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Abstract

These are lecture notes of a seminar on Quantum Gravity delivered by John Baez at UCR in the
Fall’2000 and Winter’2001 quarters. The seminar is divided into two “tracks”. Track 1 is entitled
Diagrammatic Methods in Mathematics and Physics and the prerequisites to follow it are linear
algebra (vector spaces, linear maps, direct sums and tensor products, duality) and group theory
(more precisely, group representations). Track 2 is entitled Field Theory and the prerequisites are
some familiarity with general relativity, differential geometry and quantum mechanics at (roughly)
the level of John’s book Gauge Fields, Knots and Gravity (manifolds, bundles, connections and
curvature, metrics, Lagrangians).
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0. Introduction

One of the things that makes mathematics fun is its relation to physics. It’s not surprising that one can
build beautiful self-consistent mathematical structures and prove theorems about them. What is surprising
and mysterious is that some of these structures are so well suited to describing aspects of the world we live
in. We call these aspects the ‘laws of physics’. Why does the universe have mathematical laws? Nobody
really knows. Lots of people have thought about this question, but they didn’t get very far. Perhaps it is
too soon to answer this question. After all, we don’t even fully know what the laws of physics are yet. So
we should probably start by figuring out what they are, and then think more about why they exist.

From this, we are inevitably led to quantum gravity. After all, one of the big problems in figuring out
the laws of physics is that right now there are two sets of laws, general relativity and quantum theory, which
do not seem to get along well. Quantum gravity is an attempt at reconciling them.

To really understand the latest ideas about quantum gravity one must first know general relativity and
quantum theory. So this course really should have an introduction explaining these subjects before we go
into quantum gravity. Unfortunately, this introduction would need to be very long! To get around this
problem, we will take two complementary approaches. In Track 1, we will do things that do not assume any
knowledge of general relativity or quantum field theory. In Track 2, we will assume the reader is already
rather familiar with both these subjects. Eventually the two tracks will merge.

In general relativity there is a thing called space-time, and we can think of it as made of slices which
we call “space” evolving into one another as time passes. Spacetime and space are smooth manifolds in this
theory, so the fundamental mathematics one uses in general relativity is differential geometry.
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In quantum mechanics, on the other hand, one uses completely different mathematics, namely Hilbert

spaces (roughly speaking, vector spaces with an inner product). A unit vector in the Hilbert space ¢ € H is
taken to describe a “state” that the world can be in. There are also linear operators

v €H
T
T(y) e H'

which describe how things can change (a note on terminology: the terms “linear map”, “linear operator”
and “linear function” will be used interchangeably throughout this seminar).

Quantum mechanics is therefore mainly based on algebra, which looks nothing like the geometry of
smooth manifolds on which general relativity is based, and so quantum gravity is like trying to mix oil and
water. Just about the only thing these theories have in common is the way in which both talk about states
that undergo some transformation. This analogy is best displayed diagrammatically—just look at the above
diagrams—and with this motivation we can plunge right into track 1.

1. Diagrammatic Methods for Linear Algebra (I)

We are going to study a diagrammatic notation for doing linear algebra. The amazing thing about it is that,
if one takes the diagrams we will be using really literally, one starts to see how space-time might be built of
just these kinds of diagrams and nothing else.

The basic objects in our theory will be vector spaces (which we will usually take to be finite-dimensional
and complex). Let us now exhibit how different operations of linear algebra can be represented diagrammat-
ically:

1.1. Linear Maps

A linear map is a function

f:V = V" suchthat f(av+ pw)=af(v)+Bf(w) (a,B€C).

3



One well-known way to represent linear maps is with matrices, but we will introduce diagrams for that
purpose.

w

A linear map is represented by the name of the map surrounded by a “blob” with arrows sticking out at
the top and bottom of the blob. Arrows are labeled by the name of the vector space they represent. The
downward direction represents the passage of a “metaphorical time”, in other words, from top to bottom
one draws the domain, the function and the codomain.

1.2. Composition of Maps

Given linear maps f:V — V' and ¢: V' — V" we can compose them to obtain gf:V — V" and we draw the
composition by sticking the diagrams for f and g one on top of the other.

If you have a set, it always comes with an identity function at no extra cost:

ly: V. = V
v o= v
This is drawn as just an arrow labeled by V.
v
I %
v

This is a good notation in that the identity map is the identity for the operation of composition of maps,
and attaching an arrow to another arrow does not change the diagram. Note that, if we have f:V — V',

then f1y = f =1y f.

<f> V’
v/ v
VI

1.3. Tensor Products (a crash course)
If V,W are (finite-dimensional) vector spaces, V ® W is a vector space which can be defined thus: pick bases
{e;} CV and {f;} C W and let V ® W be such that {e; ® f;} is a formal basis for V' ® W. We have that
dim(V @ W) = dim(V') dim(W).

We now define a tensor product of vectors in V and W as a bilinear map ®:V x W — V ® W, so that
if v =v'; € V and w = w f; € W, their tensor product is v ® w = v'w’ (e; ® f;). Here we use for the first
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time Einstein’s summation convention, which is that when an index appears twice, once as a subscript and
one as a superscript, a summation over the range of the index is understood implicitly; thus, we have

n m
vew=viul(e® f):= 33 viwd (e 1),
i=1 j=1

This notation is arguably Einstein’s most important contribution to human thought.
(Need a section about abstract index notation)
Given linear maps S:V — V' and T: W — W', we can construct another linear map

ST: Vv = Ve W'
e;®@f; = Slei) @T(f;)

We can draw this as follows:

|4 w Veow
v’ w' V'ew'’

Now consider the following diagram:

=(1vT)(S® 1w)

D

(in the future we will feel free to equate diagrams and formulae). The following “identity” suggests itself:

D ® 1y

We will call this operation shifting. It is a special case of the principle that deforming the diagram (there is
quite a bit of topology lurking here) does not change the answer. To explain what “deforming the diagram”
means, picture the diagram drawn on a framed surface with the endpoints of free lines glued to the frame,
and allow any smooth one-to-one deformation of the surface (and hence of the diagram).

Finally, consider the following example: given linear maps f: V; @ Vo @V — V4 ® Vs and ¢: Vs @ Vg — Vrz,
we can combine them is a unique way, which we draw as follows:

>
3 V1 V2 Ve A
f 6
Vs —
Va
\%4
Vr Va




and we obtain a new map h:V; ® V5 ® V3 ® Vg = V4 ® V7 by means of a weird combination of tensoring and
composition for which there is essentially no good coordinate-free notation other'than the diagram!

1.4. Duality (I)

Given a vector space V over C one has the dual vector space defined as V* = {linear maps f:V — C}.
Moreover, given a linear map T:V — W one can define its adjoint, which is the linear map T*: W* — V*
defined by (T*g)v = g(Tw) for all g € W* and v € V:

There is a nice way to draw adjoints, which is to rotate the diagram by 180°:

w
\4 w*
— =
14
w \%

Remember that “time” always flows downwards so, when we introduce duals, arrows pointing downstream
represent vector spaces and arrows pointing upstream represent their duals. Note that we do not need to
write the asterisk on the label to denote the dual space because the direction of the arrow does this for us
automatically. We do need to write the asterisk on the name of the operator because the direction of the
arrows may not be sufficient to tell T apart from 7. Consider an operator T:V — V*. Then the adjoint
is T*:V — V* and, because an operator need not be self-adjoint, not writing the asterisk would lead to an
ambiguous diagram

v v
—

\4 14

However, at this point we may decide that “blobs” should not be drawn as circles but as some other shape
that is not symmetric, in which case we could drop all asterisks without ambiguities.

The idea to represent adjoints by drawing the diagrams “backwards in time” arose in particle physics,
in which taking the adjoint is equivalent to exchanging particles and antiparticles. Richard Feynman was
the first to think of antiparticles as “particles going backwards in time”, and represented them by reversing
the arrows on what we now call Feynman diagrams.

Exercise. Consider the following ambiguous diagram:

Check that “rotate-then-compose” is the same operation as “compose-then-rotate”, therefore showing that
the diagrammatic notation is unambiguous. (Hint: translate the diagram into symbols in two ways which
will be the left- and right-hand sides of an identity; then prove the identity.)

ij —

1 In abstract index notation, we have hklmn = ,?;mggn.
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2. Lagrangians for Field Theories (I)

2.1. Framework and Notations

These are the “stars of the show”:

e A Lie group denoted by G, which physicists call the “gauge group” and is not to be confused with the
“group of gauge transformations”. For simplicity, we will assume that the group is a group of matrices
like SO(n), SU(n), Sp(n), so it will be a submanifold of the linear space End(V") for some V. The whole
theory can be carried through without assuming that G is a group of matrices.

e The Lie algebra of G, denoted by g. The names of the lie algebras are obtained from the group names
by transmogrifying them into low-case gothic script, for example so(n), su(n), sp(n), etc. A Lie algebra
is a vector space, but we will assume that it is a space of n X n matrices so they can be multiplied,
although strictly speakingZone is not allowed to do that.

e The trace of an n x n matrix, denoted tr. This actually represents two functions: tr:G — C and
tr:g — C. These operations can be defined without reference to matrices, but it is still denoted tr for
convenience.

e An n-dimensional (smooth, paracompact, Hausdorff) manifold representing “space-time” and denoted
by M. We will require that M be oriented (to be able to integrate functions) and (usually) compact.
M will usually be closed, but sometimes we will consider manifolds with a boundary.

e A principal G-bundle over M, denoted 7: P — M. Since Gauge Fields, Knots and Gravity does not
cover principal bundles—the principal flaw of that book—we will give a definition of these sometime.
(For now, we’ll assume you either know it or can fake it.)

e Fields (functions) on M, especially

o A connection A on the principal bundle P, which physicists call “gauge field” or “vector potential”.
Locally (or on a trivial G-bundle), A is a g-valued 1-form, so in a coordinate patch we can write
A = A, dxz". The connection has associated an exterior covariant derivative d4 = (9, + A, )dz* =
d + AN acting on the fundamental representation of G and d4 = d + [A, | acting on the adjoint
representation of G.

o Gauge transformations, which are locally G-valued functions on M. The action of a gauge trans-
formation g on the connection is required to satisfy da'g = gda, or g~ 'da = dag™", which imply

A A =gAg~" + g(dg™") = gAg™" — (dg)g™".

o The curvature F' of the connection A, which physicists call “field strength”. Locally, F' is a g-valued
2-form, and it is a function of A:

[ dA+ANA  (wedge product of g-valued 1-forms)
T 1 dA+3[A,A] (Lie bracket)

When we apply a gauge transformation to A, the curvature changes as F — F' = gFg~!. We
therefore say that F' is Ad(P)-valued.

Exercise. Show that this is the case. [Hints: d(AB) = (dA)B + A(dB) for matrix-valued functions; when
d jumps over an n-form it picks up a factor of (—1)"; and gg—* = 1 implies (dg)g~ + g(dg—') = 0.]

Now, to do field theory we need to concoct Lagrangians from these ingredients (the connection and
other fields at hand). Mathematically, a Lagrangian £ is just a scalar-valued n-form which is a function of
the fields. It has to be an n-form so that it can be integrated over the manifold M to get a number.

If £ is a Lagrangian and M is a manifold, the integral

S:/E
M

Strictly speaking, when the lie algebra is not an algebra of matrices, one defines a “universal enveloping algebra” with

2

an associative product such that the original Lie bracket equals the commutator of the enveloping algebra.
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is called “the action of the field configuration”. For “nice” theories, the action should be invariant under
gauge transformations. One way to do this is to require that the Lagrangian itself be invariant under gauge
transformations.

2.2. Gauge-invariant Lagrangians for Gauge Theories (I)

So far the only field we have is the connection A, so let us see if we can build any gauge-invariant n-forms
from it.

The most simple-minded n-form we can obtain from A is simply A itself which, as a g-valued 1-form,
would work on 1-dimensional manifolds. To obtain a scalar 1-form, we take the trace. Unfortunately,
L = tr A is not gauge-invariant, as

tr A" = tr(gAg™" + gdg™") = tr(gAg™") + tr(gdg™") = tr(A4) + tr(gdg™") = tr(A4) — dlogdet g,

and the last term vanishes only if det g is constant, which will only be the case if G is a special group, in
which case g is an algebra of traceless matrices and tr A is zero in the first place. We have used the cyclic
property of the trace, tr(AB) = tr(BA), which will prove very useful in the following.

2.2.1. The First Chern Theory

In two dimensions we can do £ = tr F', which turns out to be gauge-invariant, again by the cyclic property
of the trace:
tr F' = tr(gFg ') = tr(F).

Two-dimensional field theories are interesting, among other reasons, because in string theory the fundamen-
tal objects are the two-dimensional world sheets of one-dimensional strings, and all dynamical variables,
including the coordinates of space-time, are fields defined on this world sheet.
Mathematicians call the integral
S = / tr F
M

the first Chern class, so a natural name for a theory with this action would be “the first Chern theory”. It
turns out, for example, that when G = SO(2) the first Chern theory is two-dimensional general relativity!
The nth Chern class is

/ tr(FA---AF),
M %,—/

n times

which, when taken as an action, gives rise to a perfectly sensible gauge-invariant theory on 2n-dimensional
manifolds which we may well call the nth Chern theory.

The special case of the second Chern theory is interesting because it works in four dimensions and that’s
what we think our space-time is! This is not general relativity, though, for any choice of the gauge group
G. Sometimes the second Chern theory with G = SO(3,1) is called “topological gravity”. It is similar to
general relativity but much simpler—a bit like GR’s baby brother.

In fact, as we shall see, there is a way to obtain general relativity from an Lagrangian of the form
e N e A F, where e is an additional 1-form (variously called “cotetrad”, “Vierbein” or “soldering form”)
independent from the connection A.



3. Diagrammatic Methods for Linear Algebra (II)

The basic building blocks in the theory we are developing are linear mappings between tensor products of
vector spaces. For example:

\41
Vo

V3

Vs
Va

3.1. Degenerate Cases
What does this diagram stand for?

The key to answering this question is to give a meaning to “the tensor product of no spaces”. The only
possibility is that it is the base field, C in this case, and that makes sense because the base field is the identity
for the operation “tensor product of vector spaces”! That is, we have the following canonical isomorphism:

CoV = V
1l®v) — v

Therefore, we may write

Now, what is this?

\%4

It is a linear mapping f: C — V, which can be characterised by giving f(1) = v € V, so we conclude that

eV

|4

Finally, we should have no problem interpreting this:

@

This is a linear mapping from C to C, clearly a complex number! This last example will prove especially
useful in the sequel, since it means that a diagram with no arrows sticking into or out of it represents a
complex number.

3.2. Duality (II)

Given a vector space V' we can construct its dual V*, and it comes along with two bilinear maps: the unit
and the counit.

3.2.1. The Counit
This is a map from V* ® V to C defined in the obvious way:

ev: V*oV - C
fev = fv)
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This mapping is called “evaluation” or “dual pairing” and we draw it as

V:M

We do not draw a blob in it because the dual pairing is canonical, just like we did not draw a blob for the
identity map on V. Another name for this operation is “cup”, for obvious reasons.

The cup operation was introduced into physics by Feynman, in connection with his idea that antiparticles
could be interpreted as particles moving backwards in time. In this language, the cup diagram is interpreted
as the annihilation of a particle/anti-particle pair.

p

hS]

The reader may be wondering what ever happened to the photons that are produced by such an annihilation
event. The answer is that in quantum field theory particles are described by representations of a group
including the Poincaré group and hence time-translation, But time-translation symmetry implies energy
conservation, so a particle/anti-particle pair cannot annihilate into nothing.

p

iST]

s

{

With the tools at our disposal we still cannot talk about time-translation invariance and so we are allowed
to draw diagrams such as the cup with nothing coming out at the bottom.

3.2.2. The Unit

The unit is amap iy: C - V@V*. Now, VV* = {linear T:V — V} = End(V), since to any v®@ f € V@V*
we can assign a unique endomorphism Tygs: V' 3 w — vf(w) € V. Now, the simplest endomorphism is the
identity, and so we define
iv: C - VeVvU*
1 - 1v

(o) VN
V¥ X

and is called “cup”. Note that this is not the dual of the counit, as they are obtained from one another by
reflection and not by rotation.
Now that we have the unit and counit we can combine them in different ways. For example, we have

The unit is drawn as

which we would like to equate to the identity on V' by “straightening out” the diagram. Let us prove that
we can actually do that:




We want to prove that 7(1y ®ev)(iv ® 1v)j = 1y. Pick v € V. Then j(v) =1®v € C® V. Now, iy (1) is
the identity endomorphism on V, which we can write as e; ® f?, where fi € V* is defined by fi(e;) = 6;
Then (iy ® 1y)(1® V) =¢; @ f' ® v. Now, (1y ®ev)(e; ® f' @ v) = e; ® v’, where v! = fi(v) € C are the
components of V with respect to the basis {e;}, as we now show: fi(e;v') = fI(e;)vt = §7v? = v/ implies
that v = e;v’. Finally, 7(e; ® v') = e;v* = v and we are done.

Exercise. Rigorously straighten out the following diagram:

3.3. Matrix Algebra

An (associative) algebra is a (complex) vector space A with a bilinear “multiplication” m: A ® A — A and
a unit element i:C — A satisfying

e the associative law: m a m(b, c , drawn as

Y

e the left and right unit laws, m(a,i) = a = m(i,a), which we draw as

For the associative law to be true, we must extend the notion of equivalence of diagrams to include the
new operation “sliding one multiplication blob over another”. The unit laws can be interpreted as “unit and
multiplication blobs cancel each other out”. Now, in the case of matrix algebra we do not need to introduce
these new rules, but they follow from the ones we know already.

Given a vector space V', we can get an algebra by considering End(V') with the operation of composition
of maps. Now, we have End(V) =V ® V*, so the unit is a certain element of V ® V*

and the counit represents matrix multiplication:

N
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The associative property can be drawn as

NN/

where equality follows by “shifting”. Similarly, the unit laws can be drawn as

which is true because we can “straighten out the bends”.

4. Lagrangians for Field Theories (II)

4.1. Gauge-invariant Lagrangians for Gauge Theories (II)

So far we have seen that, starting from just A on a 2n-dimensional manifold, we can obtain the gauge-
invariant Lagrangian tr(F""). This seems to be the end of the story unless we endow the manifold with
additional structure.

4.1.1. Yang—Mills Theory

If M is equipped with a metric (i.e. a symmetric, non-degenerate 2-form), we can construct a Hodge *
operator which turns p-forms into (n — p)-forms, so xF' is an Ad(P)-valued (n — 2)-form—Ilocally a g-valued
(n — 2)-form. Then, F A xF = xF A F is an n-form whose trace is gauge-invariant!

tr(F' AxF') =tr(gFg ' AxgFg ™) =tr(gFg * Agx Fg ') = tr(gF A xFg ') = tr(F A xF),

where A and * act on the differential form part only and g acts on the Ad(P) part only, so g can jump over the
other operators. This is the so-called Yang—Mills Lagrangian, and as far as we know it describes all known
forces except gravity. (Note: because both x and the measure change sign under a change of orientation,
the Yang—Mills action is independent of the orientation of the manifold.) If we want to construct a theory
of gravity we don’t want the metric to be fixed a priori, but the Yang—Mills Lagrangian hints at a way to
obtain new gauge-invariant lagrangians by adding more fields.

4.1.2. EF Theory

The properties of xF' that we needed in order to prove that the Yang—Mills Lagrangian is gauge-invariant are
that it is an (n— 2)-form so £ can be integrated over an n-dimensional manifold, and that it is Ad(P) valued,
so it has the proper behaviour under gauge transformations. Accordingly, we will assume that the manifold
M is equipped not only with a connection, but also with a new field E which is an Ad(P)-valued (n—2)-form.
Now we can form the lagrangian tr(E A F'), which gives rise to the ill-named “BF theory”. Originally, E
was “wrongly” named B because it was supposed to be analogous to the magnetic field, when in reality it
is closer to the electric field, as we will see later on. We will use the name “EF theory” throughout.

EF theory leads to general relativity in 3D if we choose G = SO(3) (Riemannian gravity) or G =
SO(2,1) (Lorentzian gravity). Now we observe that, in 3D, E is a 1-form, so tr(E A E A E) is also a valid
Lagrangian. Let us now list all the EFF' Lagrangians in various dimensions:

2D tr(F) tt(EAF) tr(EANEAF) tr(EANENEAF)
3D tr(EAF) tr(EANENAE)
4D tr(FAF) tw(EAF) tr(EAE)
(2m —1)D tr(EAF)
(2m)D tr(A™F) tr(EAF)

E is an (n — 2)-form in nD; m > 3.
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In all these cases A is taken to mean “product in Ad(P)” and “wedging of the differential forms”. We observe
that in 2D there is an infinite collection of linearly independent EF' Lagrangians, since E is, in this case, a
0-form (an Ad(P)-valued function) and can be wedged with F' arbitrarily many times to give a 2-form. In
3D and 4D there are terms depending only on E. These terms are called “cosmological” because 3D general
relativity with cosmological constant A follows from the Lagrangian tr(E A F) + Atr(EA EA E). In 5D or
higher dimension there cannot be a cosmological term.

Incidentally, the cosmological constant A of 3D general relativity is closely related to the “q parameter”
appearing in the theory of quantum groups, so maybe “quantum” is also an inappropriate adjective and
these groups should be called “cosmological groups” instead! I don’t expect this terminology to catch on,
but we’ll see it makes sense.

4.1.3. 4D General Relativity

4D EF theory is not equivalent to general relativity for any choice of the gauge group, so for this purpose
we need something more complicated. The Lagrangian for 4D general relativity follows from the following
trick, which works for all the SO(p, q) groups®.

For simplicity, let’s consider SO(n) and let V' = R"™ with its usual inner product. The lie algebra so(V)
consists of the linear transformations of V' that are skew-adjoint with respect to the inner product. This is a
Lie subalgebra of End(V) = V ® V*—i.e., it is a subspace that is closed under commutators. Now, the inner
product on V provides a canonical isomorphism between V' and V*, so we can consider so(V') imbedded in
V ®V as A2V (skew-symmetric 2-tensors or “bivectors”).

The trick is to use this identification in the opposite direction. Suppose we have a V-valued 1-form e
on spacetime. Then we can define e A e to be a A2V -valued 2-form in the following way: if e = e;dx?, where
{ei} are vectors in V, e A f = (e; A fj)dz* A dx?, which is symmetric in e, f so that e Ae = (e; Aej)dz’ A dz?
does not necessarily vanish. By the above identification, we can reinterpret this as an so(V')-valued 2-form.
This is very much like the E field in 4-dimensional EF theory with gauge group SO(n)!

This allows us to write down an EF-like Lagrangian for 4D Riemannian general relativity in terms of
two basic fields:

e an SO(4) connection A, and
e the cotetrad field e, which is locally an R*-valued 1-form.

The Lagrangian looks like this: tr(e Ae A F).

3 m fact, with a slight modification it works for all symplectic and unitary groups, too.
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5. Diagrammatic Methods for Linear Algebra (III)

We are now ready to answer the question why dualisation is represented by a 180° rotation rather than a

reflection:
% w
%
w

We note in passing that with our notation it becomes obvious that the dual of a tensor product is the
tensor product of the duals in the opposite order: (V @ W)* = W* @ V*.

Exercise. Given T:V — W, show that

*

5.1. Braidings

There is an isomorphism
Bv7w: VoW —» WV
vROwWw = wRU

S
%

Byw: WoV — VeW =vy
wRU = vRw w

called “braiding” which we draw as

The braiding has an inverse

Note that, diagrammatically, B;IW # Bw,v because

\ \
VWW<D7é WV
4 N

lvew = BywBvw # BwyvBvw

The first equality is called “the second Reidemeister move” in knot theory. This is an example of how to
become famous by being the first mathematician to state a trivality.
Now, for any linear operator f:V — V we have By w(f ® lw) = (1w ® f)By,w. This is drawn

(diagram)

and implies the identity known as “the third Reidemeister move”, which relates two different ways to go
from U@V e@W to W®V ®U by braiding:



Finally, the first Reidemeister move applies to just one space, and we introduce it last because it involves
the unit and counit:

If V is reflexive (as is the case for the finite-dimensional spaces we are considering) this represents the
canonical isomorphism between V and V**.

Exercise. Prove the first Reidemeister move:

The non-trivial thing that Reidemeister did was to prove the following theorem:

Theorem. Given two two-dimensional projections of the same knot, one can be obtained from the other
by a composition of one-parameter diffeomorphisms of the plane and the three Reidemeister moves.

As an aside, we have defined the cap and cup operations

N S

but there are two other operations which can be drawn as a cap and a cup. They can be defined from the

YA ERVAN))

NG S

Exercise. Check that the two definitions coincide.

or by braiding

In linear algebra, the “four-dimensional” fact that B;lw = Bw,v, drawn as

SN

is true because both map w ® v to v ® w. This means the category of vector spaces is a symmetric monoidal
category, and we say symmetry is “four-dimensional” because only in more than three dimensions is the
above diagram true.

This means that vector spaces and linear maps are nicely suited to (the generally rather boring) four-
dimensional knot theory. To have an interesting knot-theoretical application of our formalism we would
have to modify the identity above; in other words, we would have to modify the braiding so that it is not
symmetrical. This was realised in the 1980’s, when representations of quantum groups were used to obtain
invariants of knots.
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Now, consider an endomorphism of V'

and stick a unit (cap) at the top and a “pseudocup” at the bottom:

This, having no free lines, is obviously a complex number that we can obtain from T in a canonical way.
The only likely candidate for this is the trace of T', which we now check is true.

————— C 1

— — VeV* egoeé
— - VoV* fle)®e
—=>=-  C €(f(ed)

And to end, a puzzle. What is this?

(O

If we interpret this as the trace of the identity operator, we conclude that it is nothing other than the
dimension of V!

6. Physics from Lagrangians (I)

6.1. Lagrangians in Particle Mechanics

To illustrate the Lagrangian formulation of mechanics we will use the simplest case of all, that of a particle
moving in one dimension. The trajectory of the particle will be a function g: R — R where the domain rep-
resents time and the codomain represents one-dimensional space. A Lagrangian is then a function L(q, g; ).
In most applications the Lagrangian can be split into two parts, L = T(¢) — U(q;t), where T is called
kinetic energy and U potential energy. For one-dimensional particle motion L(q, ¢;t) = %42 —V(q) for some
V:R—> R

Given a Lagrangian, the action for the trajectory is the functional

smzme@¢w

To ensure that the action is finite we uaually restrict time to a closed interval, so ¢: [to,?1] — R and
ty
Stal = [ deLia.dso)
to
Now, the physical trajectory going from an initial position q; at ¢ = ¢; to the final position ¢, at t = t,

is somewhat misteriously determined by the condition that it be a stationary point of the action S given the
endpoints.
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To formalise this, we consider “variations of the trajectory” of the form ¢ = g+ dq, where dq: [t1.t2] = R
is the “variational field” and is required to vanish at the endpoints. We let ¢¢ = qo + €dq. The condition
that go be a stationary point of S is that

6S[qo, 6q): = Slg] =0

e=0

de

for all variational fields dgq.
The variation of the action is

d b m ., tho g
stwody= | [Car [Fi-via)] = [ar g
" dv ' dv

= dt |mgodqg — —| dq| = mqod 1—/ dt {mdgo + —

/to [ G0dd — - q] 2004y, . [ @+ G4

For this to be zero for all ¢ we must have

e -ve] =

|éa.

do
=0

méo + V'(q) =0,

which is Newton’s law with force F = —V".

6.2. Lagrangians in Field Theory (I)

Let us now apply these ideas to the field theory Lagrangians we introduced previously.
6.2.1. The First Chern Theory

Let M be a 2D orientable manifold. From the lagrangian £ = tr F', define the action

S:/ tr F.
M

Then we do A — A = A+ €A, where 6 A, being the difference between two connections, is an Ad(P)-valued
1-form. Now, from F = dA + 1[A, A] we get

5S[A, 54] = / tr(OF) = / tr{d(&A)+%([6A,A]+[A,6A])}.
M M

Now, tr and d commute because the first acts on the Ad(P)-valued part and the second on the 2-form
part. Also, [4,5A4] = [04, A] because [4,5A] = [Aida?,§A;dz7] = [A;,0A;]dz® A dz?, which is symmetric.
Therefore

8S[A,6A] = / {dtr(6A) + tr[6A, A]} = tr(0A).
H/—’

oM
=0

We have used tr[A,dA] = 0, which follows from the cyclic property of the trace. For matrices, we can
prove the cyclic property of the trace as follows:

s

so tr(XY) = tr(Y X) and therefore tr[X,Y] = 0. One can see from the diagram that “cyclic” is a fitting
name for this property.
In conclusion, for the first Chern theory the stationary action condition is

0 = 6S[A,54] :/ tr(6A),
oM

which does not depend on A at all! This means that either all conections are admissible solutions or none
is. One way to ensure that there are stationary solutions is to impose the condition that dA|,,, = 0, which
is analogous to the variational field ¢ vanishing at the endpoints of the trajectory. This condition holds
trivially if M does not have a boundary.

We anticipating once more that 2D general relativity is an instance of the first Chern theory, so that
the Einstein equations in 2D are vacuous. 2DGR is therefore rather boring, at least until one quantizes it.
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7. Diagrammatic Methods for Linear Algebra (IV)
7.1. Orthogonal and Simplectic Vector Spaces

Definition. An orthogonal vector spaceq (V, g) is a vector space V' equipped with a metric g: V@V — C

which is symmetric and non-degenerate.
\Val's
=v v

We draw this as
Now the question is, how does one draw the requirement that g be non-degenerate? To answer this question
we observe that a metric induces a mapping called “sharp”

gV - v
vo—= g(v,)
From g we can construct essentially one mapping from V to V*, by attaching a “cap” to one of the ends of
g, and we would hope that to be a definition of “sharp”:

?

Let {e;} be a basis of V and {e'} its dual basis, such that e’(e;) = d%. Then, 4(e;) is an element of V* and
f(ei)(ej) = gleiej) = glei, er)df = gles, ex)e® (e)), so (e;) = glei, ex)ek. To prove the equality we take a
hapless vector and feed it into the infernal device above:

g9(v, e;)e’

Now, g is non-degenerate if, and only if, { is injective. In the finite-dimensional case, since dim V* = dim V/,
this is equivalent to f being an isomorphism, so it has an inverse »: V* — V called, quite naturally, “flat”.
The condition for non-degeneracy is, then,

> i
there exists b such that = and =
i b
The maps f and b allow us to reverse the direction of arrows at will, for example:
L b
T) = (%) = (T

In fact, we can leave out all the arrows on edges labelled by (V,g). This is what is traditionally done in

phy SICS W lt }l I e y nman dlagI ams SuCh as
\//e

s
{
where the photon line does not carry an arrow.
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Definition. A symplectic vector space (V,w) is a vector space V' equipped with a symplectic structure
w:V ® V — C which is antisymmetric (also called skew-symmetric or alternating) and non-degenerate.

As in the previous case we define the “sharp” operator by t(e;) = w(e;, ). Note that in this case, unlike the
orthogonal case, it matters which slot of w is left empty.

Antisymmetry is drawn

Non-degeneracy is imposed by requiring that # has an inverse .

Exercise. Suppose V is an orthogonal (resp. symplectic) vector space. Define

/}V ﬂv
V/‘\\V ] - V/\V ]
O O

8. Physics from Lagrangians (II)

Then calculate

8.1. Calculating Variations
Suppose P — M is a principal G-bundle and A is a connection on it, and let f[A] be a functional of A.

Definition. The variational derivative of f[A] at A is the linear functional of A defined by

Sf[A,5A] = % F(A+e5A)
e=0

for all A and §A.

As an example, consider F' = dA + %[A,A] = dA + AN A. For the nth time, let us recall that
A A A means “wedging the 1-forms and multiplying the Ad(P) values”, while [A, A] means “wedging the
1-forms and bracketing the Lie Algebra values”. Therefore, If C' = x ® w is a matrix-valued p-form and
D =y ®n is a matrix-valued g-form, we have [C,D] = [z,y] ® (WA n) = (zy) ® (wAN) — (yz) @ (WA D) =
CAD - (yz) ® (-1)""pAw) =CAD — (-=1)""D A C, so

CAD+DAC if C,D are forms of odd degree,

[C’D]:{C/\D—D/\C else.

When C and D are not matrix-valued, we can still use
[C, D] = (-1)""*"'[D, C]
(graded commutativity). If, moreover, E is an r-form, we have the following identity
(=) [C,[D,E]+(-)*"[E,[C, D]] + (-1)"[D, [E,C]] =0
(graded Jacobi identity), which follows from graded commutativity in the case of matrix-valued forms
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Esercise. Prove the graded Jacobi identity
(_l)pr [Ca [D7 E] +(_1)qr I:Ev [Ca D]] + (_l)pq [Da [E7 C]] =0

where C, D and E are matrix-valued p-, q- and r-forms respectively. [Hint: prove the equivalent formula
[Ca [D> E]] = [[07 D]) E] + (_1)pq [Dv [Oa E]] ]

Since 4 is a derivative, it can be completely characterised by linearity and the porperties 1) 6(f) = 0
if f is independent of A; and 2) 6(C A D) = (6C) AD + C AdD. Also, 6 operates pointwise on M so it
commutes with the ordinary operations of differential calculus on M. Armed with this knowledge, we can
proceed to calculating 6 F[A, 0 A]:

OF = §(dA + %[A, A]) = doA + %([(SA,A] +[A,0A]) = oA + [A,64],

which equals d4dA by definition of the exterior covariant derivative. It is an ugly fact of life that, while
0F = dsdA, F # dsA. However, it is still true that F' = dad4, since the following hold as operator
equations:

dads = (d+ AN (d+ AN) = d* + d(AN) + ANd+ ANAN = (dA) A +AN AN = FA

acting on the fundamental representation, and
1

acting on the adjoint representation.

8.2. Lagrangians in Field Theory (II)
8.2.1. The Second Chern Theory

With the tools of the previous section it will now be easier to derive the equations of motion for the second
Chern theory. Let M be a 4-dimensional manifold and F' the curvature of a connection A on a principal
G-bundle over M. The action of the second Chern theory is

S[A] = /M tr(FAF).

We have
6S[A,6A]:6/ tr(F/\F):/ 6tr(F/\F):/ trd(FAF)
M M M

since, by the linearity of the trace,

Str(f(A)) = tr(f(A+64)) — tr(f(A)) =tr(F(A+54) — F(A)) = tr(5£(A)).

Now,

5S[A,6A] = /

M

tro(FAF) :/

tr(6FAF+F/\6F):2/ tr(F AOF)
M

M

because, F' is a 2-form. Now, since §F = d0A,

S5S[A,6A] = 2/

tl"(F AN dA5A) = 2/
M

tr(dA(FA5A)) - 2/ tl“(dAF/\(SA),
M

M

where we have used the graded Leibniz law
da(CAD)=dsCAD+ (—1)’C AdaD.
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Exercise. Prove the graded Leibniz law
da(CAD)=dsCAD+ (—1)’C ANdaD.

for Ad(P)-valued forms C and D or order p and q.
Finally, if C' = 2 ® w is a p-form and D = y ® n is a ¢-form,

tr(C A D) =tr(zy) ® (wAn) =tr(yx)(—1)P(n @ w) = (—1)P tr(D A C),

(graded cyclic property of the trace) which, together with [C, D] = —(—1)??[D, C] implies that tr[C, D] =0
so that tr(d4C) = tr(dC) and

5S(A)(5A) =2 /

M

tr(d(F A §4)) - 2/

tr(dAF/\ 5A) = 2/
M

dtr(F AJA) — 2/ tr(daF AN OA) =
M

M

:2/ tr(F AJA) — 2/ tr(daF A OA)

oM M

Imposing the usual condition that 6 A vanishes on M (or if M is compact and has no boundary),
0S(A) =0« daF =0.

But this equation of motion is vacuous, since d4F' = 0 is the Bianchi identity (i.e. it is satisfied by all

connections).
We can give two proofs of the Bianchi identity. The first starts by noting that [F,da | = dadada =
dalF, ]| because covariant derivatives are associative. But then [F,d4 | = da[F, | = [daF, |+[F,d4 ] because

F is a 2-form, so [daF, | = 0.
The second proof is by direct computation:

daF =da(dA+ %[A,A]) =d(dA + %[A,A]) + [A,dA + %[A,A]] =

Z%([dA,A] — [4,dA]) +[4,dA] + %[A, (4, 4] = %([dA,A] +[A,dA]) =0

where [A, [A, A]] vanishes by the graded Jacobi identity. Analogous proofs can be given using the action of
da and F on the fundamental representation.
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9. Diagrammatic Methods for Linear Algebra (V)

So far we have studied the category of finite-dimensional complex vector spaces with linear maps. Di-
agrammatically, the operations in the category give rise to structures which have natural diagrammatic
representations of various dimensions:

e the basic operation in any category is the composition of morphisms, which we can draw as a 1-
dimensional diagram with nothing to the side:

Since linear maps can be composed we say that vector spaces with linear maps as morphisms form a
category, which we call Vect.
e products in a category are represented by 2-dimensional diagrams like

Vi Vo

Wy Wa
A category with a product is called monoidal, and since tensoring of vector spaces is a product, we
say that Vect is a monoidal category.

o If we have a monoidal category in which every object has morphisms to the tensor identity object,
we say the category has duals and we can define “cup” and “cap” operators:

V, ~V Vo ~V*
\/:\/ and/\://\
VN~V Vi~V

The category Vect is a monoidal category with duals.

e The product in a monoidal category depends on the order of the factors, but if there may be a braiding,
that is, an isomorphism between V@ W and W @ V

S

which is drawn as the 2-dimensional projection of a 3 dimensional structure. In this case the category
is called braided. Since tensor products of vector spaces come equipped with a braiding, we say that
Vect is a braided monoidal category with duals.

e a braided monoidal category is called symmetric if

S

This diagram represents a Reidemeister move valid in more than three dimensions, so we can say that
the diagram is 4-dimensional. Since this is the case for vector spaces, the category Vect is a symmetric
monoidal category with duals.
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It is generally true for any category that at the highest dimension we have a property (i.e. an identity
that the structures of lower dimension have to satisfy) rather than a new structure. In the case of Vect we
do not have a new structure in four dimensions but a property satisfied by the three-dimensional braiding.

As promised at the beginning, one starts to see geometry arising from just algebraic diagrams. The
fact that the category on which quantum mechanics is based is four-dimensional like space-time (at least
macroscopically) may be just a coincidence, but we may also take it as an indication that quantum gravity
will turn out to be four-dimensional.

We have also seen that Vect has and that some vector spaces (orthogonal and symplectic) have a
canonical isomorphism from V to V*

\4 \4

T N
9

v s v

This blurs the distinction between V' and V*. In diagrammatic terms, it allows us to eschew the arrows on

the lines representing the vector space V.
W\
=v v

A metric has a symmetry property
which is the first Reidemeister move for two-dimensional projections of knots in three dimensions. A sym-
plectic structure, on the other hand, gives rise to diagrams violating the first Reidemeister move:

We can resolve this discrepancy by representing symplectic vector spaces by ribbons rather than by
strings; technically, we replace knots by framed knots. We have

(diagram)

for ribbons imbedded in any dimension for which the diagram makes sense.

This would be a natural thing to do if we want to use Vect to represent spin-1/2 particles in quantum
mechanics (e.g. electrons) since rotating one such particle by 360° results in multiplying the state by —1.
We have

(diagram: twist)

In four dimensions this implies
(diagram: — 1)

PROOF

To describe physical particles of spin 1/2 we want to use symplectic vector spaces. A vector space with
a non-degenerate symplectic form must be even dimensional, so the simplest nontrivial complex vector space
admitting a symplectic structure is C?. The symplectic structure a: C?> ® C> — C is determined by the
quantity a(e;,ej) = a;; = —aj;, SO @ = a12(£)1 (1))

We want to find now an operator 3: C = C? ® C? such that the the following identities are satisfied:

1) antisymmetry
(diagram)
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2)
(bubble diagram = —2)

3) “binor identity”, due to Penrose and named by him by analogy with the term “spinor”.

(diagram)
We know that any solution to 1) is of the form a = A( _01 (1)) This will be a symplectic structure if and
only if A # 0. Applying the binor identity to the g “cap”, we obtain

(diagram)
so (3 is antisymmetric and it is of the form g = B(_O1 [1)) Finally, the bubble diagram evaluates to
—2 = (bubble) = 24B,

so AB = —1 and « is non-degenerate and therefore a symplectic structure. As a consistency check, we can
see that the binor identity is satisfied for any choice of A # 0.

To sum up, given a symplectic structure a on C> we have a cap # = o such that the above equations
are satisfied, and any solution to those equations is of this form.

10. Physics from Lagrangians(III)
10.1. Lagrangians in Field Theory(III)

So far all our equations of motion have turned out to be vacuous, but this is not entirely bad news: we have
seen that given a principal G-bundle P — M with a connection A on a 2n-dimensional manifold, we can
define the gauge-invariant action

S[A] = /M te(FA™).

Then, 6S[A4,0A] = 0 for all A and §A, although we have only proved it for n > 2.

Exercise. Derive the equations of motion for the n-th Chern theory and show that they reduce to the
Bianchi identity for all n > 1.

This is not entirely bad news, as it means that S[A] depends only on the bundle and not on the
connection. The numbers S[A] are invariants called Chern numbers which can be used to classify principal
G-bundles.

For example, if G = U(1) and M is two-dimensional manifolds the first Chern number classifies principal
bundles in the sense that, if P — M and P’ — M have the same first Chern number, then they are
isomorphic. If G = SU(2) and M is four-dimensional, the second Chern number, which is related to the “4
angle” of the standard model of particle physics, classifies the principal G-bundles.

10.1.1. Maxwell Theory

Before taking up nonabelian Yang—Mills theory, we consider the abelian case (Maxwell’s theory).

Assume that G = U(1) and the manifold M is equipped with a metric. Since G is abelian, the ad-
joint representation coincides with the trivial (scalar) representation, so Ad(P)-valued objects are invariant.
Therefore, d4 = d on the adjoint representation; one can also argue that the term [A, A] vanishes because
the Lie algebra of G = U(1) is g = iR. On the fundamental representation we still have d4 = d + AA, and
the curvature 2-form is F' = dA because A is an ordinary 1-form and A A A = 0. Also, in the presence of a
metric we have a Hodge * operator mapping p-forms to (n — p)-forms in such a way that, for any p-form F'
and (n — p)-form G,

FAG = (xF,G)vol,

where vol is the metric-induced volume n-form and ( , ) acts on p-forms by (a1 A---Aap,B1 A+ A Bp)
det (a4, Bj),- So, xF is an (n — 2)-form and we can form the action

»=

S[A] = /M tr(F A +F) = /M FAF,
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which describes a universe made purely of light. The variation of the action is
0S[A,0A4] :6/ F/\*F:/ O0(F A xF) :/ (6F)/\*F+F/\6*F:/ (0F)AxF + F A x0F
M M M M

:/ (0F) A xF + F A%6F
M

The Hodge operator and wedge product have the following symmetry property?: if F,G are p-forms,
F A xG = (xF,xG) vol = (xG,*F) vol = G A xF.

Therefore,

S5S[A,6A] = /

(6F)/\*F+F/\*6F:2/
M

M

(6F)/\*F:2/

(dadA) ANxF = 2/ (dOA) ANxF =
M

M

:2/ d(JAN*F) +0ANdxF =2 6A/\*F+2/ A N dxF.
M M

oM

As usual, we can force the first integral to vanish by requiring 6 A to vanish on OM, and
0=0S[A,04] = 2/ JANdxF
M

implies that the (vacuum) Maxwell’s equations
d«F =0
hold.

To see what this has to do with Maxwell’s equations, assume that M = R x S, where S is an (n — 1)-
dimensional manifold (space). Then F' = dt A E + B, where E (resp. B) is a 1-form (resp. 2-form) on S.
Now, if G is a p-form on S,

—(dt A xsG,dt N %sG) vol = (x5G, %sG) g dt Avols = dt NG A xsG = (=1)PG ANdt A xsG
Equating the first and last terms, we have
*G = (=1)PHdt A x5G.
Similarly, equating the middle terms one obtains

Therefore, *F = —dt A xsB + xgE, and x* F = —(dt A g xs E + %5 xg B) = —F since *g*s = 1. Then,
0=d«F =dt Nds*sB + dt AN OyxsE + dg*sE so

xsdsxsB + O FE =0 and *gdg*xsE = 0.

4 This solves the exercise posed in the lecture: show that this does not depend on the signature of the metric
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11. Building Space from Spin (I)

We will now start constructing vector spaces and linear operators using only the symplectic space (V = C?, w).
It doesn’t matter which symplectic structure we use on C2, since all are isomorphic and give rise to the same
diagrammatic calculus, but in case we need an explicit choice we will take w(e; ® e3) = 1 [Note that Carter,
Flath and Saito use iw as their symplectic structure].

Exercise. Prove that a linear operator g: C2 — C? preserves w if, and only if, det g = 1.

The group of 2 x 2 complex matrices with unit determinant is denoted SL(2,C). One of the great
facts about this group is that it is the universal covering space of SOg(3,1) (the symmetry group of special
relativity) and so, in a sense, it is the natural gauge group of general relativity. The group SL(2,C) is a
double cover of SO¢(3, 1), and this means that, although a 360° rotation is the identity in SO(3,1), it differs
from the identity in SL(2,C). This is just the kind of behaviour observed in relativistic spin-1/ particles,
so SL(2,C) is the symmetry group of relativity and C* the state space of a spin-1/» particle. Since all the
constructions that follow use only (C2?,w), all objects will have a built-in SL(2,C) symmetry.

11.1. Overview
We will build a collection of self-dual vector spaces labelled by half-integers j which correspond to the (2j)th

symmetric tensor powers of V = C2.

i~ |s¥y | ittt

Then, there will be intertwining operators for each triple of such spaces

and combining them we can interpret a tetrahedron with labelled edges, called “6j-symbol” in physics, as a
complex number

which we can use to associate a complex amplitude to a triangulated 3-manifold with edges labelled by half-
integer (quantised) lengths. This is the basis of some formulations of three- and four-dimensional quantum
gravity.

11.2. Symmetrised Tensor Products

There is essentially only one way in which we can construct new vector spaces starting from a given vector
space V, and that is by tensoring it with itself (a symplectic vector space is canonically isomorphic to its
dual and we have not introduced direct sums so far). We denote the n-th tensor power of V' by

Ve V.-V |||

The symmetric group on n letters, S,,, acts on V®" in the following way:

o1 @ ® ) = vy B By, eg TEITmI= Y

I ] = = 24
2)(345)] Q >C

S ={zeV® |ox=x Voe€S,}

and

=l

To(V] ® V) = Vg=17-1(1) @ *++ @ Vpm17-1(p), e.g.

—

Sitting inside V®" we have the symmetric tensors
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The projector on S™V is the operator P: V" — V" defined by
... 1 e
ogeSn
We can easily check that it projects onto S™V
e 1 L. 1 ... .
_}HEI‘:__;E(E;;L-HHI‘-_-;ﬁ(;g;;ti;;j-_ o

and that it is idempotent:

—w X P X =

oceSn — oeS”

The crucial step, that {ro:0 € S,} = S, can be proved diagrammatically. Let’s do it for n = 2:

1 n 1 n _
=3 =3 =
In the case of V = C?, we denote S"V by N/2. We represent the projector P: V®2/ — S2/V by

i
\\/ Vo2 g O

Now, the map

C

restricts to . .
S®%Y © §®2UY

Similarly, there is a canonical injection J:j — S¥V c V%

. J
ﬂji( such that =
J
J j =
/\: _ / \ | ! |
SOy @ §®2UY

We end this section with a puzzle: can one define a natural mapping

J

which we can use to define

B 8PV @SV
Jt i
jo S2j3V

and if so, how?
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We start by observing that, if i + j = k, we can define operators P:i®j — k and J:k - 1®j

i J k

We can combine these operators to obtain

3 kg a2 2k =j2+Js — 5
- where 2ko = j3 + j1 — Jo
ko k;

2k3 = j1 +j2 — J3

Js
One might wonder whether it is possible to take two 1/2 lines from the expansion of, say, j; and join them.
However, that would make the operator defined above zero, because

=30+ 8)-H0-)-o

Therefore, our definition of the intertwiner is unique up to normalisation.

12. Physics from Lagrangians (IV)

12.1. Lagrangians in Field Theory (IV)
12.1.1. EF Theory

Recall that EF theory is defined in terms of two independent fields,
e a connection A on a G-bundle P over an n-dimensional manifold M, and
e an Ad(P)-valued (n — 2)-form E.
The EF action is

S:/ tr(EAF),
M
SO
55:/ tr(&E/\F+E/\6F):/ te(OEAF + E AdsSA) =
M M

=(-1)"2 /M tr(da(E AJA)) + /M tr(EAF — (=1)""?doE A SA)

=(-1)" / tr(EAGA) + / tr(EAF) + (—1)»! / tr(daE A JA)
oM M M
If the variation is assumed to vanish on OM, the equations of motion are

F=0 and
daE = 0.

These equations say that A is a flat connection and that E is parallel with respect to A (since A is flat we
can actually say that E is “constant”).

These equations do not seem so trivial as others we have previously seen, but in fact all flat connections
are equivalent up to gauge transformations. Even more is true: all solutions to the EF equations are
equivalent®modulo “gauge symmetries” of the following two kinds:

1) “gauge transformations”®

65:0@{

A gAg=! + (dg)g™*
F— gngl

and

A=A
E— E+dyn for some Ad(P)-valued (n — 1)-form 7.

5 ButE=0isa solution, so are all solutions of the form F/ = dAn?

Beware that, according to the standard usage in physics, the expressions “gauge symmetry” and “gauge transformation”

are not synonims.
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13. Building Space from Spin (II)
Recall that we have started from just (V = C?,w),

)
:

which we draw with no arrows because

w v

defines a canonical isomorphism:

v

v
The inverse of § is

v

b
v

which yields a unique

©:_2.

_ &
><_H+re\

1 )
P=3 (‘ ‘ - >< + re\)
To prove P = 0, we first show it is a projector:
1 U P N 1
2= — — — — = — — \ej) =
P =1 H + + +O QJrc‘;) S(]-X+2) =P
A A CA

Then, we show that the dimension of its image is zero by taking its trace:

tr2P)= OO - OO + CO =o.

The space S?/V of symmetric tensors is called the “spin-j representation of SL(2,C)” and we denote it
by j. We have defined a symmetriser operator on the 2j-th tensor power of V' which projects onto j, and an

injection from j to V®%:
1 ;

ocesSn

such that

Now, this implies the spin-1/ skein relation

For the proof, we consider

2
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We define
J
R NN
J J

Recall that the vertex only exists if the following equivalent conditions hold:

J1 ks J2

ko ki

s

Ji=kx+ks 2k = —j1 + J2 + J3
Jo=ks+ki p & 2kx=j1—Jj2+73
Jzs = k1 + ko 2ks = j1 + j2 — Js,

where the numbers {k;} are arbitrary nonnegative half-integers, which is equivalent to the conditions that

1) {ji} are the sides of a triangle, and
2) jitjet+is €N

A triple of half-integers {j;} satisfying these conditions is called “admissible”. Finally, our diagrammatic
calculus allows us to uniquely define vertices with legs sticking out in any direction.

13.1. Spin Networks

With these ingredients we can construct spin networks, which are trivalent graphs with edges labelled by
half-integers satisfying the admissibility conditions at every vertex. For example:

(diagram: spin network)

The j representation satisfies the following identities, analogous to those for the 1/2 (fundamental)
representation:
(diagram: twist) = (—1)* (diagram: cup)

so that the cup is an orthogonal structure for integer j and a symplectic structure for half-integer j.
(diagram: proof)

Similarly, we have ‘
(diagram: twist) = (—1)* (diagram: cap)

and the diagrammatic calculus lets us show that
(diagram: cap—cup) = (diagram: identity) = (diagram: cup-cap)

Therefore, we have . _
(diagram: j-bubble) = (—1)% dim S¥V.

But it is well-known that S*'V is isomorphic to the space of homogeneous polynomials of degree 2j in two
variables, and there are 25 4+ 1 of those.
It is possible to calculate dim S?/V directly using the diagrammatic calculus:

Summing over all permutations,

@+ D = @t (= T+ 15X
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We now divide by (2j)! and take the trace over the last line to obtain

@+ ) =4 +ut= ) =-26+0fH
Taking the remaining traces and multiplying by (—1)?/*! we have

(—1)%+ (25 + 1) Qj+1/2 = (~1)%2(j + 1) Qj

(_1)2j+1 (_1)2]'
L i+1/2 = i = t t
2G+1) Qﬁ/ 2 +1 QJ constan

But the case j = 1/2 indicates that the constant is 1, so

Qj — (=1)%(2j +1).

As a further example, let’s consider the operator

Equivalently,

Expanding all 1-lines into two 1/2-lines, we have

In general, any operator of this form is a multiple of the identity. This is a special case of Schur’s lemma,
which we will prove, along with some interesting generalisations, in the next lecture.

14. Vector networks and the four-colour theorem

Just for fun, let’s see what we can do with spin networks where all the edges are labelled by the same spin.
Labelling them all with 0 is boring—every such spin network gives an identity operator. We can’t label them
all with 1/2, since this would violate the admissibility conditions at the vertices. So the simplest interesting
case is to label all the edges with 1. This was studied extensively by Penrose, Kauffman and Bar-Natan.

We start by introducing a simplified notation for these spin networks. Since all the edges are labelled
by 1, we leave out the edge labels. Also, it will be convenient to change our normalization of the trivalent
vertex. For this purpose, we draw wiggly spin-1 lines, and we define a vertex with three wiggly lines coming
out to be /=2 times the ordinary spin-1 vertex:

~ 1
\\e‘fﬂ:\/—2 1
S 1

This has the advantage that we can maintain our convention that spin-1/ lines do not carry a label, and on
the few occasions when we need to espand a spin-1 line into a pair of symmetrised spin-1/> lines there will
be no ambiguity even though no lines are labelled.

Just as spin-1/ particles are called “spinors”, in physics spin-1 particles are called ”vectors”, for reasons
soon to become clear”. Thus we call a spin network with only wiggly lines a “vector network”.

7 Thel representation of SL(Q, (C) is isomorphic to the fundamental representation of 80(3, 1), just like the 1 repre-

sentation of SU(Q) is isomorphic to the fundamental representation of 80(3).
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Now let’s derive the basic indentities satisfied by vector networks. Since the 1 representation carries an

orthogonal structure, we have
X 1
1

so we don’t need to think of the edges as ribbons or keep track of twists. Also, a closed loop gives the
dimension of the 1 representation:
Q 1 =3

1 1 ~
X:_ \o\(/f
?

This follows from a more general fact about spin networks, which we leave as an exercise, to be proved
straight from the definitions.

Furthermore, the vertex is antisymetric:

A~

Exercise. Prove that

— (_1)j1+j2*j3

The antisymmetry of the vertex together with our ability to remove twists implies that
1
OB
A A
! ! !
! ! !

SO

S =0

e
5

It follows that whenever a vector network has an edge connecting a vertex to itself, this network evaluates
to zero.
The really interesting identity, however, is this:

We call this the “spin-1 skein relation”. It should remind you a bit of the spin-1/» skein relation. It’s different,
but it was also discovered by Penrose. To prove it, we go back to the definitions:

1 1 1 1 1 1
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Using the spin-1/> skein relation on the horizontal lines we get

1 1 1 1 1 1 1 1
~ . !
R b
§ == + - + = 0 ) -
b
/J—A\\\ ! !
1 1 1 1 1 1 1 1

since the symmetrisers allow us to cancel the first and last terms, and the remaining two are just what we
need.

The spin-1 skein relation implies the following identities:

I
o
o
=
o
I

{

These are both great for simplifying vector networks. How do we prove them? The trick is just to find a
place to apply the spin-1 skein relation, and apply it!

To prove the first identity, we just take a trace on the “left” legs of the sipn-1 skein relation. We will
be bending things around a bit but the topological invariance of our rules says that’s okay.

>-q- 0}

We leave the other one as an exercise.

We now reveal a secret that we have been hiding all along—while still dropping small clues so you could
have caught on if you were really paying attention. What we are actually doing here is good old-fashioned
vector algebra: the study of the dot product and cross product! We usually think of these as operations
involving vectors in R?, but we can use the same formulas to define them as operations involving vectors in
C3?, which is the spin-1 represetation of SU(2). The dot product corresponds to this vector network:

v N

while the cross product corresponds to this one:

AT

abeC wC?

abeC ®(C?
RS

§

One can show this either by direct computation or a little group representation theory; we leave this as
an exercise. By the way, if you were wondering which square root of —2 we used in our redefinition of
the trivalent vertex, it doesn’t really matter: the two choices correspond to using either a left-hand rule or
right-hand rule for the cross product!

axbe C
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The classical identities of vector algebra are easily proved using diagrammatic methods. We have already
seen the commutativity of the dot product and the anticommutativity of the cross product:

DG VARRLEE
1
1
1/7N1 ~
X:_x\f/ ~ axb=-bxa

{
5 5

If we take the output of the trivalent vertex and turn it into an input we obtain the triple scalar product,
and the following identity follows from the topological invariance of the diagrammatic calculus:

v:v ~ a-(bxc)=(axb)-c

If we turn one or two of the outputs of the spin-1 skein relation we obtain the remaining two identities:

\F/:\V_\// ~ ax(bxc)=b(a-c)—c(a-b)
v:w_w ~ (axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c)

In short, spin networks know all about vector algebra!

Now, it’s not hard to show that we can evalulate any closed vector network using just the identities we
have derived so far. The resulting number is always an integer, since our identities only involve integers.
This was the reason for changing our normalization of the trivalent vertex. We have also seen that this
integer is zero if our vector network has an edge connecting a vertex to itself—or in the language of graph
theory, a ”loop”.

That much is obvious. The following result is less obvious. We say a vector network is planar if it can
be drawn in the plane without any edges crossing each other.

Now, there is a remarkable fact about 1 spin networks, and that is

Theorem. If a planar, trivalent graph without loops is interpreted as a spin-1 spin network, it evaluates to
a nonzero integer.

This is one of the hardest theorems in all of mathematics, and its only known proofs involve reducing
it to thousendo of special cases, and then checking these one by one by computer. The reason is that this
result is equivalent to the four-colour theorem!

The story of this theorem began one day in October, 1852 when a fellow named Francis Guthrie was
coloring a map of England. He wondered whether it was always possible to color any map with only 4 colors,
in such a way that no two countries (or counties!) sharing a common stretch of boundary were given the
same color. Guthrie’s brother passed the question on to the famous mathematician De Morgan, who passed
it on to students and other mathematicians. In 1878 Cayley publicized it in the Proceedings of the London
Mathematical Society. In just one year the mathematician Kempe proved it. However, in 1890, Heawood
found an error in Kempe’s proof! And then the real fun began. ..

We shall not tell the rest of the story, leading up to how Appel and Haken finally proved it in 1976, with
the help of a computer calculation involving 10'° operations and taking 1200 hours. Instead, let us explain
how the four-color theorem is equivalent to the above result about vector networks.

First, note that to prove the 4-color theorem, it suffices to consider the case where only three countries
meet at any ”corner,” since if more meet, say four:
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we can stick in a little country at the corner:

so that now only three meet at each corner. If we can color the resulting map, it’s easy to check that the
same coloring with the little countries deleted gives a coloring of the original map.

Let us use the language of graph theory, calling the map a ”graph,” the countries ”faces,” their borders
"edges,” and the corners ”vertices.” If the graph coming from our map never has a loop like this:

then the region enclosed by the loop and the edge connecting it to the rest of the graph can be removed
without affecting whether the graph can be coloured or not.

What we’ve shown is that, in order to prove the four-color theorem, it suffices to consider planar trivalent
graphs without loops.

Now, to four-color the faces of a graph like this, it turns out to be enough to three-color the edges. In
other words, it’s enough to label its edges with the letters i, 7 and k in such a way that no two edges labelled
by the same letter meet at a vertex. For example:

How does this give a four-coloring of the faces? The trick is to use this profound relationship between
the numbers 3 and 4: there are 3 ways to divide the set of 4 colors into two pairs:

R—G R ¢ R G
i g k
B——Y B Y B Y

To get a four-coloring of the regions from a three-coloring of the edges, we start by coloring one face
arbitrarily:

Then we color the rest using this rule: whenever we cross an edge, the face color switches to the other color
in the pair corresponding to the letter on this edge. In the above example we get this four-coloring;:




We leave it as an exercise to check that this rule always gives a well-defined four-coloring. In particular, you
should check that as you march around a vertex following this rule, the 3 countries you go through have
different colors, and by the time you get back where you started, you get back to the same color. This isn’t
hard.
Even better, we can run this rule backwards. If we start with a four-coloring of the faces, it uniquely
determines a way to label the edges by i, j, k so that no two edges meeting at a vertex get the same letter.
In short, the 4-color theorem is equivalent to this result:

Theorem. For any trivalent planar graph without loops, there exists a way to 3-label it so that no two
edges meeting at a vertex carry the same label.

Next, let us see why this theorem is equivalent to the fact that any planar vector network without loops
evaluates to a nonzero integer.

Think of i, j and k as the usual basis for C?, and imagine evaluating a vector network by contracting a
lot of tensors, one for each vertex. Since the vertex of a vector network is just the cross product in disguise,
the tensor at each vertex is just

—1 if (a,b,c) is an even permutation of (i, j, k)

1 if (a,b,c) is an even permutation of (i, j, k)
€abe =
0 otherwise

where (a, b, ¢) are the labels encountered on the edges ar we march around the vertex. The left-versus-right-
hand rule ambiguity implies that it does not matter whether we march around each vertex clockwise or
counterclockwise, as long as we do the same at every vertex. The spin network is thus given by a sum over
all ways of labelling the edges by 4, j, and k, where each term in this sum is a product over all vertices of
numbers 1, —1, or 0, computed using the above rule.

If there is no way to three-color the edges of our graph, all the terms in this sum will vanish, so our
network will evaluate to zero. Thus the only thing left to check is the converse: if the network evaluates to
zero, all the terms in the sum must vanish—so there are no ways to three-color its edges. We leave the proof
of this as an exercise for the courageous reader.

This means that the four-color theorem is really a theorem about vector networks! We can also refor-
mulate it purely in terms of the vector cross product, as follows:

Theorem. Ifv; X --- X v, is parenthesised in two ways, there exists an assignment v; € {i,j,k} such that
both expressions are equal and nonzero.

Can we use any of these reformulations to find a shorter proof of the four-color theorem? Nobody knows!
People have tried and, so far, failed. We need some new ideas - perhaps some tools from physics. As we
shall see, the ”profound relationship between the numbers 3 and 4” that we used above is also important in
quantum gravity. Maybe this is a clue.
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15. Schur’s Lemma and Related Results

Theorem (Schur’s Lemma). If T is an open spin network with two legs, then it is proportional to the
identity.

We have to show that

=Qjr |J with oy =0 if j#k

where @ represents a spin network.

The proof is remarkably simple. We reexpress all vertices as triangles and expand all symmetrisers—
except those at the top and bottom—as sums over permutations. The spin network falls apart into a sum
of diagrams consisting of “spaghetti” and “spaghetti-ohs”:

J
A\ gy

\V
: n

% | ©r

7T

=0
implies that 7= 0 unless j = k.
We will call this proof technique “rewiring” or “rerouting”.

>

[

but

Corollary. If T is an open spin network,

The formula follows by taking the trace of both sides of Schur’s Lemma:

Cole

Now, we observe that a closed spin network is just a complex number, so we can divide by it if it is nonzero!
Since O i is nonzero for nonnegative j, we can solve for a;; and the result follows.

Theorem (Wigner-Eckart). IfT is an open spin network with three legs, it is proportional to the trivalent
vertex.

We have to prove two things, that 7" is proportional to the vertex and that the proportionality factor is
as stated. Assuming the proportionality, the proportionality factor follows by joining the three free ends by
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a vertex. Proportionality to the vertex can be obtained almost trivially by rewiring (in essentially the same
way as the uniqueness of the vertex itself).

We expand each leg and each of the j-lines inside T into 2j spin-1/2 lines with a symmetriser across
them. Then, the spin network breaks up into

but, again, {J = 0 implies that all the terms vanish except those proportional to the trivalent vertex.

=

is called “f-net” or, in physics, “3j-coefficient”.

We do not have an analogue of Schur’s Lemma for spin networks with four legs, but we can come really
close.

First, we have

The spin network

is a projector, and the product of different projectors vanishes. Now,

Theorem (resolution of the identity).

where the sum is extended to the values of i satisfying the compatibility conditions with a and b.

The right-hand side is a projector onto a subspace of a®b. All we need to do is prove that the dimension
of its image is the dimension of a ® b. Calling the left-hand side P, we have

a+b a+b
? C®3 b= ) O i= Y (-D¥(@i+1) = (-1 (Q2a+1)(2b+1) = aQ D b
i=|a—b| i=|a—b|
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Corollary (tetravalent Schur’s lemma). If T is a spin network with four legs,

Yor LR

b d

The proof now follows by applying the resolution of the identity to the top and bottom pairs of legs.
An important special case is

a b i
c d j

exercise to prove that

where { } are what spectroscopists call “6j-symbols” or “Racah 6j coefficients”. We leave as an

4
@

As is usual with these kinds of quantities, there are several definitions in the literature which differ by signs
or multiplicative factors. In fact, if it wasn’t for historical reasons and consistency with the physics literature,
it would certainly make sense to call the tetrahedron diagram “6j-symbol”.

Lurking in all this is the associative property of the tensor product, i® (j® k) ~ (i® j) ® k. The linear
operator which effects the isomorphism is the “associator”, drawn as

ijk:E Cmpg

m,p,q

where the Cl,,q stand for a coefficient too tedious to calculate here and to cumbersome to print, although
as an exercise, the reader is encouraged to evaluate it as a function of bubbles, thetas and tetrahedrons. In
fact, everything we will do next quarter on 3D quantum gravity will be based on the associator!

The amazing thing that happens is that each term on the right-hand-side of the definition of the
associator can be closed up to give a tetrahedron diagram

P k

Then it is possible to triangulate a three-dimensional manifold, label all the edges by half-integer numbers
and multiply together the complex numbers associated to all tetrahedra. This will turn out to be an invariant
of three-manifolds. This last fact follows if we can show that the resulting number is independent of the
triangulation.
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Theorem. Any two triangulations of the same three-dimensional manifold can be obtained from one another
by a sequence of “Pachner moves”:

@
4

All we need to do is evaluate the spin networks on both sides and show that they are equal®.

(1 — 4 move)

(2 — 3 move)

16. Physics from Lagrangians (V)
16.1. Lagrangians in Field Theory (V)

We’ve seen the following theories and equations:
e Chern Theories:

0=0 ifn=1

M2n

which hold identically by the Bianchi identity d4 F' = 0.
e Electromagnetism:

S:/ tr(FA*F) — 6S =0 & d«xF = 0.
M

We will see that, in the non-abelian Yang—Mills case,
S:/ tr(FA%F) — 0S =0 < daxF =0,
M

which reduces to Maxwell’s equations in the abelian case.
e EF theory:
F=0

S:/Mtr(E/\F)—>55:0<:>{dAE:0

To finish up this story, we will now derive the equations of motion for the rest of the Lagrangians we
wrote at the beginning, and next quarter we will quantise them.

16.1.1. EF Theory with Cosmological Constant

We recall that, in dimensions less than 5, The EF' Lagrangian admits additional terms not involving F' at
all. We will ignore the 2D case for the moment, since it involves infinitely many coupling constants.
In 4D we have

sz/ tr(E A F + AE A E)
M

The possible Chern term F' A F' does not affect the classical equations of motion, so we ignore it. On
quantisation, or on manifolds with a boundary, this term does have an effect. The variation of the action is

65:/ tr(0EAF)+tr(EASF)+ A tr[(0EAE)+ (ENJE)] :/ tr(0EAF)+tr(EAdA6A)+ 2 tr(EAE),
M M

8 In fact, the 1 — 4 move leads to a divergent sum, and this will be one of the major arguments for the introduction of

“quantum (or cosmological)” groups.
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where E and §F are 2-forms so their wedge product is symmetric. We now integrate by parts:
dS :/ tr(0EAF) +tr(EAdadA) + 2 tr(6EAE) =
M
:/ tr(EANJA) + / tr(0EAF) —tr(daE A F) + 2\ tr(0E A E)
§M M

and the equations of motion turn out to be

_ dyE =0
5S_O®{F+2AE:0
If A # 0, the second equation just says F = —%F, in which case the first equation is Bianchi’s identity.

The equations of motion turn out to be vacuous again, and this is just like Chern theory in that the space
of solutions is the same, namely the space of all connections. The equations of motion also imply that A is
a number, not a function on the manifold.

The bottom line is that as soon as there is a nonzero cosmological constant the character of the theory
changes drastically.

Let us now look at 3D EF theory with cosmological constant. We have

S:/ tr(EAF+AEANEAE).
M

It is interesting that in lower dimension we can do more things with the E. Each dimension has a distinct
personality as far as the available Lagrangians go, and this is related to how topology is very different in
different dimensions. Also, things become boring in high-enough dimensions. We have seen reflections of
these facts already in track 1.

The variation of the action is

5S = / tx(0E A F) + tr(E A GF) + 3\ tr(0E A B A E) =
M

using the cyclic property of the trace and the fact that cyclic permutations of three 1-forms do not involve
a change of sign.

65:/ tr(JEAF)+tr(EAOF)+3Atr(0EANEAE) =
M
:/ tr(0EAF) +tr(EAdadA) +3Atr(0EANEAE) =
M

:—/ tr(E/\(SA)+/ tr(0EAF) +tr(daE AJA) + 3Atr(0EANE A E),
oM M

integrating by parts at the last step. The equations of motion are

daE =0

65:0©{F+3/\E/\E:0

If we differentiate the second equation and use Bianchi’s identity,
0=3XNdaENE —ENdsE).

Since E is a 2-form, its wedge products are symmetric, so this is zero independently of whether d 4 E vanishes.
Therefore, the two equations turn out to be independent.

We can now justify our previous statement that, if G = SU(2) or G = SO(3), these are the equations
of motion for Riemannian gravity with cosmological constant. E is a frame field, so it gives a metric on
the manifold! Then d4E ends up meaning that A is the Levi-Civita connection of that metric. Lorentzian
general relativity can be obtained by making G = SO(2,1) or SL(2, R)
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16.1.2. 4D General Relativity

To finish, let’s derive the equations of motion for 4D general relativity. We have a connection A and an
SO(4) frame field e. The lagrangian is £L =eAe A F. With a cosmological constant,

S:/ trleAeANF +XeNeNeNe)
M

Here we are using the embedding of A?R* as antisymmetric matrices, which are isomorphic to so(4). There-
fore, we can pretend that e A e is an Ad(P)-valued 2-form. The action of a gauge transformation on e A e is
e/ Ae' = ge Aeg~!l. This is called the Palatini formulation of general relativity.

The variation of the action is

652/ 2tr(de ANe AN F) +tr(e ANe ANOF) +4Xtr(de AeANeAe)
M

because e A f = f Ae, as A is antisymmetric both on R* and on the 1-form part. Substituting 6F = d 04
and integrating by parts,

0S = tr(e/\e/\éA)-{—/ 2tr(de Ae AF) —tr(da(e Ae) ASA) +4xtr(Je AeAeAe)
oM M
so the equations of motion are
_ dA(e/\e) =0
65_0@{6/\}7'-{-2)\6/\6/\620

The first equation characterises A as the Levi-Civita connection of the metric e A e, and the second equation
is Einstein’s equation in the presence of a cosmological constant.
To finish, recall that the equations of motion of 4D EF theory are

daE =0

55:0‘:’{F+2AE:0,

which means that solutions of general relativity are solutions of EF' theory. This suggest the following way
to generate solutions of GR: We “just” have to find solutions to EF' theory in which E =e Ae.
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17. Quantum Gravity (I)
Last time we did a lot of work to show how to calculate a number of linear operators based on spin networks.
In particular, a closed spin network is a linear operator from C to C (i.e. a number). We concentrated on

i

which associates a complex number to each tetrahedron. It turns out that (up to fudge factors),

Now the following theorem suggests an intimate relationship between topology and spin networks:

Theorem (Pachner). Any two triangulations of a compact 3-manifold can be obtained from one another
by a sequence of “Pachner moves”:

(1 — 4 move)

(2 — 3 move)

To the wise, this suggests that we should use spin networks to generate three-dimensional topological
quantum field theories. So, our objective for the next series of lectures is: let’s get wise!

17.1. Topological Quantum Field Theories (I)
In the struggle to reconcile quantum mechanics and general relativity, we are helped by an analogy between
two otherwise very different subjects.

General relativity is about space and space-time, and space is very flexible object. Space will be any
(n — 1)-dimensional manifold, and space-time will be an n-dimensional manifold limited by two “choices of
space”. So spacetime is a manifold with boundary, technically a cobordism between two disconnected parts
of its boundary, which are labelled “input” and “output”.

S
M
Sl

In Quantum mechanics, on the other hand, we describe the possible states of a system using a vector
space (Hilbert space) and we describe the passage of time by linear operators. In other words, the space of
states is a Hilbert space, and processes are described by linear operators.

v EH
T

T(p) e
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In sum, in general relativity and quantum mechanics we have notions of what things can be, and how
things can change to become other things. A topological quantum field theory will be a way to go from
general relativity to quantum mechanics, i.e. given a manifold called “space”, it will spit out a Hilbert space,
and given a spacetime it will spit out a linear operator. Therefore, we are looking for some kind of map
between the world of manifolds and cobordisms and the world of Hilbert spaces and linear operators. This
was the approach taken by Atiyah in his axiomatisation of topological quantum field theories.

17.1.1. Category Theory (I)

Those in the know will have realised that, in the above exposition, by “world” we mean “category”, which
we now define.

Definition. A Category C consists of

e a collection®of objects;
e given two objects z,y, a set Hom(y, ) of morphisms. Generalising from the categories where Hom(y, z)
is a set of functions, we denote f € Hom(y,z) by f:x — y. Morphisms satisfy the following properties:

o given morphisms f:x — y and g:y — 2z, we can compose them and obtain'®g o f:x — z. When
there is no possibility of confusion g o f is abbreviated gf.

Yy+———"
z
o for any x, there is an identity morphism 1,:x — x such that, for any f:x — y, we have fl, =

f=1,f. For example,
S
[0,1]xS @
S

This definition captures the most primitive notions of “things” and the “processes” that things can
undergo, in other words, the ways that things can “be” and the ways that things can “happen”.
Examples of categories are:

e Set: objects are sets and morphisms are functions.
e nCob: objects are (n—1)-dimensional compact manifolds, and morphisms are n-dimensional cobordisms.

SIS
M*II1lg
Susuos

1M

Ss

e Vect: objects are (finite-dimensional, complex) vector spaces, and morphisms are linear operators.
e Hilb: objects are (finite-dimensional, complex) Hilbert spaces, and morphisms are linear operators.

9 This collections is not in general a set, but a proper class. Consider the category Set, in which the collection of all

objects cannot be a set because of the famous Russell paradox.
10 At this point, category theorists split into warring factions, depending on the order in which they write the composition

of morphisms.
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Quantum mechanics uses Hilb rather than Vect because (among other things)

e given state vectors (i.e. unit vectors) in a Hilbert space, say ¢ and 1, then (¢|¢) is the amplitude and
|(¢|1/J)|2 is the probability that a system prepared in state ¢ will be found in state ¢. There is no such
structure in Vect.

e given an operator T: H — H', the condition (T*p|y)) = (p|T)) defines an adjoint operator T*: H' — H.
In Vect, the best we can get is the dual T*: H'* — H*.

e observables in quantum mechanics are represented by self-adjoint operators A: H — H, where H is
the space of states of the system and A = A*. Such an operator!'has associated an orthonormal basis
{t;} of H such that Ay; = a;4; with a; € R. The interpretation is that ¢; is a state in which A will
always be measured to be a;.

The fact that in Hilb we have a canonical antiisomorphism # — H* induced by (|-} is very different
from Vect or Set, but a lot like nCob, where the “dual” of a space is the same space with the opposite
orientation, and the “adjoint” of an n-cobordism is its time-reversal. Time reversal is of utmost importance
in physics.

18. Quantum Mechanics from a Category-Theoretic Viewpoint (I)

We have come short of defining topological quantum field theories because we still haven’t explained just
what is a map between categories. A topological quantum field theory is, among other things, a functor
Z:nCob < Hilb. What this means is:

Definition. If C and D are categories, a functor F:C — D consists of:

e an object F(x) € D for each x € C;
e a morphism F(f): F(z) — F(y) for each f:x — y such that

o F(1;) = 1p( forallz € C
o F(gf)=F(g9)F(f) for all f:x —» y and g:y — z.

This looks a lot like a group homomorphism, and that should be no surprise because a group is a special
kind of category. In fact, for any object x in a category C, Hom(z,z) is a monoid and F:Hom(z,z) +
Hom (F(z), F(z)) is a monoid homomorphism.

18.1. Schroédinger’s Equation

In ordinary quantum mechanics we don’t talk about how the topology of space changes, and also time is
a parameter (there is some kind of fixed clock which ticks to “universal time”). So we assume that there
is a single Hilbert space, not a whole collection of them. Also, for each time ¢t € R we have an operator
U(t): " — H which describes time evolution in such a way that, if ¢ is the state of the system at time

= 0, ¥(t) = U(t)y is the state of the system at time ¢. Time-translation symmetry is expressed by
U)U(s) =U(s+t) =U(s)U(t), and if U(¢) is defined for t < 0 we have a group rather than a semigroup
homomorphism. Moreover, we require that'?(¢(t)|4(t)) = (#|¢) = 1. From this we can see that U(t) must
be unitary as follows.

First, observe that U(0)? = U(0+0) = U(0) implies that U(0) is a projector. If ' is the subspace onto
which U(0) projects, the image of U(t) = U(0)U(¢)U(0) is in H' for all ¢, so we can assume without loss of
generality that 7 = H' and U(0) = 1.

Then, (¢Y|y) = (U)Y|U(E)y) = (U*(#)U(t)y|) implies U*(t)U(t) = 14 for all t. Since U(t)U(—t) =
U(0) = 14, we conclude that U*(t) = U*(#)U(¢)U(—t) = U(—t).

If we add the continuity assumption that lim;_, |[|U(s)y — U(¢)¥|| = 0 for all ¢, we have that U(t) is a
strongly-continuous, one-parameter unitary group. Quite a mouthful. We then have

Theorem (Stone). IfH is a Hilbert space and U (t) is a strongly-continuous, one-parameter unitary group,
then U(t) = exp(—itH), where H is self-adjoint.

1 More generally, any normal operator, i.e. any operator such that NN* = N*N has an orthonormal basis of

eigenvectors with complex eigenvalues.
12 By the polarisation identities, knowledge of <¢|¢> for all ¢ determines <¢|¢> for all ¢,
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The operator H in Stone’s theorem is called the Hamiltonian operator and it corresponds to the energy
observable. Stone’s theorem and ¢(t) = U(t)y imply the abstract Schrédinger equation, i(%i/)(t) = Hy(t).

Normally, the way physicists approach a quantum-mechanical problem is, given the Hamiltonian, solve
for the evolution of the system. In contrast, in quantum field theory and quantum gravity the hard part is
to figure out the Hilbert space and Hamiltonian of the theory.
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19. Quantum Gravity (II)

We begin with a very important identity which will be use to obtain the 2 — 3 Pachner move in 3D quantum
gravity.

Exercise (Biedenharn—Elliot Identity). The 6j symbols are defined by

Prove that they satisfy the Biedenharn—Elliot identity:

I I N P S A T

[Hint: Use the fact that

as a linear combination of the former in two different ways; then equate coefficients.] [Big hint:

T

Follow the steps in the above diagram.]

19.1. Topological Quantum Field Theories (II)

We have seen that nCob and Hilb have lots of things in common, and topological quantum field theories
exploit that fact.

To get it over with, let us just state the definition of a topological quantum field theory and explain all
the terms we need for it to make sense. First, nCob and Hilb are symmetric monoidal *-categories.
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Definition. A unitary topological quantum field theory is a symmetric, monoidal, *-functor

Z:nCob + Hilb

19.1.1. Category Theory (II)

Definition. We say that a category C has adjoints or duals for morphisms or is a x-category if there
is a contravariant functor x:C — C which takes objects to themselves and such that x> = 1 (the identity
functor). For any object © or morphism f, the dual is denoted x(x) = x* or *(f) = f*.

Spelling out the definition, * has to satisfy the following properties:

z* =z for any x € C,

for any f:z — y there is a morphism f*:y — z (this is what “contravariant” means),
for any z € C, (1;)* = 1.+ = 1,,

for any morphisms f:x — y and g:y — 2, we have (gf)* = f*g*, and

(f*)* = f for any morphism f.

Examples of x-categories are:

nCob, where M* is obtained by exchanging the roles of input and output. If the cobordism is imbedded,
this can be represented as reflection along the “time” direction.

e Hilb, where the adjoint T™ of a linear operator T:H — H' is defined by (T*¢|v),, = (#|T¥),, .
e any groupoid (a category where every morphism is invertible), as then the inverse has the properties

required of *.

Definition. We say that F:C — D is a x-functor if, and only if, given f:x — y, we have F(f*) =
F(f)": F(x) = F(y).

Definition. A category C is monoidal if it is equipped with an operation ® with the following properties:

e for any x,y € C, there is an object t ® y € C;
e for any f:x — x' and g:y — y', there is a morphism f Q@ gz Qy — z' ®y'.
e for any objects x,y,z € C there is an isomorphism azy.:z ® (z @ y) = (y ® z) ® z called associator

and satisfying the pentagon identity:

(wez)Ry) @2

T

(wo(z®y)®z (wer)®(y®z)

we ((zoy)®:2) w® (z®(y©:2)

e thereis an object 1 such that, for any object x € C, there are isomorphismsl,: 1®x — ¢ andr,: z®1 — «
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called units satisfying the other identity:

T

T

z®1 1®c

lez)®x _ 1®(z®1)
e finally, given f:x =y, g:y = z, f':2' =y and ¢':y' — 2', we require that (g®¢")(fof') = (gf)@(g' '),

which just says that the following diagram is unambiguous:

O @

@ @

MacLane’s theorem guarantees that if the above two diagrams commute, then any diagram that can be
constructed from the associator and the units commutes.
Examples of monoidal categories are

e Group: objects are groups, morphisms are group homomorphisms and ® is the direct product of groups.

e nCob: the ®, both for objects and for morphisms, is the disjoint union of manifolds.

e Vect or Hilb: the ® is the tensor product. This is how, in quantum mechanics, two things are put
together.

e Elect: it has just one object, morphisms are electrical circuit elements, composition is serial combination
of components, and ® is parallel or shunted combination of components.

Notice that parenthesised expressions can be drawn as trees. This is how we start to see that category
theory can be useful for physics, and also we get a hint of what the Biendenharn-Elliot identity means.

Note also that we are promoting all the theorems we proved in the first quarter to axioms. We can draw
morphisms in any monoidal category as two-dimensional diagrams just like we did in Vect.

The moral of this story is that categorification—the process of replacing equalities by isomorphisms—is
a way to understand processes (that is, time) at a deeper level.

20. Quantum Mechanics form a Category-Theoretic Viewpoint (II)

Recall that in quantum mechanics, we describe the evolution of the state vector ¢ € H by a one-parameter,
strongly continuous, unitary group U, i.e., () = U(t)1(0). Then Stone’s theorem guarantees that U(t) =
exp(—itH), where H is self-adjoint and corresponds to the energy of the system. Schrédinger’s equation

d
1—(t) = —tHy(t

Zp(t) = —iH(1),
which is equivalent to ¢(t) = U(t)1(0) if 4(t) is differentiable, just states that “energy is the same as rate
of change with respect to time”. This is one of the most significant discoveries of the twentieth century, and
although there were indications of this coming from analytical mechanics in the nineteenth century, it wasn’t
until the advent of quantum mechanics that the connection was established so explicitly.
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Now the question is, how do we get the Hamiltonian H for a particular problem? A possible answer,
and the first we shall explore here, is to “steal it” from classical mechanics.

20.1. A Point particle on a line

The classical Hamiltonian for a particle on a line is

2

H:2p—m+V(q), with {g,p} =1,

where ¢ is an affine coordinate on the line and (g, p) are coordinates on the cotangent bundle. The Lagrangian
is
L =pq—H(q,p),

and the Hamilton equations of motion are

q':aa—I;:p/m and p:—a—H

dq
This is translated into quantum mechanics as follows.

The Hilbert space of a point particle on a line is H = L?(R), the space of complex functions on the line.
States are unit-norm functions ¢ (), and [, [1(z))? dz is the probability to find a particle in A C R. The
fact that v is normalised just means that the probability that the particle is somewhere is 1.

To get a Hamiltonian operator, we interpret (qu)(z) = z¢(x) and (py)(z) = —it)'(z). The form of
these operators is restricted by the Dirac quantization condition [g,p] = i{q, p} relating the commutator of
the quantum operators and the Poisson bracket of the classical variables. Then the Hamiltonian is

2 —1 2
=L v 0

om (q) = 9 022 +V(q),

where (V(q)z/J) (z) =V (z)¥(x).

The Schrodinger equation is

O ptta) = 22 ) 4 V()
'Lat , L 2 (‘)12 , L X Z,
so, for a free particle,
.0 1 02
(156 + 5 5z ) V10 =0

We can obtain solutions by guessing. Since the equation is linear we use exponential trial functions
1/}(t7 :L’) = eii(EtikI);

which satisfy Schréedinger’s equation if £ = % In fact, every solution is of the form

Y(t,z) = /% exp [—i(%t — ka:)]f(k),

and if f € L*>(R), then ¢(t) € L*>(R) for all ¢. There are special solutions generically called “wavepackets”
that preserve their form as they evolve, apart from getting gradually more and more spread out. These can
be described as “Gaussian bumps with a corkscrew twist”.
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21. Quantum Gravity (III)

Exercise (2 — 3 Pachner Move). Using the formula relating the tetrahedron

N4

to the 6j-symbols and the Biedenharn—Elliot identity, prove the following identity, which is the 2— 3 Pachner
move up to “fudge factors” for lower-dimensional simplices (triangles and edges).

[Hint: Each side has a factor of

for each tetrahedron, a factor of

1

for each triangular face, and a factor of

for each edge. Factors appearing on both sides have been cancelled.]

21.1. Topological Quantum Field Theories (III)
21.1.1. Category Theory(III)

Definition. Given monoidal categories C and D, a functor F:C — D is strictly monoidal if, and only if,

e F(z®y) = F(z)® F(y) for all objects z,y € C,
e F(f®g) =F(f)® F(g) for all morphisms f,g € C, and
e F(1¢) = 1p, where 1¢ and 1p are the identity objects for the ® operation.

Definition. A monoidal category is braided if, and only if, for every objects x,y € C there is an isomor-
phism B, ,:x ® y — y ® x such that

e the hexagon identity BaB = aBa is satisfied, and
e for any morphisms f:x + z' and g:2' — y', we have B(f ® g) = (9@ )B(1® f) = (9 ® f)B =
(1® f)B(1®g).
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A braided category is symmetric if B, , = B, ;.
Definition. A monoidal functor F:C — D between braided categories is braided if, and only if, F(B, ,) =
Br@),Fy)-

A braided functor between symmetric categories is automatically symmetric.

Definition. A monoidal category has duals for objects if, for every object x there is an object x* and
morphismsi,:1 — x®x* and e;: x* ®x — 1 such that (1, ®e;) (i, ®1;) =1, and (e, @1y ) (1 Riy) = 1.

Any monoidal functor will preserve duals for objects.
Now that all the terms have been defined we can restate the definition of Topological Quantum Field
Theory.

Definition. A topological quantum field theory is a symmetric monoidal functor Z:nCob — Vect.

Definition. A unitary topological quantum field theory is a symmetric, monoidal x-functor Z: nCob —[i
Hilb.

Depending on the dimension of space-time, topological quantum field theories have varying degrees of
complexity.

e TQFTs on 1Cob are extremely simple;

e TQFTs on 2Cob are related to commutative algebras;

e TQFTs on 3Cob involve the spin-network technology we have been developing, and are related to
monoidal categories;

e nobody really understands TQFTs on 4Cob. This is unfortunate, as we have seen that General Relativity
is like a TQFT on 4Cob with some extra features.

21.1.2. One-dimensional Topological Quantum Field Theories (I)
To see just how simple one-dimensional TQFTs are, let us characterise them completely.

A 1-cobordism is a one-dimensional manifold with boundary. This means it is a disjoint union of arcs
and circles, and the boundary is formed by the endpoints of the arcs. If we consider oriented cobordisms,
the boundary is also oriented, in such a way that, if 7:p — ¢ is an oriented arc between p and ¢, then p is
considered to be positively oriented and ¢ is considered to be negatively oriented. If we represent positive
points by o and negative points by e, then all the 1-cobordisms are disjoint unions of the following elementary

ones:
(e} [ ] [e] [ ]
N~

S

(o] [ ]

Cobordisms are composed in such a way that the orientation of the arrows is preserved, so we need to identify
a positive and a negative endpoints, which cancel due to the opposite orientations. For example,

N

— O [ J
- e o)

N

For our purposes we need identity cobordisms, so we adopt the convention of reversing the orientation of the
output. Then, the elementary morphisms are

(o) [ ) O\/. - m
i f ./ﬂo so that O— )

So let us characterise 1Cob as a category:

e objects are 0O-dimensional compact oriented manifolds, i.e., finite disjoint unions of oriented points.
Ne, o].
e morphisms are 1-dimensional oriented manifolds, i.e., disjoint unions of
[e] [ ] O\(.
and | ) = m
i f 2% hel
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Two 0-dimensional oriented manifolds ne+mo and n'e+m'o are cobordant—i.e., there is a 1-dimensional
oriented cobordism between them—if, and only if, n —m =n' — m'.

e ® is the disjoint union II of both 0-dimensional and 1-dimensional manifolds. This product is braided
and symmetric because the manifolds are not assumed to be imbedded in any dimension, but are
considered as abstract manifolds, so the disjoint union is diffeomorphic to the union of any permutation
of the spaces.

e duals are as follows:

o — o of — o e.:o\/o eo:ovo i.=./4\3 io:f\.

and

e adjoints are
(e} [

B e

We now notice that as soon as, say, e is mapped to some object in a different category, the images of
all the other objects and morphisms are fixed. Therefore, a 1-dimensional topological quantum field theory
is determined by a single object Z(e).

If we consider unoriented cobordisms, the category simplifies even more. Indeed, an unoriented 1-
cobordism is just a disjoint union of circles and segments, and the boundary is a union of (unoriented)
points. As a category, unoriented 1Cob is described as follows:

e objects are O-dimensional compact manifolds, i.e., finite disjoint unions of oriented points. N[e].
e morphisms are 1-dimensional unoriented manifolds, i.e., disjoint unions of

i (=

Two 0-dimensional unoriented manifolds ne and me are cobordant—i.e., there is a 1-dimensional un-
oriented cobordism between them—if, and only if, n = m (mod 2).

e ® is the disjoint union II of both 0-dimensional and 1-dimensional manifolds. For the same reasons as
in the case of 1-dimensional oriented cobordisms, this product is braided and symmetric.

e duals are as follows:

LA

.* = e Ce — .\_/. ’L‘. = ./\.

and

e adjoints are
[ ] [ ]

J' 4 l L h ™ RS

Note, however, that the adjoint of a morphism is the same as its dual, so this will be a special case in
which a topological quantum field theory will automatically be unitary.

Oriented 1Cob goes to CHilb and CVect

Unoriented 1Cob goes to RVect = RHilb (see the remark about adjoints being equal to duals).
A 1-cobordism is a space (vector or Hilbert).

[does this mean that a 2-cobordism should map to a subcategory of Vect or Hilb?]

22. Quantum Mechanics from a Category Theoretic Viewpoint (III)
22.1. Fields on (1 + 1)-dimensional spacetime (I)

Last time we quantised a free particle on a line. Now let’s quantise the vacuum Maxwell equations on a
(1 4+ 1)-dimensional spacetime with the topology of a cylinder. We will find that this is isomorphic to a
particle on a line!
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Our spacetime is R x S*(I) with metric ds? = —dt? + [?dz?, where [ is the “perimeter of the Universe”
and z € R/Z. The volume form is dVol = [ dt A dz and the induced metric on 1-forms is (dt,dt) = —1 and
(dz,dx) = 1/I?. The Hodge dual, satisfying w A *w = (w,w)dVol, is therefore

x1 =1dt Adez,
xdt = —ldz,
*xdx = —%dt,
xdt Ndx = —1.

l

Note that *% = —1.
Maxwell’s theory is Yang—Mills theory with gauge group Rt or U(1). These two cannot be distinguished
at the level of local degrees of freedom since their Lie algebras are isomorphic. However, as we shall see they
have different global properties that affect the quantum theory.
We first tackle the case of RT gauge group, which is easier because the topology of the group itself is
trivial. The exterior derivative is d = dt‘)% + dt%, and the exterior covariant derivative is

V=d+ AN with A = a;dt + a,dzx.

The curvature of the connection is
F =V? = dA = (8,a, — Oyay)dt A dx, and

xF :%(&cat — 8tax).

We see that in 2D there is a one-component electric field and no magnetic field. Now, *F' is a function on
space-time, and Maxwell’s equation dxF = 0 simply implies that %(atax — dpay) is a constant, say e. On R?
this would be the end of the story, since dia, — 0,a; = el uniquely determines A up to gauge transformations.
On R x S, however, we have nontrivial solutions even if e = 0, as in the Aharonov-Bohm effect.

The “physical field” is A modulo gauge transformations, which are of the foorm A — A' = A — df. By
taking f(t,z) = f(f dsai(s,x) we get A" = a(t,z)dz. This is called “temporal gauge”. Since d:a(t,z) = el
is constant, we actually have A’ = (a(a:) + elt) dz. However there is still some gauge freedom left, because
by taking a gauge transformation generated by a suitable f(z) we can cancel the variation in a(z). To be
precise,

f(m)z/ozdya@)—myfdya(y)

generates the gauge transformation

ale) () = ali) = 3= f(a) = § dyaly)

which is a gauge-invariant constant. Therefore, a solution up to gauge transformations of the vacuum Maxwell
equations on Rx St is A = (a+let)dz. This, of course, looks like the trajectory of a free particle with initial
position a and velocity le. The analogy is supported by the observation that the equation d(xF") = 0, which
implies that e is constant, is like Newton’s law stating that momentum is conserved for a particle of mass
1/1.

The above is the way a gauge is traditional chosen in physics. However, this is just an explicit example
of computing the first de Rham cohomology of a spacetime. Now, we can obtain the same parametrization
of the space of connections modulo gauge transformations in a slicker way as follows. We observe that the
first cohomology class of R x S! is generated by dz, therefore A = a(t)dz up to gauge transformations.
The curvature of the connection (which is gauge-invariant and therefore observable) is F' = a(t)dt A dz, so
xF = —ta(t) = —e(t) and the constant part of the connection can be observed by sending a test particle
around a loop in the z direction and comparing it with a particle at rest. A more invariant experiment can be
performed by sending two test particles at the speed of light in opposite directions and having them interact
when they meet. Mathematically, these are much more complicated than the equivalent a(t) = ft:const A.
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So we have two functions a(t) and e(t) related by the constraint e(t) = a(t)/l. The analogy with classical
mechanics is clear, as in that case ¢(t) and p(t) are related by the constraint p = mg.
The Maxwell Lagrangian density for A = a(t)dz is

-1 1, 1,
L= 2F/\>I<F—2la dt/\da:—2l2a dVol,

so integrating over dxr we obtain the Lagrangian

1
L= —adt.
21"
The momentum conjugate to a(t) is e(t) = a/l, so define E = —xF. The Hamiltonian
H =eadt — L

can be obtained by integrating the following Hamiltonian density over dz:
H=ENdA-L.

Now, if we express the Hamiltonian and Hamiltonian density in terms of (a,e) and (A, E) respectively, we
get

H=_¢

and 1

Now, in terms of independent fields (A, E), the Lagrangian density is
1 1

This is EF theory with an extra term involving the Hodge *. From this discussion it is clear that R*
Maxwell’s theory on the cylinder of radius [ is analogous to a free particle of mass 1/] on a line, where
the 1-form A = a(t)dz plays the role of position, and the O-form (function) E plays the role of momentum
conjugate to A. If we quantise the Hamiltonian H = éeQ we obtain the following Schrodinger equation:
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23. Quantum Gravity (IV)

Exercise (Orthogonality relations). Recall the definition of the 65 symbols:

Express

and derive a quadratic orthogonality relation that the 65 symbols satisfy. [Hint: rotate the definition of the
6j symbols so that it goes “backwards”.]

23.1. Topological Quantum Field Theories (IV)
Recall the definitions of (U)TQFTs:

Definition. A topological quantum field theory is a symmetric monoidal functor Z:nCob — Vect.

Definition. A unitary topological quantum field theory is a symmetric, monoidal x-functor Z: nCob —|j
Hilb.

Having analysed the categories of (un)oriented one-dimensional cobordisms, we can characterise all
one-dimensional (U)TQFTs.

23.1.1. One-dimensional Topological Quantum Field Theories (II)

In one dimension we have the categories 1Cob and Un1Cob, and TQFTs will map them into Vect or Hilb.
Assume Z:1Cob — Hilb is given. Then, we have

e (-dimensional oriented manifolds map to Hilbert spaces:
Z(e)=H and Z(o) = H'".

We will be able to find a relation between H and H' when we consider morphisms.
e The only morphisms we have are the identity morphisms:

o]
fiuH iiuH,

e The union of manifolds maps to the tensor product: Z(II) = ®, so
Z(n ° +m0) — g®n ® H/®m
and the tensor product of identity morphisms is the identity morphism. We also have Z(0)) = K, where
K =R or C is the base field of our vector spaces.

e Duality is given by &* = o, s0 H' = Z(o) = Z(e*) = Z(e)* = H*. We also have

o ez em: H9H - K 7 ig: K — HoH*
T a®v = alv) and ¢ = 1 = e®el
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where (e;) is any basis of H and (e?) is the associated dual basis of H*. Observe that
O Z, ¢i(e;) = dim H = dim H*.

e So far the whole construction works for CVect, but if we want to preserve adjoints we must map into
CHilb. Recall that adjoints are

o\(o i) f\. and ﬂo i) .\7/0,

SO

eL:iH* and iL:eH*.

In conclusion, 1Cob admits topological quantum field theories into CVect or RVect which are determined
by the single datum Z(e). Unitary TQFTs incorporate the adjoint operation and map into CHilb or RHilb.
The image of a TQFT can be given a Hilbert space structure by adding the image of the 1Cob adjoint, i.e.,
the relations e}[ =ipg- and z}[ =eq-.

The moral of this story is that an nTQFT associates a complex number to each closed n-dimensional
manifold. This is called the partition function of the manifold. If the manifold is self-adjoint, this will be a
real number. In the case of 1”TQFTs, a closed manifold is a disjoint union of circles, which are self-adjoint
and evaluate to the dimension of H = Z(e), which is a real number.

The case of unoriented cobordisms is simpler, and it can be obtained from the previous one by adding
relations:

e There is only one basis Hilbert space H = Z(e), which is self-dual: * = e. This means that H
is isomorphic to H*, which requires H to be a real Hilbert space, as in the complex case H is anti-
isomorphic to H*. Note that in this case it cannot be merely a vector space.

e The evaluation map is a bilinear inner product:
'\/'ieH =H® H-—->R

and,
e as we observed last time, duals and adjoint coincide, so RVect and RHilb coincide, where RHilb has the
inner product given by the evaluation.

Therefore, we have Z: Un1Cob — RHilb = RVect.
23.1.2. Associative algebras

In any dimension there is a God-given closed manifold, and that is the n-sphere (the boundary of an (n + 1)-
disk). The 0-sphere is

S°~e o-Zy H® H* ~End(H): = Hom(H, H).

That is, S° maps to the associative algebra of endomorphisms of H = Z(e). Multiplication is given by

[ ] [o] [ ] (o]
e s - \\\4/
Ce = \_/ via
[ ] (o]

le = o/\o
This defines an associative unitary algebra. We already proved this in a different context when we were
developing the diagrammatic methods for linear algebra.

and the unit is

23.1.3. Two-dimensional Topological Quantum Field Theories (I)

Two-dimensional topological quantum field theories map (un)oriented 2-dimensional cobordisms to Vector
or Hilbert spaces. Now, the objects in 2Cob are one-dimensional compact manifolds, that is, disjoint unions
of circles. By analogy with the O-spheres of the previous paragraph, we would expect these circles to be
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elements of an algebra. It turns out that all 2TQFTs actually map not only into Hilbert spaces, but into
Hilbert algebras.

Let us now study oriented two-dimensional cobordisms and the possibilities for 2TQFTs. First, a note
about orientation. As we know, an oriented 2-cobordism will be an oriented surface with boundary, which
will be divided into an “input” and an “output” part. We orient the input in such a way that a positively
oriented basis for the input, followed by an outward vector, is a positively oriented basis for the 2-cobordism.
The output is oriented similarly, but with an inward vector completing the basis. In pictures:

A

has both circles positively oriented.
Any two-dimensional cobordism can be constructed from the following elements:

e Two units

C C
z z
— ¢ and — =
H H*
e two multiplications
HoH
z
s m
H

...etc...

24. Quantum Mechanics from a Category Theoretic Viewpoint (IV)
24.1. Fields on (1 + 1)-dimensional spacetime (II)

Last time we saw that (1+1) vacuum Maxwell equations on a cylinder were secretly the same thing as the
point particle on a line. (This is a great thing because we know how to quantise the particle.) Now let’s play
around with the theory. Some things we can do are changing the gauge group or deforming the manifold.

We saw that, on R x S'(I) (a cylinder with perimeter [), the Maxwell connection takes the form A =
(a + elt)dx, where e is a constant. The connection has curvature F' = dA = eldvol, and *F = e. Apart
from e there is another gauge-invariant quantity, which is the integral of A around a loop going around the
cylinder once. We call this constant

a= A.

t=to

We saw that, in temporal gauge, a(t) = a + elt, which comes from the equations
a=el and é=0.

This motivates the identification with a point particle of position a, momentum e and mass 1/l, with
equations
G=p and p=0.

The classical solution is determined by a pair (a,e) or (g,p) (initial conditions). This is also good because
the Hamiltonians match up, as we saw last time. The quantised maxwell equations are therefore

.0 [,

= 1 L b(a).

20a
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Now let’s consider Maxwell’s theory with gauge group U(1) as opposed to R*. If the connection is a
U(1) connection, on each point of M = R x S* we have a fiber (not canonically) isomorphic to the gauge
group, and the connection tells us how to parallel transport objects around a loop.

The only context in which we encountered this parallel transport was in computing

a= A ecu(l).

t=to

If the group is U(1), a is only determined up to 27i, because we can take f(z) = €2™"® and A — A’ =
A —2min. In fact, the holonomy of the connection around the loop is technically a group element representing
the effect of parallel transport on the various representations of the group, and this is written as

P=iot € U(1).
Let’s just call this a. Then, the role of & is played by a 'a.
A solution of Maxwell’s U(1) theory up to gauge transformations is, then, (a,e) € (R/27Z) x R. This is
a free point particle on a circle or radius 1 with the same Hamiltonian as the free particle, but Schrédinger’s
equation will be able to tell the difference.
The theory is quantised by taking the Hilbert space H = L?(S!) and the Hamiltonian H = —1 dd;
Schrédinger’s equation is

9 1 .
(za—f-gw)lb(t,a):O with 1(t,a) = (t,a + 27).

So the exponentials ¢ (t,z) = exp(—i(Et — ka:) are solutions if

)
E:§k2 with k€ Z.

Note how this differs from the solution in the case of a particle in a line, with a continuous spectrum and
generalised eigenvectors.

We therefore have two theories that no local experiments can distinguish, but quantum mechanics or
global experiments can. Of course, the energy E in this case is the energy of the whole universe, so that is
not a local observable and the fact that quantum gravity can tell the difference does not contradict the fact
that R* and U(1) theory are locally indistinguishable.

We now want to relax the three fixed structures we have: the topology, the metric and the foliation into
space-like slices. First notice that classically, 2D vacuum Maxwell theory has a lot of symmetry that is not
entirely obvious: the whole theory is invariant under all area-preserving diffeomorphisms of space-time.

For a proof, all we need to show is that the action itself is invariant under area-preserving diffeomor-

phisms.
1
S=— [ FAxF.
2/ ¥

Under a diffeomorphism ¢, A is pulled back to ¢*(A) and so is the curvature: F' — ¢*(F'). So we need to

calculate
/ FAxF = / &*(F') A x¢*(F")

but notice that any 2-form is equal to a function times the volume form, so we have F’ = E'dVol' and, since
¢ is area-preserving, ¢*(dVol') = dVol. Therefore,

/¢ YA kgt (F') = /¢ (E'dVol') A x¢* (E'dVol') /¢ )2dVol =
/ ¢*(E"*)dVol = % / ¢* (B dVol'),
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since *dVol = 1.
We now use

/¢*w=/ o,
M ¢p—H(M)

S = —/ E"?dVol' = 1/ F' A %F'.
2 Jo(m) 2 Jm

Now, there is a theorem of Moser asserting that, if there are two non-intersecting circles, there is an
area-preserving diffeomorphism that takes them to two “nice” (¢ = const) circles. So trying to understand
time evolution between any two closed curves is not harder than on a very simple cylinder.

Therefore the time-evolution operator U: L?(R) — L?(R) corresponding to time evolution from now to
then, is just a function of the area of the spacetime between “now” and “then”!

and we obtain

_ —iAH
U=e ,

where A is the area of the spacetime enclosed by the two curves. So, in (1 + 1)-Yang-Mills theory, time is
area!

What we will do next is do ¢t — it, which will turn our theory into statistical mechanics or stochastic
processes... Then we will be able to study more general spacetimes, like the ones we were talking about on
track 1:

(diagram: trousers)

This will give us something not unlike the topological quantum field theories of Track 1.

60



25. Quantum Gravity

The orthogonality relation gets its name from the following inner product on the space of intertwining

)

With respect to this inner product, the

form an orthogonal basis of intertwiners. The orthogonality relation just says that the 65 symbols are an
orthogonal matrix.

Exercise. Show that the orthogonality relation for the 6j symbols corresponds to this move on 3d triangu-
lations:

This is the 3d analogue of the following move in two dimensions:

[Hint: translate the move into an equation between spin networks using these rules:

1) one tet-net per tetrahedron
J

N

o k

2) the reciprocal of a theta net for each triangle

3) one loop per edge.

Using the relation between tet nets and 65 symbols, show that this move is equivalent to the orthogonality
identity!]

This move together with the 2 — 3 move are insufficient to go from any triangulation to any other,
because the number of vertices of the triangulation is preserved. The 1 — 4 move allows us to change the
number of vertices, but it turns out that, when it is translated into spin networks it diverges because we get
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to sum over all representations of SL(2,C). This problem is solved by introducing quantum groups, which
have only finitely many irreducible representations.

25.1. Topological Quantum Field Theories (V)

25.1.1. Two-Dimensional Topological Quantum Field Theories

Suppose we have
Z: 2Cob — Vect

O — A
» mAA—> A

cap — C— A
cup — A—=C

This is an Abelian associative algebra with unit ¢, and the additional structure 7 gives rise to an inner
product g = T om:

(diagram: U) 4 g A A C
As usual, g determines a mapping f: A — A*, and g is non-degenerate if, and only if, § is an isomorphism.
The map t is obtained from g by composition with the unit endomorphism, which we represent as a bundt:
(diagram)

gR1%
~

A A0 CHE Ao Ao 4" A A" T84 Co A* ~ A°
But now we observe that the cobordism corresponding to f is invertible, and its inverse (corresponding
to b) is
(diagram and proof)
Therefore, g is a non-degenerate metric. An algebra with a non-degenerate inner product is called a
Frobenius algebra.

Theorem. If Z is a 2dTQFT, then Z(O) is a commutative Frobenius algebra with the operations
described above. Conversely, give any commutative Frobenius algebra A there is a unique 2dTQFT such

that Z(( D) = A.

The uniqueness is proven by showing that the multiplication on 4* and the comultiplications on A can
be obtained from the product on A by means of § and b.

Existence is harder, because one has to show that if M and M' are diffeomorphic cobordisms obtained
by composing elementary cobordisms in different ways, then Z(M) = Z(M"). This gives rise to all sorts of
identities that a Frobenius algebra must satisfy, for example,

A L C
A ia
flat torus ~ vertical torus & A A A® A*
m ea
A - C

The primary tool for carrying out this proof is “serf theory”.

As an example, consider the matrix algebra A = M,,(C). The most general bilinear form is of the form
g(A, B) = tr(tAB), where 7 is some matrix. We require that g(4, B) = g(B, A), so tr(r[A4,B]) = 0 for
all A,B. Let 7 = TiJE]’:, where E]’ are the elementary matrices of A, and consider A = E]’ and B = EF.
Th(e;a, g(A, EB)) = tr(rh B EIE}) = 7/6%, so 7j6% = 7F4}. This implies that 7/ = ad? for some «, so we have
Tal') = atr(:).
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Theorem. Any Frobenius algebra is isomorphic to a direct sum of algebras of this sort.
Theorem (Bederburn). Any simple Frobenius algebra is isomorphic to a matrix algebra.

Corollary. Any commutative Frobenius algebra is of the form ®&(C, «), with component-wise addition and
multiplication; alternatively, any commutative Frobenius algebra is an algebra of diagonal matrices with an
invertible diagonal matrix as its a.

In higher dimensions, this “hard knuckles” approach of enumerating all manifolds gets pretty hard pretty
quick, so in higher dimensions it is necessary to switch to “lattice TQFTs”. This is a reflection of the fact
that only in two dimensions is the problem of classifying all compact manifolds completely solved. In higher
dimensions, one resorts to various combinatorial-topological techniques like triangulations, cellulations, CW-
complexes, handle-body theory, Heegard decompositions, and so on, to obtain algorithms that allow one to
determine whether two manifolds can be homeomorphic. In a similar spirit, we will specify TQFTs by giving
an algorithm for extracting an algebraic structure from a manifold specified combinatorially. The trick will
be to prove that the result does not depend on the combinatorial presentation, and to this effect we will
have to take theorems like that of Pachner, which give conditions for two combinatorial presentations to be
equivalent, and translate the theorems into relations that the algebraic objects must satisfy. This is what
we have been doing so far in our exercises about 67 symbols and Pachner moves.

25.2. Lattice Field Theory

Until we get more sophisticated, we will just think of a lattice field theory ad a recipe to get an nTQFT
from a combinatorial presentation (usually a triangulation) of an n-dimensional cobordism. Triangulation
independence has to be checked using the Pachner moves. There is much more to lattice field theory than
this, but we have to start somewhere, and this seems like a good starting point.

Let’s illustrate the principle in the 2d case, where we already know the answer, by computing Z(M): C —
C for a closed 2-manifold. Let’s follow the procedure step by step:

1) Triangulate M:
(diagram: sphere) = or (diagram: torus) =

2) There are two things one can do at this stage, and they determine how the next steps are phrased, but
it will be clear that they are actually the same thing;:

a) “Explode the triangulation” (following Fukuma and Hosano).
= | e or So |

b) Take the “dual cellulation” of the triangulation.

@j Q::._ -.::D or @é a

(Here we are trying to use the distance from the intersection of primal and dual edges to the primal
vertices as a way to indicate how the edges of the primal triangulation are to be identified. We see
that for the triangulation of the sphere there are three dual faces, three dual edges and two dual
vertices; while for the triangulation of the torus there is one dual face, three dual edges and two
dual vertices. Note that the dual vertices are trivalent.)

3) Choose a vector space V', and elements c € V@V ® V and g € V* ® V*. If you are a physicist, or if
you are using abstract index notation, you are allowed to write /% and g;;.
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4) Now we come to defining the linear operators associated to each triangulation. Both approaches, the
primal and the dual, illuminate each other.

a) Label the three edges around each triangle with ia, ja, ka, where A is a label indicating to which
triangle the edge belongs. This is why we exploded the triangulation by duplicating the edges.
Then, for each triangle A write ciajaka 'if (i, j k) is the order in which you encounter the labels as
you go around the positively oriented boundary of the triangle, and for each exploded edge shared
by triangles A and A" write g;,;,,:

ijk 45K o
=c’c Gii' 955’ 9kk’

We now observe that there is an ambiguity: apart from the cyclic order of the edges around a
triangle, how does the triangulation know the difference between (i, j, k) and (4, k,7)? We conclude
that we must impose the condition c/* = ¢/* = ¢k, Similarly, because there is no reason to
enumerate the triangles in one order or another, we have to impose the condition g;; = g;;.

b) Label each vertex of the dual triangulation with a ¢ and each edge of the dual triangulation with a g.
Clearly ¢ must be cyclic-symmetric and g must be symmetric. Note also that any cyclic-symmetric
ceV®V ®V is the average of a completely symmetric element and a completely antisymmetric
element.

Translating the diagrams into linear algebra, the same expressions as above are obtained. Notice
the similarity with spin networks, and also the differences. The SL(2,C) spin networks have labels
on the edges, which is the same as to say that we can assign different vector spaces V to each
edge of the triangulation. This means that there is some extra structure associated to spin network
models, over and above the topological structure that TQFTs are able to see. The key here is
provided by the compatibility conditions for intertwining operators. Recall that the compatibility
was somewhat mysteriously related to the triangle inequality. Notice that the j label edges of the
dual cellulation, which correspond to sides of triangular faces of the primal triangulation, and that
the compatibility conditions just say that the three j on the sides of a triangle must be valid lengths
for the sides of a flat triangle. In the topological setting there is no notion of length, so we have no
labels.

Now we come to the final question that we need to ask to validate the model, and that is, is this
computation triangulation-independent, and if so, how do we prove it?

The answer is provided by Pachner’s theorem. This theorem is valid in any dimension, and we have
been exploring the three-dimensional case in the exercises. The two-dimensional case was probably proved
by Alexander in the 1920’s, and is as follows:

Theorem (Alexander, Pachner). Two triangulations of the same two-dimensional compact manifold can
be obtained from each other by a succession of moves of the form:

A@A (1 — 3 move)
%@@ (2 — 2 move)

There are two things to notice in the statement of this theorem. The first is that both moves can be
obtained from a tetrahedron by colouring the faces of the tetrahedron with two colours, say, black and white.
Then, the triangulations on either side of < in each move are simply the black and white triangulations.
Similarly, the (1—4) and (2—3) moves in three dimensions are the two ways of bi-colouring the five tetrahedral
faces of a four-simplex.
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Exercise. State Pachner’s theorem in one dimension and use it to prove that the only one-dimensional
triangulable manifolds are the circle and the segment. [Hint: a two-dimensional simplex is a triangle.]

The second thing is that, taking duals of the Alexander-Pachner moves, we have

Y & V (Star-triangle relation)
>_< & ji (Crossing symmetry)

These diagrams crop up virtually everywhere in statistical physics and field theory.

Theorem. Given the (2 — 2) move, the (1 — 3) move is equivalent to

[<:> <D (Bubble move)

The proof is simple, but it rests on the assumption that the bubble move must be interpreted as being
inside some triangulation, that is, the initial edge must be a side of some triangle in the triangulation. First,

(1 — 3) implies (bubble):
AN e A
e As/

Exercise. Prove the following moves on two-dimensional triangulations:

‘ & @ (Cone move)
[@ @ (Other Bubble move)

26. Quantum Mechanics from a Category Theoretical Viewpoint

And now, (bubble) implies (1 — 3):

We are going to continue sneaking up on TQFTs from the field theory side.
In 2d vacuum electromagnetism, we have worked out the time evolution for the classical theory, and we
have seen that it is determined by the area enclosed by the initial and final circles.

(diagram: cylinder with wiggly boundaries)

Area and time are in fact so similar in this theory that we are going to call the area t. Then we have seen
that (a,e) is changed to (a + et,e). Similarly, the quantum version is as follows.

W € L*(R)
W € L*(R)
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where H is the Hamiltonian

(HY)(@) = 5 750(0)

More generally, if g is any Lorentzian metric on [0,1] x S such that the boundary circles are space-
like, then there is an area-preserving diffeomorphism taking it to the standard metric ds? = —dt?> + dz? on
[0,#] x ST, where t is the area of the original manifold. Since vacuum electromagnetism is invariant under
area-preserving diffeomorphisms, the same time-evolution operator is valid.

But we would like to work with more interesting two-dimensional topologies like the ones we are con-
sidering in Track 1.

Now for more general spacetimes (i.e. cobordisms). The problem shows up right away when one realises
that there is no way to put a Lorentzian metric on

(diagram: upside-down trousers)

that makes all the boundary circles space-like. The reason for this is that the light cones don’t match up
globally. If it were possible, there would be a nowhere-vanishing time-like vector field, but by the Poincaré-
Hopf theorem any vector field of the trousers must vanish at a point.

So we switch to studying Riemannian metrics of the form ds? = dt? + dz?.

For example, our cylinder admits the metric ds? = dt? + dz?. Formally, all we have done is replace ¢ by
—it, and this means that time evolution of the state in quantum theory is given by

W € L*(R)
e—iH
W € L*(R)
which is a solution of the heat equation:
0 1 d?
ot (a) 5@1/}(“)-

If “spacetime” is a Riemannian cylinder, we get

) € L*(R)

W € L*(R)
But now we can think of what happens if “spacetime” has a more interesting topology. For example:
Y € L?(R) ® L*(R)
(diagram: upside-down trousers) T

) € L*(R)
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What form can the time evolution operator take in this case?
L*(R) ® L*(R)
e"t1Hget2H
L*(R) ® L*(R)
(diagram: upside-down trousers with seams: two circles to a circle) m
L*(R)

e—t3H

LA(R)
We can assume that 7' is of this form, but we have to impose the consistency condition that it cannot depend
on how the t = t; + t2 + t3 is divided.
Classically, m just corresponds to summing the holonomies: (a1,e1) ® (az,e2) — (a1 + az, e+ 1,e + 2).
Now, there is a natural way to take an operation on a space and obtain an operation on functions on that
space. From f(a,a’), we get f*(¢)(a,a’) = ¢ (f(a,a’)). In other words, if the classical configuration spaces

are mapped as
RxR

R

the quantum version turns out to be the pull-back of f:
LA(R)
=
L*(R) ® L*(R)

and it represents not time evolution on upside-down trousers, but on the regular ones.
So, in fact, we can hope that the following (where f(a,a’) = a + a') is the right time evolution for a

different spacetime:
L*(R)

o—taH
L2(R)

(diagram: trousers with seams) £
L*(R) ® L*(R)

e~ t1H go—taH

L2(R?)
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But there is a problem: f*(¢) is not in L?(IR?), as we can readily see!

d(a1 — (LQ)

153 = [ dar da(an +a2) = [ dar +0) 5

1
Y +a) = 5 Wl / dz = oo.
R

The reason, as is evident from the above calculation, is that the measure of configuration space is infinite!
There are two ways out of this quandary:

e relax, stop worrying and generalise the heck out of quantum mechanics so that it works on vector spaces
rather than on Hilbert spaces.
We can still explore the structure of the theory in this way, and it may be instructive even if we
cannot calculate finite probabilities.
e switch from R™ to U(1), so that the infinity does not arise because everything is the same, except that
the circle has finite measure.
Let’s do this in detail, because there are subtleties associated with the need to take sums modulo 27i.
In fact, I am going to use multiplicative notation so z; = €®' and zo = e are complex numbers of
norm 1, ¢ is a function defined on S = {z € C:|z| = 1} and f(21,22) = z122. Note that the uniform

unit measure on the circle is 2%/ Now we can calculate

. dzy dz
£ Wi = [ L _de

Sly gl 271"le1 27T’i22

1/1(2’12‘2)

Let u = z120 and v = 21 /22 = z125. Then,

du __ _dz + dzo dzy l( du + dv )

2miu | 2mizy 2mizo implies 2mizy 2 \2miu 2miv

dv _ dz _ dzo P dzo __ l( du _ _dv )

2miv ~ 2miz 2mizo 2mize 2 \2miu 2miv
so s A dz2 =1 dv A _du  Tharefore
2mwizy 2mizo 2 2miv 2miu ?

% 2 o 1 dv du o 1 2 dv o 1 2
£ @ sry = 5 . 00 = 5 Wl5acsn [ g = 5 lEacsn

151 2TV 27w 1 2miv

and if we want m to be normalised we must let m(¢)(z1, z2) = %z/;(zl 25) or, equivalently, m (1) (a1, as) :I
%d}((al + as) mod 27ri).

L2(Sl)

e—t3H

L2 (Sl)
(diagram: trousers with seams) m
L2(St x S1)

e t1H ge—t2H

L*(SY) ® L*(S')
Moral: compactness is a good thing!
Next, we will have to check the consistency condition, and explore other space-times.
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27. Quantum Gravity
27.1. Topological Quantum Field Theories
We have seen that every 2dT'QFT is a direct sum of TQFT's of the form

Z(circle) = G;
Z (cup): Z(circle) ® Z(B) equals

tro: C — .
T o tra(z) = az with 0#a€C

Z (upside-down trousers): Z(circle) ® Z(circle) ® Z(circle) equals

m: C®C — C
ry — mry) =y

e Z(cap): Z(0) — Z(circle) equals

Exercise. In a TQF'T of this sort, calculate

1) Z(torus with two holes);
2) Z(n-torus with two holes);

27.2. Lattice Field Theory

Exercise. Prove that, given the 2 — 2 move, the “bubble move” is equivalent to

‘ & @ (cone move).
[Hint: the cone move is shorthand for

Q> & @ (cone move).]

With this exercise we have seen that any two triangulations of the same manifold can be obtained from
each other by successive application of any of the fllowing sets of moves:

e 2 — 2 and 3 — 1 Pachner moves.
e 2 — 2 Pachner move and bubble move.
e 2 — 2 Pachner move and cone move.

Exercise. Use any set of moves to go from the tetrahedral triangulation of S? to the octahedral triangula-
tion.

(diagram: tetrahedron) < (diagram: octahedron).

27.3. Two-Dimensional Topological Lattice Field Theories

These are obtained from the following ingredients:

e a vector space V
e a nondegenerate symmetric bilinear form g:V @ V — C
e 3 cyclically symmetric element c€ V@V ® V.

69



If we choose a basis {e;} of V, then we can write g;; = g(e; ® €;) = gji; and ¢ = c¥*e; ® e; ® ey, where
dik — piki — kij

Now, the rule or recipe, given a closed (compact, boundaryless) oriented 2-manifold M, to calculate a
number Z(M) € C is

1) triangulate the manifold;

) explode the triangulation;

) label edges of the exploded triangulation with indices;

) multiply together a factor of g;; for each exploded edge, a factor of c* for each triangle, and contract
using the Einstein summation convention;

5) the resulting complex number is Z(M).

W N

Now we want to investigate under what conditions the Z(M) are triangulation-independent. For this
purpose, we use Pachner’s Theorem and its corollaries, i.e., we need to check that

%@@ (2 — 2 move)

and any of

(1 — 3 move)

@_ @- (Bubble move)
<D & @ (cone move)

are equal when evaluated following our recipe.

As we know from the previous lecture, the clever way to analyse this is to use “Poincaré duality”
turn the triangulation into a trivalent graph where the edges are labelled by g and the vertices by c. In these
terms, g and ¢ are required to satisfy

:li = >—< (crossing symmetry)
\( Y (star-triangle relation)

(bubble move)

— o= g‘ (tadpole move)

Now, we can be even more clever and interpret these identities in a way that makes it clear just what kind
of object V is. First, note that

and any of

Can be interpreted as a multiplication m:V ® V' — V as follows:

—mk k. thm
m(ei,e;) =mizer  with  my; = guc™ " gm;.
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Note that ¢ can only be recovered from the multiplication if g is nondegenerate. We can assume that this
is the case because, if it is degenerate and V; is the degenerate subspace, the value of any graph depends
only on c|, V- Assume, then, that g is nondegenerate. In terms of the multiplication, crossing symmetry is
nothing other than the associative law:

\ﬁ/ = \P/ (associative law)

Similarly, the tadpole move is the unit law for the multiplication:

= (left unit law)

The right unit law is entirely analogous. We see that the tadpole is the unit element of the multiplication.
Note, however, that, if ¢ is totally antisymmetric (one of the ways to ensure it is cyclically symmetric), the
tadpole diagram is zero, which makes the product degenerate. In coordinates, the unit is

L= e where (' = c”kgjk.

Finally, the bubble move gives an explicit expression for g, and that is:

\\> \b or g(z,y) =tr(LyLy),

where L,(-) = m(z,-) is the operation of left multiplication. Similarly,

where R,(-) = m(:,z) is the operation of right multiplication. In coordinates, the bubble move gives the
following relation between g and c:

_ k I Il
gij = GikC mngmm’gnn’cn mn gij-

Now we are almost ready to state the theorem characterising all 2dT'"LFT's. We know that V is an
associative algebra with unit, and any such algebra is naturally equipped with a trace

TV - C
x = 7(x) =tr(Ly)
and this induces an inner product g(z,y) = tr(Lgy) = tr(LyLy). We have the following results:

Lemma. With this assumptions, the algebra V is semisimple if, and only if, the inner product g = T om is
nondegenerate.

Theorem (Wedderburn). Every semisimple algebra is a direct sum of matrix algebras.
Theorem. A two-dimensional lattice field theory determines a semisimple algebra, and conversely.
Now there are two related open questions:

e How does a 2dT LFT determine a 2dTQFT?
e What is the relationship between a semisimple algebra A and the commutative Frobenius algebra F'(A)
that the 2dT'LF'T associated to A determines?.
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Let’s start exploring the answer to the first question. Given a triangulation of a compact, oriented

1-manifold S (i.e., a union of oriented polygons), we will obtain a vector space Z(S). This will turn out to
depend on the triangulation. This is what is usually called the “kinematical” vector space, and the “physical”
vector space Z(S) will result from imposing “constraints” on the kinematical space.

In fact, the vector space associated with a triangulated 1-manifold is best obtained as a byproduct of

the operator associated with a triangulated 2-cobordism.

The result—and the procedure—of applying the 2dTLFT to a cobordism is best explained by an ex-

ample. Consider the following (exploded) triangulation of the “trousers”:

ST: VBV o V® 5 C.

We can make the following observations:

e due to the nondegenerate metric g we can identify V' and V* and so the same triangulation represents

operators from V®° to V3 ® V®* and any other combination of domains and codomains obtained from
T by duality.

The vector space associated to a triangulated circle (polygon) is V®" where n is the number of sides
of the polygon. More properly, it should be the cyclically-symmetrised tensor power.

With coordinates, we choose a basis of V', label the edges of the boundary polygons and, keeping those
labels fixed, we consider all the possible labellings of the internal edges. Then, we write a ¢/* for each
triangle and a g;; for each exploded edge, and the sum over all labellings (i.e. the contraction of all the
tensors) with the boundary labels fixed gives a matrix element of the operator T with respect to the
chosen basis. In various branches of physics this is called a path integral, a partition function or a
state sum.

28. Quantum Mechanics from a Category-Theoretical Viewpoint

28.1. U(1) Electrodynamics on a Riemannian Cylinder

As we have seen, the theory is formulated in terms of

1)

2)

the classical configuration space U(1), where a point of U(1) is interpreted as the holonomy around
spacelike slice of the space-time S' x R;
the classical phase space for motion on U(1) (a circle), which is U(1) x R, and a point (a,e) € U(1) x iR,
where e = —xF' is the curvature of the U(1) connection and is constant of connected components;

The Hamiltonian of the theory is H = %62.
the Hilbert space of quantum states of the theory, L? (U (1)), i.e. functions on the classical configuration
space, with an operator e defined by

e I2(UL) — L*(U(1)
(z) = zge(2)

This may require a bit of an explanation. Usually, the configuration space would be taken to be not U(1)
but u(l) ~ iRmod 27, and the wavefunctions would be periodic functions (), where 6 is an angle
in [0,27). A much more compact representation is obtained by taking configuration space to be U(1)
itself, i.e. the complex numbers of norm 1. Then, wavefunctions are complex functions v (z) restricted
to the circle |z| = 1. Now, the angle around the circle is df = %, SO % corresponds to iz%. Finally,

the momentum conjugate to € is represented in quantum mechanics by —i%, so e must be represented
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by Z&% restricted to |z| = 1. Incidentally, we define L?(U(1)) with respect to the unit measure on S*
given by % = 2‘71;2.

The eigenfunctions and eigenvalues of 23, are of the form vy, (z) = 2* with eigenvalue k, in direct
correspondence with the eigenfunctions of —idp, which are ¢ () = e’ with eigenvalue k. Therefore,

the Hamiltonian of the theory, H = 1e?, has eigenvalues {k*/2:k € Z}.

Let’s now consider time evolution given by the Hamiltonian H = %eQ. The classical evolution is

(a,e) — (aexp(iet),e), that is, the holonomy is increased by et and e is conserved by time evolution.
Quantum evolution is a bit more complicated, but not by much:

L2(U() 12(U(1)
L(U() 12(U(1)

On the left we have the quantum evolution in real time, and on the right “quantum evolution in imaginary
time” or “statistical mechanics”.

So what about time evolution for more general “spacetimes with topology change”?

From our previous analysis we know that classical time evolution on the equivalent of “two colliding
universes” is given by

(G1,€1) X (02,62)
only if e = ey =e.

((11 + as + et: 6)

To see this, we first observe that e must be constant according to Maxwell’s equations, and then by applying
Stoke’s theorem to the “trousers” we have

et:/edvol:/F:/dA:/ A=a—a; —as.
M M M 5—51—S

In other words, time evolution is not a function on the phase spaces involved, it is a relation, but when the
relation is satisfied we obtain a very simple expression. Now, to obtain the time evolution in the quantum
case, we observe that we already know how to evolve the state in a cylindrical spacetime of arbitrary area, so
we can restrict our attention to “trousers” of zero area. In this case, the curvature e does not at all affect the
classical evolution, which becomes simply addition: (aj,as) — a1 + az mod 27i. In multiplicative notation,
(21,22) — z122. Now, since the Hilbert space of the quantum system is L2 of the classical configuration
space, this suggests that there’s a nice time evolution operator between Hilbert spaces... but going the other
way, because it is given by the pull-back: from f:U(1) x U(1) — U(1) one gets

f* L2(U(1)) — L2(U(1) X U(l))
(0 = (21, 22) =¢(f(21,22)

Since pulling back is a contravariant operation, this operator tells us how to evolve quantum states backwards
in time, or rather, on the spacetime

¥(2)

fr up to normalisation.

Y(21,22) = Y(2122)
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In fact, this always happens when a classical system is quantised because pull-backs are always involved.
However, usually time-reversible dynamics are involved so this subtlety is not apparent.

We can work out the effect of this operator in any basis, and it turns out to be most enlightening in
terms of the basis {z*} of eigenstates of e. For 1;,(z) = z* we obtain

Un(21,22) = Ui (2122) = 2828 = i (21) e (22).

An important observation is in order, and that is that, although this operator can be made isometric by
proper normalisation, it is not invertible because it is not onto. Also, it reflects the classical constraint
that the value of e is constant throughout each connected component of the Universe, but in a quantum
way known as “entanglement”. That is, a correlation between the state in the left leg and the state in
the right leg has been introduced, namely that the k values are the same, even though if the k£ value was
not determined uniquely to begin with, it stays undetermined. However, a measurement of k in one leg
automatically determines the value of k in the other leg. This is not a violation of causality, but a reflection
of a causal correlation at the time of the universe’s splitting.

As a consistency check, we now consider a similar cobordism with nonvanishing area, which must give
rise to the same time evolution regardless of how the area is divided among the “legs” and the “waist”. We
have, for e eigenstates,

1/%(21)
o—itiH
e_it1k2/2¢k(21)
o l I
e R 20y (20) ® g (23)
e—itaH g oitsH
e K 2 2y (20) @ e HSK 2y (23) = e MBI 200 (5)) @ 4y (25)

which depends only on the total area and not on how it is split.

So due to the contravariance of the pull-back, our information about the classical behaviour “when
worlds collide” gives us the quantum answer for “worlds splitting. But what really happens in the quantum
theory when worlds collide? For that, let’s assume that 2d vacuum electromagnetism shares this property
with unitary TQFTs: if we time-reverse a cobordism, we take the adjoint of the corresponding time evolution
operator.

The adjoint of 1, — 1y, ® Yy, is

Y ®1pj = Gk,
This says that the transition amplitude is zero unless the wavefunctions on both universes have the same k

value.
What we are doing in this case is taking the convolution of the input functions:

(6% 9)(z) = / B(w) (2 /1)~

2miw

Indeed, if ¢ = ¢y and P(z) = ¢;,

(b)) = [0t ooy i = [0 0 = 296 = sl

2miw 2miw

For non-factorisable states, i.e., functions (21, 22) # ¥1(z1)1¥2(22), we have

dw
v = |9 .
(0)(:) = [ ¥(w,(e/w) i
In sum,
(21, 22)
* up to normalisation.

(x¥)(2)
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Let us now consider the remaining basic cobordisms, the “cup” and the “cap”.
If we apply Stokes’ theorem to

@ 0r©

a

we have the relation a = et. In the case of zero area, we have a = 0, which in the quantum setting represents
evaluation of the wavefunction at a = 0. This maps onto the proper space because L%({)) = C. Therefore,

v e L*(U()

O

P(0) € C

This operator (the evaluation at a point) is not well defined on L2, because functions in L? are only defined
up to sets of measure zero. However, the operator is well-defined (but unbounded) on classes admitting a
continuous representative, which are dense in L.

The adjoint operator to the evaluation at 0 maps C > 1+ §(0) ¢ L? (U(l)), which does not map into
L? so it is not even defined as an operator between Hilbert spaces. Let us write this down nonetheless:

1 € C

O
8(0) & L* (U (1)

Formally, 0(1) = >, ., z*. We can hope to regularise this operator giving the cap finite area t > 0, in which

case
1 eC

t

. /.2 .
ZkEZ e itk /2Zk

This state is still not normalizable, but in imaginary time (¢ = —i7) it is, due to the exponential decay.
With these building blocks we can calculate the partition function of a two-sphere of area t as follows:

©—> Z(S?):C31+6§(1) = sz > Zeiétlﬁzk — Zeiétk?zk eC.

kEZ kez kez

This sum is convergent only if Im¢ < 0, but it can be given a meaning on the real axis (except at ¢t = 0) by
analytic continuation.
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29. 2dTLFTs

30.
U(1) vacuum electromagnetism in 2d shares many features of TQFTs:
e A Hilbert space for S':
2(8") = 12U ()

e Operators Z(M,t): Z(S) — Z(S’) with specified area ¢ > 0, and sometimes ¢ = 0. The basic cobordisms
and operators are
e The identity cobordism with area t > 0:

¢ e L?(U(1))
t e—itH

D, e~ 5k 2k e L*(U(1))

e The trousers (with zero area):

2fz2k e L*(U(1)) @ L*(U(1))

and its adjoint ‘
z{zh e L*(U(1)) @ L2(U(1))

S

o
and its adjoint
O

which are not operators between Hilbert spaces, but if we give them a little area, they become

and

O O

which are well defined if Im¢ < 0. However, we will see that they give sensible answers for compact

manifolds. For example, consider
GEFCIED I L
keZ

The analytic continuation to real ¢ gives a sensible answer, and it can be obtained also by letting

t—t—ie o ) )
Ze—gtk L o5 (t—ie)k?
keZ kezZ
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Now, if we let ¢ — 0, we see that this thing starts looking like a TQFT, apart from the annoying
infinities for any cobordism with empty input or output.

Why is this? The reason is that there are two ways to look at Field teories (like Maxwell’s theory in
particular), the first and second order formalisms.

In the second order formalism, A is the basic field, and we have dxdA = 0 for Maxwell’s equations.

In the first order formalism we have a connection A and a 0-form e satisfying dA = evol and de = 0.
The first order formalism is good because it

e highlights the importance of the volume form;
e is entirely analogous to the Hamiltonian formulation of point mechanics as opposed to the Lagrangian
second order formalism.

In terms of these equations, it is really easy to see the meaning of letting the area go to zero! Let us
parameterise the theory by A > 0 in the following way:

{ dA = Jevol
de=20
and in the case A = 0 we get E'F theory!

The actions are

SM:/ F A xF andSEF:/ eAF,
M M

which can be combined into \
SA:/e/\dA/\——e/\e
M 2

It is a simple matter to check that the Euler—Lagrange equations are precisely what we are looking for:

(variation)
and we obtain { F = e
de = 0.

It is only in 2d that xe = evol. More generally, in any dimension, with any gauge group G, we have a theory
called “EF-Yang—Mills” theory with fields A (a connection on a G bundle) and an Ad(P)-valued (n—2)-form
E. With the aid of a metric we can write

S:/Mtr(E/\F—%E/\*E)

and the equations of motion will be

daE =0

F = \«E.

There has been some recent work on trying to study confinement with the help of this theory.
In two dimensions, if we quantise EF'Y M we’ll get

65:0@{

1) quantum Y M when A = 1;
2) quantum EF theory wheyn X\ = 0, which is almost a TQFT.

We’ve seen this already for G = U(1), and the generalisation to nonabelian groups turns out to be really
straightforward.

Theory Electromagnetism Yang-Mills
Gauge group U(1) G (best if compact)
Classical analog Free particle on U(1) Free particle on G
Configuration space U(1) G/Ad(G)
Quantum Hilbert Space L?(U(1)) L*(G/Ad(G))
Hamiltonian 5loz Slv?

The configuration space was the space of holonomies, but in the nonabelian case a gauge transformation
transforms a holonomy by conjugation, so the proper generalisation of the configuration space is the space
of conjugacy classes G/Ad(G). This is not a manifold! The Hilbert space L?(G/Ad(G)) is isomorphic to
the space of L? functions on G which are constant on conjugacy classes. The Laplacian can be defined as
follows: if g has an orthonormal basis {J;}, then —V? = (J? + --- + J2).
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31. 3d TLFTs and ¢-deformations

32.

We are going to talk about to the relationship between 2d Yang-Mills theory and 2dT'LFT's, but not from
the Y M-EF relation, but from the TLFT side.

We have seen that every semisimple algebra A gives a 2d TLFT, and Wedderburn’s theorem says that
all of these are direct sums of matrix algebras. Normally, in Physics, we start from a symmetry group and
work from there, so how do we get an associative algebra from a group? We can do two things:

e if G is a Lie group, take its Lie algebra g and, from this, the associative algebra Ug, defined by taking
all formal products of elements of g, modulo the relations that [a,b] = ab — ba. But unless g is trivial,
Ug is going to be infinite-dimensional, and we don’t want that!

e if (G is a compact Lie group (in particular, a finite group), we can form the space L?(G), constructed from
the Haar measure. If G is finite, [, 1| is simply 35 . [1)(9)|* and is always finite, so L*(G) = C.

So let’s do this for the case of finite groups. How do we make this space of all functions on G into
an associative algebra? The functions on G form a vector space with basis d4(h) = 64, (We require these
functions to be orthonormal, too). Denote g: = dy, so any function is of the form f =3 . f;9. Now, the
product of functions is fxh =3 o fohg gg'. In other words, we define a multiplications &, * 5p = g,
which is associative and has §; for the identity.

This is interesting. If we could use this algebra to get a 2dT LFT, the triangle would be labelled by
basis elements of the algebra, that is, by elements of the group G, and the triangle will be the multiplication!

h h ; _
JASRNA STt
. 0 else.

(hg)~"

In gauge theory, an “edge” gets associated a group element when we calculate holonomies! So group ele-
ments labelling edges are secretly holonomies, and the triangle-goes-to-multiplication rule is saying thea the
connection is flat! Recall, now, that the equations of motion for EF' theory say that the connection is flat!
But there is a problem wth this analogy, because for discrete groups g is zero, so £ = 0. Anyway, we are not
done yet! We have to show that this is a semisimple algebra; in other words, we have to show that tr(L,Ls)
is nondegenerate.

We need a formula for tr(L,Lp), but since this is linear in a,b we can restrict ourselves to tr(LyLy) =
tr(Lgp). But this is zero unless gh = 1, because Ly (h) = gh # h unless g = 1. So we have

(g, h):=tr(LyLn) = |G|dgn,1-
This is a non-degenerate inner product, because 0 = tr(L,Ly) = |G|a,-1 for all g implies a = 0.

So now the question is, how does this algebra decompose as a direct sum of matrix algebras?
Another question is, if G is not finite, L?(g) is a space of square-summable sequences and

(6 ) (h) = élg)(gh).
G
Similarly, if G is a compact Lie group,

(6% )(h) = /G dp(9)d(g)b (g~ h),

and in fact this works even if the group is non-compact, but in that case the measure of the space is infinite
so no invariant functions are square-integrable. In the infinite-dimensional cases we don’t have a unit, as we
know from our discussion of the breakdown of the 1 — 3 move in the infinite-dimensional case. So we don’t
get a 2dT' LFT, but it still generates interesting physics.

78



As we have seen previously, 2d Yang—Mills is much like a 2dTQFT, but we have infinities associated
to the fact that U(1) is infinite. However, we did see that the trousers with zero area were associated to a
convolution!

An interesting spin on this is to replace the U(1) group by a finite group, for example Z,. This is
actually U, (1) when ¢ is a 2nth root of unity ... So somehow, g-deformation is related to fixing a field theory
by making its group discrete. (Wess—Zumino—Witten theory). In 3d this would be “adding a Chern-Simons
term”.

Moral: by quantising 1 + 1 Yang—Mills theory in the standard Physicists’ way, we will get a basis of
states labelled by an irreducible represetation, and trousers are related to convolutions on G/Ad(G). The
zero-area limit is almost like a TLFT', and a g-deformation will fix the divergences.

79



33. Answers to all exercises

Exercise. Consider the following ambiguous diagram:

Check that “rotate-then-compose” is the same operation as “compose-then-rotate”, therefore showing that
the diagrammatic notation is unambiguous. (Hint: translate the diagram into symbols in two ways which
will be the left- and right-hand sides of an identity; then prove the identity.)

Answer.

From the following diagram

U
U
compose
_ >
v
w
rotate\ rotate

v ? w
V compose @@ L @S@
v U

we see that what we need to prove is that (I'S)* = S*T*. The definition of S*, T* and (T'S)* is

U S 1% r w U rs 144
57 f Ty 9 and mg
C C C

for all g € W*, so (T'S)* = S*T™* as required.
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Exercise. Show that the effect of a gauge transformation of the curvature 2-form is F — F' = gFg ',
[Hints: d(AB) = (dA)B + A(dB) for matrix-valued functions; when d jumps over an n-form it picks up a
factor of (—1)"; and gg—! = 1 implies (dg)g~' + g(dg=') = 0.]

Exercise. Rigorously straighten out the following diagram:

Exercise. Given T:V — W, show that

S

Exercise. Prove the first Reidemeister move:

Exercise. Check that

Exercise. Suppose V is an orthogonal (resp. symplectic) vector space. Define
/Y
= b
)

b
Qiugigidim‘/

where the + sign corresponds to the orthogonal case and the — sign to the symplectic case.

Then calculate

We have

Esercise. Prove the graded Jacobi identity
(=1 [C,[D, E]] + (-1)"[E,[C, D]] + (-1)™[D,[E,C]] = 0
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where C, D and E are matrix-valued p-, q¢- and r-forms respectively. [Hint: prove the equivalent formula
[C.[D, EY] = [[C, D], E] + (-1)**[D, [C, E]] ]
By repeated use of [C,D]=CAD — (-1)""D A C,
[C, [D,E]] =[C,DAE] - (-1)¥[C,EAD] =
=CADAE— (-1)P"t" ) DAEAC — (=1)""CAEAD + (=) PIPVEADAC
=[C,D] A E + (=1)""D A [C, E] — (=1)?"[C, E]| A D — (—1)P*9"E A [C, D]
=[[C, D], E] + (-1)"*[D,[C, E]].
Now,
[C,[D, E]] = ~(=1)@*"[E,[C, D]] - (=1)*“*" D, [E,C]]
and the Jacobi identity follows on multiplying the equation by (—1)P".

Exercise. Prove the graded Leibniz law
da(CAD)=dsCAD+ (—1)’C ANdaD.
for Ad(P)-valued forms C and D or order p and q.

da(CAD)=d(CAD)+[A,CAD]=dCAD+ (=1)PCAdD+AANCAD — (-1)PPICADAA=
=dC AD + (-=1)’C AdD + [A,C]AD — (=1)P""C A [D,A] = daC A D + (—=1)?C AdaD.

Exercise. Derive the equations of motion for the n-th Chern theory and show that they reduce to the
Bianchi identity for all n > 1.

Exercise. Prove that a linear operator g: C> — C? preserves a symplectic structure w if, and only if,
detg = 1.

Since the conditions that w is preserved is algebraic, it means that the linear operators preserving w
form an algebraic variety in the space of all matrices. Therefore, if the statement holds for generic g it will
hold for all g.

A generic g will have distinct eigenvalues. Assume therefore that g has distinct eigenvalues A # u, and let
v and w be the corresponding eigenvectors and {v*,w*} the dual basis to {v,w}. Then, for any z,y € C?, we
have w(g(z), 9(y)) = w(h™(x)v + pw* (T)w, Av = (y)y + pw* (y)w) = ™ ()w* (y) — v* (y)w*(y) = Apw(z,y)
so g preserves w if, and only if, Ay = 1. But det g = Ay, and we are done.

It follows that
2 e/
(UH-i—bX-i—c ) (a® +b%) H—l—?ab><+20a—b—c)re\
This will be a projector if, and only if,
a’+b=a
2ab=10
2c(a—b—c)=c

and the dimension of its image is equal to its trace,

a Q0 +b0 () +e¢ CD) ==2(-2a-b+o).

Now, there is a nontrivial way to obtain the zero projector. To find it, let @ = 1(c — b), so

(c—b—1)b=0
{c(1+3b+c):0.

Of the four solutions there is only one that is nonzero and compatible with a? + b* = a, namely

-0 = e

which is Penrose’s Binor identity.
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Exercise. Prove that

Exercise. Prove that

- (_1)J'l+j2*j3 :
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B AR R

We know that the 1 representation has an orthogonal structure:

of

and that

and we can show that

o

but the most convenient way is to study spin networks with four legs first. We have

A o
@ ‘+ b>< + cm) = (a® + bz)‘ ‘+ 2ab><+ c(2a +2b+ 3¢) _
This will be a projector if, and only if,
a+v =a
(2a—1)b=0
c(2a+2b+3c—1)=0
and the dimension of the image is

a Q0O +b () +¢ C) =3Ba+b+o).

There are eight solutions, in pairs of the form P and 1 — P, namely

0 of dimension 0 and ‘ ‘ of dimension 9

%: of dimension 1 and ‘ — %: of dimension 8

1 (‘ ‘— ><) of dimension 3 and 1 (‘ ‘+><) of dimension 6
2 2

%(3‘ ‘+ 3>< — 2:) of dimension 5 and %(3‘ ‘— 3>< + 2:) of dimension 4

The nontrivial projectors on the left project onto irreducible representations. If a pair of lines is interpreted as
a 3x3 matrix, the one-dimensional projector is the trace, the three-dimensional projector is the antisymmetric
part, and the five-dimensional projector is the symmetric traceless part. We have
\_/
+ 3X s
5

SRS (R (

The identity




can also be proved directly:

This implies

(calculation)

85



