ON THE ADDITIVE STRUCTURE OF Q, AND THE NATURE
OF p-ADIC POWER SERIES

SHANKARA PAILOOR

ABSTRACT. This paper focuses on describing the nature of the field Q,, and
understanding properties of p-adic power series. We begin by defining a norm
|-|p on the rationals and completing the rationals with respect to the norm.
This gives us a field Q, and we describe its additive structure and the decimal
expansion of its members. This leads us into an analysis of p-adic sequences,
series, and power series, which concludes with an investigation into the zeros
of p-adic power series.
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1. p-ADIC COMPLETION OF Q

Definition 1.1. Let p € N be any prime number. Define a map |-|, on Q as follows:

1
ord(z)p

ifx#£0
1.2 x|, = p
(1.2) l2ls 0 if =0

Here ord(x), is the highest power of p which divides = if z € Z and ord(z), =
ord(a), — ord(b), if x = ¢ where a,b € Z.

Proposition 1.3. |-|, has the following properties for all r,s € Q:
() [r[p = 0

(i) sy = Irly - sl
(i60) I + sl < max{r], sl }
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Proof. (i) : ord(x), >0 = % > 0. Therefore, |r|, > 0.

ord(z)p

(#i): We have the property

(1.4) ordy(zy) = ord,(x) + ord,(y) for z,y € Q.
For r,s € Q, we have ord(rs), = ord(r), + ord(s),
1 1 1 1

pord(rs)z7 - pord(s)erord(r)p = pord(s)p ' pord(r)p '

= [rsl, =Irl, s,

(ii): For some r,s € Q let r = ¢ and s = <. Then we have r + s = 24tb¢. Thys,
ord(r + s), = ord(ad + be), — ord(bd)
= ord(ad + bc), — ord(bd) > min{ord(ad),, ord(bc), — ord(b), — ord(d),}.

Now,

min{ord(ad)p, ord(bc), — ord(b), — ord(d),}
= min{ord(ad), — ord(b), — ord(d),, ord(bc) — ord(b), — ord(d),}.
By (1.4) we have:
min{ord(ad), — ord(b), — ord(d),, ord(bc) — ord(b), — ord(d),}

= min{ord(a), — ord(b),, ord(c), — ord(d),}.

Thus,
ord(r + s), > min{ord(a), — ord(b),, ord(c), — ord(d),}
1 1 1
- pord(7'+s)p = max{pord('r')p ’ pord(s)p }
Therefore,

|T + S‘p S max{|r|p ) |S|p}
Definition 1.5. The metric on Q is defined by d(r,s), = |r — s|,
Theorem 1.6. Q is not complete with respect to | - |,.

Proof. Let 1 < a < (p— 1) be an integer and consider the sequence (z,,) = (a?").
This is a Cauchy sequence because:

n+1 n n+1 n _
Tpt1 —Tp =aP? —aP =adP (ap (p=1) _ 1)

and the term in the brackets is divisible by p™, by the Fermat-Euler theorem. Hence,

|93n+1 - $n| <p™"

Assume that Q is complete and the sequence (x,,) had a limit 2 in Q. Then, a2? = x
and |z — a|, < 1. It follows that if @ # 1 or p — 1, then a is a non-trivial (p — 1)
root of unity in Q, a contradiction.

([l

Since Q is not complete with respect to |-| we want to extend the field so that it
is complete. To do so, we must first demonstrate that there such a field exists. We
will demonstrate this in the following theorem.
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Theorem 1.7. Let (K, |-|) be a normed field. Then there exists a field K equipped
with a norm, also denoted by | - |, and a map i : K — K such that K is complete.

Moreover, for any other such j : K — J, there is a unique field map f : K — J
such that f(i) = j.

Proof. Let C be the set of all Cauchy sequences in K. This is a ring because cauchy
sequences add and multiply pointwise. Let I C C' be the set of sequences that tend
to zero. I is in fact an ideal. Moreover, the quotient ring C/I is a field since
sequences not in I are eventually bounded away from 0, hence invertible in C/I.
We define a norm on C' by

()| = Tim |

This descends to C/I and the natural map K — C/I is an isometry with a dense
image. We take K = C/I.
O

We denote Q,, as the completion of Q with respect to the norm |-, . Now we can
define addition and multiplication on Q, so that Q, becomes a field.

Definition 1.8. Addition and multiplication on Q, is defined as follows:

[an] + [bn] = [an + by]
[an] : [bn] = [anbn]

where {a,} and {b,} are Cauchy sequences in Q,.

The following definition follows from (1.6).

Definition 1.9. The absolute value on Q, is defined by

|[an]|p = nh_)rr;o ‘a’n|p .

We can see that addition, multiplication, and |-| are well defined on Q, and that
Qp is a field. Furthermore, Hp have the same properties in Q,, as they do in Q.

Proposition 1.10. Q is dense in Q,

Proof. Let A be an equivalence class of Cauchy sequences in Q, and {a,,} be a
Cauchy sequence in Q representing A. For each fixed positive integer n, we consider
the constant @,. Then the sequence {a,, — a, }>°_, represents A — {a, }, and since
{a,} is Cauchy, we can write

g A @l =, Jom = anl, =0
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2. THE ADDITIVE STRUCTURE OF Q,

Definition 2.1. Define:

Ry ={z€Q||z|, <1}
p={z e Ry ||zl <1} ={zv € R, ||z], <1/p}
U={z Ry ||z =1}

The set R, is called the ring of integers in Q,. R, is local with a unique maximal
ideal p, which is a principal ideal that is generated by the prime element p, that is,
9 = pR,. The set U, is called the multiplicative group of units in R,,.

The next few propositions give us a good understanding of the additive structure
of Q. (For more detail see [2] and [3])

Proposition 2.2. The set p is a subgroup of Ry, and
R, = U E+p
0<k<p—1
Proof. It is evident p is a subgroup of R, because it is an ideal. Now, let z € R,.
If |z,| < 1, then x € p. Suppose, |z,| = 1. Since Q is dense in Q, by Proposition
1.2, there is some 7 € Q such that r = ¢ with (a,b) = (a,p) = (b,p) = 1 and
|r — x\p < 1. Hence, x + p = r = . Since p and b are relatively prime, we know by
the division algorithm that there exists an integer k& with 0 < k£ < p — 1 such that
p divides a — kb. Hence, |a — kb| < 1, and also |“_ka |p < 1 since p does not divide

b. Thus, k—%’ < 1. It follows that k + p=r+p=ax+psothat z € k+p. O
Definition 2.3. We define p" =p"R, = {p"z |z € Ry} ={z € Q, | [z], <p~"}

For n > 0, these are proper ideals in R,, and for n < 0, these are called the
fractional ideals in Q,. Each p" is a compact open subgroup of @), and may be
written as a union of these subgroups,

Q% = LJ @n = LJ pnﬁ%

nez nez

Definition 2.4. If n is an integer, the set p"U), is called a shell in Q.

Proposition 2.5. For each n € Z, the subsets ™ and p"U, are both open and
closed in Q).

Proof. Consider p"U, for some n € Z. If x € p"U,, then \m|p =p " Ifk > n,
then the ball x + p* is contained in p"Up, since Q,, satisfies the same properties as
Q. This proves that p"U, is open. Now, consider p". If z € p", and k£ > n, then
the ball 2 + p* is contained in p". Hence, p" is open. To show that @" is closed,
notice that Q,\p" = Uk,<npkUp, which is open. Finally, p"U, is the complement
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of "' in p™ so that p"U, is closed.
[l

Proposition 2.6. Z is dense in R,,.

Proof. Let x € R,,. Given € > 0, choose m € N such that p~™ < e. Since QN R, is
dense in Ry, there exists r = a/b € Q such that p does not divide b and such that
|r — x\p < p~ ™. Since p™ and b are relatively prime, it is possible to choose n € Z
such that p™ divides a — nb. Hence, |a — nb|p < p~™ and, dividing by b, we see
that ’n - %|p < p~™. Hence, |n — a:|p <p ™<e. ]

2.1. Canonical P-adic Expansion of Q,. By the completion of Q, as described
in Section 1, every element of Q, is an equivalent class of Cauchy sequences in Q
with respect to the extension of the p-adic norm. Now each equivalence class of
Cauchy sequences defining some element of Q, contains a unique canonical rep-
resentative Cauchy sequence. To describe its construction, we need the following
lemma.

Lemma 2.7. If x € Q and |x\p < 1, then for any i there exists an integer o € Z

%

such that |oc — x|p < p~%. The integer o can be chosen in the set {0,1,2,---  p*—1},
and is unique if chosen in this range.

Proof. Let x = a/b, where (a,b) = 1 . Since [z|, < 1, it follows that p does not
divide b, and hence b and p’ are relatively prime. So, we can find integers m and n
such that mb+ np* = 1. Let a = am. Then

loo — 2|, = |[am — a/b|, = |a/b, |mb — 1|,

Since |a/b[, < 1 we have
la/bl, |mb — 1|, < |mb— 1|,
Now,
mb — 11, = |np'| | = |nl, (1/p") = |nl, (1/p") < 1/p".

Finally, using the non-Archimedean triangle inequality, we can add a multiple of p*
for which o — x|, < p~*
O

Theorem 2.8. Every equivalence class a in Q, satisfying \a|p <1 has ezactly one
representative Cauchy sequence {a;} such that:

(a): a; € Z,0 < a; < p'fori=1,2,---

(b): a; = aiy1 (mod p')

Proof. Let {b;} be a Cauchy sequence. We want to find a sequence {a;} satisfying
the conditions above. For every j = 1,2,--- let N(j) be a positive integer such
that

b, — by| < p~,Vi,i > N(j).
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Now the sequence N (j) is strictly increasing so N(j) > j. Further, note that
|bi|,, < 1if i > N(1) because for all i > N(1) we have

|bi],, < max([b;],,[bi — by|,) < max([b;],,1/p),

and

by| — lal, < Lasi — oo.

From Lemma 2.7, we can find integers a;, 0 < a; < p’ such that
1
o —bxipl, < 25

Let us show that a; = a;j4+1 mod p/ and (b;) ~ (a;). The first assertion follows
since

laj+1 = ajl, = [aje1r = dngn) +ongen =gy — (45— dvy)l,

= a1 — aj], < max (|aj+1 = bngn s v+ = dvel, - las — bN<j>|p)

< max (1/p 1, 1/p, 1/p) = 1/p/.

This gives us a; = a;j41 ( (mod pj)) . To prove the second assertion, take any j;
then for ¢ > N(j) we have

|ai = bil, = |ai — a;j + a; — by = (b — b)),

= |a; — b;|, < max <|a¢ - ajl,, |la; — bN(j)’p, |bi — bN(j)|p)
Therefore,
la; — bi|, < max (1/p7,1/p7 1/p7).
Now,
max (1/p7,1/p7.1/p7) = 1/p’.
Hence,

la; — bs|, — 0 as i — oo.

To prove uniqueness, we do the following: Assume {a;}is a different sequence sat-
isfying the requirements of the theorem with a;, # a;o for some ip. Then we have

Qi Z a;o (mod p‘), since both a;, and a;o are between 0 and p‘. It now follows
from (b) that for i > i

ai = aiy # a;, = a;( (mod pio)%

i.e., a; # a;( (mod p*)). But this means exactly that

/ 1 . .
a; — a; >]%,VZZ’L(),

p

which implies that
(a;) # (a;) a contradiction.
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If a € R,, then it is convenient to write all the terms a; of the representative
sequence given by the previous theorem in the following way

a;=co+ap+--+eap T
where all the ¢;’s are integers in {0,1,--- ,p — 1}. Condition (b) from Theorem 5
means that
a1 =co+ap+--+eap T +ep'
where the ”"p-adic digits” cg through c;_; are all the same as for a;. Thus a is
represented by the convergent (in the p-adic norm) series

o0
a=) e
n=1
which can be thought of as a number written in base p.

This allows us to discuss p-adic sequences and series.

3. P-ADIC SEQUENCES, SERIES, AND POWER SERIES

3.1. Sequences and Series.

oo
Theorem 3.1. Let a, € Q, for alln € N. Then Z an converges in Q, if and
n=1
only if limy, 0 ap, = 0.
oo
Proof. If Z an converges then the sequence of partial sums must converge. That

n=1
n

is, if s, = Zan, then lim,, .. s, exists. Now, a, = s, — Sp,_1. S0, lim,, . a, =
i=1

limy, 00 (8 — Sn—1) . Since lim,, o0 $p = limy,—y 00 Sp—1, it follows that lim, o a, =
0. Now suppose that lim,_,. a, = 0. This means that, given k£ > 0, we can choose
N € N such that |a,| < p~* for all n. > N. Thus, for all m >n > N

[Sm — 3n|p = |ans1 + -+ aml.
Now,
k

|Sm — Snlp < e lail, <p~

Thus, the sequence (s;,),cy of partial sums is Cauchy, and so must converge by the

completeness of Q, O
o0
Definition 3.2. A series Z ay, converges in @, unconditionally if for any reorder-
n=1
o]
ing of the terms a, — a/n, the series Z a;L also converges.
n=1

In R, unconditional convergence implies convergence, but in Q,, the converse is
also true.
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oo

Theorem 3.3. If Z an converges in Qp, it converges unconditionally and the sum
n=1
does not depend on the reordering.

Proof. Let € be an arbitrary real number and N be an integer such that for any

’
a’n

n > N we have |a,|, <&, < e, and
P

o0

N
D an =)
n=1

n=1

< €.

p

N N
Put S = Z an and S = Z a;l, and denote by S7 and S; respectively, the sums
n=1 n=1
> €.
’ , p
It is clear that S; and S; have the same terms, hence S; = S;. The sum S differs

of all terms of S for which |a,[, > €, and of all the terms of S " for which |a,,

from S; by the terms satisfying [a,|, < ¢, and ‘S/ - S;‘ < €, s0 that ‘S - S/‘ <e.
P P

Now

< 2e¢

< +

00 N 0o N N N

! ’
Doan=D @S> ant) an|+ (3 an =} 0,
n=1 n=1 n=1 n=1 n=1 n=1

Since € can be made as small, and N as large as we like, we have:

0o 00

!
D an=)_a,
n=1 n=1

g
o (-D)"
This result is clearly not true in R, e.g., Z ———. We can now proceed to
n=1

define a p-adic power series. For more information on this topic see [1].

3.2. P-adic power series.

Definition 3.4. A formal power series is an expression of the form:
oo
FX) =) an X"
n=0

where a, € Q, and X is an indeterminate.

The set of all power series in X with coefficients in the field F' is denoted by

F[]]. Given z € Q,, we can consider a power series f(x) to be Z anz™. By [3.1],
n=0
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we know that the series will converge if and only if |a,z™| — 0. Just like in R or
C, the "radius of convergence” of the power series is defined to be:
1

* limsup \an\;/n

Since % is the least upper bound of the limit points in the sequence, it follows that
1/n

in a case where 0 < r < oo, for any C' > 1/r there are only finitely many |an|p

greater than C.

o0

Proposition 3.5. Suppose that 0 < r < co. Then the series Z anx" converges if
n=0

2|, <r and diverges if |z|, > r.

Proof. First, if ||, <7, let [z|, = (1 — ). Then |a,a"|, = (’I‘ |an|1/") (1—-¢)".

p
1/n 1
p > r—er/2?

1 _ n
lim |a,z"|, < lim %
n— 00 n— 00 ( _ 55) r

we have

Since there are only finitely many n for which |a,,|

Now, if [z], > r, we write |z|, = (1+¢)r. Then |a,z"|, = (7“ |an|1/") (1+e)".

p
Because there are infinitely many n for which |an|117/ "> m, we have
n
. . 14¢)r
limsup |a,z"|, > lim % > 0.
n—o00 n—00 (1 + 55) r

O

At the boundary, or when |z|, = r, convergence or divergence is uniform. This
property is not found in R or C, where the behavior on the boundary may be quite

(o]

complicated. For instance log(1+z) = Z (—1)"*"!2"™ /n has a radius of convergence
n=1

that diverges for x = —1 and converges (conditionally) for £ = 1. Let us use the

same example Z (=1)"*'2™ /n in Q,. Then we have:
n=1

ordp(

1/n71

_ n) .
lan|, =p and nlirrgo|a,L|p =

We can see that the series diverges for |z[, < 1 and diverges for [z|, > 1. If |z[, = 1,
then |a,z"|, = p°"*™. Because p°"*"™ > 1, the series diverges.

Lemma 3.6. Every f(X) € R,[[X]] converges in p.

Proof. Let |z|, < 1, and f(x) = Zanx”. Since for any n > 0]a,| < 1, it follows
n=0

that \anx”|p < |x|z — 0 as n — 00, hence the series converges.
O
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Definition 3.7. A function f(z) € Q, is continuous at z € Q, if for all € > 0,
there exists a § > 0, such that for all 2 € (z — 6,z +68) = |f(z) — f(z)| <e
P

oo
Lemma 3.8. Let f(z) = Zanx"7an € Qp, be a p-adic series whose region of

n=1
convergence 1s in an open and closed ball D C Q,. Then f: D — Q, is a continu-
ous function on D.

Proof. Let ‘x — :1:/’ < ¢, where § will be specified later. We have
p

p

oo
! rm
F@) = 1G] =3 (ana” —ana™)
p n=1 P
Now,
> n n
’ ’
Z (anx” — anT ) < max |apz" — apx
n=1 p " p
Because
max apx” — anx/n , = max (\an|p (x - a:/)>
>0 n n—1
! ’ ’ ’ -
- anx” — a,x <max(lap| (z—2z ) (2" ' +2" 22 +- - +2
n p
n=1 P
But,
n—1 n_o ' m—1 n—i ri—1
x +x T + +x max |r X .
p 1<i<n p
Since
. 1 —1 _
max |2" ' ‘ = |af,~"
<i<n
-1
— 2" a2 g ‘ < IxIZ_l-
Therefore,
! ’ 71 5
flx)— f(z) ) < max (‘x —x ‘p |anl, =], ) < N max <|an|p |x|z> .
p
Take 6 = e‘xil”n Since |a,2™| and |z| are bounded we obtain:
maxy, (|a"|p\a:|p) p p
’
@)~ 16| <e
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3.3. Zeros of p-adic power series.

Theorem 3.9. (Strassman’s Theorem) Let f(X) = ZanX” € Qp[[X]] be a
n=0

non-zero power series (a series whose coefficients are not all zero). Suppose that

limy, o0 an, = 0 so that f(x) converges for all x € R,. Let N be the integer defined

by
(a) \aN\p = maux|an|p7

(0) lan|, < lan|, forn > N.

Then f: R, — Q, defined by x — f(x) has at most N zeros.

Remark 3.10. Since a,, — 0, |an|p attains its maximum for a finite set of indices
ni,Ng, -+ ,Ng; then N = ny, the largest index of a,, with maximal norm.

Proof. This proof will be done using induction on N.

Base of induction. For N = 0 our assumption means that \ao\p > |a”|p for all
n > 0. We want to prove that f(z) has no zeros in R,. If

Ozf(fﬂ):ao+allf+a2$2+-“
we have

— 2
ol = a0 + a1z +a20% ++-| = faol, < maxanz"], < maxla, < laol,

which is a contradiction.

Induction step. We shall explicitly factor out one zero, and show that the quo-
tient is a new power series with a smaller N. Suppose

lanl, = mrz?x\an\p and |an|, < |an|, for n > N,

and let f(a) =0 for some a € R,. Choose any = € R,,. Then

F(@) = 1)~ f(0) = Y e ) = (2~ 0) 3 3 anadar .

Because we can rearrange the sum without changing the convergence (Theorem 6),
we switch the order of summation: by defining Kk =n — j — 1, we obtain

oo o0
fl@)=(z - «a) Z bja" = (x — ) g1(x), where b; = ZaHHkak.
§=0 k=0
Now we have
b;] < max|aj14k|, < lan], for all j from 0 to oo
since ay has a maximal norm, further
lbn-1], = lan + an=1a+ any20® + - - |p = lanl,
and if j > N

b3, < max|a;i k], < R |anl, <lanl, .
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So by_1 has a maximal norm, and it is the last one with a maximal norm. By
the inductive assumption, g; has at most N — 1 zeros, so f has at most N zeros,
namely the N — 1 zeros of ¢g; and a.

|

We will now present three corollaries to the above theorem.

Corollary 3.11. Let f(X) = > a,X™ be a power series that converges in R,, and
let ai, g, -, amn be the roots of f(X) inR,. Then there exists a power series g(z)
that converges in R, but has no zeros in R, for which

fl@) = (X —a1) - (X — am) g(X).
Proof. Like in the proof of Strassman’s Theorem, we can write
f(X) = (X —a1)g1(X),

where g1(X) converges in R, and has at most m — 1 zeros. Continuing this process
we factor out all m zeros of f to obtain g,,(X) = g(X). O

Corollary 3.12. Let f(X) = > a,X" be a power series that converges in p™R,
for some m € Z. Then f(X) has a finite number of zeros in p™R,,. This number is
at most N, where N satisfies

}pmNan|p < |pmNaN|p forn>N

Proof. Let g(X) = f(p"X) = > a,p™"X". Since f converges in p"R,,, g con-
verges in R,. By Strassman’s theorem we have that f(X) has a finite number of
zeros that is at most N. (]

Corollary 3.13. Consider two p-adic power series

FX) =D an X" g(X)=> b, X"

n>0 n>0

converging in p" R,. If there exist infinitely many numbers o € p"" R, such that
fla) = g(a), then a,, = b, for alln > 0.

Proof. Consider f(X) — ¢g(X). It has infinitely many zeros in p™R,, hence it
represents a zero power series. Therefore, all coefficients of f(X) and g(X) are
equal, i.e, a, = b, for all n > 0. (]

Corollary 3.14. Suppose the series f(X) = > < an, X" converges in p™R,. If
the function defined by f(x) is periodic, i.e. there exists a constant T € p™R,, such

that f(x + 1) = f(x) for all x € p™R,, then f(X) = const.

Proof. One can see that the function f(X) — f(0) has zeros at Tn for all n € Z.
Slnce 7 € p™R,, which is an ideal, we have nT € p™R,. Therefore the function
f(z) — £(0) has infinitely many zeros in p™ R, which implies that f(X)— f(0) =0,
i.e, f(X) = const. O
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