisited (1971) [47)

This gives a more modern and sophisticated approach to the Chern
character. The image of Hy(bu;Z) in H,(bu;Q) = Q[u], degu = 2, is
shown to be the subgroup generated by {u"/m(r) | » = 0}. The elegant
one prime at a time proof is based on the simple A-module structure of
H*(bu; Zp). Viewing ch; as a map bu — K(Q,2r), it follows that the image
of m(r)ch, +bun(X) — Hp—2.(X; Q) is integral for any X.

4. The Hurewicz homomorphism for MU and BP (1970, with Arunas Li- E

ulevicius) [45] _

This paper gives a nice proof via the Adams spectral sequence of an in-
terpretation of the Hattori-Stong theorem: wy(BP) — m(k A BP) is a
split monomorphism, and similarly for MU, where k represents connective
K-theory.

This is one of the very few papers in which Adams allowed his coauthor
to do the actual writing. Adams pfeferred'to hold pen in hand himself,
although he paid careful attention to the suggestions of his collaborators.

The following five papers can be viewed as a series in which Adams applied
to K-theory the algebraic foundations that he established for the calcula-
tional study of genera,hzed homology and cohomology theories. ;

5. Hopf algebras of cooperations for real and comples K- theory (1970 with

Albert Harris and Robert Switzer) [42) :

Using the stable Adams operations in localized K-theory to obtain inte-
grality conditions, K,(K) is computed as a subring of K.(K) ® Q, which
is a ring of finite Laurent series on two variables; K O,(KQ) is also deter-
mined. Francis Clarke showed us how to relate this to the study of the ring
of cooperations in elliptic homology.‘
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6. . Operations of the Nth kind in K-theory (1972) [48]

In.a report on work with David Baird, Adams indicates that, for K-theory
localized at an odd prime p, Ext%! (i) (X)), Bu(Y)) = 0 for all finite X
and Y:and all ¢ when s > 3. He then speculates about stable homotopy
theory -“seen through the spectacles of K-theory”. Pete Bousfield’s beautiful
talk -on the structure of stable Lhomotopy theory localized at K showed us
how these speculations have come to fruition. r

7. Operations on K-theory of torsion-free spaces (1975, with Peter Hoff-
man). [54] ‘ -

For integers n < m, this paper computes the ring of those operations
K(X) — K(X) which are defined and natural for CW-spectra X such that
7 (X) = 0 for r < 2n, H,(X) is free for all ry and Hy(X) =0 for r > 2m.

8. Stable operations on complex K-theory (1976, with Francis Clarke) [59]

It is observed that although linear combinations of ! and ¥~ are the
only. obvious stable operations, KO(K) is actually uncountable.

9. Primitive elements in the K-theory of BSU (1975) [56] :

The kernel and cokernel of PKY(BU; k) —» PK %(BSU; k) are computed
for any commutative ring k. In particular, somewhat surprisingly, it is found

that PK°(BU; Z,) » PK°(BSU; Z,) is an isomorphism.

D. Stable homotopy and generalized homology

Especially during his last few years at Manchester, Adams made frequent
extended trips to the United States. His usual destination was Chicago,
a place where he always felt very comfortable and at home. Some of his
most influential writing is in notes prepared for delivery in lecture series
at Chicago (1967, 1970, and 1971) and at a conference in Seattle (1968).
According to Nigel Ray, he tried out some of these lectures on people at
Manchester.

1967 8. P. Novikov’s work on operations on comples cobordism * [49]°

Novikov’s work in question was only available in Russian at the time,
and it was quite difficult reading even for those who knew Russian. Adams’
clear exposition allowed the quick assimilation of this material into the main
stream of algebraic topology in the West.

1968  Lectures on generalized homology (Seattle) [39)]
1. The universal coefficient theorem and the Kinneth theorem

5The three lecture notes denoted * are in the “Chicago blue book” (titled after the 1971
lectures). The University of Chicago Press will keep it in print, and I would like to be told
if anybody has trouble obtairing a copy.

e
L
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This classic account shows that the four “UCT’s” imply the four “KT?s”
by specialization, that two of the UCT’s i-mply the other two by duality, and
that one UCT can be viewed as a special case of the ASS (Adams’ preferred
abbrevmtion for the Adams spectral sequence). It gives a treatment of
the remaining UCT, by Atiyah’s method.in K-theory, that still scems to.
represent the state of the art. The account is applied to the Conner- Floyd'
theorem and to other relations between K and MU;

2. The Adams spectral sequence _

This account of the generalized ASS shows much progress beyond earlier
tries at generalization. The now generally accepted preference for homology
over cohomology is expounded. Convergence is not studied here.

3. Hopf algebra and comodule structure . _

Definitive foundations are given for the algebra used to. describe By of -
the generalized ASS in terms of homology. The material here was taken for
granted in quite a few talks at thisi conference, for example those of Doug
Ravenel, Katsumi Shimomura, and Vladimir Vershinin.

4. Splitting generalized cohomology theories with coefficients

This gives a splitting of KU and-a parallel splitting.of MU via IdempotentS'
the former is still the standard reference, but the latter was sooh superseded:
by Quillen’s approach via formal group laws.

5. Fintleness theorems

A systematic generalized treatment of cohérent rings is given. One ap-
plication’ gives that, for finité CW-complexés X, MU*(X) admits a finite
MU*-resolution by finitely generated freé modules (as was also shown by
Conrner and Smith). Another application (due to J. Cohen) shows that a
space Y with non-trivial reduced mod p cohomology has 1nﬁn1tely many
non p-trivial stable homotopy groups. ; :

1970 Quillen’s work on formal groups and complez cobo'rdzsm ¥ [49]

Just as the 1967 lectures’ é,llowed‘thé répid assiriilation of Novikot's work,
so these lectures allowed the rapld assimilation of Qulllen s work, T remem—
bér these: lectures as great fun. ‘The first’ exght strictly alternated a,lgebra

‘and topology, giving & connécted: deVelopment of the: theory of fottnal groups

on the one hand and a clear exposition of theti role in topology on the other.
The calculations of MU¥(MU) and BP*(BP) of Novikov and Quillen were
reworked as-explicit calclations of M: Uy(MUY and BP,(BP). These cal-
culations have been cited in several talks here.

An mterestmg survey, Algebraic topology in the last decade [43] based on
a lecture given at a conference at the Umvermty of Wisconsin, also datesl
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. from 1970.

1971 Stable homotopy and generalized homology * [49]

This classic lecture series is still the best introduction to its topics, al-
though many of us prefer more idealistic approaches to the construction
~ of the stable homotopy category. Its treatrent of convergence of the ASS
. marked a major improvement over earlier work. The important idea of
.studying the stable homotopy category by means of localizatiorts at spectra
was first introduced here.

E. Lectures on Lie groups (1969) [38]

. “This excellent exposition of the basics of Lie theory, with emphasis on the
representation theory of compact Lie groups, is based on lectures given at
'Manchester. 8 Working tools for many -of the papers in the next two groups
can be found here.

F. Finite H-spaces and compact Lie groups

1. The sphere considered as an H-space mod p (1960) [16]

The very first appearance of the localization of a space appeared here,
presaging the study of finite H-spaces via localization. Adams gave the
slogan “an odd sphere is an H-space mod p” as early as 1956.

2. H-spaces with few cells (1960) [21]

It is shown that if H*(G; Z3) & E(zy, %), ¢ < n, then ¢ and n are both
one of 1, 3, 7, or else (¢,n) = (1,2),(3,5),(7,11), or (7,15). Adams left
open the question of realizability of the last two, but that was settled in the
negative in John Hubbuck’s thesis.

3. Finite H-spaces and algebras over the Steenrod algebra (1978, with

Clarence Wilkerson) [63]

Explicit necessary and sufficient algebraic conditions are given on an un-
stable A-algebra P which ensure that P 2 H*(BT)Y for a torus T and finite
-group W. These conditions hold if P is a polynomial algebra on generators
of even degree prime to p, and W is then a p-adic generalized reflection
g;_roup; moreover, there is a space X such that P = H*(X). The program
carried out in this paper is due to Wilkerson, and it is one that Frank par-
ticularly liked. The paper contains lovely algebra. Here is a nice quote; it
follows a description of a proof based on appeal to Bezout’s theorem: “We
hope that the reader finds something appealing in this strategy; we shall

6.Ii; was reprinted by the Uni\:'ers‘i-j;y‘of Chicago Press in 1982, Again, I would like to be
told if anybody has trouble obtaining it.
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not risk spoiling this impression by giving the details. The proof we shall
present is our second.”

4, Finite H-spaces and Lie groups (1980) [66)

This “unsatisfactory report” explains the difficulties involved in trying to
obtain Adams-Wilkerson type results in K-theory. The requisite algebraic
models would require a filtration; the natural choice is not the obvious choice
but the rational filtration, defined in terms of the Chern character, and one
must relate the Adams operations to it. This leads to a notion of good
integrality which is satisfied in the absence of torsion and in some but not
all classical cases with torsion. An amusing “letter from Eg” explains that
he needs so much torsion in his integral cohomology in order to ensure the
absence of torsion in his I{-theory.

This report was given in a conference in honor of Saundets MacLane in
Aspen, Colorado. Frank and I went tliere together, and we had agreed to
entertain the category theorists with silly lectures—my own started with a
warning that it would contain a deliberate categotical blunder that would
destroy the validity of all of the results. We spent the afternoons climbing
in the Rockies. Going up from Independence Pass, at 11,000 fect, to the
nearest peak, at over 13,000 feet, entailed quite a bit of crawlirig on hands
and knees over snow and ice, but the view was well worth the effort. Frank
and I seemed to do some such daft thing at all of the conferences we attended
together. |

Frank had great affection for the low-dimensional and exceptional Lie
groups. Their study was a lifetime hobby, and the next three papers are
“Snippets of a book I have in preparation.” It is hoped that his unpublished
notes will be edited and published in the not too distant future; a,ppi:opriate
people at this conference have agreed to do the work. '

5. Spin(8), trislity, Fa and all that (1981) [67]

This paper gives a nice conceptual explanation of the exceptional sym-
metry of Dy = Spin(8) given by the fact that Out(Spin(8)) = 3. The
exceptxonal 27-dimensional J ordan algebra J is constructed as the sum of

3 and the three irreducible reépresentations of Spin(8), together with a lin-
eai, a bilinear, and a trilinear form. Then Fy is the group of R-linear maps
J — J which preserve all three forms, and Spin(8) is the subgroup which
fixes the elements of R3. The sitBgroup of Fy which preserves the preferred
basis elements of R? maps onto $3 with kernel Spin(8), giving a clear and
attractive proof that the outer automorphisms of Spin(8) are specified by
conjugation by elements of Fy.
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. 6. The fundamental representations of Ky (1985) [73]

The object-here is to describe explicit polynomial generators for R(Eg).
Let a be the ‘adjoint representation. Then R(Hs) is generated by Ma for
1 £¢55,:8, M ﬁ, and v, andexplicit. concrete descriptions of 8 and
‘are given. -In-this area, Frank expected a lot from his readers; he thought
that everybody should understand: Lie groups as. Well as-he did. Here i is the
rgument for one’ tairly obscure lemma: “Sketch proof Take ‘the obvious
steps yourself—it’s quicker than going to’ the library.”

o7 2-tori in Eg (1986) [77] ,
.Fhe phenomena uncovered here are interesting and mtrmate Maximal
Q-tom in_Fg fall into two conjugacy classes, one of rank 9 and one of. rank
'8 and exphclt constructions are given. . Any 2-torus-in Hg is conjugate
o one inSs%(16), and maximal 2-tori in Ss*(16) remain maximal in Fyg,
owever, maximal 2-tori in Ss+(16) fall into four ~conjugacy cla,sses two of
ank 9 and- two of rank ‘8, while maximal 2-tori of Spln(16) faH into two
onjugacy classes both of rank 9. For n even, the maximal 2- torl in PO(n)
determined. Forn =0 mod 8 a,nd n >8, the maximal 2- tori of PSO( n)
d:Ss+(n) are determined .
Thxs kind of explicit information is obviously relevant to Qulllen s work on
._e'mod 2 cohomology of compact Lie groups, and it will be necessary to the
gram’ Mimura described to us of understanding the mod 2 cohomology
: of exceptlonal Lie groups in terms of 2-tori.

~G. Maps between classifying spaces of compact Lie groups

1. Maps between classifying spaces (1975, with Zafer Mahmud) [55]
Stefan Jackowski gave us a summary of this important paper (abbreviated
BCS below) in his talk on the same toplc so I shall say relatively little.
eetf G and @' be compact connected Lie groups with maximal tori T and
7! .and Weyl groups W and W'. Let o : H*(BG';Q) - H*(BG;Q) be a
homomorphism of Q-algebras which “commutes with Steenrod operations
or all sufficiently large primes p”. There is an “admissible map” ¢ : 7 (T)®
Q- 7r1(T’) ® Q such that the following diagram commutes:

H*(BG'; Q) —— H*(BG; Q)

I l

*

H*(BT';Q) —— H*(BT;Q)

wo choices of ¢ differ by composition by an element of W'. Moreover, any
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9 is induced by a map f defined after finite localization. Conversely, given an
admissible map ¢, there is a unique homomorphism ¥ such that the diagram
commutes, and ¥ can be induced by a map f defined after finite localization.
Thus there is a bijective correspondence between homomorphisms 4 induced
by maps f defined after finite localization and W'-equivalence classes of
admissible maps ¢. For any f : BG — B@, f*: K(BG') — K(BQG) carries
R(G").into R(G). There is a detailed Lie theoretic analysis of admissible
maps, and there are lots of concrete calculational examples and casé by case
calculations.

This paper initiated serious work on this topic, long before others ‘Were
interested. The talks of Jackowski, Stewart Priddy, and others made clear
that this is now a thriving area of algebraic topology.

2. Maps between classifying spaces IT (1978) [62]

In this fascinating and relatively néglected paper, G and &' are compact,
but not necessarily connected, Lie giroups. The group FF(X) of “fofm"allj
finite elements of K(X)” is defined as the group of differences of elements
annihilated by all but finitely many A'. Clearly f* : K(X') = K (X ) carries
FF(X') into FF(X) for any f : X — X'. Let o : R(G) — K(BG) be
the natural map, With X = BG, Im(a) C FF(BG). Adams proves that
equality holds if G is finite or if 7o(G) is the union of its Sylow»subgfpﬁpgs.
In these cases, f* : K(BG') — K(BG) carries R(G@') into R(G) for any
map f : BG — BG’, but this is not true in general. However, for any G
there is an n > 0 such that nFFP(BG) C Im(wa). If G is monogeni¢ and
z € FF(BG), then & = afp) for an honest representation p of G, but there
is a finite p-group G and an element & € FF(BG) such that  is not of the
form a(p) for any representation p. For finite G, the crux is that = € Im(a)
if the total exterior power \(z) is a rational function of £. However, theré .
is a G such that mo{G) is a p-group and an z such that A\(z) is a rational
function of z and yet nz ¢ Im(c) for any n > 0. The elements of formal
dimension 2 in K(BSL(2,5)) are analyzed in detail. L

This paper is independent of MBCS, and I think that its ideas can be
exploited farther. The basic method is to approximate G by its finite sub-
groups. At the time, this was a novel idea. Ini parti¢ular, finite approxina-
tions of toral extensions over finite groups first appear here. There is also
an attractive theory of characters Xg defined on elements of K(BG, Zp),
and it is observed that K(BG) injects into the product of the K(BG, Z,,).
If %g(z) = 0 for all g of prime power order, then z = 0. These characters
take values in Z, ® C, but they lie in C if A(z) is a rational function. of
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t. Another pleasant result, which should have been known before, is that a
continuous class function G — C which restricts to a virtual character for
every finite subgroup of G is a virtual character.

- 3. Maps between classifying spaces III (1983, with Mahmud) [71]

As in MBCS, G and G' are compact connected Lie groups. For any
f:BG — BG, f*: R(G') — R(G) carries RO(G") to RO(G) and RSp(G')
to RSp(G). There is a canonical, easily determined, “Dynkin element”
§ € Z(G), defined up to multiplication by squares of elements of order 4 in
Z(G), whose behavior on self-conjugate representations distinguishes real
from symplectic representations. Under suitable hypotheses, necessary to
rule out counterexamples, it is shown that the admissible map associated

- to f* in MBCS preserves Dynkin elements (up to indeterminacy).

4. Maops between p-completed classifying spaces (1988, with Zdzislaw Wo-

- - jtkowiak) [81]

Working in the context of MBCS, complete all spaces at p. It is observed

- that a result of Dwyer and Zabrodsky on maps Bx -+ BG' for finite p-

groups 7 implies that, given f : BG — BG', there is a compatible map

= BT — BT, unique up to the action of W’. It follows that all of the

results about admissible maps in MBCS carry over to “admissible maps”
m(T) ® Z, = m(T") ® Z,, since these maps are obtained by extension of

" scalars from p-local admissible maps.

H. Modules over the Steenrod algebra and their Ext groups

1. A finiteness theorem in homological algebra (1960) [17]

This gives a general vanishing result of the form Ext%*(%, k) = 0 in a range
se <t < 8q. When A is the mod p Steenrod algebra, e=1and ¢ =2(p-1),
which is not best possible.

2. A periodicity theorem in homological algebm (1961, 1965) [26], [36]

The 1965 paper gives details of results sketched in Adams’ 1961 Berkeley
notes. Consider H5{(A) = Ext%!(Z2,Z;), where A is the mod 2 Steenrod
algebra. It is shown that H**(A) = 0 for 0 < s < t < U(s), where U(s) is
approximately 3s and is best possible. It is also shown that, in small regions
near the vanishing line, there are periodicity isomorphisms n, : H*}(A) =

' H3+2",t+3-2’°(,c1) given by m(z) = (hr+1,(h0)-2r,33)-

From his earliest work in stable homotopy theory, Adams was very con-
cerned with the possibility of discerning systematic periodicity phenomena
in stable homotopy groups. Pertaining to the algebraic periodicity just
mentioned, he asked in hig-1961 Berkeley lecture notes: “What geometric
phenomena can one find which show a periodicity and which on passing to
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algebra give the sort of periodicity encountered in the last lecture?”. Hig
persistent-interest in this kind of question: ‘has perhaps helped shapé-the
present intense focus on periodicity phenomena in stable homotopy - the-
ory that was evidenced, for exambple, in the talks of Mark Mahowald Jack
Morava, Ethan Devinatz, Mike Hopkins, Doug Ra.venel Don Dav1s and
Martin Bendersky.

3. Maodules over the Steenrod algebra (1970, with Harvey Margohs) [41]

This gives Adams’ clarification of interesting results of Margolis. Lét B
be a sub Hopf algebla of the mod 2 Steenrod algebra. A bourided below
B-module M is free if and-only if H(M; P#) =0 for all Pf € B with's'< ¢.
If M is free, then M is injective. If f : M — N induces an isomo"rp‘h'ism on
homeology for all P?, then M and N are stably equivalent, in the sense tha.t
they become isomorphic after -adding suitable free modules to each.

4. Sub-Hopf-ulgebras of the Steenrod algebra (1973, with Margolis) [50]

All sub Hopf algebras of the mod p Steenrod algebra are constricted.

5. What we don’t know about RP>® (1972) [48] ;

Consideration of truncated projective spaces led Adams to several conjé'c—
tures which, i retrospect, can be viewed as versions of the Segal conjecture
for the group Z3. One can form an A-algebra P = Zg[a: z~1] which, as
Adams observes, is certainly not the cohomology of any spectrum. He con-
jectures that Exta(P,Z2) = Exts(57172,Z3), and he explains how this
might come about in terms of the sub Hopf algebras A,.

6. Calculatwn of Lin’s E:z:t groups (1979 with W. H. Lin, Don Davis, and
Mark Mahowald) [64] _

This paper gives Adams’ mmphﬁcatmn of Dams and Mahowald’s s1mp11—
fication of Lin’s proof of Adams’ Ext con_]ecture just stated. Exactly as
Adams envisioned, the proof is by i inductive use of the A,. This implies the -
Segal conjecture for Z3, although the topology is not presented here. .

7. The Segal conjectwé for elementary abelian p-groups (1984, with
Jeremy Gunawardena and Haynes Miller) [76]

This gives the Ext calculation which was used in the original proof of
the Segal' conjecture for elementary Abelian p-groups, although, again, the
topology is not presented here. Let V be an elementary p-group of rank n"._
Let H*(V )¢z be the'localization obtained by inverting Bz for all non-zero
elements & € HY(V). The quotient map H*(V )joc = Zp@AH*(V)jo. induces
an isomorphism on Tors(Z,,?) and Zy @4 H*(V)ioc is 0 except in degree
—n; wheré ‘it 'Has rank p"(®*=1/2 and can be identified with the Steinberg
représentation of Aut(V) = GL(n;Z,). For p = 2-and n = 1, this is the
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result of the paper above; for p > 2 and n = 1, it is Gunawardena’s thesis.
"The proof is based on use of the Singer construction. Various other Ext
calculahons are also given, including as a very special case the isomorphism

{HomZ (U V)} = HomA(H*(V) H*(U)) that Nick Kuhn took as the

starting point of his talk.
" The three authors of this paper orlglnally planned a sequel giving the
tOpelogy, but it was superseded by a sequel by three other-authors that gave
an efﬁclent use. of their Ext. r'alf'ulatxono to prove the Segal conjecture for
- elementary Abelian p-groups, together with a version of Carlsson’s reduction
of the con_}ecture for all finite p-groups to this case.’

- Several people at the conference asked me how this proof of the Segal con-
jecture for p-groups compares to the beautiful new proof that Jean Lannes
presented to.us. Elementary Abelian. p-groups play no special role in Lannes’
direct 1nduct1on and this is a line of attack that Adams himself pursued
‘without success. Lannes uses his magic functor T (about which more later)
as a substitute for the Singer construction. However, his proof gives the
nonequlvanant form of the Segal conjecture, and, to .generallze from p-
‘groups to all finite groups, one requires the original equivariant form. Both
arguments should be of lasting interest .

I. Miscellaneous papers in homotopy and cohomology theory

1 An example in homotopy theory (1957) [7]

2. An ezample in homotopy theory (1963, with Grant Walker) [27]

The first of these notes displays two CW-complexes which are of the same
n-type for all n but are not homotopy equivalent. The second displays a
phantom map from a CW-complex to a finite-dimensional CW-complex.
Each example was the first of its kind.

8. A variant of E. H, Brown’s representability theorem (1970) [40]

.“A group-valued contravariant functor on the homotopy category of finite
CW-complexes is shown to be representable if it satisfies the wedge and
‘Mayer-Vietoris axioms. Brown showed this for functors taking countable
ets as values; thus the result eliminates the annoying countability assump-
;on at the price of insisting on group values. A consequence is that any
mology theory which satisfies the direct limit axiom is representable.

4. Idempotent functors in homotopy theory (1973) [52]

The notion of an idempotent functor is advertised in connection with
ocalization and completion theory. Axioms are given on a set S of maps

' Caluso, J. P. May, and S5 B Priddy. The Segal conjecture for elementary Abelian
wgroups 1. p-adic complet.lons in equivariant cohomelogy. Topology 26(1987), 413-433.
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in the homotopy category of connected CW- complexes which ensure, by
Brown’s theorem, that S is the set of equ1valen’.ces for an idempotent funcetor.
The key axiom, which is hard to verify in practice, is an analog of the
solution set condition in the adjoint functor theorem.

In fact, this paper results from a failed swindle presented in 1973 lectures
at Chicago. Adams presented the theory without the solution set analbg.,
thereby constructing localizations and completions without doing a 'shired
of work. Pete Bousfield, who is not generally an excitable chap, was SIttmg
behind me, and I vividly remember him tapping me on the shoulder and
asking “How does he know it is a set?” However, even Frank’s rare mistakes
had good effects. Pete was inspired by these lectures to develop the theory
of localizations of spaces and spectra at generalized homology theories. Ag
the talks of Devinatz; Hopkins, Bousfield, Greenlees, and others madecléar]
such localizations are of fundamental importance in homotopy theory.

5. The Kahn-Priddy theorem (1972) [46]

In this semi-expository paper, it is shown, among other things, that the
2-local stable map RP™ — S° which induces an epimorphism on homotopy
groups is essentially unique, and similarly for odd primes. |

6. Uniqueness of BSO (1975, with Stewart Priddy) [58]

With all spaces and spectra localized or completed at a prime p, if X
is a connective spectrum whose zerot! space is equivalent to BSO, then X
is equivalent to bso.. That is, the space BSO is. the: zeroth space of only
one connective spectrum.- The same is true for BSU, and a variant is true
for BO and BU. The proof of this remarkable result is well worth sum-
marizing. First, using ideas from Adams’ work on the Chern character,
it is shown that the Postnikov system argument for the calculation of the
mod p cohomalogy of bso works equally well for X, so that there is &n iso-
morphism of A-modules H*(X) & H*(bso). Second, the theory of stable
equivalence of modules over 4; (for p = 2) and Efz,y] (for p > 2) intro-
duced by Adams and Margolis allows sufficient calculation of the groups
Exta(H*(Y), H*(X)) to see-that it looks to'the eyes of Fu of the ASS as if
there ought to be an equivalence X — bso. Finally, an approximation of X
in the form X ~ W'A M, where W has finite skeleta and.M is the Moore
spectrum for Z,) or Z(p), gets around the convergence problem for the ASS.
As important-motivating examples, it follows that BSOg and, when p > 2,
F/PL are equivalent. to BSO as infinite Ioop spaces.

Stewart Priddy told us so_methlng about his collaboration with Frank on
this project. Actually, I proposed the problem to both authors, but my own
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ideas on the subject led nowhere.
7. A gencralisation of the Segal conjecture (1986, with Jean-Pierre Hae-
berly, Stéfan Jackowski, and J. P. May) [78]

... For a finite group. G, a multiplicative subset S of the Byrnside ring A(G),
and an ideal I in A(G), the cohomology theory S~ 1(7rG('?)) 7 is H-invariant,

-~ where H = U{Supp( P)| PN S =¢,P DI} Thatis, a G- -0ap f: XY

Whlch restricts to an equivalence f# : XX — YH for H e induces an

: 1somorph1sm S71(x&(£))? The proof reduces the general case to Carlsson’s

in Wthh G is a p- group, S is empty, and I = (p).

The paper developed in a typically competitive manner, with successive
genera,hza,tmns leading to the present elegant, but perhaps hard to assimi-
late conclusmn, needless to say, the ultlmate formulation was due to Adams,

8. A generalization of the Atiyah-Segal completion theorem (1986, with
Haeberly, Jackowski, and May ) [7 9]

ring R(G), and an ideal I in R(G), the cohomology theory S™1(KE()))
is H-invariant, where H = U{Supp(P) | PN S = ¢, P D I}, and similarly
for real K-theory. The proof is by a surprisingly easy direct reduction to
quotation of equivariant Bott periodicity. The case in which § is empty and
I is the augmentation ideal is the original Atiyah-Segal completion thedrem,
which is thus given a new proof. The case I = 0 is the Segal localization
theorem. With S empty, the theorem is due to the second and third authors;
the proof given is a simplification of Jackowski’s.

I got to hold pen in hand on this one, Frank on the previous one.
9. Atomic spaces and spectre (1988, with Nick Kulini) [80]

This last work is a quintessential example of Adams’ characteristic alge-
- braic modeling of topological phenomena. If X is a p-complete space or
spectrum of finite type, then [X, X] is a profinite monoid with zero; in the
" gpectrum case, it is a profinite ring. As a matter of algebra, if M is a profi-
“nite monoid with zero, then either M contains a non-trivial idempotent or
- M is“good”, in the sense that every element of M is either invertible or
opologically nilpotent; if M is a profinite ring and is good, it is local with
réidical as maximal ideal and M/rad(M) is a finite field. If X is indecom-
posable, then [X, X] is good. If [X, X] is good, then X is atomic and prime.
There is a p-local spectrum of finite type which is indecomposable and for
#hich [X,X] is not good.- Every finite field of characteristic p arises as
X, X1/ rad[X, X] for an indecomposable stable summand X of the classi-

' equ1var1ant version of the or1g1nal Segal con_]ecture which is the special case

For a compact Lie group G, a multiplicative subset S of the representation

-%}“"‘}
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fying space of some finite p-group; every finite field of characteristic 2 so
arises from some finite spectrum X. John Hiibbuck told us more.about this
topological realizability of finite fields.

J. Infinite loop spaces(1975 IAS lecture notes) [61]

If you want to get graduate students interested in algébra,ic topology, this
is a very good book to have them read. It contains capsule intfoductidns.to
a variety of topics; none of which have yet - made it to any text ‘bfook. The
exposition is delightful, despite the elephantine jokes. “I am very grateful
to J. P. May, B. J. Sanderson and S. B. Priddy for reading the first draft of
this book - - - ; I have benefited greatly from their comments. It goes without
saying that I accept the responsibility for any jokes which remain.” It was
deliberately thin on details, except for its discussion of the transfer and its
quite full treatment of the Madsen, Snaith, Tornehave theorem that passage
to maps of zero'! spaces gives an Injection [bso, bso] — [BSO, BSO].

K. Two unpublished expository papers

There are two expository papers of Adams that were distributed in hand-
written form but not published during his lifetime; they will appear in his
collected works.

1. Two theorem of J. Lannes (1986) [83]

Lannes introduced a functor T' which is characterized by an adjunction
Hbmu-(T(M ), P) & Homy(M, H*(BZs) ® P), where U is the category of
unstable A-modules. He proved that T is exact and that it preserves tensor
products. In the case p = 2, Adams gives an alternative approach to these
two theorems “which aims to make T'(M") more accessible to direct calcula-
tion”. Nick Kuhn told us about some of the useful formulas to be found in
this paper.

2. The work of M. J. Hopkins (1988), [84]

This gives a concise and clear discussion of the theorems of Ethan Dev-
inatz, Mike Hopkins, and Jeff Smith. It explains the three versions of their
nilpotence theorem and also their theorem about the existence and essential
uniqueneds of v,-self maps, and it raises interesting questions about “gener-
ators” and “Euler characteristics” for the classes of finite spectra that arise
in the proof-of the latter theorem. This capsule summary was the -culmi-
nation of a series of lectures at Cambridge which gave a rather complete
exposition of the nilpotence theorems.

Perhaps the first. paragraph of the paper provides a ﬁttmg close to this
discussion of Frank’s work.
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“The work I shall report has the following significance. At one time it
seemed as if homotopy theory was utterly without system; now it is almost
proved that systematic effects predomlna.te.

In fact, this happy state of affairs is a testament to Adams’ own contribu-
tions, ‘which led the way and paved the ground. The real tribute to Frank
at this conference was the mathematical content of the talks. Our subject

is thrlvmg, and nowhere more S0 than in the d1rect10ns ‘that he himself -

. pieneered.

Beyond his published work, Adams contr:buted to the development of
our subject in many other ways. He was a good friend and ‘mentor to
many of us. His correspondence with mathematicians all over the world was
extraordmary He wrote me well over 1,000 handwritten pages, and I was
only one of many regular correspondents He was especmlly generous and
“helpful to young mathematicians just starting out. There are many proofs
attributed to Adams in the work of others, and there are many proofs
and some essentially complete rewrites that come from his “anonymous”
referée’s reports. He wrote many perspicacious comments on papers for
Mathematical Reviews. He was a force to be reckoned with at any occasion
such at this, and his guiding presence and astute questions enlivened many
a conferernce.

As the two unpublished papers illustrate, Frank throughout his career
made it kis business to learn and assimilate fully all of the most important
new developments in algebraic topology. Moreover, he worked hard to ease
the assimilation of these developments by others. When Frank started out
in 1955, it was perfectly possible for one man to understand thoroughly all
that there was to know in algebraic topology. This was still more or less
~posgsible when I met him in 1964, But our field has by now expanded and
developed in so many directions that no one person can expect to master
all of it, as Frank tried so hard to do. Many of its most vital directions were
‘set in course by Frank Adams, and his influence will permeate the subject
for the foreseeable future. His untimely death is a great loss to our subject,
and a great personal loss to all of us who knew him well. He will long be
missed, and long be remembered. His place in the history of mathematics
is ‘assured.

" kg
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