WARING’S PROBLEM FOR n =2

JAMES ROBERTSON

ABSTRACT. Given a natural number n, Waring’s problem asks for the mini-
mum natural number s, such that every natural number can be represented
as the sum of s, nt" powers of integers. In this paper, we will answer this
question for the case n = 2. To do this, we will examine the properties of two
rings, one of which is a subring of the complex numbers, the other of which
is a subring of the quaternions. These have naturally defined norms and divi-
sion algorithms, which we will use to prove the result that all numbers can be
written as the sum of four squares, as well as giving a necessary and sufficient
condition for the sum of two squares.
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1. INTRODUCTION AND OVERVIEW

Given a natural number n, Waring’s problem asks for the minimum natural
number s,, such that every natural number can be represented as the sum of s, n**
powers of integers. In this paper, we will answer this question for the case n = 2.
As we will show, every natural number can be written as the sum of four squares,
but fewer squares do not suffice for all numbers. We will also give a necessary
and sufficient condition for an integer being the sum of two squares. Though a
corresponding condition for the sum of three squares exists, a simple argument
based on congruences shows that not every number can be represented this way.
This is sufficient to show sy = 4. Though for certain n, all sufficiently large numbers
may be written as the sum of fewer than s, integers, the nature of our arguments
will show that this is not the case for n = 2.

To prove the necessary and sufficient condition for the sum of two squares, we
will use the Gaussian integers, a subring of C whose elements have integer real and
imaginary parts. We will define a norm on this ring, which will give us a division
algorithm analogous to the usual division algorithm for Z. The way we define the
norm allows us to recast the problem as finding which natural numbers can be
represented as the norm of a Gaussian integers. The division algorithm will allow
us to examine which natural numbers can be written as the product of Gaussian
integers. Together, these two facts will allow us to prove a necessary and sufficient
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condition for an integer being the sum of two squares. To prove the main result,
i.e. all natural numbers can be written as the sum of four squares, we will use an
analogous approach with quaternions. Although the actual proof differs in technical
ways stemming from the noncommutativity of multiplication in the quaternions, we
will use a division algorithm and a norm to achieve the final result.

2. GAUSSIAN INTEGERS AND THE TWO-SQUARE PROBLEM

We start out with some basic definitions that will enable us to examine the
structure of the Gaussian integers.

Definition 2.1. A norm on a ring R with identity is a function N : R — N U {0}.

The norm in a sense measures the size of elements of R. An example of a norm
is the usual absolute value on Z. Notice that the norm does not uniquely specify
an element of R, i.e. multiple elements of R can take on the same norm.

Definition 2.2. An integral domain R is called a Euclidean Domain if it has a
norm such that for any a,b € R,b # 0 there exists ¢,r € R such that a = qb +r
with r =0 or N(r) < N(b), i.e. a division algorithm holds for R.

This definition is motivated by the usual division algorithm on Z. Since we lack
an ordering on arbitrary rings, the condition that the remainder be less than b is
replaced by the condition that » = 0 or N(r) < N(b). Interpreting the norm as
the size of an element, this fits with the intuitive notion that the remainder must
be less than the divisor. The property of being a Euclidean Domain is a strong
condition that greatly limits the structure of a ring, as the following proposition
shows.

Proposition 2.3. If R is a Fuclidean Domain, then R is a Principal Ideal Domain,
i.e. every ideal in R is generated by a single element.

Proof. Let I be an ideal of R. If I = (0), I is generated by 0, so assume I # (0). Let
a be the nonzero element of I with the miminum norm. Such an element must exist
by the well-ordering of N and the assumption that I # (0). If b € I, by the division
algorithm for R, there exist ¢, € R with N(r) < N(a) or r =0 and b = aq + .
Then aq € I since [ is an ideal, so b — aqg = r € 1. But by the minimality of N(a),
N(r) £ N(a) unless » = 0. Then b = ag, which implies I = (a). O

We now introduce the Gaussian integers and show that they are a Euclidean
Domain under the usual norm for complex numbers.

Definition 2.4. The ring of Gaussian integers is Z[i] = {a+bi € C | a,b € Z} with
addition and multiplication defined in the usual manner for complex numbers.

The Gaussian integers can be thought of as lattice points in the complex plane.
Theorem 2.5. The function N : Z[i]| — NU {0} defined by
N(a + bi) = (a+bi)(a+ bi) = a® + b?

is a norm on Zl[i] satisfying N(ab) = N(a)N(b) for all a,b € Z[i]. In addition, this
norm makes Z[i| a Euclidean Domain.
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Proof. Since Z[i] is a subset of the field C that is closed under additive inverses,
addition, and multiplication, and contains both identities, Z[é] is an integral domain.
Clearly for a Gaussian integer a + bi, a® + b? will be a natural number or 0, so N
is a norm. Also,

N((a+ bi)(c+ di)) = N(ac — bd + (ad + be)i) = (ac — bd)* + (ad + be)?
= a?c® + b?d? — 2abed + a*d? + b?c® + 2abed
= (a® +b*)(c* + d*) = N(a + bi)N(c + di)

Now we must show that Z[i] has a division algorithm under this norm. Let o =
a+bi, =c+ di € Z[i] where 8 # 0. Then

a a+bi c—di 4 si ac+ bd bc — ad

== . =r+si r= s =

B c+di c—di 2 +d?’ 2 + d?
Take integers p,q with |r — p| < %,]s — ¢/ < 1. Then let

vzﬂ((r—p)ﬂs—q) ) = B(r—p) + B(s — q)i
= B(r+si) - Blp+qi) = %B — B(p + qi)
=a—B(p+qi) € Z[1]
By the multiplicativity of the norm,

N(v)=N(s
=N(8

N((r=p)+ (s = q)1)
((r=p)*+ (s = q)?)
_1

< 5N(B) < N(6)

So o = B(p + qi) + v, where N(y) < N(B). This proves that Z[i] is a Euclidean
Domain. (I

)
)

This norm gives us an alternative, and easier to prove, way to look at the two-
squares theorem since a number can be written as the sum of two squares if and
only if it is the norm of some Gaussian integer. The right implication follows from
n=a?>+b*> = (a+bi)(a — bi) = N(a+ bi) where a,b € Z, so a + bi € Z[i]. This
reformulation is useful because it allows us to use facts about rings to make the
problem more tractable. In fact, once we have established a few more facts about
rings, the proof of the two-square theorem follows relatively quickly.

Definition 2.6. Let R be an integral domain.

(1) A nonzero non-unit r € R is called reducible if there exist a,b € R with a and
b not units such that r = ab. Otherwise, it is called irreducible.

(2) An ideal I of R is called prime if I # R and ab € I impliesa € I or b € I.

(3) A nonzero non-unit element r € R is called prime if it generates a prime ideal.
This is equivalent to p|ab implies p|a or p|b.

(4) An ideal T of R is called a maximal ideal if I # R and the only ideals containing
I are R and I.

These definitions are motivated by corresponding definitions in number theory.
An important difference to note is that the prime property (p is irreducible iff
plab = pla or p|b) for Z does not hold in arbitrary rings. Therefore, we define
irreducible and prime separately for rings. Irreducible elements correspond to the
typical definition of primes for Z. As we will show, for Euclidean Domains (and in
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fact for Principal Ideal Domains), the prime elements are exactly the irreducible
elements. To prove this, we first show some easy lemmas about rings.

Lemma 2.7. An integral domain R is a field if and only if its only ideals are R
and 0.

Proof. =: Suppose the only ideals of R are itself and the trivial ideal. We must
show that every nonzero element has a multiplicative inverse. Let a € R be nonzero.
Consider (a). Since a € (a), (a) # (0). By the assumption on R, this implies that
(a) = R. Then 1 € (a). Since (a) = {ra | r € R}, there exists some b € R with
ab = 1. Thus a has an inverse.

«: Conversely, suppose that R is a field. Consider an ideal I # (0). At least one
such ideal exists since R is an ideal different from (0). Let a € I and b € R. We
will show that b € I. Since R is a field, a has an inverse a~'. Then since I is an
ideal, (ba=Y)a =b € I. O

Lemma 2.8. Let R be an integral domain. If an ideal I is mazimal, then R/I is

a field.

Proof. Suppose I is maximal. By Lemma 2.7, if R/I has no ideals other than 0
and itself, it is a field. By the Lattice Isomorphism Theorem, there is a bijection
between the ideals of R containing I and the ideals of R/I. Since the only ideals
containing I are I and R, and these correspond to 0 and R/I in the quotient ring,
R/I is a field. O

Lemma 2.9. Let R be an integral domain. An ideal I is prime if R/I is an integral
domain.

Proof. Suppose R/I is an integral domain and rs € I. Then I = (rs+ 1) =
(r+I)(s+1) € R/I. Since [ is the additive identity of R/I, and R/I is an integral
domain, (r4+1I) =T or (s+ 1) =1. Then r € I or s € I. This means that I is
prime. U

Corollary 2.10. A mazimal ideal is prime.

Proof. The quotient of a ring over a maximal ideal is a field, and a field is an
integral domain. O

Theorem 2.11. In a Euclidean Domain R, a nonzero element is prime if and only
if it is irreducible.

Proof. =: Suppose p is prime in R with p = ab. Then p | ab = p |a or p | b.
Without loss of generality, say p | a. Then a = ¢p for some ¢ € R. Then p = ab =
cpb = p(bc) = bc = 1 = b is a unit. Then p is irreducible.

<: Conversely, suppose p is irreducible. Consider the ideal generated by p. We’ll
show that this ideal is maximal, so it must be prime. Suppose an ideal I D (p). By
Proposition 2.3, I = (c¢) for some ¢ € R. Thenp € (p) = pe€l=(c)=p=cd for
some d. Since p is irreducible, ¢ or d must be a unit. If ¢ is a unit, (¢) = R. If d is
a unit, (¢) = (p). This implies that (p) is maximal, so it must be prime. O

Since Z[i] is a Euclidean Domain, we now know that its prime elements are
exactly its irreducible elements. This means that if we can show that an element
of Z[i] is not prime, then we know it can be written as the product of two elements
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of Z[i] that are not units. This is the key fact that will allow us to prove the two-
squares theorem. The following proposition will be necessary in the proof because
it will tell us the norm of an element of Z[¢] that is not a unit must be greater than
1 or equal to 0.

Proposition 2.12. Suppose a+bi € Z[i| and N(a+bi) = 1. Then a+bi is a unit.

Proof. If N(a + bi) = a® + b* = 1, then either a = £1 or b = £1 (but not both).
This means a + bi equals one of the following: 1, —1,¢, —i. These respectively have
the following multiplicative inverses: 1, —1, —%,¢. So a + bi must be a unit. O

Before we can complete the proof of the theorem, we need to find a way to
rewrite the condition that p is not prime in the Gaussian integers in terms of
number theoretic facts about p. The proof of the lemma that allows us to do this
requires Wilson’s Theorem, a well-known theorem that we will prove.

Lemma 2.13 (Wilson’s Theorem). For any prime p, (p — 1)! = —1 mod p.

Proof. First note that for any 2> =1 mod p, (x —1)(z+1) =0 mod p, so x = 1 or
x = —1 mod p, since p is prime. Note
p+1 p—1
(= 1)= (- -2 ("))
By the observation above, each of the terms above, excluding 1 and p—1, is different
from its multiplicative inverse. Therefore, excluding 1 and p — 1, each term in the
product above is multiplied by its multiplicative inverse. These terms will pair up

to produce 1 so that (p — 1)! = —1 mod p, since p — 1 and 1 are the only terms
remaining after multiplying inverses. O

Lemma 2.14. Let p € Z be a prime number. Then there exists an integer n such
that p | n® 4+ 1 if and only if p=1 mod 4 or p = 2.

Proof. =: If p = 2, p divides 12 + 1 = 2. Suppose instead that p = 1 mod 4. Let

r=1-2..- (%) This is the product of an even number of terms since p = 4m+1

for some number m so z = (—1)(—2)...(—%). Since p — k = —k mod p,
PP =12 (%)(71)(4) e (7%1)
— o 2L L o

1.
2 2
=(p—-1!=-1mod p.

Then p divides 22 + 1.

<«: To prove the converse, notice that for any n, n? = 0 or 1 mod 4. This means
that if p=n2+1, p=1 or 2 mod 4. Since the only prime congruent to 2 mod 4 is
2, the converse follows. O

Using this lemma and the ring theory developed earlier, we can finally prove the
two-squares theorem for prime numbers. The general case follows easily from this.

Theorem 2.15. A prime p is the sum of two squares, i.e. p = a® + b* for integers
a,b, if and only if p=2 or p =1 mod 4.
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Proof. <=: Suppose first that p = 2 or p = 1 mod 4. Then by the lemma, p | n? +1
for some integer n. Note that n? +1 = (n+14)(n —i) and (n +1), (n — i) € Z[i]. If
p were prime in the Gaussian Integers, p would divide n + i or n — 4. This means
for some ¢+ di € Z[i],
plc+di)=n+ti=pd==1

Since p > 1,d € Z, this is impossible. So p is not prime in Z[i]. By Proposition 2.11,
this means p is reducible in Z[i]. Then for some non-units z,y € Z[i], p = xy. Since
x,y are not units, N(z) # 1 and N(y) # 1 by Proposition 2.12. Then

N(p) =p*> = N(zy) = N(z)N(y) = N(z) = N(y) = p

Since x = a + bi for some a,b € Z, then N(x) = p = a® + b%.

=-: Conversely, we will show that the sum of two squares must be congruent to
0,1 or 2 mod 4. Since the only prime congruent to 0 or 2 mod 4 is 2, the converse
follows. So suppose p = a? + b%. Squares can be only be congruent to 0,1 mod 4,
sop=a?+b>=0,1,2mod 4. Then p=2or p=1 mod 4. O

Now we can extend this result to other natural numbers.

Corollary 2.16. Letn be a positive integer. By factorization in Z, we can uniquely
write n = 2™ (p1)* (p2)*2...(p,) (q1)"...(qs)', where each p; = 1 mod 4, each
q; =3 mod 4. Then n can be written as the sum of two squares if and only if each
l; is even.

Proof. <: Suppose each [; is even. By the multiplicativity of the norm, note that
(a® +b*)(c® + d*) = N(a+ bi)N(c+ di) = N(e + fi) for some e + fi € Z[i]. Since
N(e + fi) = e? + f? is the sum of two squares, the product of the sum of two
squares is itself a sum of two squares. Each p; and 2 is the sum of two squares by
the theorem. Also, since each [; is even, each (g;)¥ = ((qj)%(lf))2 +0? is the sum of
two squares. Then n is the product of sums of two squares, so by the observation
above, n is the sum of two squares.

=: Suppose at least one of the /; is odd. Without loss of generality, suppose
l1,1la,...l; for some t are odd and all other [; are even (we can just relabel to make
this true). For contradiction, suppose that n is the sum of two squares, i.e. n = aa
for some o € Z[i]. We know the g; are irreducible in Z[i] since they cannot be
written as the sum of two squares so by Theorem 2.15, the g; are prime in Z[z].
Therefore, since each g; for j = 1,2, ..., ¢ divides n = a, each ¢; divides o or &. But
since these are conjugates, q; for j = 1,2, ...,¢ divides « if and only if ¢; divides a.
By the well-known fact that Euclidean Domains are Unique Factorization Domains
(see [1]), we can uniquely factor « as o = (q1)" (g2)"?...(q¢)"* Z where no g¢; divides
Z. Then n = aa = (q1)?"*(g2)?*2...(q:)*** ZZ We know N(Z) = ZZ is an integer.
Furthermore, no ¢; divides Z7 for j =1,2,...t. The exponents of g,7=12,..,1
are even in this factorization, contradicting the unique factorization of n in Z . [

3. QUATERNIONS AND THE FOUR-SQUARE PROBLEM

An approach similar to the one above yields a corresponding result for the sum
of four squares. To be specific, all natural numbers can be written as the sum of
four squares. To reach this result, we need a analogue to the Gaussian integers
such that the norm of any element is the sum of four squares. This means we need
some ring of numbers which can be represented as a 4-tuple, just as the complex
numbers can be viewed as a 2-tuple (the real and imaginary parts). We can obtain
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a ring like this by adjoining two distinct square roots of —1 to the complex numbers
and defining addition and multiplication appropriately. We formalize this in the
following definition.

Definition 3.1. The ring of real quaternions H is a ring of elements of the form
a+ bi+ ¢j + dk, where a, b, ¢,d € R, with addition defined by (a + bi + ¢j + dk) +
(¢ +Vi+cj+dEk)=(a+d)+ (b+V)i+ (c+)j+ (d+d)k. Multiplication is
defined by distributing over addition in the obvious manner and using the following
relations:

i? =42 =k =—1, ij = —ji=k, gk = —kj =1, ki= —ik =j
The proofs that multiplication is well-defined and H forms a ring under these op-

erations are straightforward but tedious. Note that multiplication in H is not
commutative.

Eventually we will take a subring of H analogous to the Gaussian integers such
that the norm of any element of the subring is the sum of four squares. The
anticommutavity of multiplication allows the natural definition of a norm on H to
be the sum of four squares. Just as for complex numbers, we define the norm to be
the product of a quaternion and its adjoint, or conjugate.

Definition 3.2. For x = a + bi + ¢j + dk € H we define the adjoint of x by
x* = a—bi—cj—dk € H. Note that this is analogous to the definition of conjugates
of elements of C.

Proposition 3.3. The adjoint satisfies (vy)* = y*x*.

This can be easily verified by expanding (xy)*. Using the adjoint, we can now
define a function on H by N(x) = z2*. This function will be a norm for a particular
subring of H. Note that this norm is analogous to the definition of the norm of
complex numbers.

Proposition 3.4. N satisfies N(z) = a® + b*> + ¢ + d? for v = a + bi + cj + dk
and N(xzy) = N(z)N(y) Vz,y € H.
Proof. Let x = a + bi + ¢j + dk. Then
N(z) = za* = (a+ bi+ cj + dk)(a — bi — cj — dk)
=a? + 0%+ 2 + d% — abi + abi — acj + acj
— adk + adk — bcij — beji
— bdik — dbki — cdjk — cdkj
=+ +F+d
by the anticommutativity of multiplication between i, j, and k. Note that N(z) =

xz* = a® + b% + ¢ + d? gives us that 7! = ]\f(w) Also notice that N is positive

definite, i.e. nonzero elements of H have nonzero norms and N(0) = 0. To show
that N(zy) = N(x)N(y), we use the previous proposition. So
N(zy) = (zy)(zy)” = zyy"a”
=zN(y)z® = z2"N(y)
= N(z)N(y)
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We now examine a particular subring of H called the Hurwitz ring of integral
quaternions. This is the ring Q = {al + bi + ¢j + dk | a,b,c,d € Z} where ( =
%(1 +1i+j+ k), i.e. the set of quaternions with either all integer coefficients
or all half-integer coefficients (no mixing allowed). We allow half-coefficients so
that this subring satisfies the following proposition, a left-division algorithm. This
set is clearly closed under addition and taking adjoints. It is also closed under
multiplication. For = € @ with integer coefficients, N(z) will be sum of natural
numbers, and thus an element of N U {0}. For & with all half-integer coeflicients,
N(z) is the sum of 4 rational numbers each with a denominator of 4 and a numerator
congruent to 1 mod 4, and thus will be an element of N U {0}. This proves that
N is a norm on ). Using this, the four-squares problem is reduced to finding a
quaternion in ) whose norm is equal to a given natural number. This reduction
also helps shed light on the reason we allow half-integer coefficients in our subring
Q. By allowing half-integer coefficients, we expand the set of quaternions we can
choose from to achieve a given norm.

Proposition 3.5 (Left-Division Algorithm). Suppose x,y € Q and y # 0. Then
there exist q,r € Q such that x =qy+r and r =0 or N(r) < N(y).

Proof. First we show that the proposition holds in the case where y is some positive
integer n. Let x = a(+bi+cj+dk. For ¢ = e(+ fi+gj+ hk for somee, f,g,h € Z,
consider z — ng. We want to find e, f, g, h such that N(z —ng) < n? = N(n).

x—ng=(a—en)+ (b—nf)i+ (c—ng)j+ (d—nh)k
1
= 5((a —en)+(a+20—n2f +e))i+ (a+2c—n(2g+e€))j
+ (a+2d —n(2h +e))k
We now want to choose e, f, g, h so that the norm of this expression is less than
n? = N(n). To do this we use the division algorithm of the integers on each term
of x — gn.

(1) We know by the division algorithm that there exists e € Z such that
a = en + r where %n <r< %n Take this to be the coefficient of ¢ in
g. This means |a — en| < in.

(2) There exists k € Z such that a +2b =nk+r where 0 <r <n. If k—e is
even, take f = 1(k—e) to get |a+2b—n(2f+e)| =r < n. If k—e is odd, take
f=24(k—e+1)toget la+2b—n(2f+e)| = |a+2b—n(k+1)| = |[r—n| < n.

(3) Using the same method, we can easily find g and h using the division algo-
rithm for integers such that |[a+2c—n(2g+e¢)| < n and |a+2d—n(2h+e)| <

n.

Finally, letting ¢ = e¢ + fi+ gj + hk (g € Q since the coefficients of ¢, 1, j, k are
integers), we find:
N(z —nq) < in2 + 1n2 + 1n2 + 1n2 <n? = N(n).
— 16 4 4 4
Therefore, if we let r = x — ng, we get that © = ng + r where N(r) = N(z — nq) <
n? = N(n). To prove the general case where y is not necessarily a positive integer,
use the positive integer case: since N(y) is a positive integer, we know that there
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exists a ¢ € Q such that zy* = ¢N(y) + r where N(r) < N(N(y)) = N(y)?. But
then

N(r) = N(zy" —gN(y)) = N(y")N(x — qy)
= N(y)N(z — qy) < N(y)*
= N(z —qy) < N(y).

by the fact that N(y) > 0. Then taked =z — gy tofind x = qy+x —qy=qy +d
where N(d) < N(y). O

Notice that even though @ satisfies a left-division algorithm, it is not a Euclidean
Domain since it is not even an integral domain (it is not commutative). This means
that the proof of the four-square theorem will use different techniques than the proof
of the two-squares case. The first step is using the division algorithm to classify
the left ideals of Q.

Proposition 3.6. If L is a left ideal of Q, then there exists an element u € L such
that for all x € L, there exists some q € QQ with x = qu.

Proof. If L = {0}, take v = 0 and there’s nothing to prove. So assume L # 0. Since
the norm of elements of () are nonnegative integers, by the well-ordering principle
for N, we can find a nonzero v € L such that N(u) < N(z) for all nonzero z € L.
Then take x € L and apply the left-division algorithm for @Q to find ¢, € H such
that x = qu+r and N(r) < N(u). Since L is a left ideal, qu € L so r =z —qu € L.
But N(r) < N(u) implies that N(r) is 0 since v has a minimal norm in L. Then
r = 0 by the positive definiteness of N. O

Notice the similarity between this proposition and the proposition stating that
the ideals of Euclidean Domains are principally generated. The following two lem-
mas give us more information about @) that we will need to prove the main theorem.

Lemma 3.7. The product of the sum of four squares is itself the sum of four
squares.

This can be proven by brute force or using the identity N(xy) = N(z)N(y).
This lemma, along with the Fundamental Theorem of Arithmetic, will allow us to
reduce the four-squares theorem to the case of prime numbers.

Lemma 3.8. Forz € Q, v~ 1 € Q iff N(v) = 1.
Proof. As noted before, for nonzero x € Q, 7! = N(z) ™ la*. If N(z) =1, 27! =
x* € Q. Suppose 7! € . Then since N(x) > 1 and N(x~!) > 1 are integers,
N(z)N(z™') =Nz ') =N(1)=1= N(z) =N =1.
O

The following easy lemmas will also be necessary to complete the proof of the
theorem.

Lemma 3.9. If R is a ring with a unit element such that the only left ideals of R
are (0) and R, then R is a division ring.

Proof. Let a be a nonzero element of R. Then consider the set Ra = {ra | r € R}.
This set is closed under left-multiplication by elements of R. Also, if ra,r’a € Ra,
then ra + r'a = (r + r')a € Ra, so Ra is closed under addition. Finally, rar'a =
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(rar’)a € Ra, so Ra is a left ideal of R. Since it contains a nonzero element, namely
a, Ra = R. Since 1 € R = Ra, there must exist some r € R such that ra = 1.
Since r # 0, we apply the same argument to get ¢r = 1 for some ¢ € R. Then
c=c(ra) = (cr)a=a,sor =a"'. So R is a division ring. O

We will also need the following easy lemma due to its useful corollary.

Lemma 3.10. If 2n can be written as the sum of four squares of integers, then n
can be written as the sum of four squares of integers.

Proof. Suppose 2n = a? + b + ¢ 4 d?. Since 2n is even, a,b,c,d are all odd, all
even, or two are odd and two are even. In any of these cases, we can relabel a, b, ¢, d
so that

a+b a—b c+d c—d
To = 5 » L1 = 9 y L2 = 9 » L3 = B
are all integers. Then 22 + 2% + 23 + 23 = n. (]

Corollary 3.11. Ifn = N(x) for some x € Q, then n can be expressed as the sum
of four squares of integers.

Proof. Since N(2n) = N(2)N(n) = 4n and N(2n) is the sum of four squares of
integers, by the lemma, 2n and thus n are the sums of four squares. ([l

This means that if a prime natural number is the norm of some element of @,
then it is the sum of four squares of integers. Note that this lemma is necessary:
if n = N(z) for some = € () with half-integer coefficients, then the definition of N
only says that n is the sum of four squares of half-integers. Notice that although the
structures of Z[i] and @ are different, in both cases, we show that certain natural
numbers can be written as the norm of some element of our ring. We will also need
the following theorem from ring theory.

Theorem 3.12 (Wedderburn’s Theorem). A finite division ring is a field. [1]

We now have enough information about the ring @ to prove the main result of
this section.

Theorem 3.13 (Lagrange’s Four-Square Theorem). FEwvery positive integer can be
expressed as the sum of four squares.

Proof. We can reduce the problem to the case where p is prime using the fact the
product of the sum of four squares is a sum of four squares and the Fundamental
Theorem of Arithmetic. We can assume p is odd since 2 = 12412402+ 02. We will
prove that @) has particular left-ideal L properly containing those quaternions with
coefficients that are multiples of p. Let W), = {a( +bi+c¢j+dk | a,b,c,d € Z/pZ}.
W, is finite and noncommutative. Therefore, by Wedderburn’s theorem it cannot
be a division ring. By Lemma 3.9, W, must have some left-ideal besides (0) and
W,. Let V = {a¢+bi+cj+dk | p divides a, b, ¢, d}. It is clear that V is a left and
right ideal of Q. Furthermore, it is clear that /V is isomorphic to W,. If V' were
a maximal left ideal, by the Lattice Isomorphism Theorem for rings, /V and thus
W, would have no left-ideals other than (0) and itself. Since we know this is not
true, there must exist some left-ideal L such that V C L, L # Q,L # V.

Having found the ideal L, we can use previously proven facts about the ideals
of @ to prove the theorem. By Lemma 3.6, there exists a u € L such that every
element of L is a left-multiple of u. We know that u &€ V', since otherwise V = L.
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Since p = 2p{ — pi — pj — pk, p € V sop € L. Then p = cu for some c € Q. First
we’ll show that u and ¢ lack inverses in @ so N(u) > 1 and N(c) > 1. If u were a
unit, L would equal Q. If ¢ were a unit, then v = ¢ 'p € V since V is an ideal.
We know u € V so N(u) > 1 and N(c) > 1. Then N(p) = p*> = N(u)N(c) so
N(u) = N(c) = p since p is prime. By the corollary above, this implies that p is
the sum of four squares. ([l

We can now complete the proof that 4 is the smallest number s such that every
natural number can be written as the sum of s squares. To do this, we must show
that not every number can be written as the sum of three squares. To see this, note
that squares must be congruent to 0,1, or 4 mod 8. Then the sum of three squares
must be congruent to 0,1,2,3,4,5,6 mod 8. This means that numbers congruent
to 7 mod 8 cannot be written as the sum of three squares. Unlike the two squares
case, this congruence relation is only sufficient, not necessary, for a number not to
be the sum of three squares, i.e. there are numbers not satisfying this congruence
that cannot be written as the sum of three squares. It turns out that a necessary
and sufficient condition for n to be the sum of three squares is that n # 4™ (8k +7)
for any m,k € N (see [3]). The proof of this condition is more difficult than for
the two and four squares cases. Though our simple congruence argument does not
give us this condition, it does tell us that 4 is the minimal number s such that
all numbers can be written of the sum of s squares. In fact, it tells us that it is
not even the case that all sufficiently large numbers are the sum of less than four
squares.
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