FROBENIUS’ THEOREM

BEN A. SHERWOOD

ABSTRACT. Given a manifold M of dimension n + k, attach to every p € M an n-
dimensional subspace of the tangent space Tp (M). It is natural to ask if this collection
of subspaces is the collection of tangent spaces to a family of submanifolds that cover
M. In this paper we prove Frobenius’ Theorem, which gives a necessary and sufficient
condition for the answer to be yes.

1. MOTIVATION

Consider S?, the unit 2-sphere in R3. At each point x € S?, there is a tangent
plane Py. The plane Py is a 2-dimensional vector space with x as its zero vector Oy,
and vectors v, € P, are arrows in R3 with their tail at x. For vyx € Py, let T(vy)
be its parallel translate having its tail at the origin in R3. Letting TS? denote the set
of all tangent vectors v, as x ranges over S2, the mapping TS? — S2 x R? given by
Uy — (x,T(Vy)) is an injection and allows us to topologize TS? as a subspace of
5§2x R3. Thus TS? is a topological space that, as a set, consists of the disjoint union of
all the vector spaces Py for x € S2.

The same construction applies to n-spheres of arbitrary positive radius. Let S7
denote the n-sphere in R"*! with radius » > 0. For each S*, we again construct TS", a
topological space consisting of the disjoint union of all the vector spaces Py for x € S}*.
Fixing n, we form the union

A= |J TSM

reR, >0

Py

T(vx

FIGURE 1. Py is the tangent plane to x € S2.
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We want to think of A as a distribution of planes in R"*! — {0}. It is easiest to imagine
such a distribution in R3: picture covering S2 with tangent planes and then filling out
the rest of R3 with the tangent planes to S? for every » > 0.

Conversely, it is not difficult to realize A as the collection of tangent spaces to the
spheres S2 in R3 for every » > 0. Rather than spell out how one might do this, we
consider the analogous problem for a different distribution of planes. Construct a new
distribution A on R3 by attaching to each (x,y,z) € R3 the linear span of (1,0, fx)
and (0,1, fy), where f, and f, denote the directional derivatives of a C 1 function
f : R2 — R. The question is whether or not A is the collection of tangent spaces to a
surface, or class of surfaces, in R3.

We claim A is the collection of tangent spaces to the class of surfaces

Gr = {(x, 7, f(x,¥) +71): (x,¥) € R?}

indexed by r € R, that is the graph of f(x,y) + r. To verify this, we simply construct
the tangent space at a point of G, for each ». To do this, however, we better understand
what this space really is.

There is one case where the tangent space to a point is easy, R™. In this case, we
may identify TR™ with directional derivatives in R", so that TR™" is simply the linear
span of 0/0x; for i = 1,...,n. Returning to the problem of constructing T G,, we can
use what we know about TR" to calculate a basis for TG,. In particular, applying the
operators 0/0x and 0/0y to {(x,y, f(x,y) + )} shows that {(1,0, fx), (0,1, f,)} is a
basis for TG, for every r. Thus A really is the collection of tangent spaces to the class
of surfaces given by G, for each » € R.

It is certainly not true that every distribution of planes in R3 is the collection of
tangent spaces to the graph of a function z = f(x,y). Consider the distribution A
given by attaching to each (x,y,z) € R3 the linear span of (1,0,0) and (0,1, x). If A
were the collection of tangent spaces to the graph of a function, then the net change in
height upon traversing any closed path in the xy-plane while always moving tangent
to A would be zero. However this is not the case, as it is straightforward to verify
that traversing any rectangle in the xy-plane with side lengths v and s while always
moving tangent to A yields a net change in height of rs.

Dropping the condition that our distribution A be the collection of tangent spaces
to the graph of a function, we may ask the more general question of whether or not A
is the collection of tangent spaces to an arbitrary manifold. While the above examples
were chosen so that we could verify easily whether or not they were the collection of
tangent spaces to a manifold, in general this question is difficult to answer.

In this paper, we prove a theorem that answers this question. The theorem is known
as Frobenius’ Theorem, and it says

Theorem 1.0.1. (Frobenius’ Theorem) A distribution A on a manifold M is completely
integrable if and only if it is involutive.
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Of course, Theorem 1.0.1 looks nothing like what we have been talking about, and
the reason is because until now we have only spoken informally about distributions,
tangent spaces, and submanifolds. Let us begin, then, by making rigorous the notions
underlying the motivation for and statement of Frobenius’ Theorem. The most impor-
tant of these notions is the tangent space at a point of a manifold, and this is where
we begin.

2. THE TANGENT SPACE AT A POINT OF A SMOOTH MANIFOLD

We have already mentioned that the tangent space to R" is the vector space spanned
by 0/0x; for i = 1,...,n. In this section, we define the tangent space to an arbitrary
manifold M at a point p € M and then show that we may again identify it with direc-
tional derivatives.

Let M be a C® manifold of dimension n. For p € M, denote by C*(p) the algebra
of germs of C* functions whose domain of definition includes a neighborhood of p.
Recall that a germ of a C® function at p is an equivalence class of C* functions whose
domain of definition includes a neighborhood of p. The equivalence relation is f ~ g
if f = g on any neighborhood of p. C*(p) is a unital algebra over the real numbers
and, for a coordinate neighborhood {U, @} of p, the map

@*:C*(p(p)) = C*(p)

given by @*(f) = f o @ is an isomorphism of the algebra C® (@ (p)) onto the algebra
C*(p). We study the dual vector space homomorphism

@« :C®(p)* = C®(p(p)*
when restricted to a certain subspace of C®(p)*, the tangent space.

Definition 2.0.2. The tangent space T,(M) to M at p is the set of all mappings X, :
C*(p) — R such that forall ¢, € Rand f,g € C®(p)

(1) Xp(xf +Bg) = a(Xpf) + B(Xpg)

(2) Xp(f9) = Xpf)g(p) + f(p)(Xpg) (Leibniz rule)
with the vector space operations in T, (M) defined by

(Xp +Yp)f =Xpf +Ypf,

(O(Xp)f = (X(pr)-
A tangent vector to M at p is any X, € T, (M).

The simplest example of a tangent space is the tangent space T, (R™) to R™ at a point
p € R™, however the way it is usually defined looks vastly different from Definition
2.0.2. The usual way T, (R™) is defined goes as follows: write p = (p1,...,pn) and let
T, (R"™) consist of all pairs of points X, = (p,x) corresponding to initial and terminal
points of a segment. We give T,(R") a vector space structure in the following way.
Consider the map f, : T, (R") — V", where V" denotes the vector space of n-tuples
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of real numbers, given by f,(X,) = (x1 — p1,...,Xn — pn). Define the operations
Xp + Yy = f, 1 (f(Xp) + f(Yp)) and &Xp = f, ' (afp(Xp)), where & € R, on T (R"). It
is straightforward to verify that T, (R™) is a real vector space under these operations
and that f, : T, (R™) — V™ an isomorphism of vector spaces. Therefore we may give
T, (R™) a canonical basis given by E1, = f,'(e1),...,Enp = f,'(en), whereey,...,e,
denotes the canonical basis of V™.

The above definition of T, (R") looks quite different from that of Definition 2.0.2,
however they are actually the same. Recall that for M = R" and p € M, any such map
X, 1 C*(p) — R satisfying the conditions of Definition 2.0.2 is called a derivation at
p € R". In particular, the collection D(p) of derivations at p forms a real vector space
with basis 0/0x1,...,0/0xy, the directional derivatives evaluated at p. It turns out
that D(p) and T, (R™) as defined in the previous paragraph are isomorphic as vector
spaces. Letting

n

Xp = Z &iEip

i=1

be an element of T, (R") and
- Sld)
pr_;al ax; p’

where f € C*(p), the map p : T,(R™) — D(p) given by u(X,) = X is the desired
isomorphism. It is easy to see that u is an injective homomorphism, however it is
non-trivial that p is a surjection. For a proof that u is surjective see [1].

Thus the map p allows us to identify T, (R™) with D(p), and it is under this identifi-
cation that the basis vectors E1p, ..., Enp 0of T, (R") are identified with 0/0x1,...,0/0xx,
the directional derivatives evaluated at p. In particular, our initial definiton of T, (R™)
agrees with Definition 2.0.2.

Theorem 2.0.3. Let F : M — N be a C* map of manifolds. For p € M, the map
F* : C*(F(p)) — C®(p) given by F*(f) = f o F is a homomorphism of algebras
and induces a dual vector space homomorphism Fy : T,(M) — Tg(p)(N) defined by
F«(Xp)f = Xp(F*f), which gives Fy(Xp) as a map C*(F(p)) — R while Fy(T,(M)) <
Tr(p)(N). IfF : M — M is the identity, then both F* and F,. are the identity isomorphism.
Furthermore, if H = G o F is a composition of C* maps, then H* = F* o G* and
Hy = G4 o Fy.

Proof. The proof is a straightforward verification of definitions and is therefore omit-
ted. O

The homomorphism Fy : T, (M) — Trp) (M) is called the differential of F, and the
reason for this name will be clear shortly. In light of the above theorem, if F: M — N is
a diffeomorphism of M onto anopenset U = N and p € M, then Fyx : T, (M) — Trp)(N)
is an isomorphism since F;1 o Fy : T, (M) — Tp (M) and Fyx o Fy1 2 Tr(p)(N) — Tg(p)(N)
are the identity isomorphisms of their corresponding vector spaces. Thus for a smooth
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manifold M and a coordinate neighborhood {U, @} on M, there is an isomorphism
@x  Tp(M) - Tpp)(R™) of the tangent space at each point p € U onto Ty p) (R™).
Hence @;! maps Ty (p) (R™) isomorphically onto T, (M), where the images

Eip = @31 (@/0x;) i=1,...,n

of the natural basis
) 0

TXI, ceay rxn
at each @(p) € @(U) € R™ determine at p a basis E1p,...,Enp of T, (M); these bases
are called coordinate frames. Notice dimT, (M) =dimM since for each coordinate
neighborhood U on M there is a natural basis E1p,..., Enp of T, (M) for every p € U.

Theorem 2.0.4. Let f be a C® function defined in a neighborhood of p, andf = fop!
its expression in local coordinates relative to {U, p}. Then

Eipf = ( i ><p<p>'

aXi

In particular, if x;(q) is the i coordinate function, Xpxi is the i component of Xp in
the natural basis E1p, ..., Enp, that is,

n
Xp = > (Xpxi)Eip.
i=1

(0
Eip = (p*l (7>’

Eif = (92 (52))f = 52 (oo™

aXl‘ aXi

Proof. For

we have

x=p(p)
Now let f to be the i™" coordinate function, f(q) = xi(q), and X, = >, &;E . Then

0Xi
XpXiZZ(Xj(EJ'pXi)=Z(Xj<a l) = .
F i Xj/ o)

O

We can use Theorem 2.0.2 to derive a formula for the matrix of the linear map Fs
relative to local coordinate systems. Let F : M — N be a C* map with {U, @} and
{V, @} coordinate neighborhoods on M and N, respectively, with F(U) < V. Suppose
that in these local coordinates F is given by

yi:Fi(Xl,---,xn)a izli"'iml

and that p is a point with coordinates a = (aj,...,a,). Then F(p) has v coordinates
determined by these functions; let 9y ;/0x; denote 0F;/0x;.

Theorem 2.0.5. Let
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and 5
E jF = l/J_l (7)’
JE(p) * 3y,
wherei=1,...,nand j = 1,...,m, be the basis of T, (M) and Tr)(N), respectively,
determined by the given coordinate neighborhoods. Then

m

AN ,
FoEip) = Y (22) Ejrgp, i=1,0m.
j=1 0Xi/a
In terms of components, if X, = >, &iEip maps to Fyx(Xp) = 2. BJ-EJF(,,), then

n

Bj= Zai(ayj>a, j=1,...,m.

i=1 0Xi

Proof. We have

0
FuEp) = Foo 93 (5 "
1/ @p

By the remarks preceeding the theorem, to compute the components relative to E JF(p)
we must apply this vector as an operator on C®(F(p)) to the coordinate functions y;.

0 0 OF;
Ny — o192 % S (Fom-ly = %t
Fe(Eij)y; (F* P <8xi>)yj axiyJ(F ®) oxi’
these derivatives being evaluated at @ (p). |

Thus the matrix of the linear transformation Fy is the Jacobian DF, where F is the
expression for F in local coordinates around p and F(p). Hence we may think of
tangent vectors to a C* manifold as directional derivatives, as was the case for R™.
This is why Fy is called the differential.

3. PRELIMINARY RESULTS ON SMOOTH MANIFOLDS

With the notion of a tangent space to a manifold M at p € M in hand, we may now
develop the theory of smooth manifolds as it relates to Frobenius’ Theorem.

3.1. Vector Fields. Over each smooth manifold M there is a natural vector bundle
T (M) known as the tangent bundle to M. As a set, T(M) is given by
M) = |J Tp(M).
pPEM
T (M) can be given a smooth structure so that it is a vector bundle over M with bundle
projection
m:T(M) — M
given by 1m(X,) = p. A vector field is simply a section of T(M). More precisely,
Definition 3.1.1. A vector field X of class C" on M is a section X : M — T(M) whose

components in the frames of any local coordinates {U, ¢} are functions of class C" on
U.
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In general, a C* map F : M — N does not pushforward a vector field X on M. If F is
not surjective, then no vectors are defined at points in the complement of F(M). If F
is not injective, then for a single point in N there are multiple vectors corresponding
to push-forwards of X for different points in M. However if we are also given a vector
field Y on N, it might be the case that X and Y are related to each other under F. More
precisely,

Definition 3.1.2. Let F : M — N be a C* map and, for p € M, Fx : T, (M) — Trp)(N)
the associated homomorphism of tangent spaces. Let Y be a vector field on N such
that for each g € N and p € F~1(q) = M we have F,(X,) = Y,4. Then we say the vector
fields X and Y are F-related and write Y = F, (X).

Theorem 3.1.3. If F : M — N is a diffeomorphism, then each vector field X on M is
F-related to a uniquely determined vector field Y on N.

Proof. Since F is a diffeomorphism, the associated homomorphism Fy : T,(M) -
Tr(p)(N) is an isomorphism. Given a C®-vector field on X on M, then at each point
q € N, the vector Y = Fx (Xp-1(4)) is uniquely determined. That Y is a C*-vector field
follows immediately if we introduce local coordinates and apply Theorem 2.0.4 to the
component functions. O

Thus, when F : M — N is a diffeomorphism, there is a unique pushforward of X by
F.

3.2. One-Parameter Group Actions. We now turn our attention to one-parameter group
actions. Let 0 : R x M — M satisfy

(1) Op(p) =p forall p € M,
(2) 0t 0 05(p) = Otss(p) = 050 0¢(p) forall p € M and s,t € R.

We think of 6 as a C*® action of R on M. In fact, 6 defines a C*®-vector field X on M,
which is called the infinitesimal generator of 6, according to the following prescription:
For each p € M, define X, : C*(p) — R by
X,f = Jim f(é?m(pA)z ~flpr)
To see that X, is a vector at p and that p — X, defines a vector field, let {U, @} be a
coordinate neighborhood of p € M and let Is X V be a neighborhood of (0,p) in R X M,
whereIs = {t e R: -6 <t < §},and V and 6 > 0 are chosen such that 0(Is x V) Cc U.
In particular, V = 0y (V) is contained in U and contains p. Restricted to the open set
Is x V, we may write 0 in local coordinates

yl = hl(tyxl,---,xn),

y?’l = hn(taxls---yxn),
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ory = h(t,x),where x = (x1,...,xy) are the coordinatesof g € Vand y = (y1,..., V)
of 0:(q), its image. The h; are defined and C* on Is X @ (V) and the range of h(t,x) is
in @(U). That 6y is the identity and 0, +t, = 04,  0;, is reflected in the conditions

hi(0,x) =x; and h;(t; + t2,x) = h;(t1, h(t2,x))

fori=1,...,n.If f(xl,...,xn) is the local expression for f € C*(p), then
fO0ac(p) = f(p) _ f(h(AL,x)) = f(x)
At B At
and R ) R
o f(R(AL X)) - f(x) c - of
Xpf = Al%l;no At B i;hl(O,X) (aXi>qj(p),

where the dot indicates differentiation with respect to t. This formula holds for all p €
V and implies that on V, X, = 3 h;(0,x)E;, where E; = ;' (9/0x;) and x = @(p),
which shows that X is a C®-vector field over V. Since every point of M lies in such a
neighborhood, X is a C*-vector field on M.

If 0 is not defined for all time ¢, then we restrict our attention to certain open subsets
of RxM. In particular, for a C® manifold M let W c RxM be an open set which satisfies
the following condition: for every p € M there exist real numbers x(p) < 0 < B(p)
such that W n (R X {p}) = {(t,p) : x(p) <t < B(p)}. Here W N (R X {p}) is the time
at which the action of R on M is defined. Denote by I(p) the interval x(p) <t < B(p)
and by I the interval defined by |t| < §, so that W = U,en I(p) X {p}.

Definition 3.2.1. A local one-parameter group action, or flow, on a manifold M is a C®
map 0 : W — M which satisfies the following two conditions:
(1) Op(p) =p forall p € M.
(2) If (s,p) € W, then x(0s(p)) = x(p) —s, B(Os(p)) = B(p) — s, and moreover for
any t such that x(p) —s <t < B(p) — s, O¢+5(p) is defined and O; o O;(p) =
Ot+s(p).

When R acts on M, 0; : M — M is a diffeomorphism for each ¢, with 9{1 =0_¢ A
similar statement can be made for local actions. Let V; € M be the domain of definition
of 0, thatis, Vi = {p e M : (t,p) € W}.

Theorem 3.2.2. V; is an open set for everyt € R and 0; : Vy — V_; is a diffeomorphism
with 9{1 = 0_y¢.

Proof. Let po € Vy,, so that (fo,po) € V. Since W is open, there isa 6 > 0 and a
neighborhood V of pg such that {t: |t —ty| < 6} x V C W. In particular, {tg} xV C W,
so thatV C Vi, so Vi, is open. By (2) of Definition 3.2.1,if p € V;, then ax(p) < t < B(p)
and t + (—t) lies in the same interval. Thus 0;(p) € V_; and 0_; o 0;(p) = p. Similarly,
0_+(V_¢t) Cc Vy and 0; o 0_¢+(q) = q for any q € V_;. Combining these statements
with the fact that 6, 0_; are C* on any open subsets of M on which they are defined
completes the proof. O
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3.3. The Existence Theorem for Ordinary Differential Equations. We now introduce
the existence theorem for ordinary differential equations. The existence theorem plays
a key role in several parts of the development of Frobenius’ Theorem, and those results
that are independent of future developments will be stated and proved in this section.
We leave out the proof of the existence theorem, however, and instead provide a refer-
ence.

Theorem 3.3.1. (Existence theorem for ordinary differential equations) Let U be an
open subset of R" and I. denote the interval —s < t < &, where t € R. Suppose
filt,x1,...,xn), i =1,...,n, are C" functions on I. x U where v > 1. Then for each
x € U, there exists a 6 > 0 and a neighborhood V of x, where V C U, such that the
following conditions are satisfied:

(1) For eacha = (ai,...,an) €V there exists an n-tuple of C**1 functions x(t) =
(x1(t),...,xn(t)) defined on Is and mapping Is into U which satisfy the system
of first-order differential equations

dxi .

dtl:fl(xit)) lzll"'lnl
and the initial conditions

xi(0)=ai;, 1i=1,...,n.
For each a the functions x(t) = (x1(t),...,xn(t)) are uniquely determined in
the sense that any other functions x1(t),...,x, (t) satisfying the above two con-
ditions agree with x(t) on an open interval around t = 0.
(2) These functions being uniquely determined by a = (aq,...,ay) foreverya €V,

we write them x;(t,ai,...,ay), i = 1,...,n, in which case they are of class C"

in all variables and thus determine a C* map Is XV — U.
Proof. See [3]. |

An important consequence of the existence theorem is the uniqueness of integral
curves. Given a vector field X on a manifold M, a curve t — F(t) defined on an open
interval J of R is an integral curve of X if dF/dt = Xg) on J. If we write F in terms of
its coordinate functions

F(t) = (x1(t),...,xn(t)),
then the vector equation F(t) = Xr(y is satisfied if and only if
dxi
dt
Given x € F(J), the existence theorem implies that for each a in a neighborhood

= fi(x1(t),...,xn(t), i=1,...,n.

V of x there is a unique integral curve F(t) satisfying F(0) = a. F(t) is defined at
least for —6 < t < 6 where 6 > 0O is the same for every a € V. Using F(t,a) =
(x1(t,a),...,xn(t,a)) to denote an integral curve through V which depends on the
initial point a and an overdot for differentiation with respect to t, these equations
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become x;(t,a) = fi(t,a) and x;(0,a) = a; for i = 1,...,n. By the existence theorem
these functions are C* on Is x V.

Theorem 3.3.2. Let X be a C*-vector field on a manifold M. Then for eachp € M
there exists a neighborhood V and real number é > 0 such that there corresponds a C*®
mapping

0V:lsxV — M,
satisfying

0V (t,a) = Xovt.q)
and

0V(0,q9) =q forallqeV.

If F(t) is an integral curve of X with F(0) = q € V, then F(t) = 0't,q) for |t| < 6.
In particular, this mapping is unique in the sense that if V1,61 is another such pair for
p € M, then OV = OV1 on the intersection of their domains.

Proof. For p € M, choose a coordinate neighborhood {U, @} and map X to the -
related vector field X = @« (X) on U = @(U) < R™. Applying the existence theorem
gives F : Is x V — U defined by F(t,a) = (x1(t,a),...,xn(t,a)) on a neighborhood
V < U of o(p). We set V = @ 1(V) and define 6V : Is xV — U by 6Y(t,q) =
@ L(F(t,p(q)). Since @ and @~ ! are diffeomorphisms, we see at once that 0V satisfies
the desired conditions and the final assertion of the theorem is a result of uniqueness
of solutions. |

Having defined integral curves and derived a notion of uniqueness for each such
curve, we can now determined when a C*-vector field is invariant under a given diffeo-
morphism. We remark that this result plays a significant role in §4.

Theorem 3.3.3. Let X be a C*-vector field on a manifold M and F : M — M a diffeo-
morphism. Let O(t, p) denote the C® map 0 : W — M defined by X. Then X is invariant
under F if and only if F(0(t,p)) = 0(t,F(p)) whenever both sides are defined.

Proof. Suppose that X is invariant under F. If 8, : I(p) — M is the integral curve of X
with 8, (0) = p, then the diffeomorphism F takes it to an integral curve F(0,(t)) of the
vector field Fy (X). Since Fx (X) = X and F(6,(0)) = F(p), from uniqueness of integral
curves we conclude that F(8,(t)) = 6(t,F(p)). Conversely, suppose F(O(t,p)) =
O0(t,F(p)). Let 0, (t) = O(t, p) and let d/dt be the natural basis of To(R). By definition,
Xp = 0,(0) = Opx(d/dt) and applying the isomorphism F : T,(M) — Tr(p) (M) we
have
Fi(Xp) = Fy 0 Opu(d/dl) = (F 0 0p)s(d/dl) = Oppy« (d/dt) = Xp(p).-
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4, THE LIE ALGEBRA OF VECTOR FIELDS ON A MANIFOLD

Denote by X(M) the set of all C* vector fields defined on a C*® manifold M. Then
X (M) is an infinite-dimensional real vector space as well as a module over C*(M). As
we shall see, X(M) is something more than a vector space. First, however, we must
introduce a definition.

Definition 4.0.4. A Lie algebra is a vector space V over a field F equipped with a binary
operation [-,-]: V XV — V, called the Lie bracket, such that the following conditions
are satisfied:

(1) [+,-]1:V xV — Vis bilinear over F, that is
[ X + oY, Z] = o1 [ X, Z] + o2, Z]
and
[X,0Y + 02Z] = 1 [ X, Y] + o[ X, Z]
forall ¢y, in Fand X,Y,Zin V.
2) [-,-]1:V xV -V is skew-commutative, that is
forall Xand Yin V.
(3) [-,-]1:V XV — V satisfies the Jacobi identity, that is

[X,[Y,Z]1]1+[Y,[Z,X]]+[Z,[X,Y]] =0.

Now let X and Y be in X(M). Then, in general, the operator f — X, (Y f) defined
on C®(p) does not define a vector at p. Hence XY, considered as an operator on C*®
functions on M, does not in general determine a C*-vector field. On the other hand,
Z = XY — YX does define a C* vector field on M according to the prescription

Forif f € C*(p), then Xf and Y f are C* on a neighborhood of p, and this prescrip-
tion determines a linear map of C®(p) with R. Thus if the Leibniz rule holds for Z,,
then Z, is an element of T,(M) at each p € M. So suppose f and g are in C*(p).
Then f and g are in C*(U) for some neighborhood U of p. Using the notation (X f),
for X, f, we have
(XY -YX)p(fg) = Xp(Yfg) - Yp(Xfg)
=X, (fYg+gYf)-Y,(fXg+gXf)
= Xp (Y + f(P)Xp(YG) + (Xpg) (Y )p
+9(P)Xp (Y ) = (Ypf)(Xg)p — f(P)Yp(Xg)
- Yp9)(Xf)p - g(p) (YpXf),
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so that

Zy(fg) = (XY -YX)p(fg)
=f(P)XY -=YX)pg +g(p) (XY —=YX), f
=f(p)Zpg+9(p)Zpf.

FInally, if f is C* on any open subset U of M, then so is (XY — YX) f, and therefore Z
is a C®-vector field on M, as claimed. In light of this observation, define the bracket

[-,-]1:X(M) xX(M) — X(M)
by [X,Y] = XY - YX.
Theorem 4.0.5. X(M) with the bracket [ X, Y] is a Lie algebra over R.

Proof. Let o« and S be real numbers and let X;, X, and Y be C®-vector fields on M.
It is a simple calculation that [&X; + BX»,Y]f = «[X1,Y]f + B[Xo,Y]f for any C*®
function f, which establishes linearity in the first variable. Skew-commutativity holds
by definition, which immediately yields linearity in the second variable. It remains to
show that the bracket on X(M) satisfies the Jacobi identity. Let f be a C* function.
Then

(X, [Y, Z]11f = X((LY, ZDf) - [Y, Z](X )
=X(Y(Zf) - X(Z(Y ) =Y (Z(X]) + ZY(X])).

Permuting cyclically and adding establishes the identity. O

4.1. The Lie Derivative. Given a vector field X on M, there is an associated one-
parameter group 6 : W — M generated by X. The isomorphism 0« : T,(M) -
To,(p) (M) and its inverse allow us to compare the values of vector fields at these two
points. To do this, first recall that for each t € R, 6; : V; — V_; is a diffeomorphism
of the open set Vi, provided V; is not empty, by Theorem 3.2.2. In particular, for each
p € M there is a neighborhood Vanda é > O suchthat V c V; for |[t| < 6. If Y is a
second C®-vector field on M, we compute at p the rate of change of Y in the direction
of X, that is to say along the integral curve of the vector field X passing through p.

Definition 4.1.1. The vector field LxY, called the Lie derivative of Y with respect to X,
is defined at each p € M by either of the following limits.
th*(YG(t,p)) - Yp
t
= lim Yp = OtxYor-tp) .
t—0 t

(LXY)p = ltl_l"l(')l

The second equivalence is obtained by replacing t with —t. The first expression
says first apply the isomorphism 0_;x t0 Yo(,p) € Tot,p)(M), taking To p) (M) to
T,(M). Second, in T, (M) take the difference of this vector and Y,, multiply by the
scalar 1/t, and then pass to the limit as t — 0. Equivalently, we may identify Z, (f) =
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0_tx(Yot,p)) € Tp(M) with a curve in R", so that (LxY), = Z,,(O). Writing the above
formula in local coordinates shows that the vector field we obtain is C*.

It turns out that if X and Y are vector fields on M, then the Lie derivative of Y
with respect to X is simply [X,Y]. To prove this, however, first we need a lemma
establishing the mean value theorem for integral curves of the vector field X passing
through p.

Lemma 4.1.2. Let X be a C®-vector field on M and 6 be the corresponding map of
W CRXM ontoM. Givenp € M and f € C®(U), U an open set containing p, we
choose 6 > 0 and a neighborhood V of p in U such that 0(Is x V) C U. Then there is a
C®* function g(t,q) defined on Is x V such that forq € V andt € Is we have

f(0c(a) = f(a) +tg(t,q) and Xuf =g(0,q).

Proof. There is a neighborhood V of p and 6 > 0 such that 0;(p) = 0(t, p) is defined
and C® on Is X V and maps Is X V into U by Theorem 3.3.2. The function v (t,q) =
f(0:(q)) — f(q)is C* onIs x V and v (0,q) = 0. Denote by 7 (t, q) its derivative with
respect to t. We define g(t, q) for each fixed g by the formula

1

gt,q) = Jo ¥(ts,q) ds.

This function is also C* on Is x V. By the fundamental theorem of calculus,
1
tg(t,q) = L) r(ts,q)t ds =r(t,q) —r(0,q) =r(t,q),

or
f(0:(q) = f(q) +tg(t,a).

However

vt . FO@) - fa)
t

9(0,q) =limg(t,q) = lim —=— = lim = Xaf-

Theorem 4.1.3. If X and Y are C® vector fields on M, then

LxY =[X,Y].

Proof. For p € M and f € C*(p), we have for some § > 0
Yy, — Ot (Yo(—t.p)) Yof — Yot.p)(f o 6¢)
1) [ p tx (Yo(—t,p) ]f= pf = Yo tp)(f o0
t t
for 0 < [t] < 6. Set g¢(q) = g(t,q) and consider

Yo f — Yo(- +t
PH& pf — Yo tt,p)(f gt)’

which is equal to (1) by the previous lemma. Rewriting yields

lim (Yf)(et(p)t) - NP
f—

- ltlflg Yo, gt-
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The first term is X, (Y f). Since 0;(p) — p and g:(p) — Xqf ast — 0, Yo, (»)9:r —
Y, (X f) and we obtain in the limit as t — 0 in (1)

Xp(Yf) - Yp(Xf) = [X,Y]pf-

Note this also shows LxY is C*. O

We now prove a theorem that gives an interpretation for a vanishing Lie bracket. In
particular, we may regard a vanishing Lie bracket as an action of R? on M.

Theorem 4.1.4. Let X and Y be C*-vector fields on a manifold M and let © and o denote
the local one-parameter group actions they generate. Then [X,Y] = 0 on M if and only
if for each p € M there is a 6, > 0 such that o o 0;(p) = 0; o o5(p) for |t], |s| < 5p.

Proof. If p € M, then there exists a neighborhood V of p and § > 0 such that o< 0;(q)
and 0; o 05(q) are defined for g € V and |s|, [t| < 6. If 05 0 0:(q) = O; o 0s(q) on this
set, then by Theorem 3.3.3 Y is 0;-invariant on V for any fixed, small ¢t. Thus

eft*(YO(t,q)) -Y - lim Yq - Yq - 0.
t t—0 t
Conversely, suppose [X,Y] = 0 on M. Given g € V, let Z;(t) = 0_t«(Yo(t,q)). We show

Zy(t) = 0. Letq’ = 0(t,q). Then

[X, Y]q = (LXY)q = }fll’l(’)l

0_t+at,a)+ Yoat,g)) — 01+ (Yy)

Z,(t) = li
p(D) A%r—l:l() At
0_ Y n =Y
_ G,t*( lim atx (Yoat,g) — Yg ))
At-0 At

=01« ((LxY)q) =0,

since LxY = [X,Y] = 0. Hence Z,(t) is constant for |[t| < 6 and g € V, so that Y is
0;-invariant. Thus, by Theorem 3.3.3, 8; c 05 = 0506 on V. O

5. FROBENIUS’ THEOREM

Let M be a manifold of dimension n + k and assume that to each p € M is assigned
an n-dimensional subspace A, of T, (M). Suppose that in a neighborhood U of each
p € M there are n linearly independent C*-vector fields X, ..., X; which form a basis
of A, for every g € U.

Definition 5.0.5. Set

A= Ap.
peM

We say that A is a C* n-plane distribution of dimension n on M and that X,..., X, is
a local basis of A.

There is a certain type of distribution with which we will be concerned.
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Definition 5.0.6. A distribution A on a manifold M is involutive if there exists a local
basis Xi,..., Xy in a neighborhood of each point such that

n
[Xi, X1 = > cfiXx,
k=1

where 1 <iand j < n.

Note that in general the cl’.‘j will not be constants, but rather C* functions on the
neighborhood. Before we state the next definition, let us review the notion of a sub-
manifold.

Roughly speaking, a submanifold N of a differentiable manifold M is a subset that is
itself a differentiable manifold. Unfortunately, this definition is ambiguous since it is
unclear whether or not N should have the subspace topology of M. Such a submanifold
is known as an imbedded submanifold, however an imbedded submanifold is not the
most general type of submanifold. A more general notion is that of an immersed
submanifold.

Definition 5.0.7. A submanifold N of a manifold M is an immersed submanifold if
the image in M of an injective immersion F : N* — M, N = F(N’), of a manifold
N’ into M together with the topology and C*® structure which makes F : N’ — N a
diffeomorphism.

Notice that it is not necessarily the case that the topology that makes N an immersed
submanifold is the subspace topology from M; we give an example that illustrates this
point shortly. For the rest of this paper, all submanifolds will be immersed submani-
folds.

Definition 5.0.8. If A is a C*® distribution on a manifold M and N is a connected C*
submanifold of M such that for each g € N we have T;(N) < A,, then we say N is an
integral manifold of A.

Definition 5.0.9. A maximal integral manifold N of an involutive distribution A is a
connected integral manifold which contains every connected integral manifold with
which it has a point in common.

For an example of an involutive distribution, let M = R"*¥ and let A be the distri-
bution spanned by X; = 0/0x;, i = 1,...,n. Then A is the subspace of dimension n
consisting of those vectors parallel to R™ at each point g of M, and the integral man-
ifolds are the vector subspaces R™ of R". We will soon show this trivial example is
true locally for any involutive distribution on a manifold M.

An involutive n-plane distribution A on a manifold M defines what is known as a
foliated structure, or foliation, on M with the maximal integral manifolds as leaves. If
a foliation is given, the tangent spaces to leaves determine an involutive distribution
and conversely.
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FIGURE 2. A foliation of the torus T2 = R?/Z2.

For example, consider one-dimensional C® foliations of the torus T? = R?/Z? given
by families of parallel lines in R? (for an example, see Figure 2). If the slope of a given
family of parallel lines is rational, then each leaf is diffeomorphic to S'. On the other
hand, if the slope is irrational, then each leaf is diffeomorphic to R and can be shown to
be dense in T2. Note that the irrational case is an example where the subspace topology
from T2 disagrees with the topology that makes the family of lines a manifold.

Definition 5.0.10. Let A be a C* distribution on a manifold M of dimension m = n +k,
the dimension of A being n. A is completely integrable if each point p € M has a
coordinate neighborhood {U, ¢} such that if x1,..., x;; denote the local coordinantes,
then the n vectors E; = @;1(9/0x;),i = 1,...,n, are a local basis on U for A.

Note that for a completely integrable distribution A on M, there is an n-dimensional
integral manifold N through each point g € U such that T;(N) = A4, thus dimN = n.

If (ay,...,a,m) denotes the coordinates of g, then an integral manifold through g is
the n-slice defined by Xp+1 = @n+1,--.,Xm = am, thatis N = ¢ H{x € p((U) : xj =
aj, j=n+1,...,m}, aslice of U. In particular, A is involutive since

o 0
: Pl = -1 —_— =
[Ely-EJ] Cp* I:aXi’ axj] Oa

where 1 < i and j < n. In this case, we call {U, @} flat with respect to A, so that com-
plete integrability is equivalent to every point having a flat coordinate neighborhood.
In particular, any completely integrable distribution is involutive.

In general, however, distributions are not involutive. For example, on R3 the distri-

bution 3 3 5 3
Xi=x3—+—, Xo=— +—
! ox1 0x3 27 9xs | 0xs3
is not involutive since [ X7, X»] = —0/0x1, which is not a linear combination of X; and
Xo.

It is therefore natural to ask, what is a necessary and sufficient condition for a dis-
tribution A on a manifold M to be involutive? We have already shown being completely
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integrable is sufficient, and we now show that it is necessary; this is Frobenius’ Theo-
rem. First, however, we prove a lemma that will do all the hard work in the proof of
Frobenius’ Theorem. For the rest of the section, m = dimM and n = dim A.

Lemma 5.0.11. Let X,..., X, be C* vector fields defined on an open subset U C R™
such that 1) {Xi1q,...,Xnq} are linearly independent at each q € U and 2) [X;,X;]1 =0
onU, 1 < i, j <n. Then there is a coordinate neighborhood V,y around any p € U
such that X; = E; = ¢;1(0/0x;),i=1,...,n,0nV.

Proof. Given p € U, we may assume coordinates (xi,...,Xy) in R™ such that p =
(0,...,0) and X;p = (0/0x;)o for i = 1,...,n since we may center p at (0,...,0) and
then perform a change of basis on the X;,’s. Let Og(q) = 0;(t,q) denote the one-
parameter group action generated by X;. Using repeatedly both the existence theorem
and continuity, we may assume there exists a neighborhood W c U of p and a 6 >
0 such that for |t;|] < 6 and for any permutation ¢ in the symmetric group S, the
mapping Qtlm) 0.0 9}1(”) is defined on W. Since all [X;, X;] = 0 on U, Theorem 4.1.4
implies that
07 Vo007 (q) =0} 0008 ()

forany g € W and o € S,. Let W C W be a neighborhood of the origin such that
X =(X1,..., Xn, Xnt1,...,Xm) € W implies that |x;| < 6,i=1,...,n. We define a C®
mapping 6 : W — R™ by

O(X1,. o, Xy ooy Xm) = O3, 0+ - -0 0% (0,...,0,Xps1,..., Xm).

Thus we project x to the plane of the last m —n coordinates and then act by the various
one-parameter groups, that is, move along the various integral curves of the X;. This

may be done in any order with the same results. Note that 9(0,...,0,Xn+1,...,Xm) =
0,...,0,xXn+1,...,Xm), thatis 0 is the identity on the (m —n)-slice x; =0,i=1,...,n
of W’'.

Now consider 04(0/0xila), a € W’. For given i and a, let
F(t) = e(ali"'!aifllt’ai+11"'la‘m);

then 0, (0/0x;|s) = F(a;). First, note that fori > nand a = (0,...,0,dans1,-..,am),
04(0/0x;) = 0/0x;. In particular, this holds at p = (0,...,0). For i < n and any
aew,
F(t) = 00} o+ -00fo.- 00" (0,...,0,an+1,---,am)],

where the hat denotes that 0} is omitted. We have used the independence of order. Let
q denote the point in brackets; then F(t) = 0}(q), so F(a;) = Xio,(ai,) = Xio(a,q)- Thus
0+ (0/0xila) = Xioa), and in particular 6+ (9/0x;lg) = Xip = 0/0xilo fori =1,...,n.
It follows that 6 is a diffeomorphism on a neighborhood V' ¢ W’ of the origin by
the Inverse Function Theorem and that V = 0(V’), ¢ = 0! is the desired coordinate
neighborhood. |

With Lemma 5.0.11 in hand, we may finally prove Frobenius’ Theorem.
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Theorem 5.0.12. (Frobenius’ Theorem) A distribution A on a manifold M is completely
integrable if and only if it is involutive.

Proof. We have shown that if A is completely integrable then it is involutive, and it
remains to be shown that if A is involutive, then it is completely integrable. First, we
show that in a neighborhood U of any p € M an involutive n-plane distribution A has
a local basis of vector fields Y1,...,Y, satisfying [Y;,Y;] = 0. To do this, we simply
use linear algebra. Let X1,...,X; be an arbitrary local basis defined on a coordinate
neighborhood U’, @ of p. Relative to the coordinate frames X;; = >y Xia(q)Eag We
may suppose coordinates so numbered that the matrix («;j(q)), 1 <1, j < n, is non-
singular on a neighborhood U ¢ U’ of p. Let (B;j(q)) denote its inverse and define a
new basis of A on U by

n m
Yig= > Bij(@Xjq =Eig+ > Yiv(@)Evq,

Jj=1 v=n+1

where y;, = Z}Ll Bijxjv,i=1,...,m;v =n+1,...,m. Since A is involutive,

n n m
[Yi, Yjl= D clYi= > chEv+ > yirEr)
k=1

k=1 T=n+1

on U. On the other hand,

m

[Yi, Y1 = [Ei + > yivEv, Ej, > YjuEul = >, 0 Ex.
v u

T=n+1
Since [E;,Ep] = 0 for 1 < a, b < m. It is possible for these two linear combinations of
Ei,...,En to be equal only if c{‘j =0onUforl=<i k<mn,soYy,..., Yy is the desired
local basis.

Now, given an involutive distribution A on a manifold M and p € M, choose a
coordinate neighborhood W, o of p on which there is a local basis Yi,...,Y; such that
[Y;,Y;] = 0. In (W) c R™, the vector fields Yi = 04 (Y;) have the same property so
that by the preceeding lemma there exists a coordinate neighborhood V, ¢ of o(p),
V ¢ o (W) with coordinates y1,...,Vm and with Y; = w31 (@/0y;) fori = 1,...,n.
Without loss of generality, assume (V) = B"(0), an &-ball in R™, and ¢ (o(p)) =
(0,...,0). Define the coordinate neighborhood U, @ of p on M by U = o~1(V) with
@ = @ oo. Then @(p) = (0,...,0), @(U) = B(0) and E; = 03! o @31(3/0y) =
o;! (Y;) = Y;fori=1,...,n. Thus A is completely integrable. O

6. ACKNOWLEDGEMENTS

I thank my advisers William Lopes and Kathryn Mann for all the help they gave me
during the writing of this paper and throughout the summer.
REFERENCES

[1] WiLLIAM M. BOOTHBY, An Introduction to Differentiable Manifolds and Riemannian Geometry, Aca-
demic Press, 2003.



FROBENIUS’ THEOREM 19

[2] ALLEN E. HATCHER, Vector Bundles and K -Theory, available for download at
http://www.math.cornell.edu/~hatcher/VBKT/VBpage.html.
[3] VLADIMIR I. ARNOL'D, Ordinary Differential Equations, Springer Textbook, 1992.

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF CHICAGO, CHICAGO, ILLINOIS 60637



