Reverse Mathematics of Topology

William Chan'

Abstract. This paper develops the Reverse Mathematics of second countable topologies, where the elements
of the topological space exist. The notion of topology, effective topology (Dorais 2011), and basis will be
defined. Several concepts and results that appear in the practice of general topology will be developed in
various subsystems of second order arithmetic, Z;. Several of the ideas and results of point set topology
will be proved to be equivalent to subsystems of second arithmetic, primarily ACAg, over the base system
RCAy. Various open questions about basic notions from general topologies are interspersed throughtout.

Topologies are given by a sequence of sets (B, )nen which satisfy all the conditions of being a basis with
the additional condition that By is the entire topological space. Thus all the topologies considered are such
that their points really exist, that is the points are elements of N, and the entire topological space is a set
that exists. A set is open if and only if all its points are interior points. It is shown that RCA( can prove that
arbitrary union of basic open sets are open whenever this union exists. However, RCAg can not prove that
arbitrary union of basic open sets exists. It is proved (Theorem 3.12) that over RCAy, ACA is equivalent
to the existence of the union of basic open sets. Another familiar result from general topology is that a set
is open if and only if it is the union of basic open sets. An open code (Dorais 2011) for an open set U is,
informally, a set X such that (Jy B, = U. A open set that has an open code is called effectively open. It
is proved (Theorem 3.27) that over RCAy, ACAj is exactly required to prove that there is a set X which
witnesses how an open set U can be written as a union of basic open sets (i.e. all open sets are effectively
open). Furthermore, it is shown that ACAj is equivalent, over RCAg, to the existence of the closure and
interior of any subset of any topological space.

An effective topology is a topology where there is a function f such that given a point z and basic open
sets By, and B, such that z is in both sets, then x € By m.n) and By mn) C By N By A open set U
is l-effectively open, if there is a function h such that z € By(,) and Bj,) C U. An advantage of effective
topology is that RCAg can prove the intersection of two l-effectively open sets is [-effectively open. It is
proved that not all topologies are effectively topologies. In fact, over RCAy, ACAy is equivalent to the
condition that every topology is an effective topology (Theorem 4.8).

Topological ideas that appear to require greater set comprehension axioms are defined and considered.
Example includes continuous functions, homomorphism, and connectedness. The ability to determine which
topologies are homeomorphic to a given topology or which topologies are connected is considered. They are
shown to be proveable in I13-CAy. However, their exact strengths are given as open questions. Moreover,
the existence of a connected component for every topology seemingly requires set existence axioms stronger
than I1}-CAy. The exact stength of this statement over RCAg is given as an open question of possibly
great interest. There are not many results equivalent to I13-CAq over RCAg. If the existence of connected
components is equivalent to I13-CAg over RCAy, it would be a very natural result - one frequently used
in actual mathematical practice - which is equivalent to IT3-CAy. Even if the answer happens to be below
I13-CAy, the result would of interests since connected components appear to require a %3 definition.

IWilliam Chan was supported by the REU program as part of the University of Chicago VIGRE program under NSF Grant
DMS-0502215 at the University of Chicago.
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1. Subsystems of Second Order Arithmetic

Definition 1.1 The first order language of Second Order Arithmetic is the following :
Ly = {0717+a'aNaSa<a€}

where 0 and 1 are constants, + and - are 2-ary functions, < and € are 2-ary relations, and N and S are
unary functions.

By convention, one uses infix notation for + and -. Logical parenthesis and operation parenthesis will be
distinguished by context.

Definition 1.2 The theory of Second Order Arithmetic, Z5, include the following formulas :

(1) Basic Axiom
(Vo) (N(z) V S(x)) A =(N(x) A S(x)))
(Vm)(Vz)((m € z) = (N(m) A S(x)))
(Vm)(vn)((m < n) = (N(m) A N(n)))
(Vo) (vy)(Vn)(ne X ©neY) = (X =Y))
(vm)(¥n)((N(m) A N(n)) = N(m+mn))
(Vm)(vn)((N(m) A N(n)) = N(m - n))
N(0)
N(1)
(Vn)((N(n) = (n+1#0)))
(Vm)(Yn)((N(m) AN(n)) = ((m+1) =n+1) = (m =n))
VYm)(N(m) = m+0=m)
(Vm)(Vn)(N(m) AN(m)) =m+ (n+1)=(m+n)+1)

)
(



(Vm)(N(m) = m-0=0)
() (W) (N (m) A N () = m- (0 +1) = (m ) +m)
(¥m) (~(m < 0))

(Ym)(Vn)(m <n+1) & (m<nAm=n))

(2) Induction Axiom
(Vz)(0exA(Vn)(nex=n+1€x)) = (¥n)(n € x))

(3) Comprehension Scheme
(Fz)(Yn)(N(n) = (n € = < ¢(n)))

where ¢(n) is a Ly formula in which X does not occur freely.

For any Ly theory in which the basic axiom (1) holds, there is the following convention : Variables
represented by lower case letters such as z, y, 2, a, b, ¢, 4, j, k, m, and n tacitly imply N(z), N(y), ... holds.
If N(z) holds, then z is called a number. Similarly, variables represented by upper case letters such as X,
Y, Z, L, and W tacitly imply S(X), ... holds. If S(X) holds, then X is called a set.

Furthermore, let N' = (Z, OV N 4N N NN N N EN) be any Lo structure, where Z is the do-
main. If A satisfies the basic axioms (1), then one often writes N' = (NN, SN 1N 4N N NN N Ny,
This emphazies that the number variable range over NV and the set variable ranges over SV.

Definition 1.3 Let n be a number variable and ¢ be a term that does not contain n. Let ¢ be a formula.
(3n < t)(¢(n)) means (In)(n < tAp(n)). (Vn < t)(e(n)) means (Vn)(n <t = p(n)). (In < t) and (Vn < t)
are called bounded quantifiers.

Definition 1.4 In these definitions, n € w.

A formula ¢ is X9 and II{ if and only if it has only bounded quantifiers.

A formula ¢ is 32 41 if and only if it is logically equivalent to a formula of the form (3x)6 where 6 is Y.
A formula ¢ is II9 | ; if and only if it is logically equivalent to a formula of the form (Vz)§ where 6 is X9.

A formula ¢ is arithmetical if it contains no set quantifiers.

A formula ¢ is ¥} if and only if it is logically equivalent to a formula of the form (3X)0 where 0 is
arithmetical. A formula ¢ is I} if and only if it is logically equivalent to a formula of the form (VX )f where
¢ is arithmetical. For n > 0, a formula ¢ is ¥, if and only if it is logically equivalent to a formula of the
form (3X)0 where 0 is IIY. For n > 0, a formula ¢ is IT}, | ; if and only if it is logically equivalent to a formula
of the form (VX)6 where 6 is X9.

A formula ¢ is A% if and only ¢ is X0 and IIY. For n > 0, a formula ¢ is Al if and only ¢ is ¥ and I1..

Definition 1.5 Let I' be some collection of formulas with one free variable in the language Ly. The scheme
of I'-induction, I'-IND, consists of all axioms of the form

((0) A (Yn)(p(n) = ¢(n +1))) = (Vn)p(n)

where p(n) € T.

Definition 1.6 Let I" be some collection of formulas with one free variable in the language Ls. The scheme
of I'-comprehension, I'-CA, consists of all axioms of the form

X)) (n e X & p(n))



where p € T'.

Definition 1.7 RCAy is the Ly theory which consiste of (1) Basic Axioms, ¥9-IND, and A{-CA.

Definition 1.8 ACA| is the Ly theory which consist of (1) Basic Axioms, (2) Induction, and Arithmetical-
CA.

Definition 1.9 II3-CAy is the Ly theory which consist of (1) Basic Axioms, (2) Induction, and IT{-CA.

2. Basics of Reverse Mathematics

Lemma 2.1 Within RCAg, the pairing function (-,-) : N x N — N is defined by (m,n) = (m +n)? + m.
This function is injective.

Proof : Refer to Subsystems of Second Order Arithmetic by Simpson page 66. ]

Lemma 2.2 The following can be proved in RCAy:
(1) m < (m,n) and n < (m,n).
(2) (m,n) = (m’,n) implies m = m' and n =n'.

Proof : Refer to Subsystems of Second Order Arithmetic by Simpson page 66. ]

Lemma 2.3 For all X and n, RCAy+ (3Y)(Vy)(y € Y < (y,n) € X).
This set Y is called the n*" row of X and is denoted X[,

Proof : “(y,n) € X” is a A} formula in the free variable y since it has no quantifiers. The result follows
from recursive comprehension. O

Lemma 2.4 Over RCAy, if f: N — N is such that (Ym)(¥Vn)(f(m) < f(n) & m <n), then (3X)(z € X &
(3Fm)(f(m) = x)).

Proof : (Im)(f(m) = n) is equivalent to (Ym)(f(m) < nV (Vk < m)(f(k) # n)). Thus (Im)(f(m) =n) is
a A formula in the free variable n. By A{ comprehension, the range of f exists. O

Lemma 2.5 RCA( can prove primitive recursion. Given f : N¥ — N and ¢ : N¥*2 — N, there exists an
h : NF+1 5 N such that

h‘(ovnlv ...,le) = f(n17 7nk)
h(m+ 1,nq,....,nx) = g(h(m,n1,...,ng), m,nq, ..., nk)

and h is unique

Proof : See Subsystems of Second Order Arithmetic by Simpson page 69. ]



Lemma 2.6 RCAq proves minimization. Let f : N¥*1 — N be such that for all (ni,...,n;) there exists
m such that f(m,ny,...,ng) = 1, then there exists a ¢ : N¥* — N such that g(ni,...,nx) = m’ such that
fim/;ny,...,nE) =1and for all m < m/, f(m,nq,...,nx) # 1.

Proof : See Subsystems of Second Order Arithmetics by Simpson on page 70. (]
Theorem 2.7 Let REC = {X Cw: X <7 0}, where <7 is Turing Reducibility. REC is the unique minimal
w-model of RCAj.

Proof : Refer to Subsystems of Second Order Arithmetic by Stephen Simpson. O

Proposition 2.8 The basic axiom of Z; and £Y induction can prove,
(Vm)(3n)(Vi<m)(i e X = f(i) <n)
for all functions f and X, a set.

Proof : Let ¢(m) be the formula (3n)(Vi < m)(f(i) < n). ¢(m) is 9. Suppose ¢(m) holds with witness n.
Then max{n, f(m) + 1} witnesses ¢(m + 1). By X induction, the result follows. O

Definition 2.9 For each k € w, bounded X comprehension is the statement
(")(EX)Vi)(i € X < (i <nApi)))

where ¢(i) is any X9 formula in which X does not occur free.

Proposition 2.10 RCA, proves bounded %¢ comprehension.

Proof : Refer to Subsystems of Second Order Arithmetic by Simpson page 71. O

Theorem 2.11 The following are equivalent over RCAg:
(1) ACA,
(2) X9-CA
(3) If f: N — N is injective, then there exists X such that (Vn)(n € X < (Im)(f(m) =n)).

Proof : See Subsystems of Second Order Arithmetics by Simpson, page 105. ]

Definition 2.12 Using the pairing function of Definition 2.1, a binary relation R on a set X is a subset of
X x X.
A binary relation R on X is well-founded if there exists no injective function f : N — X such that

(Vn)(f(n+1) R f(n))
A binary relation R on X is *well-founded if

(VO)U #0= Fi)(i € UN (V) €U = (j=xzV~(jRi)))))



A linear ordering is a pair X and <x, which is a binary relation on X such that
(Vi) (= (i <x 1))
(Vi) (V) (VE)((i <x jAJ <x k) = (i <x k))
(Vi)(V))(i<x jVJj<x1)
A linear ordering is a well-ordering if it is well-founded. A linear ordering is *well-ordering if it is *well-
founded.

Let LO(X, <x) be the formula asserting that <x is a linear ordering on X. Let WO(X, <x) be the
formula asserting that <y is a well-ordering on <x.

Proposition 2.13 Suppose <y is a linear ordering on the set X. If f : N — X is injective with f(n+1) <x
f(n) for all n, then RCA can prove that if m < n, then f(n) <x f(m).

Proof : Consider the following formula ¢(n) in free variable n :

(Vm <n)(f(n) <x f(m))

©(0) holds. Suppose ¢(n) holds. Then p(n + 1) holds. If m < n, then since f(n+ 1) <x f(n) < f(m) by
the property of f and transitivity of < X, f(n+1) < f(m). If m =n, then f(n+1) <x f(n) = f(m+1)
by property of f. Thus ¢(n) follows. By £¢ induction in RCAy, (Vn)(¢(n)) follows. O

Lemma 2.14 Suppose <x is a linear ordering on the set X. Suppose f : N — X is a injective function
such that f(n+1) <x f(n) for all n, then RCA( can prove (3X)(z € X & (In)(f(n) = x)).

Proof : (In)(f(n) = z) is equivalent to —((In)(f(n) <x = A (Vk)((k < n) = f(k) # x))). Thus
(In)(f(n) = x) is AJ. Tt exists in RCA,. O

Proposition 2.15 Over RCAy, a linear ordering is a well-ordering if and only if it is a *well-ordering.

Proof : Suppose the pair X and R is not well-founded. There exists an injective function f : N — X such
that f(n+1) <x f(n) for all n. By Lemma 2.14, the range Y of f exists and is a subset of X. Y is a subset
with no least element.

Suppose that Y C X has no least element. Consider the formula in free variable z :

(Ja < 2)(3b < 2)(Fe < 2)(Fi < 2)((z = {a,b,c,i)y N\a€EY Ac€eY)
ANiE=1Vi=0)A(i=1l=c<xa)A(I=0= —(c<x a)))
Thus the set defined by the above formula exists by A} comprehension in RCAg. This defines a function
g Y xNxY — {0,1} with the property that ¢’(a,b,c¢) = 1 if and only ¢ <x a. Since Y has no least
element, ¢’ has the property that for all a and b, there exists a ¢ such that ¢'(a,b,c¢) = 1. Lemma 2.6 give
a function g that minimizes ¢’. Let [ € Y. Let f : N — N be the constant function that takes on value [.
By Lemma 2.5, let A : N — Y defined by primitive recursion using f and g. (Note that g: Y x Nx Y — N

but Lemma 2.5 can be easily modified to hold in this case.) Thus h: N — Y C X is a infinite decreasing
function. ]

Definition 2.16 An isomorphism of linearly order sets (X, <x) and (Y, <y) is a function f : X — Y such
that

Vi)Vi)((ieXNjeX)=(i<xie fl) <y fONANVE)keY = (Fi)(ie X A f(i)=k))



If f:(X,<x)— (Y,<y) is an isomorphism, it will denoted f : |X]| = |Y|.
X is an initial segmentof Y if and only if there exists a k € Y such that

ViYVj)li<x je (i<y jNJ <y k))

X said to be the initial segment of Y determined by k. X will also be denoted Y | k.

| X| < |Y| will mean that there exists an f : |X| = |Y [ k| for some k € Y. The function f that witness
this will be denoted f : | X| < |Y].

|X| > |V if and only if there exists a k € X and an f : |X | k| = |Y|. The function f witnessing this will
be denoted f : |X]| > |Y].

|X| < Y] will mean |X| < |Y] or | X| = |Y|. f:]|X]| < |Y| will denote a function that witness this.
Similarly, |X| > |Y] and f : |X| > |Y| is defined.

Given linear orderings (X, <x) and (Y,<y), f : X — Y is a comparision map if f : |X| > |Y] or
f]X| <|Y]. (X,<x) and (Y, <y) are comparable if there exists a comparison map between the two.

Proposition 2.17 Let (X, <x) be a linear order and k& € X. The initial segment determined by k exists.

Proof : Consider the formula in free variable z :
zeXNz<xk

This formula is AJ. Hence in RCAg, X | k exists. ([

Definition 2.18 CWO is the following statement :
(VX)(VY)(WO(X) AWO(Y)) = (IX] < [Y]VI[X] = [Y]))

that is, any two well-orderings are comparable.

Proposition 2.19 RCAj proves if (X, <x) is well-ordered and (Y, <y) is a linear ordering and X and Y
are comparable, then the comparison map is unique.

Proof : See Simpson’s Subsystems of Second Order Arithmetic, page 177. O

Definition 2.20 For 0,7 € N<V (or 2<V). 7 is an initial segment of 7 (or 7 is an extension of o), denoted
o =< 7, if and only if
(lol <[ A (Vi)(i < |o| = o (i) = (1))

o and T are incomparable, denoted o|7 if and only if
(3i)(i < min(|o], [7]) Ao(i) # 7(i))
Let T N<N (or 2<N). T is perfect if and only if
Vo)oeT = ((Fn)3Bn)(nmeT AR eT Ao 211 Ad 2 Ta ATi|T2)))

The perfect kernel of T is the union of all the perfect subtrees of T'. If this set exists, denote it K.

Definition 2.21 A sequence of trees (of N<N or 2<N) is a set 7 such that for all n, 71" is a tree. Let



T, := T™. T encodes the sequence of trees (Th) nen-

Theorem 2.22 Over RCAy, the following are equivalent :
(1) ATRg
(2) CWO
(3) 1 Separation : For any %1 formula ¢g(n) and ¢;(n) in which Z does not occur freely

(=(3n)(po(n) A pr(n)) = (32)(Vn)((vo(n) = n € Z) A(p1(n) = n ¢ Z)))
(4) For each arithmetic formula (i, X).
(Vi) BX)(p(i, X) = (WY)(p(i,Y) = (Y = X)))) = (32)(Vi)(i € Z & (3X)p(i, X))
(5) For each (T),)nen a sequence of trees,

(Vi) EN)(Vn)(f TneTy) = ((Vg)(Vn)(g In e Ti = f =g))) = (32)(Vi)(i € Z < Bf)(Vn)(f [ n € Ti))

Proof : See Simpson’s Subsystems of Second Order Arithmetics pages 190, 191, and 198. O

Theorem 2.23 The following are equivalent over RCAjy.
(1) I§-CA
(2) For any sequence of trees (T},)neny in N<N encoded by T,
(EX)(WK) (b € X & G (¥n)(f [ n € Th)

(3) For any tree T C N<N| the perfect kernel K exists.
(4) For any tree T C 2<N| the perfect kernel Kr exists.

Proof : See Subsystems of Second Order Arithmetic by Simpson, page 217 and 218. O

3. Definitions and Basic Results

Definition 3.1 A topology 7 is given by a set £ such that
(vm)(vy)(y € B = y € B)

A (Ym)(Yn)(Vz)((z € B™ Az e B = (F0)(z € BN (Vy)(y € B = (y € B Ay € BMY)))

The underlying set of the topology .7 is A%, Define B,, := B!". (B, )nc. is the basis for the topology 7.
If necessary, 5 will denote the topology specified by £4. .7 and £ will be used interchangeable; how-
ever, 7 will be used to emphasize the topology and % will emphasize the set encoding the topology.
Note the formula which % satisfies is II3.

Definition 3.2 (Dorais, 2011) An effective topology 2 is a set % and a function f : N3 — N such that
(vm)(Vy)(y € B™ = y € B)

A (Vm)(Vn)(Vz)((x € BN € %’["]) = (z € B @mn)] \ (Vy)(y € Rl @mn)] (y € Rlm Ny € %[”]))))



The underlying set of the effective topology is B, Define B, := #". (B, )nen is the basis for the effective
topology 2.

If necessary, 24,5 will denote the effective topology specified by % and f.

Note the formula for the effective topology which % and f satisfies is I19.

Definition 3.3 The following formula
V2)(zeX=>2€Y)

will be represented as X C Y.
Moreover, given topology 7 encoded by % with basis (B, )nen, the formula with free variable n, %, and
Y
(Vz)(z€ B,=ye€Y)

denote B,, C Y. Hence, using this notation, Definition 3.1 and Definition 3.2 can be written more concisely.

Definition 3.4 Let 7 be a topology given by £, U is open if and only if
(Vz)((x € U) = (In)(x € B, A B, CU))

U is open is denoted U € 7. Similarly for U € 2 where 2 is an effective topology.

Definition 3.5 Let 7 be a topology encoded by Z. If .7 has the property that
(Vm € Bo)(3n)(m € Bn A (Vy)(y € By =y =m))

then .7 is called a discrete topology on By.

Lemma 3.6 RCA( proves if 7 is a discrete topology then (VX)(X € ).

Proof : Suppose this was not true. Then
Fx)(z e X A (VYn)(x ¢ B,V (Jy)(y € B, ANy ¢ X)))

Thus
(Vn)(z € B, = (Jy)(y € Bo ANy ¢ X))

must hold. Since z € X, « € B, and y ¢ X, one has that for all n, B,, # {z}. This contradicts the fact
that .7 is discrete. 0
Lemma 3.7 Let J be a topology. Over RCAy, if (VX)(X € ), then J is discrete.
Proof : Suppose 7 is not discrete. Then

(Im € Bo)(Vn)(m & B,V (Jy)(y € By Ay #m))

In RCAy, let {m} be the singleton containing m. By definition of being open, if {m} was open, then it
would contradict the formula above. Thus, (3X)(X ¢ 7). O



Proposition 3.8 Over RCAy, let .7 be a topology given by %, £ is discrete if and only if (VX )(X € 7).

Proof : By Lemma 3.6 and Lemma 3.7. |

Definition 3.9 Let f € 2V. Let (B, )nen be the basis for the topology .7, which is specified by %. Define
the formula ¢(y, f, $) to be

@) ((f(n) = 1) A(y € Bn))

If there exists a Y such that y € Y < ¢(y, f, %), then denote Y =J, 7.
Let “Arbitrary Unions Exists” be the statement:
For all functions f € 2~ and for all topologies £, (3Y)(y € Y < ¢(y, f, B)).

Lemma 3.10 ACAj implies “Arbitrary Unions Exists”

Proof : The formula ¢(y, f, %) in Definition 3.9 is 3!. Hence Y exists by arithmetic comprehension. ]

Lemma 3.11 Over RCAg, “Arbitrary Unions Exists” implies ACA

Proof : Consider the formula in free variable z :
(Gm <z)(Fn <z)(x=(m,n)) A((n#0)= (Jo<z)(n=_(m,o)))

Since this formula is AJ, over RCA, the set % defined by the formula exists. In particular, P = n and
for all n # 0, B is the empty set or a singleton. This follows from the pairing function being injective.
Moreover, for each m, there exists unboundedly many n such that B,, = {m}. The precise statement of the
latter is

(Vm)(Vk)(3n)(n > kA (3z)(n = (m, x)))

To prove this look at any model of RCA and consider n = (m, k + 1) > k by Lemma 2.2.
RCA( can prove that & encodes a topology. This follows from each B,, being either a singleton or empty.
A is a discrete topology. Suppose not, then

(Im € By)(Vn)(m & B,V (3y)(y € By Ay #m))
Therefore
(3m € Bo)(Vn)(m € Bn = (Jy)(y € Bn Ay #m))
Thus, for all B,, such that m € B, there exists a y # m. Therefore B,, is not a singleton or the empty set.

This contradicts what was proved above.
Let g : N — N be an injective function. Consider f : N — 2 defined by the formula in free variable z
below :
(Fj <2)(Fk <x)(@n < 2)(F <2)((z = (n,i))
A (n = (j,k))
A (i =1= (3m <n)(g(m) = 7))
A (i =0= (Ym < n)(g(m) # j)))

f exists in RCAgq since the above is AJ). It can be proved that f is an function. Now for any particular j,
there exists m such that g(m) = j if and only if there exists (n,i) where n = (j, k) and n > m and i = 1 if
and only if f(n) = 1if and only if ¢(j, f, %#). By “Arbitrary Union Exists”, Uf 7 exists. Thus the range of

10



g exists. By Theorem 2.11, ACA follows. O

Theorem 3.12 Over RCAy, ACAy if and only if “Arbitrary Unions Exists”.

Proof : By Lemma 3.10 and Lemma 3.11. (]

Definition 3.13 For any f € 2V, let 77 denote (if it exists) the set definable by the formula in free
variables y, f, and & :

(Vn)(f(n) =1=y € By)
If D is a finite set, then denote (if it exists) |J,, 7 as the set definable by the formula in free variable y, D,

and £ :
(3n)(ne DAy € By)

Similarly, (N  is defined.
For any k € w and m; € N, i < k, let [
formula in free variable x :

i< Bm, denote the set (if it exists) defined by the following

/\xeBmi

i<k

Lemma 3.14 Let J be a topology with basis (B, )nen. Let f: N — 2,
RCAo F (Vr)((f(n) =1) = (Vy)(y € Bn = ¢(y, f, B)))

where ¢(y, f, %) is the formula from Lemma 3.9.

Proof : In any model of RCAy, let n be any element of the model and suppose f(n) = 1. For all y, if
y € By, then ¢(y, %, f) holds, where ¢ is the formula from Definition 3.9, since n serves as the witness.
Thus (Vy)(y € B, = p(y, B, 7)) follows. Since n arbitrary, the formula above holds in any model of RCA,.
By the Godel Completeness theorem, this result follows. O

Proposition 3.15 For any topology .7 and function f € 2V, whenever Uf T exists, RCAg F Uf TeT.
Proof : Suppose this does not hold. Then

@En)(f(n) =1Az € By) A (Vn)(z ¢ Bn vV (Fy)(y € Bu Ny ¢ LfJﬂ))
By Lemma 3.14,
(3n)(@ € Bu A (Vy)(y € By =y € LfJﬂ)) A (¥n)(z & BuV (3y)(y € Bu Ay ¢ L}Jﬂ))
Writing the above in the more concise notation using C,
(3n)(x € B, ABy | J7)A~(3n)(x € B, AB, | 7))
f !

This is a contradiction. O

11



Proposition 3.16 For any topology .7 and finite set D encoded by u = (k, (m,n)),
RCAoF FY)(z €Y & (Vn)(ne D=z € B,))

ie. (p 7 exists.
Furthermore for any k£ € w and m; € N, i < k,

RCAq F (3Y) <x€Y<:> /\xeBmi>

i<k
i.e. ;<p Bm, exists.
Proof : Refer to Subsystems of Second Order Arithmetics by Simpson page 67 for details of the encoding
of the finite set D by u. However, note that k£ encodes a bound on the cardinality of the finite set D.

Furthermore, from u, the relation z € D is A§.
The set () 7 is defined by the formula

(Fk <u)(Fw <uw)(u=(k,wy ANVi < k)(i € D=y€EBy))

This formula is AJ in the free variable y. Thus it exists by A} comprehension.
The second claims follows from AY Comprehension since the formula defining it in Definition 3.13 is AJ.
O

Proposition 3.17 For any topology 7 given by the set % with basis (B, )nen
RCAgF () Bm, € 7
i<k

for all k € wand all m; € N, i < k.

Proof : By Proposition 3.16, [, Bm, exists. First, one proves that for all ¥ € w and m; € N, i < k,
(Vo) (3n)(z € N;cp Bmi = (v € B AByy C();2, Bm,;)). This is proved by induction (in metamathematics).
Suppose this held for k. Suppose m; € N, i <k + 1. For any = € (); 41 Bm,, T € [, Bm,. By induction
there exists a n; such that x € By, and B,, C ﬂKk B,,,. Therefore, z € B,,, and = € By. By definition of
a topology, there exists ng such that x € By, and B,, C B,, N By,. Thus By, C (), 4,1 Bm,, as one can

show. Thus (;_;, Bm, is open. By induction, the result follows. O

Proposition 3.18 II3-IND proves (VD)((, 7 € 7), where D ranges over finite sets.

Proof : From Definition 3.4, a set is open is I1. The result then follows from I3 induction. (I

Open Question 3.19 Can RCA( prove that finite intersections of basic open sets are open? How much
induction is necessary to prove this result?

Definition 3.20 A sequence of subsets (S, )nen is encoded by a set .# such that S, = .7,
For any f € 2N, let the formula 9 (y,.”, f) be the formula

(Fn)(y € Sn A f(n) =1)

12



Let f % denote the set defined by the formula ¢(y,.7, f) in free variable y, if it exists.
The “Union Property” is the statement : For all sets X, if (Vz)(x € X = (In)(z € S, A S, C X)), then
there exists a function f € 2V such that z € X & ¥(z,.7, f).

Lemma 3.21 ACA( proves “Union Property”.

Proof : Let X be some set such that (Vz)(zx € X = (In)(z € S, AS, C X)). Define f by the following
formula in free variable x :
(Fm)(Fi)(i=0Vi=1) A (z = (m,1))

ANSmCX=i=D)ASnZX=i=0)

f exists by arithmetic comprehension.

Suppose x € X, then there exists n such that x € S, and S,, C X by assumption. Thus n witnesses
Y@, 7, f). v € Uy 7. Suppose ¢(z,.7, f). In particular there exists n such that f(n) =1 and z € S,.
However, by definition, f(n) = 1 implies S,, C X. Thus = € X. |

Lemma 3.22 Over RCAg, “Union Property” proves ACAg.

Proof : (Math Overflow community; this proof due to Carl Mummert) Let f : N — N be an injective
function. Define . by the following formula in free variable z :

(Fm < 2)(3 < 2)(3j < 2)((= = (m, (i, 7))

AEE<m)(m=2iV(m=2k+1Aj<kAf(k)<i)))

This exists by A} comprehension. Therefore, S(; jy = {2} U{2k+1:j < kA f(k) <i} and S,, = 0 if there
does not exists ¢, j such that n = (i, j).
For each i, apply Proposition 2.10 to ¢ and the following formula in free variable x :

(En)(f(n) = z)

to obtain a set which is denoted rgn(f) [ ¢, i.e. the range up to i.
Next, define f~! | i by the formula in free variable x :

(Fm <z)Gn <z)(x=(m,n) A{n,m) € f Am <i)

This exists by A} comprehension. In RCAg, f~! [ i can be proved to be a function since f is injective.
For each 7, applying Lemma 2.8 to ¢, one has

(3n)(Vk < i)(k € (xgn(f) [ §) = (7" [49)(k) <n)

Thus (in RCAy) since all elements of the range of f that are less that 4 lie in rgn(f) | ¢, n serves as a bound
for the set {k : f(k) < i}, which exists by A} comprehension.

Next, there exists j such that = € Sy; jy < = 2i. In particular j = n (where n is the one found above)
witnesses this property. Thus, for every ¢ there exists a j such that Sy; jy = {2i}.

Let X be the set defined by the following formula in free variable x :

(T < z)(x = 2i)

X exists by A} comprehension. Note, X is the even numbers. Now for each z € X, x = 2i for some i. Thus
there exists a (i, j) such that S ;y = {2i}, by the above. Thus for all x € X there exists a m such that
x € Sy, and S, C X. By the Union Property, there exists a function g such that Ug s =X.

13



Note that if g((i, 7)) = 1, then S(; jy = {2i} since X consists of only even numbers. Define the function
h by the formula in free variable z as follows :

(Fi <a)(Fj < a)(w = (5) AN g((6,4) = 1A (VE < j)g({i, k) = 0)

h exists by AY comprehension. Note that h(i) gives the least j such that g((i,7)) = 1. Now for all n, it can
proved in RCAg that
(3Bm)(f(m) =n) = Gk < h(n+1))(f(k) =n)

by the definition of S, p(n41)) = {2n}. The formula in free variable n is AJ. Thus, the set defined by this for-
mula in free variable n exists by A} comprehension and is the range of f. By Theorem 2.11, ACA, follows. [J

Theorem 3.23 Over RCAy, ACAy is equivalent to “Union Property”.

Proof : By Lemma 3.21 and Lemma 3.22. ]

Definition 3.24 Let “Every Open Set is a Union” be the statement:
For all topologies .7, if U € .7, then there exists f € 2~ such that z € U < ¢(z, f, 4).
That is U = J; 7.

Lemma 3.25 ACA( proves “Every Open Set is a Union”.

Proof : Suppose U € 7. Define f to be the set defined by the following formula in free variable x :
Gm)(F)((i=0Vi=1)A(z = (m,i))

ABrpCcU)=>G=1)AB,gZU)= (i=0)

f exists by arithmetic comprehension.

Let ¢(z, %, f) be the formula that defined |J; 7 from Definition 3.9. If z € U, then by definition of
U € 7, there exists m such that € B,,, and B,, CU. Thus f(m) = 1 and hence ¢(z, %, f). If ¢(x, B, f),
then there exists m such that f(m) = 1 and © € B,,. By definition of f, f(m) = 1 implies that B,, C U.
Thus z € U. Thus, U =J; 7. O

Lemma 3.26 Over RCAy, “Every Open Set is a Union” proves ACAy.

Proof : Let f: N — N be an injective function. Define Z by the following formula in free variable x :
(Fm <2)(3i < 2)(3j < 2)((z = (m, (i, 7))

3k < m)(m = (20,0)V (m = (k, (i,5) + 1)) A j < kA f(k) <))

This set exists by A} comprehension. Note that By; j = {(24,0)} U {(k, (i,5) + 1) : j < kA f(k) < i}.
(Note that for simplicity, the underlying set was not included in By. One could have easily made By = N
by shifting the index; however, notation would have become cumbersome).
In much the same way as in Lemma 3.22, for each i there exists an j such that By; ;y = {(2i,0)}.
Within RCAg, one can prove that & is a topology over N (although strictly, one should have defined
By = N). This is because By; ;y N B, intersect if and only if 4 = a and their intersection is {(27,0)}. By
the above, it was proved that there exists some j’ such that By; j, = {(24,0)}. Thus % encodes a topology
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.
Let X be the set defined by the following formula in free variable x :

(3i < o) = (2i,0))

X exists by A} comprehension. X € .7, since above, it was proved that for all (2i,0) € X, there exists a j
such that By; jy = {(2i,0)}. Thus 2 € By; ;, and By; jy C X.

By “Every Open Set is a Union”, there exists a function g such that | J B Z = X. Using this function,
one can produce the range of f very much like in Lemma 3.22. By Theorem 2.11, ACAq follows. O

Theorem 3.27 Over RCAy, ACAy is equivalent to “Every Open Set is a Union”.

Proof : By Lemma 3.25 and Lemma 3.26. ([l

Definition 3.28 (Dorais 2011) Given a topology Jz or a effective topology 24 s, an open code in the
topology is a subset of N.

Given a topology or effective topology and U an open set, the open code for U (if it exists) is the set A
such that U = {J;, % where fa is the characteristic function of A.

If an open set has an open code, then the open set is effectively open.

From this point forth, |J, % denotes J,;, Z.

Remark 3.29 Francois G. Dorais in Reverse Mathematics of Compact Countable Second-Countable Spaces
refers to the open code and effectively open in the context of effective topologies. This paper broadens the
term to topologies as well.

Note that “Arbitrary Union Exists” is the statement that in any topology the open set determined by
any open code exists. “Every Open Set is a Union” is the statement that in any topology any open set has
an open code, i.e every open set is effectively open.

Definition 3.30 Let Z be a topology encoded by £ with basis (B, )nen. An open set U is l-effectively
open if and only if there exists a function f: U — N such that (Vu)(u € U = (u € By, A By C U)).

4. Effective Topologies

Proposition 4.1 Let 7 be a topology encoded by & with basis (B, )nen. RCAg proves that if U, a subset
of By, is effectively open, then U is l-effectively open.

Proof : Let X be an open code for U. Define the function f using the following formula in free variable z :
Fz<2)(@Fn<2)EFi<2)(z=(z,n,i) N\e € UA(i=1= (z € B, An€ X)))

This formula has only bounded quantifier; therefore, the set f defined by this formula exists in RCAg by

AJ-CA. Tt can be proved that f is a function from U to N.
Since X is an open code for U, for every z there exists a n such that f(z,n) = 1. Applying Lemma 2.6
(minimization) to f, one obtains g, which is the desired function which witnesses that U is l-effectively open.
O
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Open Question 4.2 Does RCA( prove that every open set is l-effectively open? If not, over RCAy, is it
equivalent to any well known subsystems of Zs? The conjecture is no and that this property is equivalent
to ACAy, over RCAy. What about the same two questions for effective topologies?

Does RCAq prove that every l-effectively open set is effectively open? If not, over RCAy, is this property
equivalent to any well known subsystems of Z3?7 Again, the conjecture is no and that it is equivalent to
ACAy over RCAy. What about the same questions for effective topologies?

Proposition 4.3 Let 2 be an effective topology encoded by % and f with basis (B )nen. RCAg proves
that if U and V are l-effectively open, then U NV is l-effectively open.

Proof : Suppose g and h witness the fact that U and V are l-effectively open. Then define the function p by
the following formula in free variable z :

Fz<z2)@GEn<2)(z=(r,n) ANz ecUNV An= f(z,g(z), h(zx))

p witnesses that U NV is l-effectively open. O

Open Question 4.4 Can RCAq prove that for any topology 7, U NV is l-effectively open when both U
and V are l-effectively open?

Definition 4.5 Let “Every Topology is Effective” be the following statement :
For every topology Jz encoded by 4, there exists a function f : N* — N such that 24 ¢, encoded by
% and f, is an effective topology.

Lemma 4.6 ACA( proves “Every Topology is Effective”.

Proof : Given a topology 7 encoded by % with basis (By,)ren, consider the formula in free variable z given
below :

(32)(3m)(Fn)(Fy) (= = (x, m,n,y)
A((xe€Bp)A(z€By))= (xr€ByANBy C B, NB, AN(YVi)(i <y= —~(B; C B, N B,)V —x € B;))
V (~((z € Bm) Az € Bm)) = (y = 0)))

Clearly the set defined by this formula exists in ACAq since the formula is arithmetical. Informally this is
f(z,m,n) =y where y = 0 if =((z € B») A (xz € By,)) and else y is least such that « € By A B, C B,, N By,
which exists by definition of a topology. Thus £ and f turns .7 into an effective topology. O
Lemma 4.7 Over RCAg, “Every Topology is Effective” proves ACAy.
Proof : Let f: N — N be an injective function. Suppose that

(30)(30)(V2)(a £ bA F(2) £ an F(2) £b)

Certainly if the range of f is N or N without a single point, then it exists in RCAy.
Consider the following formula in free variable z :

(m < z)(3n < 2)3Fp < 2)(z = (m, (n,p))
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AMp=0V(p=1An=0Am=a)V(p=1An=1Am=>h)
Vip=2A(m=aVvm=n))V(p=3A(m=>bVm=n))
Vp=4rnim=nV@Ek<z)(f(k)=nAm=n+k+1)))V(p=5A(m=f(n))))
This formula is AJ; hence, the set # defined by it exists in RCAg. Informally, the basic open sets are

By =N

Bo,1y = {a} By = {b}
Bnoy ={a,n} B3 = {b,n}
By ={nfu{n+k+1: f(k) =n}
Binsy ={f(n)}

and By, = () if k is otherwise. RCAg can prove that % encodes a topology. Note that B; o) N By; 2y = {a},
which is Bg 1y. Similarly for By; 3y N By;3). Note that By, 2y N By, 3 = {n}. Now if n is in the range, then
there exists a n' such that By, 5y = {n}. If n is not in the range, then B, 4y = {n}. Several of the other
cases are considered. (In fact it can be proved that this topology is discrete since all the singletons occur
either as By, 4y or B<n’5>.) Thus it has been proved that .7 encodes a topology 7.

By “Every Topology is Effective”, there exists a function f such that £ and f encode an effective
topology. Consider the following formula in free variable z :

(Hn < f(l‘, <$7 2>’ (x,3>))(f(x, <$, 2>7 <l‘, 3)) = <’I’L, 5>)

This formula is AJ. The set R which is defined by this formula exists. The claim is that R is the range of f.
In RCAy, it can be proved that if (3In)(f(n) = x), then B, 4 is not a singleton. However, B, 5y = {z} where
n is such that f(n) = z. Since a and b are not part of the range, it is clear that the only possible value of
fz, {x,2), (x,3)) = (n,5). Hence, = satisfies the condition of the formula. 2 € R. Suppose (Vn)(f(n) # ).
Then B, 4y # {z} for all n. Thus f(x,(z,2),(x,3)) can not be (n,5) for any n. x does not satisfies the
formula. ¢ R. Thus R is the range of f. By Theorem 2.11, ACA, follows. O

Theorem 4.8 Over RCAy, ACAy is equivalent to “Every Topology is Effective”.

Proof : By Lemma 4.6 and Lemma 4.7. (]

5. Interior and Closure

Definition 5.1 Let .7 be a topology on By given by the set % with basis (B, )nen. Let A C By. “x is an
interior point of X” is the formula in free variable x

(3n)(xr € By ANz € B, AN B, C A)

If the set exists, let A° be the set defined by the formula above. This set is called the interior of A.
Let “Interior Exists” be the statement : for all A, A° exists.

Theorem 5.2 RCA( does not prove “Interior Exists”

Proof : By Theorem 2.7, REC is a w model of RCAg. @’ is not computable; hence, there exists a k such that
kE¢w.
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Define Z such that By = w and B = (I, for all s > 0. It is clear that 2 is computable. It is clear that
(B) is a basis for the a topology on w since B,, C B, 41 for all n. Finally, letting A = w — {k}, one has that
the set of points that are interior point of A is (" which does not exists in REC since ()’ is not computable.
Thus REC £ “Interior Exists”. O

Lemma 5.3 ACAg proves “Interior Exists”.

Proof : The formula in Definition 5.1 is arithmetic. O

Lemma 5.4 Over RCAy, “Interior Exists” proves ACAj.

Proof : Let f: N — N be an injective function. Define # by the A formula in the free variable z :
Gn<z)(En<z)(z=(mn) An=0)V(z=(m,n+1)A f(n) =m)

A is a topology. Note By = N. Consider any model of RCAy. Since f is injective, B,y is a singleton
and Bgi1 N Bpry = 0 for all @ # b. From this, one can show that % is a topology over the underlying set
By =N.

If f: N — N is surjective, it is clear that the range exists. Suppose f is not surjective. Suppose k is
such that (Vn)(f(n) # k). Over RCAg, N — {k} exists for any k. By “Interior Exists”, N — {k}° exists. The
claim is that (N — {k})° is the range of f. z € (N — {k})? if and only if (3In)(x € By Az € B, A B, C A).
x € B,, implies there exists j such that n = j+1 and f(j) = z. Suppose there exists a j such that f(j) = =,
then « € Bj+1. Hence x € By Az € Bjy1 A Bj11 C A (since x # k since k is not in the range). Thus j + 1
witness, (3In)(z € By Az € B, A B, C A). Thus z € (N— {k})°. By Theorem 2.11, ACA, follows. O

Theorem 5.5 Over RCAy, ACAy is equivalent to “Interior Exists”.

Proof : By Lemma 5.3 and Lemma 5.4. |

Definition 5.6 Let .7 be a topology with basis (B, )nen. Let X C By. Any element that satisfies the
following formula in free variable x and X :

(Vn)((z € Bn) = (3y)((y € Ba) Ay € X) A (y # 2)))

is called a limit point of X. Denote the formula above as “x is a limit point of X”.
Fix X. If it exists, denote X’ to be the set of limit points of X.
Let “Set of Limit Points Exists” be the statement that for any topology .7 and X C By, X' exists.

Definition 5.7 Let .7 be a topology with basis (B, )nen. Let X C By. If it exists, let X be defined by the
formula with free variable z :
(x € X)V (“z is a limit point of X”)

X is called the closure of X. -
Let “Closure Exists” be the statement that for all topology 7, if X C By then X exists.

Lemma 5.8 Let .7 be a topology. Let X C By. RCAq proves

(x € By A ~“z is interior point of X”) < (z € By A (v € By — X V “z is limit point of By — X))
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Note this is the familiar statement that the complement of the interior is the closure of the complement.

Proof : Suppose x € By and —“z is interior point of X”. This implies that
x € ByA(Vn)(z ¢ B,V B, ¢ X)

Assuming = € By, this is equivalent to (Vn)((z € B,) = (Jy)(y € Bn, Ay ¢ X)). Now either z € X or
x ¢ X. However the latter implies (Vn)((z € B,) = (y € B, Ay € By — X ANy # ).

Conversely, suppose the righthand side held. Then x € By and x € By—X or “z is a limit point of By — X”.
Now suppose that z ¢ By — X. This implies (vn)((z € B,) = (Fy)((y € Bn) A (y € By — X) A (y # x))).
This is

~(@n)(z € Bu A (Vy)((y ¢ Bn) V (y € Bo = X) V (y = 2))))
This implies
~(Bn)(z € Bu A (Vy)((y € Bn) = (y € Bo — X))))

since it was assumed = ¢ By — X. Finally this is equivalent to —(“z is an interior point of X”). O

Lemma 5.9 ACA( proves “Closure Exists”.

Proof : The formula in Definition 5.7 is arithmetical. |

Lemma 5.10 Over RCAy, “Closure Exists” proves ACAy.

Proof : Let 7 be any topology with basis (By)nen. Let X C By. In RCAg, By — X exists. By “Closure
Exists”, By — X exists. Then By — By — X is X° by Lemma 5.8. By Theorem 5.5, ACAq follows. O

Theorem 5.11 RCA, ACAy is equivalent to “Closure Exists”.

Proof : By Lemma 5.9 and Lemma 5.10. |

Lemma 5.12 ACA( proves “Set of Limit Points Exists”.

Proof : The formula defining limit points is arithmetical. ]

Lemma 5.13 Over RCA, “Set of Limit Points Exists” proves ACAy.

Proof : Let .7 be some topology given by the encoding % with basis (B )nen. Let X C Bg. By “Set of
Limit Points Exists”, X’ exists. In RCAg, X U X’ is defined by the following Ay formula

reXVreX

Hence, this set exists in RCAy. By definition, this is the closure of X. By Theorem 5.11, ACAq follows. O

Theorem 5.14 Over RCAg, ACAy is equivalent to “Set of Limit Points Exists”.
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Proof : By Lemma 5.12 and Lemma 5.13. ]

6. Various Topologies

Definition 6.1 Suppose 7 is a topology encoded by Z with basis (By)nen. Let A C By. Consider the
following formula with free variable x :

r€e€BNEm<z)3n <zx)(z=(mnAmeA)

Within RCAy, let 24 be the set defined by the above AJ formula. RCAg can prove that %, encodes a
topology .74 over the underlying set Z1% = A. Let B := #". (BA),cy is the basis for the topology.

7. Continuous Functions

Definition 7.1 Let J and ' be two topologies encoded by % and %', respectively. Let (B, )nen and
(B!)nen be the basis for 7 and .77, respectively. A function f : By — By is continuous if and only if

(Vm)(Vz)(f(x) € By, = (3n)(z € Bu A (Vy)(y € Bn = f(y) € By,)))

The definition of a continuous function between effective topologies is similar.

Definition 7.2 Let Z and ' be two topologies encoded by £ and %', respectively, with basis (B, )nen
and (B),)nen. A function f: By — B| is a homeomorphism if and only if f is a bijection and f~1 : B} — By
is continous. .7 and .7’ are said to be homeomorphic if there exists a homeomorphism between them.

Open Question 7.3 Given any topology 7 and a sequence of topological spaces (.7, )nen, is the statement:
(3X)(n € X < 7 homeomorphic to 7,)

equivalent to any well known subsystems of Z.
The conjecture is that it is equivalent to IT{-CAg, over RCAy.

8. Connectedness

Definition 8.1 Let  be a topology encoded by £ with basis (B, )nen-
S(EX)EY) (X e TANY e TAF2)(z€ X)AN(F2)(z€Y)

ANNV2)(zeXNzeY)ANN2)(z€ By (€ XVzeY))))

if and only if 7 is connected (or say By is connected).

Definition 8.2 Let .7 be a topology encoded by £ with basis (B, )nen. A sequence of subsets of By is
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a set .Z such that (vVn)(Z™ C By). Let F, := Z". Let (F,)nen denote the sequence of subsets of %
encoded by .Z.

Lemma 8.3 Let 7 be a topology encoded by % with basis (B, )nen. Let (F,)nen be a sequence of subsets
of By encoded by .#. Over RCAg,

(3X)(Vn)(n € X & T, “is connected”)

proves ACAy.

Proof : Let f: N — N be an injective function. Define a topology 7 by the following formula in free variable
T
(Fm <z)3n < z)((z = ((M,0),(n,0) + 1) Am < n)

V(z = ((m,1),(n,1) + 1) Am >n)V (n=0))

This formula is AJ. Thus let & be the set defined by this formula, which exists in RCAg. Thus informally,
By =N, B(n,0)+1 = {<ma O> im < TL}, and B(n,1)+1 = {<m7 ]-> sm o2 n}
Define a sequence of subset of N by the following formula in free variable x :

(Fm < 2)@n < z)((z = ((m,0),n) A (VE <m)(f(k) #n)) V (z = (m,1),n) A Bk <m)(f(k) = n)))

This formula is AJ, so let .Z be the set defined by this formula.

Let X be such that (Vn)(n € X < I, ‘is connected”). Now suppose (Jk)(f(k) = m). Since f is injec-
tive, there exists only one such witness k. Then F,, = {(:,0) : i < k+ 1} U{(i,1) : i« > k + 1}. However
Birt1,0041 = {(4,0) : i < k4 1} and Bgq1,1y41 = {(4,1) : ¢ > k + 1}. These two sets are nonempty and
disjoint. They are open in J . Thus F,, is not connected. m ¢ X. Suppose (VEk)(f(k) # m). Then
Fr = {(m,0) : m € N}. F,, is connected. To prove this, first note that B, 041 C Bn,0y+1 if and only
if m < n. Now suppose that F,, was not connected. Then there exist X and Y such that X € J5 and
Y € I, which are disjoint, nonempty, and union is F},,. Since they are disjoint and nonempty, there exists
z € X and y € Y. By definition of open in I, there exist B, and B, such that « € B,, and y € B,, and
B,,NF,, C X and B,NF,, CY. By definition of F,,, it can be proved that m = (m’,0)+1 and n = (n’,0)+1
for some m’ and n’. However, this implies that (B, 0y+1 C Bnr,0y+1) and ~(B, 0y+1 C B 0y+1). Con-
tradiction.

Thus N — X is the range of f. ACAy follows from Theorem 2.11. |

Lemma 8.4 For all topologies .7, encoded by % with basis (B, )nen and (F;,) a sequence of subsets of By
encoded by .#,
(3X)(VYn)(n € X & T, “is connected”)

is proved by IT-CA.

Proof : From Definition 8.1, “% is conected” is II}. The set X exists by IT1-CA. O

Open Question 8.5 Over RCAy, is
(3X)(¥Yn)(n € X & T, “is connected”)

for all topologies and sequences of subsets (Fy,)nen equivalent to any well-known subsystems of Z5?
The conjecture is that it is equivalent to IT}-CAg, over RCAy.
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Definition 8.6 Let .7 be a topology with basis (B, )nen. Let y € By. Consider the following formula in
free variable x :

VX VY)N((X e DAY eNN(zeX)NyeY)ANV2)(-(ze X)A(z€Y))))

= ((V2)(z € By 2€ X VzEY)))

The set defined by this formula, if it exists, is called the quasicomponent containing x.
Let the statement “Quasicomponents Exist” assert that for all topologies .7 with basis (B, )nen, and for
all x € By, the quasicomponent containing x exists.

Open Question 8.7 Over RCAy, is the existence of a quasicomponent of any point in any topology equiv-
alent to any well known subsystems of second order arithmetics?
Certainly IT1{-CAg can prove this. The conjecture is that it is equivalent to I1}-CAy.

Definition 8.8 Let 7 be a topology with basis (B, )nen. Let y € By. Consider the following formula in
free variable x :
(3X)(x € X ANy € X A X is connected )

Note this formula is ¥3. Let the statement “Connected Components Exist” assert that for all topology 7
with basis (By,)nen, and for all x € By, the component containing x exists.

Open Question 8.9 Can “Connected Components Exist” be proved in I13-CA? Over RCAy, is there any
known subsystem of Zs which is equivalent to this statement?

References
“The Reverse Mathematics of writing a set as a union?”, Math Overflow, last modified July 28, 2011.

F. G. Dorais, Reverse Mathematics of Compact Countable Second-countable Spaces, submitted as of July
4, 2011.

J.R. Munkres, Topology, Prentice Hall, Upper Saddle River, NJ, 2000.
S.G Simpson, Subsystems of Second Order Arithmetic, Cambridge University Press, New York, 2010.

R.I. Soare, Computability Theory and Applications, The Art of Classical Computability, Springer-Verlag,
Heidelberg, to appear.

22



