SOME DEGENERATE WEAK CATEGORIES

PAIGE NORTH

ABSTRACT. We consider weak higher categories which have only a single cell in
some lower dimensions. We show that bicategories with one 0-cell are monoidal
categories, and tricategories with one 0-cell and one 1-cell are braided monoidal
categories. We then show an analogue to this classical result for Batanin weak
3-categories.
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1. INTRODUCTION.

In this paper, we will examine various degenerate categories. We show using
analogues of the Eckmann-Hilton argument that bicategories in the sense of [4]
with one 0-cell have the structure of monoidal categories, and those with one 0-cell
and one 1-cell have the structure of commutative monoids. Tricategories in the
sense of [9] with one 0-cell and one 1-cell have the structure of braided monoidal
categories. These results have been summarized in [6],[7].

The problem is next considered in the case of a Batanin weak w-category. The
main theorem of this paper states that a Batanin weak 3-category with one 0-cell
and one 1-cell has a braided monoidal product.

2. CATEGORIES.

We begin with the example of an ordinary category to illustrate how we will
proceed in higher dimensions.

Definition 2.1. A category C consists of data:

(1C.1) A set of O-cells denoted |C|.

(1C.2) For each pair of objects C, D in |C|, a set of 1-cells denoted [C, D].
(1C.3) For each object A in |C|, a function

1A:]l—> [A,A]
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where 1 denotes the terminal set.
(1C.4) For each triple of objects A, B,C in |C|, a function

o:[B,C] x [A, B] - [A,C].

(1C.5) (Associativity) For each quadruple of objects A, B, C, D in |C|, the following
diagram commutes.

ox1id

[C,D] x [B,C] x [A, B] 2% [B, D] x [A, B]

[C, D] x [A,C] ° [A, D]

(1C.6) (Identity) For each pair of objects A, B in |C|, the following diagram com-
mutes.
[B,B] x [A,B]<—— [A,B] ——=[A, B] x [A, A]

1p xid idx1a

[A, B]
Definition 2.2. A monoid M consists of data:
(m.1) A set |M]|.
(m.2) A function

1:1 - M.

(m.3) A function
o: M xM— M.

(m.4) (Associativity) The following diagram commutes.

e xid

MxMxM-—MxM
l?’,dxo i'
MxM-—""—sM
(m.5) (Identity) The following diagram commutes.

Mx M 1xid M idx1 Mx M
M

Theorem 2.3. The I-cells of a category with a single 0-cell form a monoid.

Proof. Observe that the data (1C.2), (1C.3), (1C.4) for such a category reduce to
the data (m.1), (m.2), (m.3) respectively, and the category axioms (1C.5), (1C.6)
reduce to the monoid axioms (m.5), (m.6) respectively. O
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3. BICATEGORIES.

Now we consider degenerate bicategories. The definition of a bicategory here is
due to [4].

Definition 3.1. A bicategory C consists of data:

(2C.1) A set of O-cells denoted |C|.

(2C.2) For each pair of objects A, B in |C|, a category [A, B] whose n-cells are
(n + 1)-cells of C.

(2C.3) For each object A in |C|, a functor

1la:1 - [AA]

where 1 denotes the terminal category.
(2C.4) For each triple of objects A, B, C in |C|, a functor

®:[B,C] x [A,B] — [A,C].

(2C.5) (Associativity) For each quadruple of objects A, B,C, D in |C|, a natural
isomorphism.

[C, D] x [B,C] x [A, B] 2L [B, D] x [A, B]

e e

[C, D] x [4,C] © [4, D]

(2C.6) (Identity) For each pair of objects A, B in |C|, natural isomorphisms.

lBXZd ZXmA

[B, B] x <—[A,B] —=[A,B] x [A, 4]

\=>H/

(2C.7) (Associativity coherence) The following diagram commutes.

(-©-)®-)®-—~(-®-)®(-®-)

(—®(-®-)®- o
~—®(-®-)®-) B _@(-0(-®-))

(2C.8) (Identity coherence) The following diagram commutes.

A\®id

(-®)®———>-®-

e

-®(1®-)
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Definition 3.2. Let M be a monoid. Define a function ¢t : M x M — M x M by
(m,n) — (n,m). We say that M is commutative if M satisfies the axiom:
(m.3) The following diagram commutes.

MxM—Ls Mx M

<

Theorem 3.3. The 2-cells of a bicategory with a single 0-cell and a single 1-cell
form a commutative monoid with a distinguished invertible element.

Proof. Let C be a bicategory with a single O-cell C' and a single 1-cell ¢. Let [C]
denote the category [C,C], and let [C] denote the set [c¢,c]. Let o denote the
operation [C] inherits from composition in [C] (vertical composition), and let ®
denote the operation [C] inherits from composition in C (horizontal composition).
Theorem 2.3 says that [C] is a monoid under o.

Since the natural isomorphisms «, A, p each consist of a single element of [C], we
let @, A\, p denote these elements respectively. Let 1 denote the identity on ¢ in [C],
i.e., the identity for o.

We show that a = 1, A = p~!, and 1 is an identity for ®. Then by the Eckmann-
Hilton argument, ® = o makes [C] a commutative monoid.

By the naturality of A, we see that the following diagrams commute.

A A
c®c——c cQ®Qc——c
i1®1 J{1 l@/\ l)\

A A
c®c——c c®c——c

Since A is invertible, we see that 1 ®1 =1 and 1 ® A = A. Thus we also see that
(1R N=A=1R(1Q\).

By the naturality of o and A, the following diagram commutes. Recall that since
the only 1-cell in C is ¢, each of the objects in the following diagram is equal to c.

c®((c®)®c) 2% c@(c® (c®c))

X |

(c®c)®c 2 c®(c®c)
A A
A=(101)@A 1®(1(T)/\)=/\
(c®c)®c @ c®(c®c)

Since A is invertible, we read from the outside of the above diagram that
1®a=a.

Similarly,
a®1=aq.
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By axiom (2C.7), the following diagram commutes,

(c®)®c)®@c——=(c®c)® (c®c)

la@la

(c®(c®c)®c o

c®((c®)®c) 2@ (c® (c®c))

and since « is invertible, we see that
a=1.

For any element = of [C], by the naturality of o and A, the following diagram
commutes.

C<LC®C (c®c)®co‘—:1>c®(c®c)—k>c®c

lm l@m i(l@l)@x il@(l@x) ll@w

c<—)\c®c (C®C)®Cgc®(c®c)?c®c

Since A is invertible, we can read from the outside of the above diagram that
1®z ==z,
and similarly,
r®1=zx.
Now, following the Eckmann-Hilton argument, by the functoriality of ®, we see
that for any z,y in [C],

zoy=(z®1)o(1®y)
—(@o1)®(1oy)
=r®vY,
and
zoy=(1®@z)o(y®1)
=(1oy)@(zol)
=y®x
=youx.
Thus, o = ® makes [C] a commutative monoid.
Finally, by axiom (2C.8), we see that the following diagram commutes,

(c®1)®c ASI=A c®c

\@p:pl
a=1

c®(1®c)

and thus
A=p
is an invertible element in [C]. O
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Definition 3.4. A monoidal category M consists of data:
(M.1) A category M.
(M.2) A functor
Q:Mx M- M.
(M.3) A functor

1:1 - M.
(M.4) A natural isomorphism.
M x M x MZE M x M
l@xid ﬂa \L@

MxM—2 M
(M.5) Natural isomorphisms.

1xid idx1

MX M~<—— —— M x M

\/

(M.6) (Associativity coherence) The following diagram commutes.

oz(®><zd><7 )
(-®-)®- (5 ®-)
la@id

(_®(_®_))®— a(idxidx®)

a(idx@xid)

zd®a
-®(-®-)®-) —-®(-®(-®-))
(M.7) (Identity coherence) The following diagram commutes.
(—®1)® -
[
—®1®-) -~ ®-

Theorem 3.5. The 1-cells and 2-cells of a bicategory with a single 0-cell form a
monoidal category.

Proof. Observe that the data (2C.2), (2C.3), (2C.4), (2C.5), (2C.6), (2C.7), (2C.8)
for such a bicategory reduce to the data (M.1), (M.2), (M.3), (M.4), (M.5), (M.6),
(M.T), respectively, for a monoidal category. O

4. TRICATEGORIES.

Now we examine tricategories which have only one 0-cell and one 1-cell. Here
we use the definition of tricategory given in [9]. However, since the definition
is unwieldy, we only state the definition in the degenerate case in which we are
interested.
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Definition 4.1. A tricategory C with one 0-cell and one 1-cell consists of data:
(3C.1) A singleton set denoted |C|;

(3C.2) A bicategory [C] whose n-cells are (n + 1)-cells of C. Since [C] has a single

0-cell (the single 1-cell of C), we use [C] to denote its underlying category of 1-cells
and 2-cells.

(3C.3) A pseudo-functor
#:[C]* = [C].
That is,
(3C.3.1) A functor

«: [C]* - [C].
(3C.3.2) A natural isomorphism
W i(—r)®(—+—) = (-®—)*(-®-)

where g denotes the inverse of ~®.
(3C.3.3) An invertible 3-cell

0*:1—-1=1.
(3C.3.4) (Composition) For all A, B,C,D,E,F € [C], the following diagram

comimutes.

((B*A)@)(D*C))@(F*E)@((B@D)*(A®C))®(F*E)

ia :
(B*A)®((D+C)® (F « E)) (B®D)®F)* (A®C)® E)
\Lid@’y% la*a
®
(B+A)@(D®F)+(C®E)) —*~(B®D®F)) +(A® (C® E))

(3C.3.5) (Unit) For all A, B € [C] the following diagram commutes

®
1@B*A) —2 —Bsd—" ~(B+A)®1

\Lé*@id iid@zﬁ*
(1x1)® (B A) (B+xA)®(1=x1)

J/"/f i“/gx?
® 4 ,®

1©B) +(10A4) X B A2 (Bo1)+ (A1)
(3C.4) A pseudo-functor
I:1-[C].
That is,

(3C.4.1) A 2-cell i in C.
(3C.4.2) An invertible 3-cell

511 = i
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(3C.5) (Associativity) A pseudo-natural equivalence.

[c]F 2L [ep?

That is,
(3C.5.1) A weakly invertible 2-cell a of C.
(3C.5.2) A natural isomorphism
Ti[—#(—+-)]®a = a®[(—=*—)*—].
(3C.5.3) The following diagram commutes.

p®)\®

1®a a®1
ié*@id lz’d@é*
1+x1)®a a®(1+1)
lw**z‘d)@id lid@(id*é*)

(1) #1)®a—=a® (1 (1+1))

(3C.5.4) For every A, B,C, D, E, F € [C] the following diagram commutes.

YP®i
(F+E)+D)®((C+B)+ A)) ®a 2 n (F+E)®(C+ B)) + (D® A)) ®a
a (V@ xid)@id
(F+B)+D)@((C+B)xA)®a)  (FOC)+(E@B))*(D®A)®a
1d@T T
(F+FE)*D)®(a® (C = (B = A))) a®(F®C)* ((F®B)*(D®A)))
qidl 1d®(id#7®)
(F+E)*D)®a)® (C = (B = A)) a®((F®C)+*((F®D)® (B A)))
TQid id@n®

(a®@(F+(E+D))®(C#(B*A) —">a® ((F+*(E+D))®(C*(B=*A)))

(3C.6) (Identity) Pseudo-natural equivalences.

idx1
—_—

[c]? <% [c] [c]?

That is:
(3C.6.1) Weakly invertible 2-cells ¢, 7 of C.
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(3C.6.2) Natural isomorphisms.

ol -1 = ix—,

T:— %] — r®—®r*1.
(3C.6.3) The following diagrams commute.

5% &%
1——=1=1 1——1=#1

e N

KR! 13
(3C.6.4) For every A, B € [C], the following diagrams commute.
(BRA)®! = (®(i+ (B®A))
o id®((id®(6") ") wid)
BR(A®Y) (®((i®i)* (BRA))
id®0 id®Y
BR(U® (= A)) LR ((i+*B)®(i+ A))
BROH®(i+A) — 2% (1@ (i+B))® (i + A)

(B®A) +i)Qr T

r®(B®A)

(id%6")®id a
(BRA) *(i®1)®r (r®@B)®A

(1§ ®id T®id
(B#i)® (A%i)@r (B+i)®@r)®A
B+i)@((A+i)@r) 2L~ (Bxi)® (r®A)

(3C.7) (Associativity coherence) An invertible modification

Ti(—*0)®a®(a*r—) = a®a.

(3C.8) (Identity coherence) Invertible modifications
p:(l:x)@a®(r+l)=1
v:(lxl)=I®a

E:(lxp)=a®r.
Satisfying certain coherence conditions.
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Definition 4.2. Let M be a monoidal category as in Definition 3.4. We say that
M is braided if it has additional data
(M.8) A natural isomorphism

0:®0 = ®t
where ¢ : M x M — M x M is the functor induced by (m,n) +— (n,m).
(M.9) The following diagrams commute for all objects A, B,C in M.

(A®B)®C —>A®(BRC)—=(BRC)®A

lﬁ@d l

(BOA)®C—>BR(A00C) 2L Be(CoA)

A®(B®C) > (A®B)®C —>C®(A®B)

lid(@ﬁ lal

A®(C®B) 2> UA®C)®B 2L coaeB

Remark 4.3. From these axioms, it can be shown that:
(M.10) The following diagrams commute for all objects A in M.

1QA—2 A
B1,a l

P

A®1
1A 4
Ba T_l

P

A®1

(See [10].)

Theorem 4.4. The 2-cells and 3-cells of a tricategory with a single 0-cell and a
single 1-cell form a braided monoidal category.

Proof. Let C be such a tricategory. Let C' denote the single O-cell of C and ¢ denote
the single 1-cell of C. The datum (3C.2) of a tricategory tells us that [C,C] is a
bicategory. Theorem 3.5 then tells us that [¢, c] is a monoidal category under ®.
Let 1 denote the identity of ®.

Consider ¢,r, 0,7 from (3C.6) and 6 from (3C.4) of the definition. Recall that
¢ and r are weakly invertible which means that there are 2-cells ¢~ and r~' of C
such that

LRI!

12

L,

r®r*1 1.

12
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Let ¢’ and 7’ denote the composites

IMIIS)
>
~
*
|

Fle-f

. —x0!
— k= — %1

r®—®r*1

|{[=

respectively (where we write z for 2! where the meaning is clear). Note that both
o', 7" are natural isomorphisms. The composites

EEE_ QIR =——= 1=/

III N\

.

r?r‘l(@r@rgl*r

112

are natural isomorphisms which we call o) and 7/ in what follows.
Consider v and p from (3C.8) of the definition. The composite

T®€®r’1®rﬁ>(€*l)®r v®ls Z@a@ﬂ%ﬁl*@@a@(r*l)ﬂ

ES

11

shows that r = ¢~!, and thus the composite

é@a@r%(l*@@a@(r*l)?l

shows that a = 1. Thus, there is a natural isomorphism
Timr(man) = (ceo)ee

from (3C.5.2).
For all 2-cells A in C, the composite

5**1,4

(TQU+A)@L—Z1s(1xA)—Z>(1+1)+A 15 A—2> 1@ AQL.

shows that 1+ A is naturally isomorphic to A. Similarly, A=1 is naturally isomorphic
to A. Call these isomorphisms A* : 1+ A — A and p* : A — A * 1 respectively.
Let A, B € [C], and define 45 : A® B — B® A to be the composite:

N
A@BY 1+ A)@(B+1) > (1@ B)+ (A®1)
i(p®/\®)*(>\®p®)
B®A<7(B*1)®(1*A) (B *(1®A)
pr@A® &

This is an isomorphism natural in A and B.
Now we check (M.10) for a braided monoidal category. Axiom (M.9) is proven
in [7].
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The following diagram commutes because of the naturality of o”'.

11*6* O',

F'@1+1) @1 —Z>1x(11) 141 1ol

illl@(V
1ol

Thus, A} = ¢6*. Similarly, pF = §*.
By the naturality of A%, p®, and axiom (3C.3.5) of the definition, we see that
the following diagram commutes.

A® ®
1@A— 4 A AL A®1
id@A* J{)\* A*®id
A(?*A p?*A
1® (1= A) 1+ A (1+xA)®1
5*®id 1d®S5*
1I+x1)®((1xA) (1+xA)®(1=1)
~& ~&
A%\ p%*p%

1®1)+(1®A) =514

(1®1)+*(A®1)

Thus, Ba1 = p%\% as desired. Similarly, B14 = (A\Z)71(p%) L. O

5. BATANIN w-CATEGORIES.

In the previous sections, weak n-categories are defined in terms of weak (n — 1)-
categories and the morphisms between them in a fairly regular way. It seems natural
to extend this to definitions of n-categories for all finite n and then for n = w.
Batanin introduced one approach in [1]. We briefly review the construction and
then consider degenerate forms as we did above. The main result in this section is
Theorem 5.16 which states that such a weak 3-category also has a braided monoidal
structure. We note that weak Batanin categories include weak Trimble categories
([5]) and Martin-Lof complexes ([8]) so these results apply there as well.

We now summarize the description of Batanin weak w-categories given by Lein-
ster in [11]. Any statement which is not proven here is proven in [11].

Let G be the category generated by the graph

S S S S S S

0 1 2 3 n
t t t t t t

such that ss = ts and st = tt for all such composable pairs of s,t. Let the category
of globular sets be the functor category G = [G°P, Set]. Objects of G are accordingly
called globular sets. Let X be a globular set and n < w. Then let X (n) denote the
set which is the image of n € G under the functor X, and let s, : X(n) » X(n—1)
denote X(s:n—1—n),X(t: n—1— n) respectively. A morphism of globular
sets f: X — Y is then a collection of functions {f, : X(n) — Y (n)},<w» such that
fn-18 =sfn and f,_1t = tf, for all such s, 1.

Any strict w-category has a set of n-cells and source and target functions from
its set of (n + 1)-cells to its set of n-cells for all n < w. The forgetful functor from
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the category of strict w-categories to G is in fact monadic, and the resulting monad
is cartesian. Let (7,77, 47 ) denote this monad on G.

Let z,y € X(n) and w € X(n + 1). We say that z,y are parallel if n = 0 or
if s(x) = s(y) and t(x) = t(y). We write w : x — y to mean that s(w) = x and
t(w) = y.

We regard T as the free strict w-category monad. Let 1 be the terminal object
in G. We describe T1 as the globular set of pasting diagrams. In a sense, T1(n)
consists of all ways to compose a finite number of cells of dimension less than
or equal to n. Each such composition itself looks like a finite globular set. For
all 7 € T1, let 7 denote its representation in G. For each 7 € T1(n), there is
1, :7 — 7€ T1(n+ 1) such that 7 = 1, which we regard as the identity of 7. We
will later use the fact that for all n < w,

TX(m)= [] 6(#X).

T€T1(n)

Thus we can think of an element of 7X as a labeling of a pasting diagram of 71
with compatible cells of X.

Example 5.1. Let 7 € T71(2) denote the following pasting diagram.

OO
N7 N A
Let A, B € X(2) be such that ts(A) = tt(A) = ss(B) = st(B). Then the following
diagram represents the evident element of G(7,C) c T X (2)
o) =B
ss(A)  {a ts(A) B ts(B)
—_—

since all information omitted here is implied by information which is included. Then
T! acts on such a diagram by removing labels.

T VT N TR VTR
T \U/Af\l@f —\U/,\b

Note that G(1,,X) = G(#, X) since 1, = #. Thus, for each o € T X (n), there is
1y 10 > 0 € TX(n+ 1) which we regard as the identity of o.

We consider T-operads. Recall that a T-operad is a cartesian monad morphism
m: P = 7. In particular, that means that the following diagram is a pullback
for all X € @, n < w where ! : X — 1 denotes the unique terminal map.

PX(n) —= TX(n)

| |7

PL(n) —"> T1(n)
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For any 7 € T1(n), let Pr denote 7; '7 = P1(n). Thus,
PX(n)= [] PrxG(#X)
TeT1(n)
={{,t) [ peP(n),t e TX(n),m(p) =Tt)}
We will use the notation {p,t) extensively in what follows. Note that Pp,t) = p
and w(p,ty =t
Thus, we can think of P1 as consisting of a subset P for each pasting diagram

7 € T1. We can think of PX as consisting of a subset P x {t} for each labeled
pasting diagram ¢ € T X (n) with T!(¢t) = 7.

Example 5.2. Let 7 € T1(2), t € TX(2) be those described in Example 5.1. Let
p € Pr. We let the following diagram denote p,

and we let the following diagram denote (p,t) € PX(2).

/U’}/U}
\/\/
p

That is, to denote an element {p,t) € PX, we draw the diagram T!(t), label the
diagram with the necessary arrows to depict ¢, and label the entire diagram p. Note
that the 7 acts on such a diagram by removing the label p, P! acts by removing
the arrow labels, and 7P! = T!7 acts by removing all labels.

NN
p
NN | Ny
Pl \%\U/B‘/ _\U/‘f\”/
p p
NN ) T YT Y TR VTR
L QST T | A, s =
p p

Definition 5.3. Let 7 : P = 7T be a T-operad. We say that P is normal if m
restricted to P1(0) is a bijection.

Definition 5.4. Let 7 : P = T be a T-operad. We say that P is contractible
if for each n < w, parallel pair of cells x,y € P1(n), and cell z € T1(n + 1) with
z :7w(x) = m(y), there exists a cell w € P1(n+1) with w : x — y and 7(w) = z. We
say that P has a contraction if P is equipped with such a function (n,z,y, z) — w.

Definition 5.5. A globular operad is a normal 7T -operad with a contraction.

Lemma 5.6. Let w: P = T be a globular operad, let X € @, and let n < w. Let
x,y € PX(n) be parallel with w(x) = w(y). Then there exists w € PX(n + 1) such

that w: x — y and m(w) =y = Ly
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Proof. Write x = (z',2) and y = (', z) where PKa',z) = 2/, PKy/,z) = ¢/, and
w2y =y, z) = z.

Since 7 is contractible, from 2’,3" € P1(n) and T!(1.) € T1(n + 1), there is
v:z' >y € Pl(n+ 1) such that m(v) = TI(1,).

Thus there is an element w = {v,1,) € PX(n + 1) as desired. O

In particular, if 7 : P — T is a globular operad, for each x € PX(n), there exists
a specified ‘weak identity’ 1, € PX(n + 1) with 1, : x — z, and 7(1;) = 1;z.

Let 7 : P — T be a globular operad. If we have a sequence 1, ..., z, € PX(n)
such that s(z;) = t(x;41) for all 1 < i < n, there is a clear composition a1 - - - T2,
in TX(n). Let 7 = TWmwxy - - mxy) in T1. Since 7Pls(z1) = sT and 7Pt (zy,) = tr,
by contraction there is a specified ¢ : Pls(z1) — Plt(x1) € Pr such that mp = 7.
Thus, contraction implies that there is at least one composition {¢, 7xy - -+ 7L,y of
T1,..., Ty in PX.

We now would like a notion of equivalence between any two parallel cells. We
might like to say that z,y € PX(n) are equivalent if they are parallel and there
exist f,g € PX(n + 1) such that gf, 1, are equivalent and fg,1, are equivalent.

Definition 5.7. Let m: P — 7T be a globular operad, let X € (fi, and let n < w. We
say that x € PX(n) is an equivalence if 7(x) = 1,4(,). We say that y, 2z € PX(n—1)
are equivalent if there exists an equivalence x : y — z.

Let x : y — 2 € PX(n) be an equivalence. Then since wt(x) = tr(z) =
t(l'frs(m)) = 7s(z),

m(y) = m(2)

By Lemma 5.6, there is 2’ : z — y such that 7(z’) = 1,,. We know how to compose
in T, so let w(z)m(z") denote the unique composition in 7. Since 7 is a monad
morphism, for any composite zz' = {c,n(z)r(z")) in PX, w(zz’) = w(x)n(a’).
Thus 7(za’) = m(a’z) = laylyy = lry. Since w(1,) = 7(1,) = 1, by Lemma 5.6,
there are equivalences 1, — 2’2 and 1, — z2’. Thus, our definition of equivalence
is in accordance with the suggested definition of equivalence above.

We would now like to understand what it might mean for an n-cell in PX to be
natural. Let a : b — ce X(n +1). Let 8,7 € TX(n) be elements of G(7, X) such
that B(i) = b, y(i) = ¢ for some i € 7(n) and B,y agree everywhere else.

Define a € @(&,X) so that « is the union of 8 and « in dimensions less than
or equal to n and is the function {(* +— a)} restricted to dimension n + 1 so that
a:fB—->~veTX(n+1). Call « the extension of 8 along a.

Now, for any p,q € P, there are equivalences {e,15) : {(p, ) — {q,5) and
(e, 14) : {p,7) =g,y in PX(n+ 1) by Lemma 5.6. Let p,g € P1(n + 1) be such
that s(p) = t(p) = p and s(q) = t(q) = ¢. Consider the following diagram in PX.

o, By 22 (g, )
i(zw& J{<q,a>

<571w>
) —=Lq,v)
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Under 7, this square maps to

_

Qﬁm

B
gl

where 1o = @ = alg. By Lemma 5.6, there is an equivalence in PX (n + 2) which
fills the top square. Thus this square commutes up to a higher equivalence. In this
sense, {e, 1g) is natural in b. This motivates the following definition and proves the
following lemma.

—_—
1

1[—;
Definition 5.8. Let m : P — T be a globular operad and let e : © — y be an

equivalence in PX (n + 1). We say that e is natural in b € X (n) if b is in the image
of 7(e) where m(e) is regarded as an element of G(7, X).

Lemma 5.9. Let{e,15) : {p, B) — {q, B) be an equivalence in PX (n+1) natural in
be X(n). Leta:b—>ceX(n+1), andleta:f—veTX(n+1) be an extension
of B along a. Let p,q € Pl(n+ 1) be such that s(p) = t(p) = p and s(q) = t(q) = q.
Then there is an equivalence {e,1,) : {p,v) — {gq,v) € PX(n + 1) natural in ¢, and
(G, e, 1) is equivalent to {e,1,Xp,a) in PX.

Now we move on to defining Batanin weak w-categories. Let Mon(@) denote the
category of cartesian monads and cartesian monad morphisms on G, and consider
the slice category Mon(G)/T. Consider the category whose objects are (P, c)
where P is a normal T-operad from Mon(G)/T with contraction ¢ and whose
arrows f : (P, c) — (Q,d) are arrows f : P — Q of Mon(G)/T such that fc = df.
Call this the category of globular operads. This category has an initial object. For
the rest of this paper, let 7 : (P,n”, u”) = (7,17, u”) denote the initial object
of C.

Definition 5.10. A Batanin weak w-category is a P-algebra A : PX — X where
P is regarded as a monad.

Definition 5.11. A Batanin weak n-category is a Batanin weak w-category A :
PX — X such that for all m > n, s,t: X(m) — X(m— 1) are bijections and s = .

Let (A : PX — X, 7 : P — T) be a Batanin w-category. We call ¢ € X(n) an
equivalence if it is a composition )\()\él e )\ém) in X where eq,..., e, are equiva-
lences in PX. We say an equivalence e € X (n) is natural in A€ X(n —1) if it is a
composition )\()\él - )\e~m) in X where eq, ..., e, are equivalences natural in A in
PX.

Now we unravel some of the monad axioms implicit in the definition of Batanin
w-categories.

Lemma 5.12. Let (A : PX — X, 7w : P — T) be a Batanin w-category. Then for
any {p,ty in P2X,
Pip,ty = (uPp, Ploty,u” (mot
pp,ty = <p, Ploty, u’ (wot))
where wot, Plot denote the composition of w, P!, respectively, with t regarded as
an element of G(T!(t), PX).
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Proof. Recall that
PX(n)= [] Prx6(+X),
T€T 1(n)
P’X(n)= [] PrxG(# PX).
reT1(n)
Thus, for any transformation « with domain P, the induced transformation Pa
with domain P? is given by
(Pa)(n) = U Pr x G(7,a).
reT1(n)
That is, for any {(p,t) € P?X,

Palp,ty =<{p,aot).

Since 7 is a monad morphism, the following diagram commutes,

P2x P pTX T T2X

I

PX —>TX

and thus
TP p,ty = 1w (Pr)p,ty = 17 (w0 1),
Since P is a cartesian monad, the following diagram is a pullback,

P
P2X L pX
lp% lp!
P
youh e}

and thus
PP p,ty = uP (P(PY))p, t) = p"{p, Pl ot).

Example 5.13. Let p be an element of P1 depicted by the following diagram.

Let A,B € PX be such that ts(A) = ss(B). Then Lemma 5.12 says that the
following equality holds in 7X.

ON TN
p

Lemma 5.14. Let (A : PX — X,m : P — T) be a Batanin w-category. Let
{p,t),{p,sy € P2X(n) be such that Aot = \os where Aot denotes the composite

of X\ with t regarded as an element of @(7{!(\25),73)(). Then
)‘/U'P<p7 t)y= )‘N’P@’ s).



18 PAIGE NORTH

In particular, if {p,ty € PX(n) and {p,sy € P2X(n) such thatt = X o s, then
Xp, t) = )‘IU‘P<p7 s).
Proof. Suppose that {p,t),{p, sy € P?X(n) are such that Aot = X o s. Since

(PN(n) = [] Prx6(#N),
Te€T 1(n)

we see that
(PA)@v t> = <pa Ao t> = <p7 Ao S> = (,PA)@v S>

Since A\ is a monad algebra, the following diagram commutes,

p2X PApXx

TS
PX 2 o X

and thus
AP {p,ty = MPA)p, t) = MPA)p, ) = M7 {p, 5).
Now suppose that (p,t) € PX(n) and {p, sy € P?X(n) such that ¢t = Ao s. Then

Mp, £y = Mp, Ao ) = M(PA){p, s> = A" {p, s)
O

Example 5.15. Let p be an element of P1 depicted by the following diagram.

Let A,B,C,D € PX be such that ts(A) = ss(B), ts(C) = ss(D). Suppose that
AA) = AMC), and A\(B) = A(D). Then by Lemma 5.14, the following equalities

hold in X.

p p

(@@)w(@@)

p

Ap
A

.y

Let (A\: PX — X,m: P — T) be a Batanin w-category. For any z € X(n),
we let ¥ denote both n”(z) € PX(n) and 7 (z) € TX(n). Since 7 is a monad
morphism, the following diagram commutes

,,77’
X —PX

and we see that
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Since A is a monad algebra, the following diagram commutes

P

X 1. px

N

X

and we see that
ANZ) = x.
Now we come to the main theorem.

Theorem 5.16. A Batanin w-category with one 0-cell and one 1-cell is braided
monoidal.

Let (A : PX —» X, 7 : PX — TX) be such a category. Contraction specifies a
p2 € P1(1) depicted by
p2
and then it also specifies r € P1(2) such that s(r) = ¢(r) = ps which is depicted by

O

T

Then let A® B denote the element of X (2) depicted by the following diagram.
ON TN
Mo

Thus X is equipped with a monoidal product ®. We say that this product is
braided monoidal if for all A, B € X(2) there is an equivalence fap : AQ B —
B ® A € X(3) natural in A and B satisfying axioms analogous to (M8) and (M9).

Corollary 5.17. A Batanin weak 3-category with one 0-cell and one 1-cell is
braided monoidal.

Now we prove Theorem 5.16. We do not show all the coherence laws for a braided
monoidal category which are tedious but can be checked. We show that for any
A, B € X(2), there is an equivalence Sap : AQ B > B® A € X(3) natural in A
and B such that /8 satisfies the analogue of axiom (M.10).

Proof. Let (\: PX — X, 7 : P — T) be a Batanin weak w-category with one 0-cell
and one 1-cell.

Since P is normal, PX(0) = TX(0) = X(0). Thus, PX has a single 0-cell.

Let 0 € TX(1) denote the strict identity of the single 0-cell in 7X. By Lemma
5.6, there is a specified 1-cell in PX which we also denote 0 € PX(1) with source
and target the unique 0-cell of PX such that 7(0) = 0. Thus, we regard this as the
weak identity on the 0-cell.

Let 1 € X(1) denote the unique 1-cell of X, and let 1 also denote n*1 €
PX(1),n"1e TX(1).

Let p € 1(1) denote the unique 1-cell of the terminal globular set 1. Thus there
is 1, : p — p e T1(2), and contraction specifies 1, : p — p € P1(2). Then p and 1,
are denoted by the following diagrams

P 1,
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so there are elements of P2X (1) depicted by:
0 1

p p

and elements of P2X (2) depicted by:

1
*0> e
1p 1p

Define

wen () e (e )

to be elements in PX(2) which we regard as the weak identities of 0 and 1 in PX.
Now A0 =1 = Al, so by Lemma 5.14, \1g = A\1;. Let

1= Al =2

in X(2). By Lemma 5.12,

7Tlo=7wp<f0>>=,uT< 0 )= 0. _q,
P

in 7X(2), and similarly

71'11 = 11.

in 7X(2).

Since the following diagrams commute,

PX —>P2X  PX —>P2X  PX —>P2X

S N

1 P1 TPX TPX
we see that for all x € PX(2).

x=/ﬂ)777)x=,up<*>; )

Therefore in particular, s(1p) = ¢t(1p) = 0 and s(1;) = ¢(1;) = 1.

Since 1 is a weak identity of a weak identity of the unique object of X and 1;
is a weak identity of the unique 1-cell of X, it will be appropriate to think of these
as weak ‘horizontal’ and ‘vertical’ identities respectively. Thus, the horizontal and
vertical identities do not coincide in PX, but their images under A do coincide in
X. Note that in the proof of Theorem 4.3, we used 1 as a weak identity for both =
and ®, so the analogue to this held in traditional tricategories.

Let ¢ denote the unique 2-cell of the terminal globular set 1. Then there is
? =nP0 e P1(2) depicted by the following diagram.

e
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Now, contraction specifies q,r € P1(2) which are depicted by

respectively, such that s(¢) = t(¢) = p and s(r) = t(r) = po.
Define u, v, m,n € P1(2) by the following diagrams.

AN AT

Note that
s(w) = t(0) = (= ) =1
by the observation above, and since the following diagram commutes,

P pry

N

P1

P1

we see that
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Thus, since s(u) = s(v), t(u) = t(v), and Tu = 7o, there is an equivalence v € P1(3)
depicted below.

(NN o /N
AN N VAN %

For any A, Be X(2), let AQ B, A+ Be TX(2) denote

A
N7

O AL
N7

respectively. Let A® B, A = B also denote {r, A® B),{q, A B) € PX(2) where the
meaning is clear.
There are pasting diagrams in 71(3).

TTBsTT =0

Let z : A —> B,y : C — D € PX(3) be equivalences so that 7z = 14,7y = 1rc.
Let 7, g € P1(3) be such that s(F) = ¢(F) = r, 77 = — ® —, s(q) = t(q) = ¢, and
mq = — * — (which exist by contraction). Since by Lemma 5.12,

" F e @yy = pT (re @my) = 17 (1ra ® 1xp) = lags,

uP{F,x ®y) is an equivalence. Similarly, u”{(g, z # y) is an equivalence.

If x : A > B is equivalent to 2’ : A > B and y : C — D is equivalent
toy : C — D in PX, we can similarly show that u”(F,z ® y) is equivalent to
pPF 2’ @y'y and pF{q, = + y) is equivalent to u”<(g, 2" ') in PX.

Now, for all A,B € X(2), there are elements of PX given by the following
diagrams.
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Since 1A = A and wlg = 1p, w1y = 17 are strict identities, we see by Lemma 5.12
that the following equalities hold in 7 X.

T —_— =L —_— = UA

g —_— =l —_— = \U,A

N7
o (BE ) (BB -

@

PN N 2 TN TN
D ¥

Note that (z, Lagn), Y, Lags), {2z, 1 4) are the analogues of p i @A%, A\ ®pF, pcﬁ)\%,
respectively, from the proof of Theorem 4.3.
By Lemma 5.12, we see that since A\1; = \i, the following equalities hold.

)\MP @@ =\ @@
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AN

W WAL ALS BN WAL VA

A

Since Alg = i, AB = B, by Lemma 5.14, we see that

and similarly,

Therefore,

sXz, 15> = As{z, 1) = A" {r, 105> = X7 Lign),

tA(z, 14> = Xr, 1A®i>7
t)\<Z, 1B> = >\<T, lB®i>,
sXz,14) = X, Liga)-
Thus, by Lemma 5.14 again, we see that

—_——

q

tXz,15)
S
sA(z,14)

q

W\

u

[P/
N4

tXz, 1 agn) = sA(Xz, 1)+ Xz, 1A>71)7
ANz, 18) # Mz, 14)71) = sA(y, 1pga)-
Then we can make the following composite in X which we call S45.

/ILA\\ /@{MIJA@ED/&N/mkgiJEB)/mmxy,lB®A>
N7 N7

T

A\ LA A\

AN TN
QR

(Note that we have omitted writing A on each 2-cell in the interest of space though

it is implied.)

Now we show that B4; is equivalent to M z,1,)~! for all A € X(2).

This is

(M.10) of a braided monoidal category and was also proved for Theorem 4.3.
Let {a,14gp) denote the equivalence in PX below.

/BB

/il}/@}
DN 4

NCANZ]

u
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From now on, we omit writing 7 since all diagrams will be in PX or X.
We show that the following diagram commutes.

(5.18)

/\/\ >\<z1>/\/—\
AN

z®z*1A®z /\(1L®7*1'L®A)

Xz, lagi)

Maagy/ Vi PN A

<> ey / VNV VNGt~ AN s
N 7 A 4

N AN AN

)\<Z,1A>71

Since Al; = ¢, by Lemma 5.14, Mz, lagi) = Au(x,lg®1l>, Mligi * lagi) =

A1, @1, %1 jgr, ) MLigi*liga) = AMu(11,@1, %1, g4)s and Xy, Ligay = Ay, 11, g 4
Therefore, the two triangles in diagram (5.18) are images of

(1, @1 *1A®11) u(li; @1 *111®A)
/@A\ » na, 1A®11>mhmm dmgz 111®A> ! /m

Ju
\J\}/ \/\%1/1 U\V \J\}/

under A. Since each 3-cell in the left triangle maps to 14g1, under 7, and each 3-cell
in the right triangle maps to 11, g4, there are equivalences filling these triangles,
and thus there are equivalences also filling the corresponding triangles in Diagram
(5.18).

Since )\10 = i, by Lemma 5].47 >\<Z, 11> = A‘LL<Z, 110>, )\11®z = A/lll()@loa )\1A®i =
Al 4oy, s and Aliga = Aply o 5. The square in Diagram (5.18) is the composition
of the images of

LI ey /NN

l1p®19 110010

I8 T
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N S

AN

under A. Since each 3-cell in the top square maps to 1;, under =, and each 3-
cell in the bottom square maps to 14 under 7, there are equivalences filling these
squares, and thus there is an equivalence also filling the corresponding square in
Diagram (5.18). Note that we will use the fact that A{z, 1,) is equivalent to Al &1,
is equivalent to A(z,1;>~! again later.

Since the equivalences {a, 1 sg;» and {a, l;g.4) are natural in A ®1,7® A respec-
tively, we see that there is an equivalence filling the following diagram, and thus
there is an equivalence filling the corresponding part of Diagram (5.18).

/@«/\@MMMM 111@1 /\mal@ﬁ SN TN UA
r NS SNy, b/ —

{z,1a)7!

Thus Diagram (5.18) commutes, and the composite $4; above is equivalent to
Mz, 14) ! fulfilling axiom (M.10). O
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