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Abstract. The fundamental concepts of metric spaces will be established

and explored with some instructive examples. Contraction mappings and the

contraction mapping principle will also be explored.
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1. Metric Spaces

The limit is often identified as the fundamental basis of calculus. But what is
the conceptual foundation of the limit? This foundation is the notion of numbers
being arbitrarily ‘close’ to each other, so in order to arrive at a precise definition of
convergence, distance is a natural place to start. In Euclidean spaces, we can think
of the distance between two points geometrically as the length of the line connecting
them. In order to abstract this notion and form a precise idea of distance on any
set, we need to specify what attributes are required.

Definition 1.1. Let K be a non-empty set and d : K×K −→ R. Assume that for
all x, y, and z in K:

(1) d(x, y) ≥ 0 with equality satisfied if and only if we have x = y,
(2) d(x, y) = d(y, x), and
(3) d(x, y) ≤ d(x, z) + d(z, y).

Then we call d a metric on K, and K together with d is called a metric space
(K, d).

A metric as defined gives us a formal way to view the notion of distance between
points in a set. The first property is simply justified–distance is never taken to
be negative by convention and is only zero for two nondistinct points. The second
property makes good sense as well–distance ought not to depend on which point is
considered first. The third property comes as a necessity. Consider the set of points
comprising a Euclidean plane: any three non-collinear points form a triangle, and
any one side length of such a triangle must be less than the sum of the other two
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side lengths. Therefore, the distance between two points must be less than the sum
of the distances between each of those points and a third point. (In the case of
points along the same line we have equality). This property is often referred to as
the triangle inequality.

Example 1.2. Let K = C, the set of complex numbers, and for x,y ∈ K define d
by d(x,y) = |x− y|. Then (K, d) is a metric space.

Proof. We must verify that our metric meets the three stated properties for this
set of numbers. First, if x = x1 + x2i and y = y1 + y2i, then we have x − y =
(x1 − y1) + (x2 − y2)i. Then, d(x,y) = |x− y| =

√
(x1 − y1)2 + (x2 − y2)2.

(1) d(x,y) = 0 if and only if
√

(x1 − y1)2 + (x2 − y2)2 = 0, which occurs if
and only if x1 = y1 and x2 = y2. That is, x = y. Otherwise, we have√

(x1 − y1)2 + (x2 − y2)2 > 0, satisfying the first property.

(2) d(x,y) =
√

(x1 − y1)2 + (x2 − y2)2 =
√

(y1 − x1)2 + (y2 − x2)2 = d(y,x),
satisfying property two.

(3) Let x = x1 + ix2, y = y1 + iy2, and z = z1 + iz2. We can first cleverly
consider the following quadratic in t:

[(x1 − z1)2 + (x2 − z2)2]t2 + 2[(x1 − z1)(z1 − y1) + (x2 − z2)(z2 − y2)]t+
[(z1 − y1)2 + (z2 − y2)2],

which equals

[(x1 − z1)t+ (z1 − y1)]2 + [(x2 − z2)t+ (z2 − y2)]2

And we know for real t that this is never negative. That being the case,
the discriminant of the quadratic cannot be positive and we have

2[(x1 − z1)(z1 − y1) + (x2 − z2)(z2 − y2)]

≤ 2
√

[(x1 − z1)2 + (x2 − z2)2][(z1 − y1)2 + (z2 − y2)2]

= 2d(x, z)d(z,y)

Using this fact, the following holds:

d(x,y)2 = (x1 − y1)2 + (x2 − y2)2

= [(x1 − z1) + (z1 − y1)]2 + [(x2 − z2) + (z2 − y2)]2

= (x1 − z1)2 + (x2 − z2)2 + 2[(x1 − z1)(z1 − y1) + (x2 − z2)(z2 − y2)]

+ (z1 − y1)2 + (z2 − y2)2

≤ (x1 − z1)2 + (x2 − z2)2 + 2d(x, z)d(z,y) + (z1 − y1)2 + (z2 − y2)2

= d(x, z)2 + 2d(x, z)d(z,y) + d(z,y)2

= [d(x, z) + d(z,y)]2

And so we have d(x,y) ≤ d(x, z) + d(z,y). �

So, (K, d) is a metric space.

Example 1.3. Another common metric space is formed by any non-empty set K
with the metric d defined as follows:

d(x, y) =

{
0 if x = y
1 if x 6= y

Here d is called the discrete metric on K, and (K, d) is called a discrete space.
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Example 1.4. Consider now the set L of continuous functions from [a, b] to R.
(Note: [a, b] = {x ∈ R : a ≤ x ≤ b}). And for x, y ∈ L define d by

d(x, y) = max{|x(t)− y(t)| : t ∈ [a, b]}.

Then (L, d) is a metric space. Note that because [a, b] is compact, we know the
images of functions in our space are compact as well. Moreover, any continuous
real-valued function on a non-empty compact space is bounded above and actually
attains its supremum. So, we can see that any two functions in our space will
always be separated by a finite distance.

Proof. Again, we will verify our three properties for this space.

(1) d(x, y) = max{|x(t)− y(t)| : t ∈ [a, b]} = 0 if and only if |x(t)− y(t)| = 0
for each t ∈ [a, b]; that is, if and only if x(t) = y(t) for each t ∈ [a, b].
Simply put, if x = y.

(2) d(x, y) = max{|x(t)− y(t)| : t ∈ [a, b]} = max{|y(t)− x(t)| : t ∈ [a, b]} =
d(y, x).

(3) For x, y, z ∈ L, d(x, y) = max{|x(t)− y(t)| : t ∈ [a, b]} = |x(t0)− y(t0)| ≤
|x(t0)− z(t0)|+|z(t0)− y(t0)| ≤ max{|x(t)− z(t)| : t ∈ [a, b]}+max{|z(t)− y(t)| :
t ∈ [a, b]} = d(x, z) + d(z, y).

�

2. Cauchy Sequences and Completeness of Spaces

Definition 2.1. In a metric space (K, d), the sequence {xn} of points in K con-
verges to the limit x ∈ K if d(xn, x)→ 0 as n→∞. In other words, the sequence
{xn} converges to x if, for all ε > 0, we have a number N such that d(xn, x) < ε
whenever n > N .

Definition 2.2. Given a metric space (K, d), a sequence {xn} is a Cauchy sequence,
if for every ε > 0, there exists a positive integer N such that for all natural numbers
m,n > N , we have d(xm, xn) < ε.

Theorem 2.3. Given a metric space B = (K, d) and a sequence {xn} in B, if
{xn} is convergent, then it is a Cauchy sequence.

Proof. Let {xn} be a convergent sequence in B = (K, d) that converges to the limit
x ∈ B. Then we know for any ε > 0, we have a number N such that, for any
n,m > N the following hold:

(1) d(xm, x) < ε/2, and
(2) d(xn, x) < ε/2.

Invoking the triangle inequality, we have

d(xm, xn) ≤ d(xm, x) + d(x, xn) < ε/2 + ε/2 = ε.

This shows that {xn} is Cauchy. �

Remark 2.4. The converse of this theorem is not necessarily true. Take for example
the sequence {1/n!}, which converges in R and is therefore Cauchy. If we consider
the sequence in R\{0}, we know it is still Cauchy since our metric has not changed
and every element is contained in this space. But because we removed its limit
point from the space, it does not converge there.
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Definition 2.5. A metric space B is called complete if every Cauchy sequence in
B converges to an element of B. If not, the space is said to be incomplete.

Example 2.6. The real interval (0, 1) with the usual metric on R is not a complete
space. Take the sequence {xn} = {1/n}. Although each member of this Cauchy
sequence is in the interval, its limit is not.

Remark 2.7. However, the closed interval [0, 1] is a complete space. Indeed, any
closed subset of R or C is a complete metric space.

Example 2.8. Our space (L, d) of continuous functions from [a, b] to R forms a
complete metric space as well.

Let {gn} be a Cauchy sequence of functions in L. We want to find a function g
in L such that for every ε > 0 there is some N , such that if we have n > N , then:

max{|gn(t)− g(t)| : t ∈ [a, b]} < ε

This is to say that {gn} converges uniformly to g on [a, b]. And we know the limit
function g will be in L since it is the limit of a uniformly convergent sequence of
functions which are in L as well. As such, we need only prove that this sequence
converges uniformly to g in order to show that (L, d) is a complete metric space.

Proof. First, we will use the fact that {gn} is Cauchy. So, for some fixed ε > 0,
there is some number N such that for all m,n > N , we get:

d(gm, gn) < ε.

If we fix some t0 ∈ [a, b], {gn(t0)} gives us a sequence of real numbers. We have
already shown that |gm(t)− gn(t)| is bounded by ε on [a, b] by the fact that {gn} is
Cauchy. As a result, |gm(t0)− gn(t0)| is less than ε when we have m,n > N . This,
in turn, tells us that our sequence of real numbers {gn(t0)} is a Cauchy sequence
in R, which is a complete space. Therefore, {gn(t0)} will converge to some real
number, say lt0 . And we know that we can find such a convergent sequence of real
numbers for all t ∈ [a, b] since t0 was chosen arbitrarily.

Suppose we define our function g by g(t) = lt, then we have our sequence {gn}
converging coordinate-wise to g for each t in our interval. Now we must only show
that this convergence is also uniform on the interval. To do so, we will invoke the
triangle inequality and write the following, for all t ∈ [a, b]:

|gj(t)− g(t)| − |g(t)− gk(t)| ≤ |gj(t)− gk(t)|

for any j and k. We know our sequence {gn} is Cauchy in L, so |gj(t)− gk(t)| < ε
for some arbitrary ε > 0 and sufficiently large j and k. This bounds the left side:

|gj(t)− g(t)| − |g(t)− gk(t)| < ε

Now, since {gn} converges coordinate-wise to g on [a, b] we have:

lim
k→∞

[|gj(t)− g(t)| − |g(t)− gk(t)|] = |gj(t)− g(t)| .

And our inequality is still preserved, so for large enough j:

|gj(t)− g(t)| < ε.

Notice that our choice of j depends only on ε and not t, so it will work for our
entire interval. This satisfies the requirement for uniform convergence, and (L, d)
is therefore a complete metric space. �
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3. Continuity, Contractions, and the Contraction Mapping Principle

Definition 3.1. Let A and B be metric spaces with x0 ∈ A and d, d′ metrics
in A and B, respectively. Let f be a function from A to B. Then f is said to
be continuous at x0 if, for any ε > 0, there exists δ > 0 such that, whenever
d(x, x0) < δ we have

d′(f(x), f(x0)) < ε

(Note that f(x) ∈ B for all x ∈ A). f is said to be continuous on A if it is
continuous at every x ∈ A.

Definition 3.2. The map f : A −→ B is called uniformly continuous if, for any
ε > 0, there exists δ > 0 such that whenever d(x, y) < δ we have

d′(f(x), f(y)) < ε for all x, y ∈ A

(Note: Uniform continuity implies contintuity.)

Definition 3.3. Let (K, d) be a metric space. Then the map f : K −→ K is a
contraction mapping of (K, d) if for some real number 0 ≤ c < 1, called the constant
of contraction, we have

d(f(x), f(y)) ≤ cd(x, y)for all x, y ∈ K

Remark 3.4. Contraction mappings are uniformly continuous, as can be easily ver-
ified.

Definition 3.5. Let K be a set and f : K −→ K. Then we call a point x0 a fixed
point in K if f(x0) = x0.

Theorem 3.6. Let (K, d) be a non-empty, complete metric space and f : K −→ K
be a contraction mapping of the space. Then f has a unique fixed point in K.
Furthermore, for any x ∈ K, the iterative sequence x, f(x), f(f(x)), ... converges
to the fixed point of f .

Proof. Suppose f : K −→ K with a constant of contraction c and (K, d) is a non-
empty, complete metric space. We will begin by using f to produce an iterative
sequence of points in K. We first want to show that for any x0 ∈ K that the
iterative sequence defined by xn+1 = f(xn) for n ≥ 0 converges to a fixed point of
our map f . Everytime we iterate f , the distance is contracted, as c, being smaller
than one, is raised to higher powers. This will ensure convergence of our sequence
because (K, d) is complete.
We know that for any n ≥ 1, d(xn, xn+1) = d(f(xn−1), f(xn)) ≤ cd(xn−1, xn) by
definition of f . So we see the following geometric pattern emerge:

d(xn, xn+1) ≤ c1d(xn−1, xn) ≤ c2d(xn−2, xn−1) ≤ ... ≤ cnd(x0, x1).

We can use the last expression as an upper bound for d(xn, xn+1) and see that the
terms of our sequence are getting closer at a geometric pace. We can see that for
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any j > k, by applying the triangle inequality several times

d(xj , xk) ≤ d(xk, xk+1) + d(xk+1, xk+2) + ...+ d(xj−1, xj)

≤ ckd(x0, x1) + ck+1d(x0, x1) + ...+ cj−1d(x0, x1)

= (ck + ck+1 + ...+ cj−1)d(x0, x1)

≤ (ck + ck+1 + ck+2 + ...)d(x0, x1)

=

(
ck

1− c

)
d(x0, x1).

And now with this bound, for any ε > 0, choose some J ≥ 1, making it sufficiently
large to give us (

cJ

1− c

)
d(x0, x1) ≤ ε.

Then for any j > k ≥ J we are left with

d(xj , xk) ≤
(

ck

1− c

)
d(x0, x1) ≤

(
cJ

1− c

)
d(x0, x1) < ε.

So, our sequence is Cauchy. And since (K, d) is complete, the terms of our sequence
will converge in K. Suppose x is the limit of our sequence (i.e., lim

j→∞
xj = x) and

of course x ∈ K. As f is uniformly continuous, being a contraction mapping, when
xj → x, we will have f(xj)→ f(x). By the nature of f , the fact that f(xj) = xj+1

tells us that lim
j→∞

f(xj) = x. So we have f(x) and x as limits of our sequence.

Uniqueness of limits tells us then f(x) = x, so x is the unique fixed point of f . �
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