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Abstract. This paper is an introduction to probability from a measure-
theoretic standpoint. After covering probability spaces, it delves into the

familiar probabilistic topics of random variables, independence, and expec-

tations. The paper then considers martingales and, with the help of some
analysis, martingale convergence.

1. Introduction

While probability can be studied without using measure theory, utilizing a
measure-theoretic approach to probability allows us to study this branch of mathe-
matics with significantly more rigor. It also avoids the dichotomy between discrete
and continuous variables and aids in proving some familiar probabilistic concepts.
In section 2, we begin the paper by constructing general measure spaces, without
considering their uses in probability. In section 3, we extend the notion of mea-
sure spaces into probability through the formulation of the probability triple, which
serves as a backbone for the rest of the paper. Section 4 discusses random variables
and independence with reference to the probability triple, and section 5 does the
same except with the concepts of expectations and conditional expectations. Sec-
tion 6 then combines all of these topics together to formulate martingales, which
have many applications to seemingly unrelated areas of mathematics, such as the
convergence of sequences, which is generally thought of as a topic in analysis. The
paper ends with a potential application of martingale convergence with regards to
record-setting in a theoretical competition.

Note to reader: This expository piece closely follows David Williams’s Probability
with Martingales [1] in both style and content. Many proofs presented within this
paper are taken or derived from his book.

2. Measure Spaces

Definition 2.1. An algebra (of sets) is a collection Σ0 of subsets of a set S satisfying
the following three conditions:

(1) S ∈ Σ0,
(2) F ∈ Σ0 ⇒ F c ∈ Σ0,
(3) F,G ∈ Σ0 ⇒ F ∪G ∈ Σ0.

Note that the second condition guarantees that ∅ = Sc ∈ Σ0 and, by De Morgan’s
Law, F ∩G = (F c ∪ F c)c ∈ Σ0, so Σ0 is closed under finitely many set operations.
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Definition 2.2. A σ-algebra Σ is an algebra on a set S that is closed under
countable unions, that is

Fn ∈ Σ (∀n ∈ N)⇒
⋃
n

Fn ∈ Σ.

The pair (S,Σ) form a measurable space.

Again, by De Morgan’s Law, Σ is also closed under countable intersections.
Common σ-algebras encountered include the power set and the Borel σ-algebra.

Definition 2.3. The power set P (S) (alternatively denoted 2S) of a set S is the
set of all subsets of S.

Definition 2.4. The Borel σ-algebra B(S) of a topological space S is the smallest
σ-algebra containing all open subsets of S. B(R) is generally just denoted by B.

B(S) also contains all closed subsets of S, since they are the complements of
open sets, and subsets that are neither open or closed, through the various set
operations. While the manipulation of these operations force B(S) to contain most
subsets encountered on a day-to-day basis, by no means do they force B(S) to
contain all subsets of S (and thus be equivalent to P (S)).

Definition 2.5. A map µ : Σ→ [0,∞] is a measure on a measurable space (S,Σ)
if it is countably additive. That is, if

(1) µ(∅) = 0,
(2) For any sequence of disjoint subsets Fn ∈ Σ (n ∈ N),

µ

(⋃
n

Fn

)
=
∑
n

µ(Fn).

The triple (S,Σ, µ) form a measure space.

Note that in general, for Fn that are not necessarily disjoint, the = sign in the
second condition should be replaced by a ≤ sign. Common measures encountered
include cardinality and the Lebesgue measure, the latter of which is rigorously
defined in [1, Definition 1.8].

3. The Probability Triple

Measure spaces translate into probability through the probability triple gener-
ally denoted (Ω,F ,P). Of course, probability lends these symbols some additional
intuition and/or meaning that distinguish them from their more general cousins.

Definition 3.1. The set Ω is called the sample space and consists of elements ω
which are called sample points. Similarly, the σ-algebra F is called the family of
events, where an event F is an element of F , or, alternatively, an F-measurable
subset of Ω.

Intuitively, Ω can be thought of as the set of possible outcomes and F as the
total information we have to distinguish these possible outcomes from one another.
Thus, we cannot consider the probability of any event that is not in F , as we do
not have enough information about that event.
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Example 3.2. Consider picking a card at random from a shuffled deck. In this
case, our sample space Ω would consist of the 52 possible cards and F = P (Ω).
One could then consider the probability of drawing a face card of ♠, since the event
F = {J♠, Q♠,K♠} ∈ F . However, within this model, one could not consider the
probability of accidentally picking two cards because one card sticks to another,
because this is not an “event” in F .

Definition 3.3. A measure P is called a probability measure if P(Ω) = 1.

Definition 3.4. A statement S is true almost surely (a.s.) if

P(ω : S(ω) is true) = 1.

Example 3.5. Consider picking a number ω at random from the interval [0,1]:

(3.6) P(ω ∈ Q ∩ [0, 1]) = 0 and P(ω ∈ I ∩ [0, 1]) = 1. (I := irrationals)

Even though there are infinitely many rational numbers between 0 and 1, it just
so happens that there are many, many more irrational numbers within the same
interval, enough so that the chance of picking a rational number is almost incon-
ceivable. In this sense, the probability measure fails to distinguish between events
that are guaranteed to happen and events that are almost guaranteed to happen,
such as

(3.7) P(ω ∈ I ∩ [0, 1]) = 1 = P(ω ∈ [0, 1]).

A similar statement holds for events of probability measure 0.

Proof of (3.6) and (3.7). Use ([0, 1],B[0, 1], Leb) and let ε > 0.

∀ ω ∈ Q ∩ [0, 1], {ω} ⊆ (ω − ε, ω + ε) ∩ [0, 1].

Then, P({ω}) < 2ε. However, since ε can be made arbitrarily small and probability
can not be negative, P({ω}) = 0. Since there are countably many rationals which
are all disjoint from one another,

P(Q ∩ [0, 1]) =
∑
ω∈Q

P({ω}) = 0.

Additionally, since P(Q ∩ [0, 1]) and P(I ∩ [0, 1]) are disjoint,

P(I ∩ [0, 1]) = P([0, 1])− P(Q ∩ [0, 1]) = 1.

�

4. Random Variables and Independence

Definition 4.1. A random variable X is a function X : Ω → R that is F −
measurable. This means, ∀A ∈ B, X−1(A) ∈ F . The preimage of the function X
must be an event in F .

Intuitively, this definition of a random variable allows us to consider real number
properties of the possible outcomes that we have enough information to consider.
Important properties about measurable functions that transfer over to random vari-
ables include preservation under addition, multiplication, and appropriate compo-
sition.

Definition 4.2. Given a set Ω, a σ-algebra (denoted σ({Xn})) generated by a
collection of random variables {Xn} is defined to be the smallest σ-algebra on Ω
such that each random variable Xn is σ({Xn})-measurable.
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Example 4.3. Roll four fair dice. Let Ω = {1, 2, 3, 4, 5, 6}4, ω = (ω1, ω2, ω3, ω4),
where each ωn ∈ (1, 2, 3, 4, 5, 6), and F = P (Ω). Consider the random variables

Xn(ω) =

{
1 if ωn is prime,

0 if ωn is not prime.
.

Then,

N := X1 +X2 +X3 +X4 = number of primes rolled

S := ω1X1 + ω2X2 + ω3X3 + ω4X4 = sum of primes rolled

are both random variables as well, since F-measurability is preserved under sum-
mation and multiplication. Note that in this case ωn can be thought of as either
random variables themselves or simply real numbers, as both types of multiplica-
tion preserve measurability. This example uses an indicator function as the initial
random variable, which is used frequently throughout probability and thus will now
be defined explicitly.

Definition 4.4. Given an event F , an indicator function IF is a function on Ω
such that

IF (ω) =

{
1 if ω ∈ F,
0 if ω /∈ F.

.

Definition 4.5. Sub-σ-algebras F1,F2, . . . of F are independent if, for all events
Fik ∈ Fi (i, k ∈ N),

P(F1 ∩ F2 . . . ∩ Fn) =

n∏
i=1

P(Fi).

Independence should be thought of in terms of σ-algebras because, intuitively,
σ-algebras are really just stores of information. Independence for random variables
and events can also be described using this σ-algebra definition.

Definition 4.6. Random variables X1, X2, . . . are independent if their relevant
σ-algebras (σ(X1), σ(X2), . . .) are independent.

Definition 4.7. Events E1, E2, . . . are independent if the σ-algebras E1, E2, . . . they
generate are independent (Ei = {∅, Ei, E

c
i ,Ω}).

5. Expectations and Conditional Expectations

Definition 5.1. Given the probability triple (Ω,F ,P), the expectation E(X) of the
random variable X is given by the integral

E(X) :=

∫
Ω

XdP.

Since the expectation of X essentially weighs each potential value of X by its
relevant probability, taking the expectation of a random variable is like finding its
mean. Some properties of expectation are immediate from its integral formulation,
such as linearity.

Definition 5.2. The covariance Cov(X,Y ) of two random variables X and Y is
given by

Cov(X,Y ) := E[(X − µX)(Y − µY )]

where the constants µX and µY are defined by µX := E(X) and µY := E(Y ).
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In a similar way to how expectation measures the mean of a random variable,
covariance measures how much two random variables are related to one another. If
Cov(X,Y ) > 0, it suggests that these two random variables move in conjunction
with one another, and if Cov(X,Y ) < 0, the two random variables have an inverse
relationship. Independent random variables have no relationship with one another,
and thus have Cov(X,Y ) = 0. However, Cov(X,Y ) = 0 does not imply X and Y
are independent of one another.

Definition 5.3. The variance Var(X) of a random variable X is defined by

Var(X) := E[(X − µX)2] = Cov(X,X)

= E(X2)− 2µXE(X) + µ2
X = E(X2)− µ2

X .

Variance measures how far from the mean the potential values of a random
variable are. It is generally used in the context of probability distributions.

Definition 5.4. Let (Ω,F ,P) be a probability triple. The conditional expectation
of a random variable X given a sub-σ-algebra G is a random variable (denoted by
E(X|G)) that satisfies the following conditions:

(1) E(X|G) is G-measurable,
(2) for every event G in G,∫

G

E(X|G)dP =

∫
G

XdP.

This definition of conditional expectation allows for multiple versions that simul-
taneously satisfy these properties, but these versions should be the same up to some
set of probability 0. Conditional expectations should be thought of as similar to
regular expectations, but with probabilities adjusting for the information provided
by the relevant σ-algebras.

Proposition 5.5. Some important properties of conditional expectations that follow
from the definition are

(1) E(E(X|F)) = E(X).
(2) If X is G measurable, then E(X|G) = X a.s.
(3) Linearity.
(4) If H is a sub-σ-algebra of G, then E[E(X|G)|H] = E[X|H] a.s.
(5) If Z is G-measurable, then E[ZX|G] = ZE[X|G] a.s.
(6) If X is independent of G, E(X|G) = E(X) a.s.

A rigorous proof of the existence of conditional expectation and the above prop-
erties can be found in [1, Section 9.5] and [1, Section 9.8], respectively.

6. Martingales and Convergence

Definition 6.1. A filtered space (Ω,F , {Fn},P) is a probability triple with the
addition of a filtration, which is an increasing family of sub-σ-algebras of F :

F0 ⊆ F1 ⊆ . . . ⊆ F∞ ⊆ F .
Definition 6.2. A process X is adapted to the filtration {Fn} if ∀n, Xn is Fn-
measurable.

Again, a filtration should be thought of as a store of information that is gradually
built up for larger and larger n. For an adapted process, there is enough information
to fully determine Xn at time n.
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Definition 6.3. Given a filtered space (Ω,F , {Fn},P), a process X is called a
martingale if

(1) X is adapted,
(2) ∀n, E(|Xn|) <∞,
(3) E[Xn+1|Fn] = Xn a.s.

Related processes include supermartingales and submartingales, which are defined
similarly, except the final condition is replaced by E[Xn+1|Fn] ≤ Xn a.s. and
E[Xn+1|Fn] ≥ Xn a.s., respectively.

Example 6.4. One notable example of a martingale is the partial sums of inde-
pendent zero-mean random variables. Let {Xn} denote a sequence of independent
random variables with E(|Xk|) < ∞ and E(Xk) = 0 (∀k). Define the partial sum-
mation Mn := X1 + X2 + . . . + Xn and the filtration Fn := σ(X1, X2, . . . , Xn).
Naturally, M0 := 0 and F0 := {∅,Ω}. Since ∀n,

E(Mn+1|Fn) = E(Mn|Fn) + E(Xn+1|Fn)

= Mn + E(Xn+1) = Mn,

and the other two conditions are obviously fulfilled as well, M is a martingale.

Theorem 6.5 (Doob’s Forward Convergence Theorem). Let X be a supermartin-
gale bounded in L1 : supn E(|Xn|) < ∞. Then, almost surely, X∞ := limn→∞Xn

exists and is finite.

Sketch of proof. Since E(|Xn|) < ∞ ∀n, the expected number of “upcrossings”
(the times Xn crosses the given interval from bottom to top) of any non-trivial
interval [a, b] is finite. Then, the probability that the number of upcrossings of
[a, b] is infinite is 0, since otherwise expectations would be infinite as well. Since
this holds for all intervals where a, b ∈ Q, by countable additivity the probability
that the total number of non-trivial upcrossings is infinite is 0 as well. This means,
the probability that the lim inf Xn < lim supXn is 0, or limXn exists a.s. Since
E(| limXn|) ≤ supE(|Xn|) <∞, X∞ is finite a.s. �

[Note: A fully rigorous proof of this important theorem can be found in [1,
Theorem 11.5]. Such a proof is not provided in this paper due its heavy reliance
upon other martingale results and concerns about length]

One of the challenges with using Doob’s Forward Convergence Theorem is that
it requires L1 boundedness. This may be hard to check, and sometimes it is easier
to prove it through the stronger condition of L2 boundedness : supn E(X2

n) <∞.

Lemma 6.6. If X is a martingale bounded in L2, then it is also bounded in L1.

Proof. Since X is L2 bounded, there exists some c <∞ such that ∀n, E(X2
n) < c.

Suppose |Xn| ≥ 1. Then multiplying both sides by |Xn| gives X2
n ≥ |Xn|. Since

taking expectations preserves the inequality, E(|Xn|) ≤ E(X2
n) < c. On the other

hand, if |Xn| < 1, taking expectations result in E(|Xn|) < 1. �

L2 boundedness is often easier to check due to the lack of absolute value signs
and the following formula:

Lemma 6.7. Let M = (Mn : n ≥ 0) be a martingale. Then,

E(M2
n) = E(M2

0 ) +

n∑
k=1

E[(Mk −Mk−1)2].
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Proof. Let G be any Fk−1-measurable function. Then

E(G(Mk −Mk−1)) = E(E(G(Mk −Mk−1)|Fk−1))

= E(G(E(Mk −Mk−1|Fk−1)))

= E(G(Mk−1 −Mk−1)) = 0.

In particular, taking G = Ml −Ml−1 for l < k, we see that martingale increments
are orthogonal. Then, squaring the identity

Mn = M0 +

n∑
k=1

(Mk −Mk−1)

and taking expectations allows for the removal of all cross-terms (through the above
process) and yields the desired result. �

Theorem 6.8. Suppose that {Xk} is a sequence of independent random variables
such that, ∀k,E(Xk) = 0 and Var(Xk) <∞. Then,

∞∑
k=1

Var(Xk) <∞⇒
∞∑
k=1

Xk converges, a.s.

Proof. Define the partial summation Mn := X1 +X2 + · · ·+Xn (where M0 := 0).
From example 6.4, we know that M is a martingale. We can then apply Lemma
6.7, giving

E(M2
n) = 0 +

n∑
k=1

E[(Mk −Mk−1)2] =

n∑
k=1

(E(X2
k))

=

n∑
k=1

(E(X2
k)− 02) =

n∑
k=1

(Var(Xk)) <∞.

This establishes L2 boundedness, which by Lemma 6.6 implies L1 boundedness.
Since martingales are also supermartingales, Doob’s Forward Convergence Theorem
states that limMn exists a.s. and thus

∑
Xk converges, a.s. �

The following analysis-based lemmas can be used in conjunction with Theorem
6.8 to achieve more meaningful results, such as those in Section 7.

Lemma 6.9 (Cesàro’s Lemma). Suppose that {bn} is a sequence of positive real
numbers such that bn ↑ ∞, and that {vn} is a convergent sequence of real numbers
(vn → v∞ ∈ R). Then, as n→∞ (and b0 := 0),

1

bn

n∑
k=1

(bk − bk−1)vk → v∞.

Proof. Choose ε > 0. Since vn → v∞, ∃N such that ∀k > N, v∞−ε < vk < v∞+ε.
Then,

lim inf
n→∞

1

bn

n∑
k=1

(bk − bk−1)vk ≥ lim inf
n→∞

{
1

bn

N∑
k=1

(bk − bk−1)vk +
bn − bN
bn

(v∞ − ε)

}
.

Since the remaining summation term is a constant with regards to n, as n→∞

1

bn

N∑
k=1

(bk − bk−1)vk → 0
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and thus

lim inf
n→∞

1

bn

n∑
k=1

(bk − bk−1)vk ≥ v∞ − ε.

Similarly,

lim sup
n→∞

1

bn

n∑
k=1

(bk − bk−1)vk ≤ lim sup
n→∞

{
1

bn

N∑
k=1

(bk − bk−1)vk +
bn − bN
bn

(v∞ + ε)

}
≤ v∞ + ε.

Since ε can be made arbitrarily small in both equations, lim sup ≤ v∞ ≤ lim inf
and, as desired,

lim
n→∞

1

bn

n∑
k=1

(bk − bk−1)vk = v∞.

�

Lemma 6.10 (Kronecker’s Lemma). Suppose that {bn} is a sequence of positive
real numbers such that bn ↑ ∞, and that {xn} is a sequence of real numbers. Define
the partial summation sn := x1 + x2 + . . .+ xn. Then

∞∑
k=1

xk
bk

converges ⇒ sn
bn
→ 0.

Proof. Let un :=
∑n

k=1 xk/bk and define u∞ := limun, which exists since the sum
converges. Notice that un − un−1 = xn/bn. Then

sn =

n∑
k=1

bk(uk − uk−1) = bnun −
n∑

k=1

(bk − bk−1)uk−1.

Dividing both sides by bn and taking the limit as n→∞ allows us to apply Cesàro’s
Lemma (note that since uk is convergent sequence of real numbers, uk−1 is as well),
which results in

sn/bn → u∞ − u∞ = 0.

�

7. Application

One application of probability, especially with regards to martingales and con-
vergence, is to theoretically determine the frequency that a record would be set in
some competition over some very long period of time. Of course, there would have
to be a few assumptions made first, namely that each competition outcome would
arise independently from all others and from the same continuous distribution (no
evolution of strategy, changing of rules, or other (dis)advantages as time passed).
[Note: In real life, there are few competitions which satisfy these conditions and do
not lend some advantage to later competitors, leading to higher frequency record-
setting.]

Notation 7.1. Let X1, X2, . . . be independent random variables with the same
continuous distribution function, representing the competition outcomes. Let E1 :=
Ω, and, ∀n ≥ 2, let

En := {Xn > Xm : ∀m < n} = {a new record is set at time n}.
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Let

Nn := IE1 + IE2 + · · ·+ IEn = {# of records by time n}.

Observation 7.2. The events E1, E2, . . . are independent, since En only concerns
itself with the relative position of Xn to the other Xi (i < n). The nature of the
relationships between these other Xi has no effect on it whatsoever.

Proposition 7.3. P(En) = 1/n (∀n).

Proof. Since the X1, X2, . . . come from a continuous distribution, the possibility
that any two of these random variables will be equal can be ignored. Since only the
relative positions of the {Xn} are relevant, they can be treated as permutations,
with each permutation being equally likely. Given n of these random variables,
there are exactly n! total permutations. Of these permutations exactly (n− 1)! of
them will have Xn in the first position. Thus, P(En) = (n− 1)!/n! = 1/n. �

Proposition 7.4.
∑∞

k=2(IEk
− 1

k )/ ln k converges a.s.

Proof. This result would immediately follow from Theorem 6.8 with (IEk
− 1

k )/ ln k
replacing Xk if we can establish that the three required conditions are met. First,

E
[

1

ln k

(
IEk
− 1

k

)]
=

1

ln k

(
E(IEk

)− 1

k

)
=

1

ln k

(
P(Ek)− 1

k

)
= 0.

Also,

Var

(
1

ln k

(
IEk
− 1

k

))
= E

[(
1

ln k

(
IEk
− 1

k

))2
]
− 02

=
1

(ln k)2

(
E[(IEk

)2]− 2

k
E(IEk

) +
1

k2

)
=

1

(ln k)2

(
E(IEk

)− 2

k
E(IEk

) +
1

k2

)
=

1

(ln k)2

(
1

k
− 2

k2
+

1

k2

)
=

1

k(ln k)2

(
1− 1

k

)
≤ 1

k(ln k)2
<∞.

Lastly,
∞∑
k=2

Var

(
1

ln k

(
IEk
− 1

k

))
<

∞∑
k=2

1

k(ln k)2
,

which converges by integral test, since∫ ∞
2

1

k(ln k)2
= −(ln k)−1

∣∣∞
2

=
1

ln 2
<∞.

�

Proposition 7.5. The number of records by time n will asymptotically converge to
lnn a.s. Or, more mathematically,

Nn

lnn
→ 1 a.s.
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Proof. Since {lnn} (n ≥ 2) is a sequence of strictly positive real numbers that
monotonically increase to ∞, one can apply Kronecker’s Lemma to Proposition
7.4, resulting in ∑n

k=1(IEk
− 1

k )

lnn
→ 0.

Then,

(7.6)
Nn

lnn
−
∑n

k=1 1/k

lnn
→ 0.

However, since
n∑

k=1

1

k + 1
≤
∫ n

1

1

x
dx ≤

n∑
k=1

1

k
,

taking the limit as n → ∞ gives
∑n

k=1 1/k → lnn. Thus, the limit of the second
term in (7.6) is 1 and moving terms yields the desired result. �
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