BEZOUT’S THEOREM FOR CURVES

DILEEP MENON

ABSTRACT. The goal of this paper is to prove Bézout’s Theorem for algebraic
curves. Along the way, we introduce some basic notions in algebraic geometry
such as affine and projective varieties and intersection numbers of algebraic
curves. After proving Bézout’s Theorem, we investigate Max Noether’s Fun-
damental Theorem and construct the group law on a plane cubic which is the
first step in studying the arithmetic of elliptic curves.
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INTRODUCTION

In this paper we introduce some basic concepts in algebraic geometry and prove
Bézout’s Theorem for projective plane curves. Bézout’s Theorem describes the
number of times two algebraic curves intersect in projective space, up to multi-
plicity. We assume the reader is familiar with topics in algebra such as basic ring
theory, exact sequences, and group theory. We begin by defining algebraic sets and
later algebraic varieties, which are the main objects of interest in classical algebraic
geometry. Then, we investigate the local properties of algebraic varieties such as
the local ring of a variety at a point and the intersection number of two plane
curves. Subsequently, we abandon affine space and begin to study curves in projec-
tive space, which in our case is the “correct” way to look at algebraic curves and
their intersections. Equipped with these tools, we finally prove Bézout’s Theorem.
We discuss another important result, Max Noether’s Fundamental Theorem, which
tells us when one projective curve can be written in terms of two other projective
curves. We conclude the paper by defining a group structure on a plane cubic,
which is an important tool used in studying the arithmetic of elliptic curves.

Date: August 26, 2011.
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1. AFFINE ALGEBRAIC SETS

We begin by introducing the zero set of some collection of polynomials in affine
n-space, also known as an affine algebraic set. In some sense this is the primitive
object of study in algebraic geometry.

Definition 1.1. If S is any set of polynomials in k[X7, ..., X, ], we define an affine
algebraic set to be a subset V(S) C A™ such that

V(S)={P € A" | F(P)=0 for all F € S}.

If F € k[X1,...,X,] is a non-constant polynomial, then the set of zeros of F' is
called the hypersurface defined by F, and is denoted by V(F'). We list a few basic
properties of algebraic sets without proof:

(1) If I is the ideal in k[X7, ..., X,,] generated by S, then V(S) = V(I); hence
every algebraic set can be written as V(I) for some ideal I.

(2) If {I,} is any collection of ideals, then V({J, 1) =), V(1a); an
arbitrary intersection of algebraic sets is again an algebraic set.

(3) If I C J, then V(I) D V(J).

(4) V(HuV(J)=V{FG|FelI,GeJ}) for any ideals I and J in
k[X1,...,Xp], hence any finite union of algebraic sets is again an
algebraic set.

(5) V(0) =A"(k); V(1) =0; V(X1 —a1,...,Xn —an) = {(a1,...,a,)} for
a; € k. So any finite subset of A™(k) is an algebraic set.

Example 1.2. Conic sections are familiar algebraic sets in the Euclidean plane
R?: V(Y — X?) is the parabola Y = X?; V(XY — 1) is the hyperbola Y = 1/X;
and V(X2 +Y?2 — 1) is the unit circle.

Now, given any subset of affine n-space, we can find the set of polynomials that
vanishes on every point in that subset.

Definition 1.3. For any subset X of A™(k) we define the ideal of X, written I(X),
to be the ideal in k[X7, ..., X,,] consisting of all the F' € k[X},..., X, that vanish
for all points a € X.

Ideals of algebraic sets also follow the inclusion reversing principle, i.e. if X C Y,
then I(X) D I(Y). Furthermore, ideals of algebraic sets have the following basic
properties:

(1) 1(0) = k[ X4,..., X,]
(2) I(A™(k)) = (0) if k is an infinite field
(3) I{(a1,...,an)}) = (X1 —a1,...,Xp —ay) fora; € k

Now we list some properties showing the relationship between ideals and alge-

braic sets:

(1) I(V(S)) D S for any set S of polynomials and V(I(X)) D X for any set X
of points.

(2) V(I(V(S))) = V(S) for any set S of polynomials, and I(V(I(X))) = I(X)
for any set X of points in A"”. Therefore, we can conclude that if W is an
algebraic set, then W = V(I(W)) and if J is the ideal of an algebraic set,
then J = I(V(J)).

Some algebraic sets may be written as the union of two or more smaller algebraic
sets. We say that an algebraic set V' C A™ is reducible if V = V3 U Va, where V1, V5
are algebraic sets in A", and V; # V', i = 1,2. Otherwise we say that V is irreducible.
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The following proposition gives a necessary and sufficient condition for when an
algebraic set is irreducible; a simple proof can be found in Fulton [2| p.7].

Proposition 1.4. An algebraic set V is irreducible if and only if I(V') is a prime
ideal.

Every algebraic set can be constructed uniquely from irreducible algebraic sets,
allowing us to restrict our focus to these irreducible sets.

Proposition 1.5. Let V be an algebraic set in A™(k). Then there are unique
irreducible algebraic sets Vi, ..., Vi, such that V =V, U---UV,, and V; Q Vi for

alli #j.

Proof. Let S be the set of all algebraic sets V' C A™(k) such that V' is not the
union of a finite number of irreducible algebraic sets. We want to show that S is
empty. Suppose not. Let V' be a minimal member of S. To see that such a minimal
member exists, let S = {V, }. Then the corresponding collection of ideals {I(Vy)}
is a nonempty collection of ideals in the Noetherian ring k[X, ..., X,], hence has
a maximal element, I(V,,). Clearly, Vg, is the minimal element of the collection
S.

Since V' is an element of S, V' is not irreducible, so we can write V = V3 UV,
such that V; # V. Then, V; ¢ S since V' was the minimal member so

Vi=Va U UVim,

where each V;; is irreducible. But then we can write V = Uij Vij, which is a
contradiction. So any algebraic set V' may be written as

V=Vu---uV,

with each V; irreducible. To show that V; € V; for all i # j, simply throw away
any V; such that V; C Vj for i # j.

To show that this decomposition is unique, let V = W U --- U W,, be another
such decomposition. Then

v = Jw; nvp).
J

Since the intersection of two algebraic sets is again an algebraic set and V; is irre-
ducible, V; is contained in one of the W;, say Wj(;y. Similarly W,y C V; for some
[, but V; C V implies i = [, so V; = Wj;. Likewise, each W is equal to some
ViGy)- O

2. AFFINE VARIETIES

From now on k will be a fixed algebraically closed field. An irreducible affine
algebraic set is called an affine variety. If V- C A™ is a variety, then a subvariety
of V is a variety W C A™ that is contained in V. First we develop some algebraic
tools that will help us better understand the properties of affine varieties. Then we
introduce some geometric concepts such as multiple points and tangent lines that
unveil local properties of affine varieties.

Definition 2.1. Let V C A™ be a nonempty variety. The coordinate ring of V is
the domain I'(V) = k[X1,...,X,]/I(V). The quotient field of the coordinate ring
of V is the field of rational functions on V| denoted by k(V').



4 DILEEP MENON

Note that if V' is a variety, then I(V) is a prime ideal. So we know that I'(V) is
an integral domain, and hence it has no zero divisors.

Let V' be a nonempty variety in A™. If f is a rational function on V', and P is a
point in V, we say that f is defined at P if for some polynomials p and ¢ in T'(V),
f =p/q and q(P) # 0. Tt is important to note that there may be many different
ways to write f as a ratio of polynomial functions, so f is defined if it is possible
to find a ”"denominator” for f that does not vanish at P. For example, this may
happen if T'(V) is not a UFD.

Example 2.2. Consider the variety V = V(XZ — YW) in A*. Then ['(V) =
k[X,Y,Z,W]/(XZ — YW). Consider the element f = X/Y in k(V) (where the
bar denotes the image in T'(V)). Since X Z =Y W in I'(V), the element f can be
written f = W /Z. We see that f is defined at all points of V where Y # 0 and
similarly f is defined at all points of V' where Z # 0. One can check that these
are all the points of V' where f is defined. Moreover, there is no single expression
f=p/q for f with p, ¢ € T(V), such that ¢(P) # 0 for every P € V.

Definition 2.3. Let P be a point in V. The local ring of V at P is the set of
rational functions on V that are defined at P, denoted by Op(V).

Remark 2.4. The local ring of V' at P forms a subring of k(V') containing I'(V):
ECcD(V)cC Op(V) Ck(V).

Definition 2.5. The mazimal ideal of V at P is the ideal mp(V) C Op(V)
consisting of the rational functions that vanish at P.

Let evp : Op(V) — k be the evaluation homomorphism at P sending f to f(P).
The map is clearly surjective and the kernel is the maximal ideal of V" at P. Hence,
Op(V)/mp(V) is isomorphic to the field k. So, mp(V) is in fact a maximal ideal
of the local ring of V at P.

Furthermore, an element f of Op(V) is a unit if and only if f(P) # 0, ie. f
does not lie in the maximal ideal of V" at P. So, mp(V) is the set of non-units in
Op(V).

The following proposition will be used to relate local questions, in terms of local
rings, to global questions, in terms of coordinate rings. We omit the proof, but it
can be found in Fulton [2] p. 27]:

Proposition 2.6. Let I be an ideal in k[X1,...,X,]|, and suppose that V(I) =
{Py,..., Py} is finite. Let O; = Op,(A™), and IO; be the ideal of O; generated by
elements of I. Then there is a natural isomorphism:

kX, Xa)/ T =[] 0i/10:.
i=1

Now we investigate some local properties of affine varieties, specifically affine
plane curves: A hypersurface in A2(k) is called an affine plane curve. We can define
an equivalence relation in the following way: two polynomials F'; G € k[X,Y] are
equivalent if ' = AG for some nonzero A € k. Then we can define an affine plane
curve to be an equivalence class of non-constant polynomials under this equivalence
relation.

The degree of a curve is the degree of the defining polynomial for the curve. Let
F =[] F{", where the F; are the irreducible factors of the plane curve F. We say
that the F; are the components of F' and e; is the multiplicity of the component F;.
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Definition 2.7. Let F be a plane curve and let P = (a,b) € F. The point P is a
simple point of F if either partial derivative Fx (P) # 0 or Fy (P) # 0.

If P is a simple point of F', the line
Fx(P)(X —a)+ Fy(P)(Y —b) =0,

is called the tangent line to F at P. If a point P is not simple, then it is called
multiple. A curve with only simple points is called a nonsingular curve.

Example 2.8. Let A = Y2 — X3 — X? define an affine plane curve and let P =
(0,0), see Figure [I| below. We can see by calculating derivatives that P is the only
multiple point on A. The lowest order homogeneous polynomial within A, namely
Y2 - X2 = (Y — X)(Y + X) show which lines that can best be called tangent to A
at P; in Figure [1] the line Y — X is shown to be tangent to A at (0,0).

/

/
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FiGure 1. Y2 — X3 — X2

Let F be a plane curve and P = (0,0). Write F' = F,,, + Fy,41 + - - - + F,,, where
each F; is a homogeneous polynomial in k[X, Y] of degree i and F),, # 0. We define
m to be the multiplicity of F at P, denoted by mp(F). Note that P € F if and
only if mp(F) > 0. Furthermore, P is a simple point on F if and only if mp(F) =1
and F} is exactly the tangent line to F' at P.

Since F;, is a homogeneous polynomial in two variables, we can write

Fn, =[5

where the L; are distinct lines. The L; are called the tangent lines to F at P = (0, 0)
and r; is the multiplicity of the tangent. We say that the line L; is a simple tangent
if r; = 1. If F has m distinct simple tangents at P, we say that P is an ordinary
multiple point of F. In Example 2.8 the curve A has an ordinary double point at
(0,0) since it has two distinct tangents at P, namely Y — X and Y + X.

To extend these definitions to a point P = (a,b) # (0,0), we need to define an
affine change of coordinates.

Definition 2.9. An affine change of coordinates on A™ is a polynomial map
T=(Ty,...,Tp): A" — A"

such that each T; is a polynomial of degree 1 and T is a bijection.
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Now let T be a translation that takes (0,0) to P = (a,b), T(x,y) = (xr+a,y+0b).
Then
(FoT)=F(X +a,Y +0),
and we can define mp(F') to be mg0)(F oT).

3. INTERSECTION NUMBERS

Let F and G be plane curves and P € A%2. We want to define the intersection
number of F' and G at P, denoted by I(P, F N G). The intersection number gen-
eralizes the intuitive notion of counting the number of times two algebraic curves
intersect at a point in higher dimensional situations.

The definition of the intersection number provides little intuition, so we begin by
listing some properties which we want the intersection number to have. Afterwards,
we will prove that there is only one definition which satisfies these properties. First
we state two simple definitions:

Definition 3.1. Two curves F' and G are said to intersect properly at P if F' and G
have no common component that passes through P. F and G are said to intersect
transversally at P if P is a simple point on both F' and G, and if the tangent line
to F' at P is different from the tangent line to G at P.

Here are seven properties that we want the intersection number to have:
(1) I(P, F N G) is a nonnegative integer for any F', G, and P such that F' and
G intersect properly at P. I(P,FNG) = oo if F and G do not intersect
properly at P.
(2) I(P,FNG)=0if and only if P ¢ FNG. I(P, FNG) depends only on the
components of F' and G that pass through P. And I(P,FNG)=0if F or
G is a nonzero constant.
(3) If T is an affine change of coordinates on A2, and T(Q) = P, then
I(PLFNG)=1(Q,(FoT)N(GoT)).
(4) I(P,FNG)=1(P,GNF)
(5) I(P,FNG) > my(F)my(G), with equality occurring if and only if F' and
G have no tangent lines in common at P.
(6) The intersection numbers should add when we take unions of curves: If
F=1I]F", and G = HG‘;", then I(P, F'NG) =3, . ris; (P, F; N Gy).
(7) If F is irreducible, I(P, F N G) should depend only on the image of G in
I'(F). For arbitrary F, I(P,FNG)=I1(P,FN(G+ HF)) for any
H e k[X,Y].
Now we give a constructive procedure for calculating the intersection number us-
ing only the above seven properties. We omit the existence proof of the intersection
number, however it can be found in Fulton |2 p.37].

Theorem 3.2. There is a unique intersection number I(P, F N G) defined for all
plane curves F, G, and all points P € A2, satisfying properties (1)-(7). It is given
by the formula

I(P,F NG) = dimy, (0,(A%)/(F,Q)).

Proof. Assume that we have a number I(P, F N G) defined for all F, G, and P,
satisfying the properties (1)-(7) above. We may assume that P = (0, 0) by property
(3) and that I(P, F N G) is finite by property (1), so F' and G intersect properly at
P. We proceed by induction on I(P, F N G). The case I(P,FFNG) =0 is given by
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property (2), so assume I(P,FNG) =n >0, and I(P,F' N G’) can be calculated
whenever I(P,F'NG’) < n.

Let F(X,0), G(X,0) € k[X] be polynomials of degree s and t respectively, where
the degree is taken to be zero if the polynomial vanishes at P. Since I(P, FNG) =
I(P,GNF), we can assume that s < .

Case 1: s = 0. F vanishes at P, so the variable Y divides F'. Then we can write
F =YH for some H € k[X,Y], and

I(P,FNG)=I(P,YNG)+I(P,HNG)
by property (6). Let G(X,0) = X™(ag + a1 X +--), with ag # 0.
Then,
G=G(X,00+> ai X'V
1,J
=G(X,00+Y ) a; X'y
.
with j > 1. Then by property (7) we can write
I(P,FNG)=I(P,FN(G(X,00+YA)) =I1I(P,FNG(X,0))
for some A € k[X,Y]. By property (6),(5) and (2) we get
I(P,FNG(X,0)=1(P,FNX™)+I(P,FN(ap+aX+--))

= I(P,FNX™) =m.
Since P € G by assumption, m > 0, so this implies that I(P, H N G) < n and the
proof is complete by induction.

Case 2: s > 0. Without loss of generality, we can assume that F(X,0) and
G(X,0) are monic polynomials. Let H = G — X'~*F. Then by property (7)

I(P,FNG)=I(P,FnH),
and deg(H(X,0)) = r < t. Repeating this process (and interchanging the order of
F and H if t < s) a finite number of times we eventually reach a pair of curves A,

B such that A or B vanishes at P. Then we calculate the intersection number by
the procedure described in Case 1 and I(P,FNG) = I(P,AN B). O

One thing can be noticed about the above uniqueness proof: by using properties
(5) and (7), we can calculate intersection numbers simply doing some arithmetic
with polynomials. Below we calculate the intersection number of two plane curves
at a point P using the technique outlined in the proof above.

Example 3.3. Let us calculate I(P, FNG), where F = (X2 +Y?)2 +3X%Y - Y3,
G=(X2+Y?)3-4X?Y2 and P = (0,0). Using property (7) we can rewrite G as

G- (X*+YHF =Y [(X2+Y?)(Y? - 3X?) - 4X*Y]| =Y A.

So by property (6) we have I(P, FNG) =1(P,FNY)+I(P,FNA). First we shall
calculate I(P, F'N A). Using the procedure described in the uniqueness proof once
again, we rewrite A as

A+3F =Y (5X? - 3Y? +4Y? +4X°Y) =YH.
Now we are left to compute

(3.4) I(P,FNG)=2I(P,FNY)+I(P,FnH)
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by property (6) again. By properties (6) and (7), we know that
(3.5) I(PFNY)=1(P,X*'NY) =4,

and since F' and H have no common tangent lines at P, (P, FNH) = mp(F)mp(H) =
6 by property (5). Therefore, I(P,F N G) = 14.

Now we state two more properties of intersection numbers that will be of use
later when we prove Bézout’s Theorem and Max Noether’s Fundamental Theorem:
(8) If F and G have no common components, then

> I(P,FNG) = dimy, (k[X,Y]/(F,G)).

(9) If P is a simple point on F, then I(P, F N G) = ord5(G).

4. PROJECTIVE VARIETIES

Suppose we are interested in studying the points of intersection of two curves.
We may ask the question, do any two curves always intersect in at least one point
in affine space? We find that the answer is no: Consider the curve Y2 = X2 +1
and the line Y = ¢X, ¢ € k in A%(k). If ¢ # +£1, they intersect in two points,
however if ¢ = +1, they do not intersect. We wish to expand the affine plane in
such a way so that these two curves will intersect “at infinity”. This new space is
called projective space.

Definition 4.1. Let k be any field. Projective n-space over k, denoted by P (k)
or P, is defined to be the set of all lines through (0, ...,0) in A"T1(k).

Any point () = (z1,...,Zn+1) # (0,...,0) determines a unique such line, specif-
ically {(Ax1,...,AZn41) | A € k}. Therefore, it seems natural to define an equiva-
lence relation on such points defined by (x) ~ (y) if there is a nonzero A in k such
that y; = Ax; fort =1,...,n+ 1. Hence, we can define P as the set of equivalence

classes of points in A"*1\ {0,...,0}.

If P € P is determined by some (z1,...,Z,11) € A"\ {0,...,0}, we say that
(z1,...,Tnt1) are homogeneous coordinates for P, and in order to indicate this we
often write P = [x1 : ... : Zpy1].

The notion of projective space will be very important in the following section
when we study the points of intersection of two plane curves. However, before we
can delve into a discussion about how plane curves intersect in projective space we
must first develop a few more important notions about polynomials and projective
varieties:

A point P € P" is said to be a zero of a polynomial F € k[Xq,..., Xp41] if
F(x1,...,241) = 0 for every choice of homogeneous coordinates (z1,...,Znt1)
for P, and we write F'(P) = 0. Note that if F' is a homogeneous polynomial and F’
vanishes at one representative of P, then it vanishes at every representative.

For any set S of polynomials in k[X1,..., X,,11], we define

V(S) ={P € P" | P is a zero of each F' € S}.

Similar to the affine case, if T is the ideal generated by S, V(I) = V(S). If
I=(FD, . .., F"), where F) = ZFJ@ and the Fj(i) are homogeneous polyno-
mials of degree j, then we define a projective algebraic set to be the set of zeros of
a finite number of homogeneous polynomials, V(I) = V(S) = V({Fj(i)}).
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For any set X C P™, we let
I(X)={F € k[X1,...,Xn41] | every P € X is a zero of F},
be the ideal of X.

Definition 4.2. An ideal I C k[Xy,..., X, 1] is homogeneous if for every F =
Yot Fi € I, where each F; is a homogeneous polynomial of degree i, we also have
F; € I. Note that for any set X C P*, I(X) is a homogeneous ideal.

Similar to the affine case, a projective algebraic set is irreducible if it is not the
union of two strictly smaller algebraic sets. Irreducible algebraic sets in P™ are
called projective varieties.

Now we introduce the processes of “dehomogenizing” and “homogenizing” poly-
nomials:

Let R be a domain and let F' € R[zy, ..., X,,+1] be a homogeneous polynomial,
then we define F, € R[X;,...,X,] by setting F, = F(X1,...,X,,1). This pro-
cessed is called “dehomogenizing” polynomials in R[zq,...,X,+1] with respect to
Xna1-

Conversely, for any polynomial f € R[Xq,...,X,] of degree d, first write

f=f+fi+-+ fa

where each f; is a homogeneous polynomial of degree i. We define f* € R[X;, ..., X, 41]
by setting
f* = X7dz+1f0 + Xg;ifl +---+ fd = X7(f+1f(X1/X7L+1a cee 7Xn/Xn+1)a
and f* is a homogeneous polynomial of degree d. This processes is called “homog-
enizing” polynomials in R[z1,...,X,] with respect to X, 1;.
We now state a proposition without proof that we will make use of in the proof

of Bézout’s Theorem and Max Noether’s Fundamental Theorem. It shows how we
can manipulate the polynomials f* and F, that we have constructed above.

Proposition 4.3.

(1) (FG). = F.G.; (f9)" = 9"
(2) If F #0 and r is the highest power of X,,+1 that divides F', then

X77;+1(F*)* = F; (f)e=f.
(3) (F+G). =F, +G,.

(4) thz-i-l(f +9)" = Xp 1 f* + X519, where v = deg(g), s = deg(f), and
t=r+s—deg(f+g).

These processes of homogenizing and dehomogenizing will allow us to study the
relations between the algebraic sets in A™ and those in P”. Let V be an algebraic
set in A", and let I = I(V) C k[X1,...,X,]. Let I* be the ideal in k[X1, ..., X, 41]
generated by {F* | F € I}. Then I* is a homogeneous ideal and we define V* to
be V(I*) C P™. If V is an algebraic set in A", then V* C P" is called the projective
closure of V.

Conversely, let V' be an algebraic set in P, and let I = I(V) C k[X1,..., X,].
Let I, be the ideal in k[X7, ..., X,] generated by {F, | F' € I'}. Then we define V,
to be V(I,) C A™.

It will be important to develop the proper language in which to relate affine
varieties with projective varieties. But first we need to introduce the notions of the
coordinate ring and local ring of a projective variety.
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If V is a projective variety we define the homogeneous coordinate ring of V be
to
Ln(V) = k[Xq, ..o, Xopal/I(V).
Let k, (V) be the field of fractions of I', (V) called the homogeneous function field
of V. We define the function field of V to be

E(V)={z€kp(V) | z= f/g for some f,g € Tp(V)},

and where f, g are homogeneous polynomials of the same degree.

The set of elements of k(1) that are defined at a point P € V' form a subring of
kE(V), denoted by Op(V), called the local ring of V at P.

Define the map ¢p41 : A™ = Upy1 CP™, by (a1,...,a,) — [a1 ¢ ...t ay 2 1],
where we define

Ui={[z1:...: xpt1] €P" | x; # 0}

Let V' be an affine variety and let V* C P™ be its projective closure. We define

a natural isomorphism « : k(V*) — k(V) by

(4.4) a(f/g) = f+/g+

where f, g are homogeneous polynomials of the same degree on V*. If P € V', we
may consider P’ € V* such that ¢, +1(P) = P’. Then « induces an isomorphism
of OPI(V*) with OP(V)

Modifying the approach in the affine case, we can define a projective change of
coordinates. If T : A"+! — A™*! is an affine change of coordinates, then it is easy to
check that T takes lines through the origin into lines through the origin. Therefore,
T determines a map from from P" to itself, called a projective change of coordinates.
If V is an algebraic set in P*, V = V([Fy,...,Fs), and T = (T1,...,Thy1) is a
polynomial map, where each T; is a homogeneous polynomial of degree 1, then

T'(V)=V(F,oT,...,FyoT).
5. BEzouT’s THEOREM

In this section we prove Bézout’s Theorem (Theorem for projective plane
curves. It claims that the number of common points (counting multiplicities) be-
tween two projective plane curves without common components is equal to the
product of their degrees. To develop some intuition about what this theorem is
saying and to understand each of the assumptions in the statement of the theorem,
consider the following examples:

Examples 5.1.

(1) This is a generic example where nothing seems to go wrong. We have a
circle (curve of degree 2) and a line (curve of degree 1), see Figure [2| below.
They intersect at two distinct points which is clearly the product of their
degrees.

FIGURE 2. X2+Y?2—-1land X -Y
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(2) Here we also have a line and a circle, however they intersect only in one
point, see Figure [3| below. This does not disprove Bézout’s Theorem, since
it counts common points up to multiplicity: the line and the circle intersect
in the point P = (0,1) with multiplicity two.

FIGURE 3. X?2+Y2—1land X +1

(3) Consider the curves F = (X +1)(X?2+Y?—1) and G = X + 1. By Figure
above we can see that F' and G intersect in an infinite number of points.
However they have a common component, namely (X + 1), so Bézout’s
Theorem does not apply.

(4) A classic example: Consider the lines in Figure 4| below. By Bézout, these
two lines should have one common point. But how can two parallel lines
intersect? This is quickly resolved by considering these curves in projective
space where they intersect “at infinity.”

FIGURE 4. Parallel lines in affine space

Throughout the proof of the theorem we will make extensive use of the processes
of “dehomogenizing” and “homogenizing” polynomials, and in particular how these
processes help us study the relations between affine and projective varieties.

In the proof of the following theorem at times we will wish to study all homo-
geneous polynomials of a given degree d > 1 and the vector spaces they form over
the base field k. Let My, ..., My be a fixed ordering of the set of monomials in X,
Y, Z of degree d. Then it is easy to check that

C(d+1)(d+2)
(5.2) N =l

Let F, G be projective plane curves, and let P € P2. We define the intersection
number (P, FNG) to be dimy(Op(P?)/(F., G.)). This satisfies properties (1)-(7)
and property (9) of section 3. However in property (3), T should be a projective
change of coordinates and H should be a homogeneous polynomial with deg(H) =
deg(G)— deg(F).

Now we are finally ready to tackle the famous theorem of Bézout. Note that F’
and G are projective curves over k, where k is algebraically closed.
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Theorem 5.3 (Bézout’s Theorem). Let F' and G be projective plane curves of
degree m and n respectively. Assume F and G have no common component. Then

> I(P,FNG)=mn.
P

Remark 5.4. Two plane curves with no common components intersect in a finite
number of points. Since F' and G have no common components, F' N G is finite,
and the quantity >, I(P,F N G) is well defined. Therefore if it is necessary, we
may assume by a projective change of coordinates that none of the points in FNG
lies on the line at infinity {{X : Y : 0] € P?}.

Proof. As noted above, the intersection number of F' and G at P is defined by
I(P,FNG) = dim (Op(P?)/(F.,G.)).

Since P? is the projective closure of A2, the map «a : k(V*) — k(V), as defined by
equation induces an isomorphism between Op(P?) and Op(A?) for P € FNG.
Note that a(F) = F, and a(G) = G,. Hence,

I(P,FNG) = dimy, (Op(A?)/(F.,G.)) = I(P,F. N G.).
And by property (8) of intersection numbers we have
I(P, F,NG,) =dimg (k[ X,Y]/(Fy, Gs)).
Now we fix some notation that we will use throughout the rest of the proof:
L. =k[X,Y]/(F\, G,), I =k[X,Y, Z]/(F,G), R=k[X,Y, Z],

and let I'y and Ry be the vector spaces of homogeneous polynomials of degree d in
I" and R respectively. It is enough to show that for d sufficiently large, dim; I'y, =
dimk Fd and diIn]€ Fd =mn.

We proceed in steps. First we shall show that dimg I'y = mn for all d > m + n.
Next we will show that the map 3 : ' — I' defined by 3(H) = ZH (where the bar
denotes the image under the natural projection 7 : R — I') is injective. In the final
step, we show that dimy I', = dimy 'y for all d > m + n.

Step 1: Let m: R — T be the natural projection homomorphism, let ¢ : Rx R —
R be defined by

»(A, B) = AF + BG.
and let ¥ : R — R X R be defined by
Y(C) = (GC,—FC).

We claim that the following sequence is exact:

¥ ™

0—=R—~RxR R r 0

The map 1 is clearly injective. Since F' and G have no common components it is
clear that the kernel of ¢ is the set

{(GC,—FC) e Rx R| C € R},

which is precisely the image of . Similarly, the kernel of 7 is the set of all finite
linear combinations of F' and G with coefficients in R, which is precisely the image
of ¢. And finally, the natural projection 7 is surjective.
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If we restrict these maps to the homogeneous polynomials of various degrees, we
get the following exact sequences:

¥ ™

0—— Ri—m—-n L) Rig—m X Rg_n, Ry Tyq 0

Since, the set of all monomials of degree d in X, Y, and Z forms a basis for the
vector space Ry, we know by equation [5.2] that

s = D)

Since the above sequence is exact we know that
dim (Fd) = dim (Rd) — dim (Rd—m X Rd—n) + dim (Rd—m—n)-

Therefore, we can conclude that dimy 'y = mn if d > m + n.
Step 2: We show that the map 3 : I' — I' defined by B(H) = ZH is injective.
It is enough to show that if ZH = AF + BG, then H = A'F + B'G for some
A’ B' € R. For any J € R, denote J(X,Y,0) by Jy. Since F, G, and Z have no
common zeros, Fy and G are relatively prime homogeneous polynomials in k[ X, Y].
If ZH = AF + BC;7 then AoFQ = —BQG(). SO, BO = Foc and AO = —G()C for
some C € k[X,Y]. Let

A=A+ CG, By =B-CF

Since (A1)o = (B1)o = 0 we have that A4g = ZA" and By = ZB’ for some A,
B’ € R. So,
ZH = A1F + B1G = Z(A'F + B'G),

which implies that H = A'F + B'G.

Step 3: Let d > m + n, and choose Ay, ..., Ay, € Rg whose images in 'y form
a basis for I'y. Let 4;,, = A;(X,Y,1) € k[X,Y], and let a; be the image of 4, in
I'.. We want to show that aq, ..., am, form a basis for I',:

From Step 2, the map « restricts to an isomorphism from I'y onto I'yyq, if
d > m 4+ n, since an injective linear map of vector spaces of the same dimension
is an isomorphism. Therefore, the images of Z"A4,..., Z" A,,, under the natural
projection homomorphism form a basis for I'y, for all » > 0.

Now we want to show that the {a;} span T,:

Let H € k[X,Y], and let h € T, be its image under the natural projection. Then
some ZM H* is a homogeneous polynomial of degree d 4 r, and so

M g* — Z \A; + BF +CG
=1

for some \; € k, and B, C € k[X,Y, Z]. Then,

H=(Z"H"). =) NAi, + B.F. +C.G,,
i=1
so h =), Nia; as desired.
Now we want to show that the {a;} are linearly independent and hence a basis
for I',:
Suppose ), Aja; = 0. Then we have

> AiA;, = BF, + CG..
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Therefore by Proposition (4), we can write,

z" (Z )\iAi*> * = Z*(BF.)* + Z'(CG.)*
7"y XA = Z°B'F + Z'C*G,
for some r, s, t. From the abozve equation it is clear that
> NZTA =0,
in T4y, (where the bar denotes th; image under the natural projection). But, as

noted above the {Z7A;} form a basis for Ty, so each A; = 0, and thus the {a;}
are linearly independent. U

6. MAX NOETHER'S FUNDAMENTAL THEOREM

When can the equation of a projective curve be written in terms of the equations
of two other projective plane curves? In this section we prove a theorem due to
Max Noether which solves this problem completely. In order to understand the
conditions in which this can happen, we first develop the notions of zero-cycles and
intersection cycles.

Definition 6.1. A zero cycle on P? is a formal sum

Z ’I’LPID7

PeP?

where the {n,} are integers and all but finitely many of the np are zero.

Note that the set of all zero-cycles on P? form a free abelian group with basis
X =P

The degree of a zero cycle Y npP is defined to be Y np. The zero cycle is
positive if each np > 0. A zero cycle > npP is said to be bigger than another zero
cycle > mpP, denoted by > - npP > > mpP, if each np > mp.

Definition 6.2. Let F and G be projective plane curves of degrees m and n

respectively, with no common components. Then the intersection cycle F o G is
defined by

FeG= Y I(P,FNG)P.
Pep?
By Bézout’s Theorem, we can say that the intersection cycle is a positive zero-
cycle of degree mn. Many of the properties of intersections numbers translate well

into properties of the intersection cycle. For example, property (4) of intersection
numbers implies that F' e G = G e F, property (6) implies that

(6.3) FeGH=FeG+FeH,
and property (7) implies
(6.4) Fe(G+AF)=FeG

if A is a homogeneous polynomial and deg(A) = deg(G)—deg(F).
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Max Noether’s theorem deals with the following situation: Suppose that F', G,
and H are curves and H intersects F' in a bigger cycle than G intersects F, i.e.
H e F > G e F. When is there a curve B such that Be F'= H ¢ F — G e F', with
deg(B) = deg(H)—deg(G)? It suffices to find homogeneous polynomials A, B such
that H = AF + BG, since then we would have

HeF=DBGeF=BeF+GeF,

by equations and listed above.

Now we are ready to state the necessary and sufficient conditions for when the
equation of a plane curve can be written in terms of the equations of two other
curves, called Noether’s conditions:

Let P be a point in P2, let F and G be plane curves with no common component
through P, and let H be some other curve. We say that Noether’s conditions are
satisfied at P, with respect to F, G, and H, if H, € (F.,G.) C Op(P?), i.e. if
there are a,b € Op(P?) such that H, = aF, + bG.,.

Theorem 6.5 (Max Noether’s Fundamental Theorem). Let F', G, and H be
projective plane curves. Assume that F' and G have no common components. Then
there is an equation H = AF+BG (where A and B are homogeneous polynomials of
degree deg(H)—deg(F) and deg(H)—deg(G) respectively) if and only if Noether’s
conditions are satisfied at every P € FNG.

Proof. First suppose H = AF + BG. By dehomogenizing H we get

for any P and Noether’s conditions are satisfied at every P € FNG.

Now we prove the converse. As in the proof of Bézout’s Theorem, if it is necessary
we can assume by a projective change of coordinates that none of the points in FNG
lies on the line at infinity: {[X : Y : 0] € P?}, since F' and G have no common
components. Recall that F, = F(X,Y,1), G, = G(X,Y,1), and H, = H(X,Y,1).
Noether’s conditions imply that the image of H, in Op(P?)/(F.,G.) is zero for
each P € F NG, since it lies in the kernel of the natural projection. Then by
Proposition we see that the image of H, in k[X,Y]/(F., G.) is zero as well,
ie., H, = aF. + bG, for some a, b € k[X,Y]. Now by implementing Proposition
[£3] we get

Z'H = Z'(H,)* = Z'(aF, + bG.)*
=7Z"a"F + Z°b"G = AF + BG,

where A and B are homogeneous polynomials in k[X,Y, Z]. However, as we saw
in Step 2 of the proof of Bézout’s Theorem the map defined by multiplication by
Z on k[X,Y,Z]/(F,G) is injective. Since Z*H = AF + BG, the image of H in
k[X,Y,Z]/(F,G) is zero and H = A'F + B'G for some A, B’ € k[X,Y, Z].

If A” =5 A} and B’ = ) Bj, where A}, B} are homogeneous polynomials of
degree i, then H = Al F + B! G, with n = deg(H)— deg(F) and m = deg(H)—
deg(G). O

The usefulness of this theorem depends on finding criteria that guarantee that
Noether’s conditons hold at P. The following proposition gives some situations in
which we can use Noether’s theorem; a proof can be found in Fulton (2} p.61].
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Proposition 6.6. Let F, G, and H be plane curves and P € F NG. Then,
Noether’s conditions are satisfied at P if any of the following are true:

(1) F and G intersect transversally at P and P € H.

(2) P is a simple point on F, and ([P, HNF) > I(P,GNF).

(8) F and G have distinct tangents at P and mp(H) > mp(F) +mp(G) — 1.

7. GROUP LAaw ON A PLANE CUBIC

Equipped with Bézout’s theorem, we can define a group structure on a plane cu-
bic. Studying the “arithmetic” of such curves has numerous applications in number
theory and is one of the basic ideas in arithmetic algebraic geometry.

Before we can define the group law, we state and prove a useful technical lemma.

Lemma 7.1. Let C be an irreducible cubic, and let C' and C" be cubics. Suppose
C'eC = Z?:l P;, where P; are simple (not necessary distinct) points on C, and
suppose C" o« C' = Zle P, + Q. Then Q = Py.

Proof. Suppose L is a line through Py that doesn’t pass through Q. We show that
this leads to a contradiction. Then L e C = Py + R+ S for some R,S € C, by
Bézout’s Theorem. By equation [6.3] we can write,

8
LC"eC=LeC+C"eC=(Py+R+S)+ (ZP#Q)
i=1

=CeC'+Q+R+S.
So there is a line L’ such that L’ e C' = Q + R+ S. But since L and L’ both contain
R and S, we must have L = L’ and thus Q = Py. O

The Group Law on a cubic: Let F' € k[X,Y, Z] be a homogeneous polynomial
of degree 3 defining a projective plane curve H. Let us assume that F' satisfies the
following two conditions:

(1) F is irreducible;
(2) For every point P € H, there exists a unique line L C P2, such that
I(PPHNL)=2.
Fix any point O € H and make the following construction:

(i) For A € H, let A be the third point of intersection of H with the line OA;

(ii) For A, B € H, let R be the third point of intersection of AB with H, and
define A+ B by A+ B = R.

Theorem 7.2. The above construction defines an abelian group law on H, with O
as the identity element.

Proof. We first prove that the addition and inverse operations are well defined. Let
P, Q € H be any two points. There are two possible cases: if P # @, then the line
L = PQ C P? is uniquely determined; if P = @, then by assumption (2) there is a
unique line L such that I(P,H N L) = 2. In both cases, F' — L is a homogeneous
polynomial of degree 3 which has two zeros in P?(k), hence it must split into a
product of three linear factors. Hence, the third point of intersection R is well
defined and has coordinates in k. Note that the cases, P=Q, P =R, Q = R, or
P =@ = R are all well defined.
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FIGURE 5. Y2 = X% — 2X + 1, see Reid [3] p. 34]

Showing that O is the identity is completely formal: The points A, O, and A
are colinear. The construction of O + A involves taking the line L = OA to get the
third point of intersection A, and we use the same line L + OA to get back to A.

To find the inverse of a point A, first define the point O as in (i) of the construc-
tion. Let L be the line such that F' — L has a repeated zero at O and define O to be
the third point of intersection of L with C. Now it is easy to check that the third
point of intersection of OA with H is the inverse of A for every A € H.

Commutativity is easy, since the the lines AB and BA are equivalent.

Now we tackle associativity: Suppose that A, B, and C are 3 given points of H,
then the construction of (A + B) + C' = S uses 4 lines:

L1 =ABR, Ly = ROR, Ly =CRS, and L, = SOS,
as shown in Figure |5| above. Similarly, the construction of A+ (B + C) =T uses 4
lines:
” M, = BCQ, My =Q0Q, M3 = AQT, and My = TOT.
We want to show that S = T, but since inverses are unique, it is enough to prove
that S = T. Consider the two cubics
FE1 =11+ My + L3 and Fy = My + Lo + Ms.
Now if we take intersection cycles
HeE,=A+B+C+O+R+R+Q+Q+S

and

)

HeFEy=A+B+C+O+R+R+Q+Q+T,
and apply Lemma [7.1] we get S =T. (]
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Illustrations. Figures 1-4 were generated using Wolfram Mathematica; Figure 5
is from Reid’s Undergraduate Algebraic Geometry, [3| p.34].
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