
SOME DEGENERATE WEAK CATEGORIES

PAIGE NORTH

Abstract. We consider weak higher categories which have only a single cell in

some lower dimensions. We show that bicategories with one 0-cell are monoidal

categories, and tricategories with one 0-cell and one 1-cell are braided monoidal
categories. We then show an analogue to this classical result for Batanin weak

3-categories.
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1. Introduction.

In this paper, we will examine various degenerate categories. We show using
analogues of the Eckmann-Hilton argument that bicategories in the sense of [4]
with one 0-cell have the structure of monoidal categories, and those with one 0-cell
and one 1-cell have the structure of commutative monoids. Tricategories in the
sense of [9] with one 0-cell and one 1-cell have the structure of braided monoidal
categories. These results have been summarized in [6],[7].

The problem is next considered in the case of a Batanin weak ω-category. The
main theorem of this paper states that a Batanin weak 3-category with one 0-cell
and one 1-cell has a braided monoidal product.

2. Categories.

We begin with the example of an ordinary category to illustrate how we will
proceed in higher dimensions.

Definition 2.1. A category C consists of data:
(1C.1) A set of 0-cells denoted |C|.
(1C.2) For each pair of objects C,D in |C|, a set of 1-cells denoted rC,Ds.
(1C.3) For each object A in |C|, a function

1A : 1Ñ rA,As
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2 PAIGE NORTH

where 1 denotes the terminal set.
(1C.4) For each triple of objects A,B,C in |C|, a function

� : rB,Cs � rA,Bs Ñ rA,Cs.

(1C.5) (Associativity) For each quadruple of objects A,B,C,D in |C|, the following
diagram commutes.

rC,Ds � rB,Cs � rA,Bs
��id //

id��

��

rB,Ds � rA,Bs

�

��
rC,Ds � rA,Cs

� // rA,Ds

(1C.6) (Identity) For each pair of objects A,B in |C|, the following diagram com-
mutes.

rB,Bs � rA,Bs

�
''

rA,Bs
1B�id
oo

id�1A

// rA,Bs � rA,As

�
ww

rA,Bs

Definition 2.2. A monoid M consists of data:
(m.1) A set |M |.
(m.2) A function

1 : 1ÑM.

(m.3) A function


 : M �M ÑM.

(m.4) (Associativity) The following diagram commutes.

M �M �M

�id //

id�


��

M �M




��
M �M


 // M

(m.5) (Identity) The following diagram commutes.

M �M



$$

M
1�idoo id�1 // M �M



zz

M

Theorem 2.3. The 1-cells of a category with a single 0-cell form a monoid.

Proof. Observe that the data (1C.2), (1C.3), (1C.4) for such a category reduce to
the data (m.1), (m.2), (m.3) respectively, and the category axioms (1C.5), (1C.6)
reduce to the monoid axioms (m.5), (m.6) respectively. �
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3. Bicategories.

Now we consider degenerate bicategories. The definition of a bicategory here is
due to [4].

Definition 3.1. A bicategory C consists of data:
(2C.1) A set of 0-cells denoted |C|.
(2C.2) For each pair of objects A,B in |C|, a category rA,Bs whose n-cells are
pn� 1q-cells of C.
(2C.3) For each object A in |C|, a functor

1A : 1Ñ rA,As

where 1 denotes the terminal category.
(2C.4) For each triple of objects A,B,C in |C|, a functor

b : rB,Cs � rA,Bs Ñ rA,Cs.

(2C.5) (Associativity) For each quadruple of objects A,B,C,D in |C|, a natural
isomorphism.

rC,Ds � rB,Cs � rA,Bs

�� αid�b

��

b�id // rB,Ds � rA,Bs

b

��
rC,Ds � rA,Cs

b // rA,Ds

(2C.6) (Identity) For each pair of objects A,B in |C|, natural isomorphisms.

rB,Bs � rA,Bs

b ''

rA,Bs

+3λ +3ρ

1B�idoo id�1A // rA,Bs � rA,As

bww
rA,Bs

(2C.7) (Associativity coherence) The following diagram commutes.

pp� b �q b �q b �
α //

αbid

��

p� b �q b p� b�q

α

��

p� b p� b�qq b �

α

��
�b pp� b�q b �q

idbα // �b p� b p� b�qq

(2C.8) (Identity coherence) The following diagram commutes.

p� b 1q b �
λbid //

α

''

�b�

idbρ

��
�b p1 b�q
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Definition 3.2. Let M be a monoid. Define a function t : M�M Ñ M�M by
pm,nq ÞÑ pn,mq. We say that M is commutative if M satisfies the axiom:
(m.3) The following diagram commutes.

M�M t //




&&

M�M




��
M

Theorem 3.3. The 2-cells of a bicategory with a single 0-cell and a single 1-cell
form a commutative monoid with a distinguished invertible element.

Proof. Let C be a bicategory with a single 0-cell C and a single 1-cell c. Let rCs
denote the category rC,Cs, and let vCw denote the set rc, cs. Let � denote the
operation vCw inherits from composition in rCs (vertical composition), and let b
denote the operation vCw inherits from composition in C (horizontal composition).
Theorem 2.3 says that vCw is a monoid under �.

Since the natural isomorphisms α, λ, ρ each consist of a single element of vCw, we
let α, λ, ρ denote these elements respectively. Let 1 denote the identity on c in rCs,
i.e., the identity for �.

We show that α � 1, λ � ρ�1, and 1 is an identity for b. Then by the Eckmann-
Hilton argument, b � � makes vCw a commutative monoid.

By the naturality of λ, we see that the following diagrams commute.

cb c
λ //

1b1

��

c

1

��
cb c

λ // c

cb c
λ //

1bλ

��

c

λ

��
cb c

λ // c

Since λ is invertible, we see that 1 b 1 � 1 and 1 b λ � λ. Thus we also see that

p1 b 1q b λ � λ � 1 b p1 b λq.

By the naturality of α and λ, the following diagram commutes. Recall that since
the only 1-cell in C is c, each of the objects in the following diagram is equal to c.

cb ppcb cq b cq
1bα //

λ

��

cb pcb pcb cqq

λ

��
pcb cq b c

α // cb pcb cq

pcb cq b c

λ�p1b1qbλ

OO

α // cb pcb cq

1bp1bλq�λ

OO

Since λ is invertible, we read from the outside of the above diagram that

1 b α � α.

Similarly,

αb 1 � α.
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By axiom (2C.7), the following diagram commutes,

ppcb cq b cq b c
α //

αb1�α

��

pcb cq b pcb cq

α

��

pcb pcb cqq b c

α

��
cb ppcb cq b cq

1bα�α// cb pcb pcb cqq

and since α is invertible, we see that

α � 1.

For any element x of vCw, by the naturality of α and λ, the following diagram
commutes.

c

x

��

cb c
λoo

1bx

��

pcb cq b c
α�1 //

p1b1qbx

��

cb pcb cq
λ //

1bp1bxq

��

cb c

1bx

��
c cb c

λ
oo pcb cq b c

α�1 // cb pcb cq
λ
// cb c

Since λ is invertible, we can read from the outside of the above diagram that

1 b x � x,

and similarly,
xb 1 � x.

Now, following the Eckmann-Hilton argument, by the functoriality of b, we see
that for any x, y in vCw,

x � y � pxb 1q � p1 b yq

� px � 1q b p1 � yq

� xb y,

and

x � y � p1 b xq � py b 1q

� p1 � yq b px � 1q

� y b x

� y � x.

Thus, � � b makes vCw a commutative monoid.
Finally, by axiom (2C.8), we see that the following diagram commutes,

pcb 1q b c
λb1�λ //

α�1 ''

cb c

1bρ�ρ

��
cb p1 b cq

and thus
λ � ρ�1

is an invertible element in vCw. �
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Definition 3.4. A monoidal category M consists of data:
(M.1) A category M.
(M.2) A functor

b : M�M Ñ M.

(M.3) A functor

1 : 1Ñ M.

(M.4) A natural isomorphism.

M�M�M

�� αb�id

��

id�b //M�M

b

��
M�M b //M

(M.5) Natural isomorphisms.

M�M

b $$

M
+3λ +3ρ

1�idoo id�1 //M�M

bzz
M

(M.6) (Associativity coherence) The following diagram commutes.

pp� b �q b �q b �
αpb�id�idq//

αbid

��

p� b �q b p� b�q

αpid�id�bq

��

p� b p� b�qq b �

αpid�b�idq

��
�b pp� b�q b �q

idbα // �b p� b p� b�qq

(M.7) (Identity coherence) The following diagram commutes.

p� b 1q b �

λbid

&&
α

��
�b p1 b�q

idbρ
// �b�

Theorem 3.5. The 1-cells and 2-cells of a bicategory with a single 0-cell form a
monoidal category.

Proof. Observe that the data (2C.2), (2C.3), (2C.4), (2C.5), (2C.6), (2C.7), (2C.8)
for such a bicategory reduce to the data (M.1), (M.2), (M.3), (M.4), (M.5), (M.6),
(M.7), respectively, for a monoidal category. �

4. Tricategories.

Now we examine tricategories which have only one 0-cell and one 1-cell. Here
we use the definition of tricategory given in [9]. However, since the definition
is unwieldy, we only state the definition in the degenerate case in which we are
interested.
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Definition 4.1. A tricategory C with one 0-cell and one 1-cell consists of data:
(3C.1) A singleton set denoted |C|;
(3C.2) A bicategory rCs whose n-cells are pn � 1q-cells of C. Since rCs has a single
0-cell (the single 1-cell of C), we use vCw to denote its underlying category of 1-cells
and 2-cells.
(3C.3) A pseudo-functor

� : rCs2 Ñ rCs.

That is,
(3C.3.1) A functor

� : vCw2 Ñ vCw.

(3C.3.2) A natural isomorphism

γb� : p� � �q b p� � �q ùñ p� b�q � p� b �q

where γ�b denotes the inverse of γb� .
(3C.3.3) An invertible 3-cell

δ� : 1 Ñ 1 � 1.

(3C.3.4) (Composition) For all A,B,C,D,E, F P vCw, the following diagram
commutes.

ppB �Aq b pD � Cqq b pF � Eq
γb�bid //

α

��

ppB bDq � pAb Cqq b pF � Eq

γb�
��

pB �Aq b ppD � Cq b pF � Eqq

idbγb�
��

ppB bDq b F q � ppAb Cq b Eq

α�α

��
pB �Aq b ppD b F q � pC b Eqq

γb� // pB b pD b F qq � pAb pC b Eqq

(3C.3.5) (Unit) For all A,B P rCs the following diagram commutes

1 b pB �Aq

δ�bid

��

λb // B �A
ρb // pB �Aq b 1

idbδ�

��
p1 � 1q b pB �Aq

γb�
��

pB �Aq b p1 � 1q

γb�
��

p1 bBq � p1 bAq
λb�λb// B �A

ρb�ρb // pB b 1q � pAb 1q

(3C.4) A pseudo-functor

I : 1Ñ rCs.

That is,
(3C.4.1) A 2-cell i in C.
(3C.4.2) An invertible 3-cell

δI : 1 ùñ i.
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(3C.5) (Associativity) A pseudo-natural equivalence.

rCs3

}� aid��

��

��id // rCs2

�

��
rCs2 � // rCs

That is,
(3C.5.1) A weakly invertible 2-cell a of C.
(3C.5.2) A natural isomorphism

τ : r� � p� � �qs b a ùñ ab rp� � �q � �s.

(3C.5.3) The following diagram commutes.

1 b a
ρbλb //

δ�bid
��

ab 1

idbδ�

��
p1 � 1q b a

pδ��idqbid

��

ab p1 � 1q

idbpid�δ�q

��
pp1 � 1q � 1q b a

τ // ab p1 � p1 � 1qq

(3C.5.4) For every A,B,C,D,E, F P vCw the following diagram commutes.

pppF � Eq �Dq b ppC �Bq �Aqq b a

α

��

γb�bid // pppF � Eq b pC �Bqq � pD bAqq b a

pγb��idqbid

��
ppF � Eq �Dq b pppC �Bq �Aq b aq

idbτ

��

pppF b Cq � pE bBqq � pD bAqq b a

τ

��
ppF � Eq �Dq b pab pC � pB �Aqqq

αid1

��

ab ppF b Cq � ppE bBq � pD bAqqq

pppF � Eq �Dq b aq b pC � pB �Aqq

τbid

��

ab ppF b Cq � ppE bDq b pB �Aqqq

idbpid�γb� q

OO

pab pF � pE �Dqqq b pC � pB �Aqq
α // ab ppF � pE �Dqq b pC � pB �Aqqq

idbγb�

OO

(3C.6) (Identity) Pseudo-natural equivalences.

rCs2

� !!

rCs

+3` +3r

1�idoo id�1 // rCs2

�}}
rCs

That is:
(3C.6.1) Weakly invertible 2-cells `, r of C.
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(3C.6.2) Natural isomorphisms.

σ : `�1 b�b ` ùñ i � �,

τ : � � i ùñ r b�b r�1.

(3C.6.3) The following diagrams commute.

1

σ

!!

δ� // 1 � 1

δI�1
��

i � 1

1
δ� // 1 � 1

1�δI

��
1 � i

τ

aa

(3C.6.4) For every A,B P vCw, the following diagrams commute.

pB bAq b `
σ //

α

��

`b pi � pB bAqq

B b pAb `q

idbσ

��

`b ppib iq � pB bAqq

idbppidbpδIq�1q�idq

OO

B b p`b pi �Aqq

α�1

��

`b ppi �Bq b pi �Aqq

idbγb�

OO

pB b `q b pi �Aq
σbid // p`b pi �Bqq b pi �Aq

α

OO

ppB bAq � iq b r
τ //

pid�δIqbid

��

r b pB bAq

ppB bAq � pib iqq b r

pγ�bqbid

��

pr bBq bA

α

OO

ppB � iq b pA � iqq b r

α

��

ppB � iq b rq bA

τbid

OO

pB � iq b ppA � iq b rq
idbτ // pB � iq b pr bAq

α�1

OO

(3C.7) (Associativity coherence) An invertible modification

π : p� � aq b ab pa � �q *4 ab a.

(3C.8) (Identity coherence) Invertible modifications

µ : p1 � `q b ab pr � 1q *4 1

ν : p` � 1q *4 `b a

ξ : p1 � ρq *4 ab r .

Satisfying certain coherence conditions.
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Definition 4.2. Let M be a monoidal category as in Definition 3.4. We say that
M is braided if it has additional data
(M.8) A natural isomorphism

β : b ùñ b t

where t : M�M Ñ M�M is the functor induced by pm,nq ÞÑ pn,mq.
(M.9) The following diagrams commute for all objects A,B,C in M.

pAbBq b C
α //

βbid

��

Ab pB b Cq
β // pB b Cq bA

α

��
pB bAq b C

α // B b pAb Cq
idbβ // B b pC bAq

Ab pB b Cq
α�1
//

idbβ

��

pAbBq b C
β // C b pAbBq

α�1

��
Ab pC bBq

α�1
// pAb Cq bB

βbid // pC bAq bB

Remark 4.3. From these axioms, it can be shown that:
(M.10) The following diagrams commute for all objects A in M.

1 bA
λ //

β1,A

$$

A

ρ

��
Ab 1

1 bA A
λ�1
oo

Ab 1

βA,1
dd

ρ�1

OO

(See [10].)

Theorem 4.4. The 2-cells and 3-cells of a tricategory with a single 0-cell and a
single 1-cell form a braided monoidal category.

Proof. Let C be such a tricategory. Let C denote the single 0-cell of C and c denote
the single 1-cell of C. The datum (3C.2) of a tricategory tells us that rC,Cs is a
bicategory. Theorem 3.5 then tells us that rc, cs is a monoidal category under b.
Let 1 denote the identity of b.

Consider `, r, σ, τ from (3C.6) and δI from (3C.4) of the definition. Recall that
` and r are weakly invertible which means that there are 2-cells `�1 and r�1 of C
such that

`b l�1 � 1,

r b r�1 � 1.
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Let σ1 and τ 1 denote the composites

`�1 b�b `
σ

�
*4 i � �

δI��

�
*4 1 � �

r b�b r�1 τ

�
*4 � � i

��δI

�
*4 � � 1

respectively (where we write x for x�1 where the meaning is clear). Note that both
σ1, τ 1 are natural isomorphisms. The composites

`
�
*4 `�1 b `b `

σ1`

�
*4 1 � `

r
�
*4 r�1 b r b r

τ 1r

�
*4 1 � r

are natural isomorphisms which we call σ1` and τ 1r in what follows.
Consider ν and µ from (3C.8) of the definition. The composite

r b `b r�1 b r
τ 1`b1r

�
// p` � 1q b r

νb1r

�
// `b ab r

σ1`b1abτ
1
r

�
// p1 � `q b ab pr � 1q

µ

�
// 1,

shows that r � `�1, and thus the composite

`b ab r
σ1`b1abτ

1
r

�
// p1 � `q b ab pr � 1q

µ

�
// 1,

shows that a � 1. Thus, there is a natural isomorphism

τ : � � p� � �q ùñ p� � �q � �

from (3C.5.2).
For all 2-cells A in C, the composite

`�1 b p1 �Aq b `
σ1

�
// 1 � p1 �Aq

τ

�
// p1 � 1q �A

δ��1A

�
// 1 �A

σ1

�
// `�1 bAb `.

shows that 1�A is naturally isomorphic to A. Similarly, A�1 is naturally isomorphic
to A. Call these isomorphisms λ� : 1 �AÑ A and ρ� : AÑ A � 1 respectively.

Let A,B P vCw, and define βAB : AbB Ñ B bA to be the composite:

AbB
λ�bρ�// p1 �Aq b pB � 1q

γb� // p1 bBq � pAb 1q

pρbλbq�pλbρbq

��
B bA pB � 1q b p1 �Aq

ρ�bλ�
oo pB b 1q � p1 bAq

γ�b

oo

This is an isomorphism natural in A and B.
Now we check (M.10) for a braided monoidal category. Axiom (M.9) is proven

in [7].
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The following diagram commutes because of the naturality of σ1.

l�1 b p1 � 1q b l
σ1 //

1l�1bδ
�b1l

��

1 � p1 � 1q
11�δ

�

// 1 � 1
σ1 // l�1 b 1 b l

l�1 b 1 b l

σ1

88

Thus, λ�1 � δ�. Similarly, ρ�1 � δ�.
By the naturality of λb, ρb, and axiom (3C.3.5) of the definition, we see that

the following diagram commutes.

1 bA
λbA //

idbλ�

��

A

λ�

��

ρbA // Ab 1

λ�bid
��

1 b p1 �Aq

δ�bid

��

λb1�A // 1 �A
ρb1�A // p1 �Aq b 1

idbδ�

��
p1 � 1q b p1 �Aq

γb�
��

p1 �Aq b p1 � 1q

γb�
��

p1 b 1q � p1 bAq
λbA�λ

b
A// 1 �A

ρbA�ρ
b
A // p1 b 1q � pAb 1q

Thus, βA1 � ρbAλ
b
A as desired. Similarly, β1A � pλbAq

�1pρbAq
�1. �

5. Batanin ω-categories.

In the previous sections, weak n-categories are defined in terms of weak pn� 1q-
categories and the morphisms between them in a fairly regular way. It seems natural
to extend this to definitions of n-categories for all finite n and then for n � ω.
Batanin introduced one approach in [1]. We briefly review the construction and
then consider degenerate forms as we did above. The main result in this section is
Theorem 5.16 which states that such a weak 3-category also has a braided monoidal
structure. We note that weak Batanin categories include weak Trimble categories
([5]) and Martin-Löf complexes ([8]) so these results apply there as well.

We now summarize the description of Batanin weak ω-categories given by Lein-
ster in [11]. Any statement which is not proven here is proven in [11].

Let G be the category generated by the graph

0
s //
t
// 1

s //
t
// 2

s //
t
// 3

s //
t
// � � �

s //
t
// n

s //
t
// � � �

such that ss � ts and st � tt for all such composable pairs of s, t. Let the category
of globular sets be the functor category Ĝ � rGop,Sets. Objects of Ĝ are accordingly
called globular sets. Let X be a globular set and n   ω. Then let Xpnq denote the
set which is the image of n P G under the functor X, and let s, t : Xpnq Ñ Xpn�1q
denote Xps : n � 1 Ñ nq, Xpt : n � 1 Ñ nq respectively. A morphism of globular
sets f : X Ñ Y is then a collection of functions tfn : Xpnq Ñ Y pnqun ω such that
fn�1s � sfn and fn�1t � tfn for all such s, t.

Any strict ω-category has a set of n-cells and source and target functions from
its set of pn� 1q-cells to its set of n-cells for all n   ω. The forgetful functor from
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the category of strict ω-categories to Ĝ is in fact monadic, and the resulting monad
is cartesian. Let pT , ηT , µT q denote this monad on Ĝ.

Let x, y P Xpnq and w P Xpn � 1q. We say that x, y are parallel if n � 0 or
if spxq � spyq and tpxq � tpyq. We write w : x Ñ y to mean that spwq � x and
tpwq � y.

We regard T as the free strict ω-category monad. Let 1 be the terminal object
in Ĝ. We describe T 1 as the globular set of pasting diagrams. In a sense, T 1pnq
consists of all ways to compose a finite number of cells of dimension less than
or equal to n. Each such composition itself looks like a finite globular set. For
all τ P T 1, let τ̂ denote its representation in Ĝ. For each τ P T 1pnq, there is

1τ : τ Ñ τ P T 1pn� 1q such that τ̂ � 1̂τ which we regard as the identity of τ . We
will later use the fact that for all n   ω,

T Xpnq �
º

τPT 1pnq

Ĝpτ̂ , Xq.

Thus we can think of an element of T X as a labeling of a pasting diagram of T 1
with compatible cells of X.

Example 5.1. Let τ P T 1p2q denote the following pasting diagram.

��==��
��==��

Let A,B P Xp2q be such that tspAq � ttpAq � sspBq � stpBq. Then the following

diagram represents the evident element of Ĝpτ̂ , Cq � T Xp2q

sspAq

spAq **

tpAq
44�� A tspAq

spBq ++

tpBq
33�� B tspBq

which we denote by the simpler diagram

��==�� A
��==�� B

since all information omitted here is implied by information which is included. Then
T ! acts on such a diagram by removing labels.

T !

�
� ��==�� A

��==�� B

�

� ��==��

��==��

Note that Ĝp1̂τ , Xq � Ĝpτ̂ , Xq since 1̂τ � τ̂ . Thus, for each σ P T Xpnq, there is
1σ : σ Ñ σ P T Xpn� 1q which we regard as the identity of σ.

We consider T -operads. Recall that a T -operad is a cartesian monad morphism
π : P ùñ T . In particular, that means that the following diagram is a pullback
for all X P Ĝ, n ¤ ω where ! : X Ñ 1 denotes the unique terminal map.

PXpnq
πX //

P!

��

T Xpnq

T !

��
P1pnq

π1 // T 1pnq
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For any τ P T 1pnq, let Pτ denote π�1
1 τ � P1pnq. Thus,

PXpnq �
º

τPT 1pnq

Pτ � Ĝpτ̂ , Xq

� txp, ty | p P Ppnq, t P T Xpnq, π1ppq � T !ptqu

We will use the notation xp, ty extensively in what follows. Note that P!xp, ty � p
and πxp, ty � t

Thus, we can think of P1 as consisting of a subset Pτ for each pasting diagram
τ P T 1. We can think of PX as consisting of a subset Pτ � ttu for each labeled
pasting diagram t P T Xpnq with T !ptq � τ .

Example 5.2. Let τ P T 1p2q, t P T Xp2q be those described in Example 5.1. Let
p P Pτ . We let the following diagram denote p,

��==��
��

p

==��

and we let the following diagram denote xp, ty P PXp2q.

��==�� A
��

p

==�� B

That is, to denote an element xp, ty P PX, we draw the diagram T !ptq, label the
diagram with the necessary arrows to depict t, and label the entire diagram p. Note
that the π acts on such a diagram by removing the label p, P! acts by removing
the arrow labels, and πP! � T !π acts by removing all labels.

π

�
� ��==�� A

��

p

==�� B

�

� ��==�� A

��==�� B

P!

�
� ��==�� A

��

p

==�� B

�

� ��==��

��

p

==��

πP!

�
� ��==�� A

��

p

==�� B

�

� T !π

�
� ��==�� A

��

p

==�� B

�

� ��==��

��==��

Definition 5.3. Let π : P ùñ T be a T -operad. We say that P is normal if π1
restricted to P1p0q is a bijection.

Definition 5.4. Let π : P ùñ T be a T -operad. We say that P is contractible
if for each n   ω, parallel pair of cells x, y P P1pnq, and cell z P T1pn � 1q with
z : πpxq Ñ πpyq, there exists a cell w P P1pn�1q with w : xÑ y and πpwq � z. We
say that P has a contraction if P is equipped with such a function pn, x, y, zq ÞÑ w.

Definition 5.5. A globular operad is a normal T -operad with a contraction.

Lemma 5.6. Let π : P ùñ T be a globular operad, let X P Ĝ, and let n   ω. Let
x, y P PXpnq be parallel with πpxq � πpyq. Then there exists w P PXpn � 1q such
that w : xÑ y and πpwq � 1πpxq � 1πpyq.
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Proof. Write x � xx1, zy and y � xy1, zy where P!xx1, zy � x1,P!xy1, zy � y1, and
πxx1, zy � πxy1, zy � z.

Since π is contractible, from x1, y1 P P1pnq and T !p1zq P T 1pn � 1q, there is
v : x1 Ñ y1 P P1pn� 1q such that πpvq � T !p1zq.

Thus there is an element w � xv, 1zy P PXpn� 1q as desired. �

In particular, if π : P Ñ T is a globular operad, for each x P PXpnq, there exists
a specified ‘weak identity’ 1x P PXpn� 1q with 1x : xÑ x, and πp1xq � 1πx.

Let π : P Ñ T be a globular operad. If we have a sequence x1, ..., xn P PXpnq
such that spxiq � tpxi�1q for all 1 ¤ i   n, there is a clear composition πx1 � � �πxn
in T Xpnq. Let τ � T !pπx1 � � �πxnq in T 1. Since πP!spx1q � sτ and πP!tpxnq � tτ ,
by contraction there is a specified c : P!spx1q Ñ P!tpx1q P Pτ such that πp � τ .
Thus, contraction implies that there is at least one composition xc, πx1 � � �πxny of
x1, ..., xn in PX.

We now would like a notion of equivalence between any two parallel cells. We
might like to say that x, y P PXpnq are equivalent if they are parallel and there
exist f, g P PXpn� 1q such that gf, 1x are equivalent and fg, 1y are equivalent.

Definition 5.7. Let π : P Ñ T be a globular operad, let X P Ĝ, and let n   ω. We
say that x P PXpnq is an equivalence if πpxq � 1πspxq. We say that y, z P PXpn�1q
are equivalent if there exists an equivalence x : y Ñ z.

Let x : y Ñ z P PXpnq be an equivalence. Then since πtpxq � tπpxq �
tp1πspxqq � πspxq,

πpyq � πpzq

By Lemma 5.6, there is x1 : z Ñ y such that πpx1q � 1πy. We know how to compose
in T , so let πpxqπpx1q denote the unique composition in T . Since π is a monad
morphism, for any composite xx1 � xc, πpxqπpx1qy in PX, πpxx1q � πpxqπpx1q.
Thus πpxx1q � πpx1xq � 1πy1πy � 1πy. Since πp1yq � πp1zq � 1πy, by Lemma 5.6,
there are equivalences 1y Ñ x1x and 1z Ñ xx1. Thus, our definition of equivalence
is in accordance with the suggested definition of equivalence above.

We would now like to understand what it might mean for an n-cell in PX to be
natural. Let a : b Ñ c P Xpn � 1q. Let β, γ P T Xpnq be elements of Ĝpτ̂ , Xq such
that βpiq � b, γpiq � c for some i P τ̂pnq and β, γ agree everywhere else.

Define α P Ĝpσ̂, Xq so that α is the union of β and γ in dimensions less than
or equal to n and is the function tp� ÞÑ aqu restricted to dimension n � 1 so that
α : β Ñ γ P T Xpn� 1q. Call α the extension of β along a.

Now, for any p, q P Pτ , there are equivalences xe, 1βy : xp, βy Ñ xq, βy and
xe, 1γy : xp, γy Ñ xq, γy in PXpn� 1q by Lemma 5.6. Let p, q P P1pn� 1q be such
that sppq � tppq � p and spqq � tpqq � q. Consider the following diagram in PX.

xp, βy
xe,1βy //

xp,αy

��

xq, βy

xq,αy

��
xp, γy

xe,1γy // xq, γy
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Under π, this square maps to

β
1β //

α

��

β

α

��
γ

1γ
// γ

where 1γα � α � α1β . By Lemma 5.6, there is an equivalence in PXpn� 2q which
fills the top square. Thus this square commutes up to a higher equivalence. In this
sense, xe, 1βy is natural in b. This motivates the following definition and proves the
following lemma.

Definition 5.8. Let π : P Ñ T be a globular operad and let e : x Ñ y be an
equivalence in PXpn� 1q. We say that e is natural in b P Xpnq if b is in the image

of πpeq where πpeq is regarded as an element of Ĝpτ̂ , Xq.

Lemma 5.9. Let xe, 1βy : xp, βy Ñ xq, βy be an equivalence in PXpn�1q natural in
b P Xpnq. Let a : bÑ c P Xpn� 1q, and let α : β Ñ γ P T Xpn� 1q be an extension
of β along a. Let p, q P P1pn� 1q be such that sppq � tppq � p and spqq � tpqq � q.
Then there is an equivalence xe, 1γy : xp, γy Ñ xq, γy P PXpn� 1q natural in c, and
xq, αyxe, 1βy is equivalent to xe, 1γyxp, αy in PX.

Now we move on to defining Batanin weak ω-categories. Let MonpĜq denote the

category of cartesian monads and cartesian monad morphisms on Ĝ, and consider
the slice category MonpĜq{T . Consider the category whose objects are xP, cy
where P is a normal T -operad from MonpĜq{T with contraction c and whose

arrows f : xP, cy Ñ xQ, dy are arrows f : P Ñ Q of MonpĜq{T such that fc � df .
Call this the category of globular operads. This category has an initial object. For
the rest of this paper, let π : pP, ηP , µPq ùñ pT , ηT , µT q denote the initial object
of C.

Definition 5.10. A Batanin weak ω-category is a P-algebra λ : PX Ñ X where
P is regarded as a monad.

Definition 5.11. A Batanin weak n-category is a Batanin weak ω-category λ :
PX Ñ X such that for all m ¡ n, s, t : Xpmq Ñ Xpm�1q are bijections and s � t.

Let xλ : PX Ñ X,π : P Ñ T y be a Batanin ω-category. We call e P Xpnq an

equivalence if it is a composition λp ˜λe1 � � � ˜λemq in X where e1, ..., em are equiva-
lences in PX. We say an equivalence e P Xpnq is natural in A P Xpn� 1q if it is a

composition λp ˜λe1 � � � ˜λemq in X where e1, ..., em are equivalences natural in Ã in
PX.

Now we unravel some of the monad axioms implicit in the definition of Batanin
ω-categories.

Lemma 5.12. Let xλ : PX Ñ X,π : P Ñ T y be a Batanin ω-category. Then for
any xp, ty in P2X,

µPxp, ty � xµPxp,P! � ty, µT pπ � tqy

where π � t, P! � t denote the composition of π,P!, respectively, with t regarded as

an element of ĜpzT !ptq,PXq.
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Proof. Recall that

PXpnq �
º

τPT 1pnq

Pτ � Ĝpτ̂ , Xq,

P2Xpnq �
º

τPT 1pnq

Pτ � Ĝpτ̂ ,PXq.

Thus, for any transformation α with domain P, the induced transformation Pα
with domain P2 is given by

pPαqpnq �
º

τPT 1pnq

Pτ � Ĝpτ̂ , αq.

That is, for any xp, ty P P2X,

Pαxp, ty � xp, α � ty.

Since π is a monad morphism, the following diagram commutes,

P2X
Pπ //

µP

$$

PT X π // T 2X

µT

��
PX π // T X

and thus

πµPxp, ty � µT πpPπqxp, ty � µT pπ � tq.

Since P is a cartesian monad, the following diagram is a pullback,

P2X
µP
//

P2!
��

PX

P!

��
P21

µP
// P1

and thus

P!µPxp, ty � µPpPpP!qqxp, ty � µPxp,P! � ty.

�

Example 5.13. Let p be an element of P1 depicted by the following diagram.

��==��
��

p

==��

Let A,B P PX be such that tspAq � sspBq. Then Lemma 5.12 says that the
following equality holds in T X.

πµP

�
� ��==�� A

��

p

==�� B

�

� µT

�
� ��==�� πA

��==�� πB

�



Lemma 5.14. Let xλ : PX Ñ X,π : P Ñ T y be a Batanin ω-category. Let
xp, ty, xp, sy P P2Xpnq be such that λ � t � λ � s where λ � t denotes the composite

of λ with t regarded as an element of ĜpzT !ptq,PXq. Then

λµPxp, ty � λµPxp, sy.
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In particular, if xp, ty P PXpnq and xp, sy P P2Xpnq such that t � λ � s, then

λxp, ty � λµPxp, sy.

Proof. Suppose that xp, ty, xp, sy P P2Xpnq are such that λ � t � λ � s. Since

pPλqpnq �
º

τPT 1pnq

Pτ � Ĝpτ̂ , λq,

we see that

pPλqxp, ty � xp, λ � ty � xp, λ � sy � pPλqxp, sy.
Since λ is a monad algebra, the following diagram commutes,

P2X
Pλ //

µ

��

PX

λ

��
PX λ // X

and thus

λµPxp, ty � λpPλqxp, ty � λpPλqxp, sy � λµPxp, sy.

Now suppose that xp, ty P PXpnq and xp, sy P P2Xpnq such that t � λ � s. Then

λxp, ty � λxp, λ � sy � λpPλqxp, sy � λµPxp, sy

�

Example 5.15. Let p be an element of P1 depicted by the following diagram.

��==��
��

p

==��

Let A,B,C,D P PX be such that tspAq � sspBq, tspCq � sspDq. Suppose that
λpAq � λpCq, and λpBq � λpDq. Then by Lemma 5.14, the following equalities
hold in X.

λµ

�
� ��==�� A

��

p

==�� B

�

� λµ

�
� ��==�� C

��

p

==�� D

�



λ

�
� ��==�� λA

��

p

==�� λB

�

� λµ

�
� ��==�� A

��

p

==�� B

�



Let xλ : PX Ñ X,π : P Ñ T y be a Batanin ω-category. For any x P Xpnq,
we let x̃ denote both ηPpxq P PXpnq and ηT pxq P T Xpnq. Since π is a monad
morphism, the following diagram commutes

X
ηP //

ηT !!

PX

π

��
T X

and we see that

πpx̃q � x̃.
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Since λ is a monad algebra, the following diagram commutes

X
ηP // PX

λ
��
X

and we see that
λpx̃q � x.

Now we come to the main theorem.

Theorem 5.16. A Batanin ω-category with one 0-cell and one 1-cell is braided
monoidal.

Let xλ : PX Ñ X,π : PX Ñ T Xy be such a category. Contraction specifies a
p2 P P1p1q depicted by //

p2
//

and then it also specifies r P P1p2q such that sprq � tprq � p2 which is depicted by

��==��
��

r

==��

Then let AbB denote the element of Xp2q depicted by the following diagram.

λ

�
� ��==�� A

��

r

==�� B

�



Thus X is equipped with a monoidal product b. We say that this product is
braided monoidal if for all A,B P Xp2q there is an equivalence βAB : A b B Ñ
B bA P Xp3q natural in A and B satisfying axioms analogous to (M8) and (M9).

Corollary 5.17. A Batanin weak 3-category with one 0-cell and one 1-cell is
braided monoidal.

Now we prove Theorem 5.16. We do not show all the coherence laws for a braided
monoidal category which are tedious but can be checked. We show that for any
A,B P Xp2q, there is an equivalence βAB : A b B Ñ B b A P Xp3q natural in A
and B such that β satisfies the analogue of axiom (M.10).

Proof. Let xλ : PX Ñ X,π : P Ñ T y be a Batanin weak ω-category with one 0-cell
and one 1-cell.

Since P is normal, PXp0q � T Xp0q � Xp0q. Thus, PX has a single 0-cell.
Let 0 P T Xp1q denote the strict identity of the single 0-cell in T X. By Lemma

5.6, there is a specified 1-cell in PX which we also denote 0 P PXp1q with source
and target the unique 0-cell of PX such that πp0q � 0. Thus, we regard this as the
weak identity on the 0-cell.

Let 1 P Xp1q denote the unique 1-cell of X, and let 1 also denote ηP1 P
PXp1q, ηT 1 P T Xp1q.

Let p P 1p1q denote the unique 1-cell of the terminal globular set 1. Thus there
is 1p : pÑ p P T 1p2q, and contraction specifies 1p : pÑ p P P1p2q. Then p and 1p
are denoted by the following diagrams

p
//

1p
//
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so there are elements of P2Xp1q depicted by:

0

p
// 1

p
//

and elements of P2Xp2q depicted by:

0

1p
// 1

1p
//

Define

10 � µP
�

0

1p
//


, 11 � µP

�
1

1p
//



to be elements in PXp2q which we regard as the weak identities of 0 and 1 in PX.
Now λ0 � 1 � λ1, so by Lemma 5.14, λ10 � λ11. Let

i � λ10 � λ11

in Xp2q. By Lemma 5.12,

π10 � πµP
�

0

1p
//


� µT

�
π0 //



�

0 // � 10

in T Xp2q, and similarly

π11 � 11.

in T Xp2q.
Since the following diagrams commute,

PX
η //

!

��

P2X

P!

��
1

η // P1

PX
η //

η ##

P2X

π

��
T PX

PX
η // P2X

µ

��
T PX

we see that for all x P PXp2q.

x � µPηPx � µP
�

x

p
//


.

Therefore in particular, sp10q � tp10q � 0 and sp11q � tp11q � 1.
Since 10 is a weak identity of a weak identity of the unique object of X and 11

is a weak identity of the unique 1-cell of X, it will be appropriate to think of these
as weak ‘horizontal’ and ‘vertical’ identities respectively. Thus, the horizontal and
vertical identities do not coincide in PX, but their images under λ do coincide in
X. Note that in the proof of Theorem 4.3, we used 1 as a weak identity for both �
and b, so the analogue to this held in traditional tricategories.

Let ` denote the unique 2-cell of the terminal globular set 1. Then there is
˜̀� ηP` P P1p2q depicted by the following diagram.

��

˜̀

==��
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Now, contraction specifies q, r P P1p2q which are depicted by

���� ����
GG

q

��

// ��==��
��

r

==��

respectively, such that spqq � tpqq � p and sprq � tprq � p2.
Define u, v,m, n P P1p2q by the following diagrams.

����
GG

��

// ����
GG

u

��

// � µP

�
������

����
r

GG

q

�� r
//

�
�����


����
GG

��

// ����
GG

v

��

// � µP

�
� ��==�� q

��

r

==�� q

�



��==��
����
GG

m

��

// � µP

�
� ��==�� ˜̀

��

r

==�� q

�



����
GG

��

// ��

n

==�� � µP

�
� ��==�� q

��

r

==�� ˜̀

�



Note that

spuq � tpuq � µP
�

p2

p
//


� p2

by the observation above, and since the following diagram commutes,

P1
Pη // P21

µ

��
P1

we see that

spvq � tpvq � µP
�

p // p

p2
//


� p2.
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Thus, since spuq � spvq, tpuq � tpvq, and πu � πv, there is an equivalence γ P P1p3q
depicted below.

����
GG

��

// ����
GG

u

��

// γ *4 ����
GG

��

// ����
GG

v

��

//

For any A,B P Xp2q, let AbB,A �B P T Xp2q denote

��==�� A
��==�� B

���� A
GG

�� B
//

respectively. Let AbB,A �B also denote xr,AbBy, xq, A �By P PXp2q where the
meaning is clear.

There are pasting diagrams in T 1p3q.

��==��
��==��
�b� *4 ��==��

��==��
����
GG

��

// ��� *4 ����
GG

��

//

Let x : A Ñ B, y : C Ñ D P PXp3q be equivalences so that πx � 1πA, πy � 1πC .
Let r, q P P1p3q be such that sprq � tprq � r, πr � � b �, spqq � tpqq � q, and
πq � � � � (which exist by contraction). Since by Lemma 5.12,

πµPxr, xb yy � µT pπxb πyq � µT p1πA b 1πBq � 1AbB ,

µPxr, xb yy is an equivalence. Similarly, µPxq, x � yy is an equivalence.
If x : A Ñ B is equivalent to x1 : A Ñ B and y : C Ñ D is equivalent

to y1 : C Ñ D in PX, we can similarly show that µPxr, x b yy is equivalent to
µPxr, x1 b y1y and µPxq, x � yy is equivalent to µPxq, x1 � y1y in PX.

Now, for all A,B P Xp2q, there are elements of PX given by the following
diagrams.

µP

�
������

���� 11
GG

�� Ã
// ���� B̃

GG

u

�� 11
//

�
�����
, µP

�
������

���� Ã
GG

�� 11
// ���� 11

GG

u

�� B̃
//

�
�����
,

µP

�
� ��==�� 10

��

r

==�� Ã

�

, µP

�
� ��==�� Ã

��

r

==�� 10

�
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Since πÃ � Ã and π10 � 10, π11 � 11 are strict identities, we see by Lemma 5.12
that the following equalities hold in T X.

πµP

�
������

���� 11
GG

�� Ã
// ���� B̃

GG

u

�� 11
//

�
�����
� µT

�
������

���� 11
GG

�� Ã
// ���� B̃

GG
�� 11
//

�
�����
�

��==�� A
��==�� B � π

�
� ��==�� A

��

r

==�� B

�

,

πµP

�
������

���� Ã
GG

�� 11
// ���� 11

GG

u

�� B̃
//

�
�����
� µT

�
������

���� Ã
GG

�� 11
// ���� 11

GG
�� B̃
//

�
�����
�

��==�� A
��==�� B � π

�
� ��==�� A

��

r

==�� B

�

,

πµP

�
� ��==�� 10

��

r

==�� Ã

�

� µT

�
� ��==�� 10

��==�� Ã

�

� ��==�� A ,

πµP

�
� ��==�� Ã

��

r

==�� 10

�

� µT

�
� ��==�� Ã

��==�� 10

�

� ��==�� A .

Thus, by Lemma 5.6, there are equivalences in PXp3q natural in A,B:

��==�� A
��

r

==�� B
xx,1AbBy*4 µP ���� 11

GG
�� Ã
// ���� B̃

GG

u

�� 11
//

µP ���� Ã
GG

�� 11
// ���� 11

GG

u

�� B̃
// xy,1AbBy*4 ��==�� A

��

r

==�� B

µP ��==�� 10
��

r

==�� Ã
xz,1Ay *4 µP ��==�� Ã

��

r

==�� 10

Note that xx, 1AbBy, xy, 1AbBy, xz, 1Ay are the analogues of ρ�Abλ
�
B , λ

�
Abρ

�
B , ρ

b
Aλ

b
A,

respectively, from the proof of Theorem 4.3.
By Lemma 5.12, we see that since λ11 � λi, the following equalities hold.

λµP

�
������

���� 11
GG

�� B̃
// ���� Ã

GG

u

�� 11
//

�
�����
� λ

�
������

���� i
GG

�� B
// ���� A

GG

u

�� i
//

�
�����




24 PAIGE NORTH

λµP

�
������

���� Ã
GG

�� 11
// ���� 11

GG

u

�� B̃
//

�
�����
� λ

�
������

���� A
GG

�� i
// ���� i

GG

u

�� B
//

�
�����


Since λ10 � i, λB̃ � B, by Lemma 5.14, we see that

sλxz, 1By � λsxz, 1By � λµPxr, 110bB̃y � λxr, 1ibBy,

and similarly,
tλxz, 1Ay � λxr, 1Abiy,

tλxz, 1By � λxr, 1Bbiy,

sλxz, 1Ay � λxr, 1ibAy.

Thus, by Lemma 5.14 again, we see that

λ

�
������

��@@

q

sλxz,1By

tλxz,1Ay
//

�
�����
� λ

�
������

���� i
GG

�� A
// ���� B

GG

u

�� i
//

�
�����


λ

�
������

��@@

q

tλxz,1By

sλxz,1Ay
//

�
�����
� λ

�
������

���� B
GG

�� i
// ���� i

GG

u

�� A
//

�
�����


Therefore,
tλxx, 1AbBy � sλpλxz, 1By � λxz, 1Ay

�1q,

tλpλxz, 1By � λxz, 1Ay
�1q � sλxy, 1BbAy.

Then we can make the following composite in X which we call βAB .

!!<<�� A
!!

r

<<�� B
λxx,1AbBy*4 ���� i

FF
�� A
// ���� B

FF

u

�� i
// λpλxz,1By

λxz,1Ay
�1q

� *4 ���� B
FF

�� i
// ���� i

FF

u

�� A
// λxy,1BbAy*4 !!<<�� B

!!

r

<<�� A

(Note that we have omitted writing λ on each 2-cell in the interest of space though
it is implied.)

Now we show that βAi is equivalent to λxz, 1Ay
�1 for all A P Xp2q. This is

(M.10) of a braided monoidal category and was also proved for Theorem 4.3.
Let xa, 1AbBy denote the equivalence in PX below.

��==�� A
��

r

==�� B *4 ���� 11
GG

�� A
// ���� 11

GG

u

�� B
//
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From now on, we omit writing µP since all diagrams will be in PX or X.
We show that the following diagram commutes.

���� i
FF

�� A
//

λp1ibi�1Abiq


�

���� i
FF

u

�� i
// λpλxz,1iy

λxz,1Ay
�1q

� *4 ���� i
FF

�� i
//

λp1ibi�1ibAq


�

���� i
FF

u

�� A
//

λxy,1ibAy

�(!!<<�� A

λxx,1Abiy

6E

λxz,1Ay
�1

1=!!

r

<<�� i
λxa,1Abiy*4 ���� i

FF
�� A
// ���� i

FF

u

�� i
// λpλ1ibi
λxz,1Ay

�1q
� *4 ���� i

FF
�� i
// ���� i

FF

u

�� A
//λxa,1ibAy

�1

*4 !!<<�� i
!!

r

<<�� A

(5.18)

Since λ11 � i, by Lemma 5.14, λxx, 1Abiy � λµxx, 1Ãb11
y, λp1ibi � 1Abiq �

λµp111b11�1Ãb11
q, λp1ibi�1ibAq � λµp111b11�11̃1bAq, and λxy, 1ibAy � λµxy, 11̃1bAy.

Therefore, the two triangles in diagram (5.18) are images of

���� 11
FF

�� A
//

µp111b11
�1Ab11

q


�

���� 11
FF

u

�� 11
// ���� 11

FF
�� 11
//

µp111b11
�111bAq


�

���� 11
FF

u

�� A
//

µxy,111bAy

�(!!<<�� A

µxx,1Ab11
y

6E

!!

r

<<�� 11
µxa,1Ab11

y
*4 ���� 11

FF
�� A
// ���� 11

FF

u

�� 11
// ���� 11

FF
�� 11
// ���� 11

FF

u

�� A
//
µxa,111bAy

�1

*4 !!<<�� 11
!!

r

<<�� A

under λ. Since each 3-cell in the left triangle maps to 1Ab11 under π, and each 3-cell
in the right triangle maps to 111bA, there are equivalences filling these triangles,
and thus there are equivalences also filling the corresponding triangles in Diagram
(5.18).

Since λ10 � i, by Lemma 5.14, λxz, 1iy � λµxz, 110y, λ1ibi � λµ110b10 , λ1Abi �
λµ1Ãb10

, and λ1ibA � λµ110bÃ. The square in Diagram (5.18) is the composition
of the images of

���� 10 //

110b10


�

��
r

�� 10 //
xz,110y *4 ���� 10 //

110b10


�

��
r

�� 10 //

���� 10 // ��
r

�� 10 //
110b10 *4 ���� 10 // ��

r

�� 10 //
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FF
�� A
//

1Ab10


�

FF

r

�� 10
//
xz,1Ay

�1

*4 FF
�� 10
//

110bA


�

FF

r

�� A
//

FF
�� A
// FF

r

�� 10
//
xz,1Ay

�1

*4 FF
�� 10
// FF

r

�� A
//

under λ. Since each 3-cell in the top square maps to 110 under π, and each 3-
cell in the bottom square maps to 1A under π, there are equivalences filling these
squares, and thus there is an equivalence also filling the corresponding square in
Diagram (5.18). Note that we will use the fact that λxz, 1iy is equivalent to λ110b10

is equivalent to λxz, 1iy
�1 again later.

Since the equivalences xa, 1Abiy and xa, 1ibAy are natural in Ab i, ibA respec-
tively, we see that there is an equivalence filling the following diagram, and thus
there is an equivalence filling the corresponding part of Diagram (5.18).

!!<<�� A

xz,1Ay
�1

1=!!

r

<<�� i
xa,1Abiy*4 ���� 11

FF
�� A
// ���� 11

FF

u

�� i
//
p111b11

xz,1Ay
�1q

� *4 ���� 11
FF

�� i
// ���� 11

FF

u

�� A
// xa,1ibAy

�1

*4 !!<<�� i
!!

r

<<�� A

Thus Diagram (5.18) commutes, and the composite βAi above is equivalent to
λxz, 1Ay

�1 fulfilling axiom (M.10). �
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