REPRESENTATIONS OF SEMISIMPLE LIE ALGEBRAS

ABHINAV SHRESTHA

ABsTRACT. This paper studies the representations of semisimple Lie algebras,
with care given to the case of sl,(C). We develop and utilize various tools, in-
cluding the adjoint representation, the Killing form, root space decomposition,
and the Weyl group to classify the irreducible representations of semisimple
Lie algebras.
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1. INTRODUCTION

Lie algebras arise as vector spaces of linear transformations. In most examples we
will study, they arise as a subspace of the vector space of all linear transformations,
endowed with the commutator bracket.

Definition 1.1. A Lie Algebra is a vector space L over a field k (for our purposes,
k = C) with an operation [-,-] : L x L — L, called the bracket or commutator
satisfying the following axioms:

(i) The bracket operation is bilinear.

(ii) [z,z] =0 for all z € L.

(iii) (Jacobi Identity) [z, [y, z]] + [v, [z, z]] + [z, [z, y]] = 0, for all z,y, z € L.

Axioms (i) and (ii) together imply that the bracket is anti-commutative, that is,
[z,y] = —[y, 2], for z,y € L.

We now define suitable equivalents of concepts from linear algebra for Lie alge-
bras. A subspace K of L is called a subalgebra if [z,y] € K, for any z,y € K. The
subalgebra K is called an ideal if [z,y] € K for any x € K,y € L.

Given two Lie algebras L and L', a linear transformation ¢ : L — L' is a
homomorphism of Lie algebras if ¢([z,y]) = [¢(x), d(y)]. If ¢ is an isomorphism
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of vector spaces, ¢ is an isomorphism of Lie algebras, and L and L' are called
isomorphic. We can define the kernel and image of a linear transformation ¢ in
the natural way. We note that the kernel of ¢ is an ideal of L, and the image
is a subalgebra of L’. The following standard homomorphism theorems apply to
homomorphisms and ideals of Lie algebras:

Proposition 1.2. (a) If ¢ : L — L' is a homomorphism of Lie algebras, then
L/Ker ¢ = Im¢. Furthermore, if I is any ideal of L included in Ker ¢, there
exists a unique homomorphism v : L/I — L' such that the following diagram
commutes (T is the canonical projection map):

LS

N

LI
(b) If I and J are ideals of L, such that I C J, then J/I is an ideal of L/I and
(L/I)/(J/I) is naturally isomorphic to L/J.
(c) If I,J are ideals of L, there is a natural isomorphism between (I + J)/J and
1/(InJ).

We can use the commutator to define a few algebraic structures closely related to
their counterparts in group and ring theory. The center of a Lie algebra L is defined
by Z(L) = {z € L|[z,2] = 0 for all x € L}. We call L abelian if L = Z(L), or
equivalently, if its derived algebra, [L, L], is trivial. Finally, we define the normalizer
of a subalgebra K of L by Nk (L) = {z € L|[z, K] C K} and the centralizer of a
subset X of L by Cx(L) = {x € L|[z, X] = 0}. By the Jacobi identity, both the
normalizers and centralizers are subalgebras of L.

We now turn our attention to our first few examples of Lie algebras. Given
a vector space V, consider End(V), the set of linear transformations from V to
itself, which is itself a vector space over k of dimension n? (where n=dim V). We
can construct a Lie algebra from End (V') with the same underlying vector space by
defining a new operation [z, y] = x-y—y-x, where - is multiplication in End(V). We
call this the general linear algebra, and denote it gl(V'), or gl,,(C). Our primary
interest will be in a particular infinite family of subalgebras of gl,,(C), given in the
following example.

Example 1.3. Denote by sl(V) or sl,,(C) the set of linear transformations of
End(V) with trace zero. This is called the special linear algbera. Because the
trace of a linear transformation is independent of the choice of basis, we can verify
if a linear transformation ¢ is in s[(V) by summing the diagonal elements of the
matrix of ¢ with respect to any basis. Furthermore, since we know Tr(zy) = Tr(yzx)
and Tr(z +y) = Tr(z) + Tr(y), sl,(C) is a subalgebra of gl(V).

We now define a powerful tool in the analysis of Lie algberas that will follow.
For any = € L, we can define a map ad(x) by y — [z,y]. The map = — ad(z) is
called the adjoint representation of L. On occasion, we may want to view x as an
element of both L and a subalgebra K. In such cases, we use the notation ady(x)
and adg () to avoid ambiguity. The adjoint representation is a special case of the
more general notion of a representation. In the latter sections of this paper, we will
write z(y) to denote ad(z)(y). Parentheses may be omitted.
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Definition 1.4. A representation of a Lie algebra L is a homomorphism ¢ : L —
gl(V).

It is clear that ad : L — gl(V) is a linear transformation, so we need to check
that it preserves the Lie bracket.

[ad(x), ad(y)](2) =

We will restrict our analysis to a special subset of Lie algebras for which the rep-
resentations can be clearly understood, and, in particular, their finite dimensional
representations. In order to precisely describe these Lie algebras, we provide the
following definitions:

Definition 1.5. Let L be a Lie algebra.
(i) The derived series of L is a sequence of ideals, L(®) = L, L(V) = [L, L], L(?) =
(L, LM L0 = [LG-D LE-D]. We say that L is solvable if L™ =0
for some n.
(ii) The radical of L, denoted RadL, is the unique maximal solvable ideal of L.
We say that L is semisimple if RadL = 0.
(iii) The descending central series of L is a sequence of ideals, L° = L,L' =
[L,L],L? = [L,L'],..., L} = [L,L*"']. We say that L is nilpotent if L™ = 0
for some n. Clearly, nilpotent algebras are solvable.

In addition, we also utilize the definitions for nilpotent and semisimple linear
transformations from linear algebra. This provides us the following decomposition
of endomorphisms:

Proposition 1.6 (Jordan-Chevalley decomposition). Let V' be a finite dimensional
vector space over C, and x € End(V). Then there exists xs,x, € End(V), such
that x = x5 + x,, T5 is semisimple, x,, is nilpotent, and x5 and x,, commute.

We refer to x as the semisimple part of x, and x,, as the nilpotent part. Finally,
we will state the following theorems, that provide criteria for the nilpotency and
solvability of a Lie algebra. We omit the proofs.

Theorem 1.7. (Engel) If for all x € L, z is ad-nilpotent, then L is nilpotent.

Theorem 1.8. (Lie) Let L be a solvable subalgebra of gl(V'), with V' finite dimen-
sional. Then V' contains a common eigenvector for all endomorphisms in L.

Theorem 1.9. (Cartan Criterion) Let L be a subalgebra of gl (C). Suppose that
Tr(zy) =0 for all x € [L, L],y € L. Then L is solvable.
2. THE KILLING FORM

We want to now find a criterion for the semisimplicity of a Lie algebra.
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Definition 2.1. Given a Lie algebra L, and any z,y € L, the Killing form is
defined by x(x,y) = Tr(ad(z) ad(y)).

The Killing form is a symmetric bilinear form on L. The bilinearity of the Killing
form follows from the bilinearity of the bracket operation, and symmetry from the
fact that Tr(zy) = Tr(yz). In addition, the Killing form is associative, in the sense
that x([z,y], z) = k(x, [y, 2]). To see this, first, note that [z,y]z = xyz — yzz, and
xly, 2] = zyz — xzy. Since Tr(y(zz)) = Tr((z2)y), Tr([z,y]z) = Tr(z]y, z]). Since
ad is a Lie algebra homomorphism, it follows that the Killing form is associative.

The Killing form gives us a necessary and sufficient condition for the semisim-
plicity of a Lie algebra. This is related to the nondegeneracy of the Killing form.
In general, a symmetric bilinear form, (3, is nondegenerate if its radical, defined by
{z € L|B(z,y) =0 for all y € L}, is 0. Because the Killing form is associative, the
radical of k is an ideal of L. For arbitrary bilinear forms § and Lie algebras L,
the radical of 3 should not be confused with Rad L, the maximal solvable ideal of
L. However, if L is semisimple, the radical of the Killing form coincides with the
radical of L. This is shown in the following theorem:

Theorem 2.2. Let L be a Lie algebra. Then L is semisimple if and only if its
Killing form is nondegenerate.

Proof. Suppose that L is semisimple, that is, Rad L = 0. Let S be the radical of
k. Then, by definition, for all x € S, y € L, we have that Tr(ad(x)ad(y)) = 0. In
particular, this holds for y € [S, S], so ad(.S) is solvable by Cartan’s Criterion, and
hence, so is S. However, as we just noted, S is an ideal of L, so S C Rad L = 0,
and k is nondegenerate.

Conversely, suppose that x is nondegenerate. By definition, S = 0. To show
that L is semisimple, we first notice that L is semisimple if and only if it contains
no nonzero abelian ideals, because Rad L contains an abelian term in its derived
series (which is nonzero, if Rad L is nonzero). and conversely, any abelian ideal
must be contained in Rad L. Thus, it suffices to show that every abelian ideal I
of L is contained in S. Let z € I,y € L. Then ad(z)ad(y) maps L into I, and I
into [I,I] = 0. Thus, ad(z) ad(y) is nilpotent, and k(z,y) = Tr(ad(x)ad(y)) = 0,
sol CS=0. O

Corollary 2.3. Let L be a semisimple Lie algebra. Then there exist ideals L1, ... L;
of L, which are simple (as Lie algberas), such that L =Ly @® -+ ® L.

The corollary follows from taking an arbitrary ideal I, and showing that its
orthogonal complement (with respect to the Killing form), I+ = {x € L|s(x,y) =
0 for all y € I}, is an ideal, such that L = I @ I-. We then proceed inductively.
We omit a rigorous proof of the corollary.

3. REDUCIBILITY OF REPRESENTATIONS

To discuss the decomposition and reducibility of Lie algebra representations, we
would like to use the language of modules. As it turns out, the definition of modules
over a Lie algebra is a reformulation of the definition of a representation.

Definition 3.1. Given a Lie algebra L, an L-module is a vector space V with a
bilinear operation L x V' — V satisfying the following condition:

[z, y]v = zyv — yov



REPRESENTATIONS OF SEMISIMPLE LIE ALGEBRAS 5

where x,y € L, v,w €V, a,b € C.

Any representation ¢ : L — gl (C) can be viewed as an L-module by the action
xv = ¢(x)v. Conversely, given an L-module, we can construct a representation
¢ from this definition. Hence, these are equivalent definitions. The definition of
modules gives rise to the the following definitions, and a fundamental lemma in
representation theory, which will be critical in our analysis.

Definition 3.2. (i) A homomorphism of L-modules is a linear map ¢ : V — W
such that ¢(zv) = ax¢(v), for x € L,v € V. We call ¢ an isomorphism of
L-modules if it is an isomorphism of vector spaces.

(ii) An L-module V is called drreducible if its only L-submodules are itself and 0.
We do not consider the zero dimensional vector space irreducible, but we do
allow one dimensional vector spaces.

(iii) An L-module B is called completely reducible if V' is the direct sum of irre-
ducible L-submodules.

Lemma 3.3 (Schur). If V and W are irreducible L-modules, and ¢ is a L-module
homomorphism, then either 1 is an isomorphism or ¥ = 0. Furthermore, if V. =W,
then ¥ = Al for some A € C, and I the identity.

Proof. For the first claim, Kery and Im are both L-submodules, and the result
follows from applying the module isomorphism theorems. Since V is irreducible,
Ker ¢ is a submodule, and hence either 0 or V. If Kerty = 0, the map is injective,
and maps onto a nonzero submodule of W, which must be all of .

For the second claim, notice that v is a linear map over C, and so must have an
eigenvalue A\. Thus, ¥ — Al is also a linear map with nontrivial kernel. But as we
have just shown, this implies 1y — A\ = 0, and ¢ = AI. O

Before we continue analyzing the decomposition of L-modules, we will mention
standard ways of producing new L-modules from given ones. Let V be an L-module.
Then the dual vector space V* is also an L-module if we define the action of L on
V by (zf)(v) = —f(av), for f € V*v € V,xz € L. Similarly, if V and W are
L-modules, then V ® W, the tensor product of the underlying vector spaces, is also
an L-module. The module structure is given by (v @ w) = xv @ w + v ® zw. We
can generalize this to tensor powers, denoted V™. Because Hom(V, W) 2 V*@ W,
this provides a module structure on sets of linear transformations.

In addition to tensor powers, we can use the related notion of symmetric and al-
ternating powers to construct L-modules. In particular, if V and W are L-modules,
then Sym”™ V is an L-module, where Sym”™ V is the module formed by V®™ modulo
the submodule generated by elements (v; ®V2®- - ®@vp) = (Vo (1) DV (2) B+ * - BV (n) )
with ¢ in the symmetric group on n elements, .S,,. Likewise, the alternating, or exte-
rior powers \" V (defined as V™ modulo the submodule generated by the elements
(1 ®V2® - ®vp) + (=1)7(Vo(1) ® Vo(2) @ - - - @ Vg () are representations.

Finally, we state a major theorem concerning decomposition of the representa-
tions of semisimple Lie algebras. We omit the proof.

Theorem 3.4 (Weyl). Let ¢ : L — gl(V') be a (finite dimensional) representation
of a semisimple Lie algebra L. The ¢ is completely reducible.
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4. REPRESENTATIONS OF sl3(C)

We begin our analysis of sly(C) by taking the standard basis:

(50 ) o (18) = (h %)

These elements satisfy the following relations:
[h, 2] = 2@, [h,y] = =2y, [x,y] = h.

Multiplication in sl3(C) is completely determined by the identities described above.
We notice that in particular, = and y are eigenvectors of ad(h), with eigenvalues
2 and -2 respectively. Suppose I # 0 is an ideal of sl5(C), and az + by + ch is an
arbitrary nonzero element of I. Applying ad(x) twice, we get [z, [z, az + by +ch]] =
[z, alx, x] + blx, y] + c[z, h]] = [x,bh — 2cx] = b[z, h] = —2bx € I. Similarly, applying
ad(y) twice, we get that —2ay € I. Thus, if either a or b is nonzero, then I contains
y or x, respectively, and it follows that I = L. On the other hand, if a = b = 0,
then ch € I, and is nonzero, and by applying ad(z) and ad(y), we get I = L
again. Thus, sly(C) is simple. Furthermore, by the arguments we applied to I,
any Lie algebra with elements satisfying those multiplication identities generate a
subalgebra isomorphic to sly(C).

We now introduce the following definitions to understand the representations of
5[2(@).

Definition 4.1. Let V be an arbitrary sla(C)-module, and V\ = {v € V]h(v) =
Av}, for A € C. If V), is nontrivial, we call A a weight of h, and V) a weight space.

These definitions will be modified in the future to study the representations of
other Lie algebras. Presently, the definitions of weight and weight space are exactly
the definitions of eigenvalue and eigenspace for vector spaces.

Lemma 4.2. Ifv € V), then zv € V)49 and yv € V)_s.

Proof. This follows from the following computation, using the multiplication on
5[5(C) described earlier in this section.

h(zv) = [h, z]v + (xzh)v = (2z)v + (Az)v = (A + 2)20.
An analogous computation holds for y. ([l
Remark 4.3. The lemma implies that  and y are nilpotent endomorphisms.

Pictorially, the lemma gives us the following description of the action of sl3(C)
on the weight spaces.

T T
— s
Vm74 < Y Vm72 K Vm

o U

h h

Y

Because we are working with a finite dimensional L-module, there must exist
some V) # 0 such that Vy;9 = 0. We call any nonzero vector in V) a mazimal vector
of weight A\. Our next step will be to use a maximal vector to help us classify the
irreducible representations of sly(C). To do this, we require the following lemma.

Lemma 4.4. Let V be an irreducible sly(C)-module. Choose a mazimal vector

vg € Vy; setv_y =0, v; = y,—|v0, (i > 0). The following identities hold for i > 0.
i
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(a) hv; = (A — 2@)v;,
(b) yvi = (i + viy1,
(c) xv;=(A—i+ 1)v;—1
Proof. Part (a) follows by induction on i. The case for ¢ = 0 is obvious. Now
suppose h(v;) = (A — 2i)(v;). We know that h(v,y1) = h(H%lyvz) By inductive
hypothesis, v; € Va_2;, and yv; € Va_2;—2 = Vi_3(i41), by Lemma 4.2. Thus,
h(vit1) = (A — 2(i + 1))vs41. Part (b) follows from our definition of v;. Part (c)
requires an induction argument similar to that of part (a). The base case, i = 0 is
clear, since we defined v_; = 0. Now, we make the following calculation:
ix(v;) = z(yvi—1)

= [z, yJvi—1 + yx(vi-1)

= hvi—1 + yx(vi—1)

= ()\ 2(1 — 1))1)1‘,1 + ()\ — 1+ Q)y’Ui,Q
()\ — 20+ 2)1}1‘71 + (Z - 1)()\ -1+ 2)’[)1',1
= ’L()\ — Z + 1)’01‘.

Dividing both sides by 7 gives us our result. O

We are now ready to describe all irreducible representations via their weights
and weight spaces.

Theorem 4.5. Let V' be an irreducible sly(C)-module, with vectors v; as defined
above in Lemma 4.4, and let m + 1 = dim(V).

(a) Relative to h, V is the direct sum of weight spaces V,,, p =m,m—2,...,—(m—
2),—m, and dim(V,,) =1 for each p.

(b) The module V has (up to nonzero scalar multiples) a unique mazimal vector,
whose weight is m.

(c) The action of sla(C) on V is given explicitly by the above formulas. In particu-
lar, there exists at most one irreducible sly(C)-module (up to isomorphism) of
each possible dimension m + 1, m > 1.

Proof. By part (a) of Lemma 4.4, all the nonzero v; are linearly independent. Thus,
the number of nonzero v; is bounded above by dim V' + 1, and in particular, they
are finite in number. Thus, we can let m be the smallest integer such that v,, # 0,
but v,41 = 0. For all ¢ > 0, v,,4; = 0. Thus, the weights corresponding to the v;
form a finite arithmetic progression of length m + 1.

The subspace spanned by {vg,...,v;,} is an L-submodule, due to Lemma 4.4.
Since this subspace is nonzero and V is irreducible, this subspace is all of V. This
proves V is the direct sum of the weight spaces associated with the v;.

In addition, if we apply the formula in part (c¢) of Lemma 4.4, letting i = m + 1,
we see that z(vy,y1) = (A — m)v,,. But since v,,11 = 0, A must be equal to m.
Thus, the weight of a maximal vector is a nonnegative integer, equal to one less than
dim V. Furthermore, each weight space contains exactly one v;, and dimV,, = 1
for each weight p. We say that each weight has multiplicity one. In particular, the
maximal vector is unique up to scalar multiples.

O

Remark 4.6. We call m the highest weight of V.
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Corollary 4.7. Let V' be any finite dimensional sla(C)-module. Then the eigen-
values of h on 'V are all integers, and each occurs along with its negative (an equal
number of times). Moreover, there are exactly dim(Vp) +dim(V;) summands in any
decomposition of V into a direct sum of irreducible submodules.

Proof. The case where V' = 0 is trivial, so we can assume dimV > 1. Apply
Weyl’s Theorem to write V' as a direct sum of irreducible L-submodules. The first
assertion follows precisely from Theorem 4.5. For the second assertion, we observe
that each irreducible L-module contains either a weight space of weight 1 or 0 with
multiplicity one, and does not contain both. (I

This gives us a complete picture of all the representations of sly(C). It is worth
noting that this combinatorial description of the irreducible representations is easily
converted into an algebraic description by taking symmetric powers of the standard
representation, V = C2. Let vy, v, be the standard basis for C2. Then a basis for
W = Sym?V is given by {22, vy, y?}. We calculate the action of h on each of these
basis vectors.

h(z?) = zh(x) + h(z)z = 222
h(zy) = zh(y) + h(z)y = 0
h(y®) = yh(y) + h(y)y = —2y°
So, the representation W is the irreducible representation of highest weight 2.
Similarly, the n-th symmetric power, Sym” V has basis {z", 2" ty,...,y"}, and
h(z"*yk) = (n — k)h(z)z"*~1yF + kh(y)a"*y* ! = (n — 2k)2""*y*. Thus, the
weights of Sym™ V' are n,n — 2,..., —n, each occurring with multiplicity one, so
Sym”™ V is the irreducible representation of highest weight n.

5. RooT SPACE DECOMPOSITION

Our analysis of sly(C) will guide us in examining the irreducible representations
of semisimple Lie algebras in general. Our first step will be to find an analogue
of h from sl3(C). In a general semisimple Lie algebra, however, no single element
will serve the function of h. Instead, we have an abelian subalgebra which acts
diagonally. Such a subalgebra is called a Cartan subalgebra.

As it turns out, in the case of semisimple Lie algebras over C, we have a precise
characterization of the Cartan subalgebra. Let L be a semisimple Lie algebra.
We can always find some x € L for which adz is not nilpotent. Otherwise, L
is nilpotent by Engel’s theorem, which is absurd, since a nilpotent Lie algebra
cannot be semisimple. Thus, there always exists a nonzero subalgebra consisting
of elements that act diagonally on L. We call such an algebra a toral subalgebra.

Lemma 5.1. A toral subalgebra of L is abelian.

Proof. Let T be a toral subalgebra. We want to show that adr(xz) = 0 for all
x € T. This is equivalent to showing that adr(z) has no nonzero eigenvalues.
Suppose for contradiction that adr(z)(y) = [z,y] = ay,a # 0, for some nonzero
y € T. Then, ady(y)(x) is an eigenvector of eigenvalue 0 of adr(y). Since adr(y)
is diagonalizable, we can decompose T into eigenspaces of adr(y), and write x as a
linear combination of eigenvectors of adr(y). Now apply adr(y) to z. The result
must be nonzero, since —ay # 0. Thus, it is the sum of eigenvectors of nonzero
eigenvalue. Thus, adr(y) cannot vanish on adr(y)(x) = —ay, a contradiction. O
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Let H be a fixed maximal toral subalgebra of L. We know from linear algebra
that L can be decomposed into the direct sum of subspaces L, = {x € L|[h,z] =
a(h)x for all h € H}, where o € H*. If L, # 0, we say that a is a root of L. We
denote by ®, the set of all roots of L. This gives us a root space decomposition

of L, given by L = C,(H) ® € L,. We have already seen one example of a root
acd
space decomposition, that of slo(C) into L_o, Ly = H, and Lo, spanned by y, h,

and x respectively.

Proposition 5.2. Given a a Lie algebra L,

(a) For all o, 8 € H*, [Lo,Lg] C Latp.

(b) If x € Lo, oo # 0, then ad(z) is nilpotent.

(c) If a + B #0, then L, is orthogonal to Lg with respect to the Killing form.

Proof. For part (a), we make a computation using the Jacobi identity for z € L,
y € Lg:

7, [, y]] = [[h, 2], y] + [z, [h, y]] = [e(h)a, y] + [z, B(R)Y] = (o + B)(h)[z, y].
For part (b), observe that there are finitely many roots of L, and by (a), ad™(z) :
Lg — Lyq+p- For sufficiently large n, Lyot+s = 0, so ad” z = 0. Finally, for part
(c), choose h € H such that (a+ 8)(h) # 0. Then, k([h,z],y) = —k([z, h],y) =
—k(z, [h,y]). Thus, a(h)k(z,y) = —B(h)k(x,y), and k(z,y) = 0. O

Corollary 5.3. The restriction of the Killing form to Cr(H) is nondegenerate.

Proof. From the proposition, we know that Cr,(H) = L is orthogonal to L, for all

a € ®. Suppose z € Ly is orthogonal to L. Then, x(z, L) = k(z,Lo® @ L) =0.
acd
However, since x is nondegenerate on L, this is only possible if z = 0. (Il

We state the following proposition.
Proposition 5.4. Let H be a maximal toral subalgebra of L. Then, H = Cp(H).

We will sketch the proof. The full proof can be found in Chapter 2 of [1]. First, we
briefly introduce abstract Jordan decomposition. If L is a semisimple Lie algebra,
and z € L, then ad(z) can be decomposed via the usual Jordan decomposition. It
is a result that there exist z, and x,, such that x = z, + x,, ad(z) is semisimple,
and ad(z,,) is nilpotent. This is called the abstract Jordan decomposition of . We
call x; and x,, the semisimple and nilpotent parts of x respectively. Note that this

definition overlaps with that of Jordan-Chevalley decomposition as we previously
defined it.

Proof Sketch. We can show that for any element « € CL(H), both the nilpotent
and semisimple parts of « are contained in Cp,(H). In particular, all the semisimple
elements of C,(H) lie in H. Thus, if Cp(H) # H, then C1(H) contains a nonzero
nilpotent element. We can also show that Cp(H) is abelian. In addition, it is
a result from linear algebra that if M and N are commuting endomorphisms of
a finite dimensional vector space, then Tr(MN) = 0. Thus, for all y € CL(H),
k(z,y) = Tr(ad(x) ad(y)) = 0, contradicting Corollary 5.3.

O

It follows immediately from this proposition and Corollary 5.3, that the re-
striction of k to H is nondegenerate. This fact allows us to relate H and H*
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in the following manner. For each ¢ € H*, define an element t4 € H satisfying
¢(h) = k(ty, h) for all h € H. This allows us to extend the Killing form to H*: if
o, € H*, k(a, B) = k(ta,t3). Additionally, this notation will be helpful as we try
to understand how representations of general semisimple Lie algebras relate to the
representations of sl (C), as we will see soon. Before we observe this relationship,
however, let us apply our definitions to the case of sl (C).

Example 5.5. In the case of sl,(C), the Cartan subalgebra is the subalgebra of
diagonal matrices, H = {a1h1 + agha + - -+ aphy, | a1 + a2+ -+ + a, = 0}, where
h; = E;; and E; ; is the map sending e; to e; and sending all other e to 0. The
dual can be written as H* = C{¢1,4s,...,4,}/({1+ L2+ -+ £,), where the ¢; form
a dual basis via ¢;(h;) = 0;; (where ¢; ; is the Kronecker delta function). To find
the roots of sl,,(C), we perform the following calculation:

ad(a1h1 + agho +--- + anhn)(Ei,j) = ai[hi,Ei,j] + a; [hj,EiJ‘]
= a;(hi(E; ;) + a;(Ei;j(=h;)) = (ai — a;)(Ei ;).

Thus, the E; ; are eigenvectors of eigenvalue ¢; — ¢;, and the roots of sl,,(C) are
precisely these pairwise differences of /;.

Proposition 5.6. Let L be a semisimple Lie algbera, H a Cartan subalgebra of L,

and @, its set of roots.

(a) The roots of L, ®, span H*.

(b) If a € @, then —a € D.

(c) Let a € @, x € Ly, andy € L_,. Then [z,y] = k(x,y)ta.

(d) If « € ®, then [Ly, L_,] is one-dimensional, with basis to,.

(e) For a € @, a(ty) = k(ta, ta) # 0.

(f) If a € ® and x, is any nonzero element of Ly, then there exists yo, € L_q
such that Te, Yo, ha = [Ta, Ya] Span a three-dimensional simple subalgebra of L
isomorphic to sla(C), via

N 0 1 s 0 0 W 1 0
« O O ) ya 1 0 )y o O _1 .
U
(9) The element hy = —————, and hy = —h_q.
K(ta,ta)

Proof. (a) Suppose for contradiction that ® does not span H*. Then by duality,

there exists some nonzero h € H such that a(h) = 0 for all « € ®. Then,

[h,Ly] = 0 for all « € ®. However, [h, H] = 0, because H is abelian. Since

L=H® @ L,, this means h € Z(L). This is a contradiction, since Z(L) is
acd
a solvable ideal, and hence 0.

(b) Let o € ®, and suppose for contradiction that —a ¢ ®. Then L_, = 0, so
k(La,Lg) = 0 for all 8 € H* by Proposition 5.2. Thus, k(Ly, L) = 0, which
contradicts the nondegeneracy of x on L.

(c) Let h € H be arbitrary. Because k is associative, we have the following com-
putation:

k(h, [z, y]) = K([h, 2], y) = a(h)s(z,y) = K(ta, h)k(z,y) = K(h, K(, y)ta).

(
Thus, x(h,[z,y] — k(z,y)ta) = 0, and H is orthogonal to [z,y] — k(z,y)ta,
forcing [z,y] = k(z,y)ta, since k is nondegenerate.
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(d) Part (c) shows that t, spans [Ly, L_o] if [La, L_4] is nonzero. Let « € L, be
nonzero. By the argument in part (b), k(z, L_,) # 0, or k would be degenerate.
Thus, there is some y € L_, such that k(z,y) # 0, and so, [z,y] # 0.

(e) Suppose for contradiction that a(t,) = 0. Since t, € H, [tq, 2] = a(ty)r =
0 = [ta,y], for all x € Ly, y € L_,. As in (d), we can find z,y that satisfy
k(z,y) # 0, and in fact k(x,y) = 1, by multiplying by scalars. Then [z, y] = t,
by (c¢). The subspace S spanned by z,y,t, is a three-dimensional solvable
algebra (using (d) to show solvability). In fact, S = adp(S) C gl(L). In
particular, ady (s) is nilpotent for s € [S,S] by Lie’s Theorem. Thus, ady(t,)
is both nilpotent and semisimple, hence zero. But then, t, € Z(L) = 0,
contradicting our choice of £,,.

(f) Given nonzero z, € Lo, we want to find y, € L_, such that k(za,y—o) =

ﬁ’ This is possible because of (e) and the fact that x(xq,L_o) # 0.
Let hy, = H(f‘f";u). Then [Za,Ya] = ha by (¢). Furthermore, [hq,zq] =
ﬁ[tmma} = ﬁ(a(ta)ma) = 2x,. Similarly, we have that [h,ya] = —2yq.

Thus, 4, Yo, he span a three-dimensional subalgebra of L isomorphic to sly(C).

(g) Since k(tq,h) = a(h) defines tq, K(t—a,h) = —a(h), and t, = —t_,. It follows
that ho, = h_, by the definition of h,,.

(Il

We will use the notation s, for the subalgebra of L constructed in part (f). We
have that s, = Lo ® L_o & [La, L_4], and that dim L, = 1, for any a € ®.

Proposition 5.7. If a is a root, the only scalar multiples of « that are roots are
a and —a.

Proof. Consider the subspace M of L spanned by H along with all root spaces of
the form L., for a scalar ¢ € C. Clearly, M is an s,-submodule of L. The only
weights of h, on M are the integers 0 and 2¢, with nonzero ¢ for which, L., # 0.
Thus, ¢ must be a multiple of % Furthermore, the action of s, on Ker « is trivial.
Since Ker «a is a subspace of codimension one in H, complementary to Ch,, and
5, is an irreducible s,-submodule of M, Ker « and s, account for all occurrences
of the weight 0 for h,. Thus, the only even weights are 0 and +2. However, %a
cannot be a root either, so 1 is not a weight of h,. Thus, by Corollary 4.7, we have
that the only scalar multiples of « that are roots are a and —a. O

It turns out that not only do the roots of L have integral values on the h,, but
in fact, the weights of any finite-dimensional representation attain integral values
on the h,. This allows us to define the weight lattice, Ay = {8 € H*|B(«a) €
Z for all a € ®}. Since ® is a subset of Ay, we can consider the lattice generated
by ®. This forms a sublattice of finite index in Ay, denoted Ag, the root lattice.
All roots of representations of L will lie in Ay .

Before we proceed, we return to our example of sl,(C). As we said, the roots
are of the form ¢; — ¢;. Thus, the root lattice of sl[,,(C) can be stated via generators

and relations as follows:
n

Ao = {Zalmal S Z,Zai = 0}/(2&, = 0)
i=1 i=1

i=1
We can also find the subalgebras, s, isomorphic to sl (C). The root space Ly, ¢,
is generated by Fj ;, so the corresponding subalgebra s, is generated by F; ;, Ej;,
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and [E; j, Ej ;] = h; — h;. The action of h; — h;j on E; ; has eigenvalue (¢; — ;) = 2,
by the calculation performed previously (5.5), so this is indeed isomorphic to s, (C).

Finally, we introduce orderings on the roots. This can be done by picking an
arbitrary real linear functional f on the lattice Ag, irrational with respect to the
lattice. This allows us to decompose our set of weights ® = & U ®~, where
ot = {a|f(a) > 0}. We call the roots of &t the positive roots, and those in &~
negative roots. This ordering allows us to now define the notion of a highest weight
vector.

Definition 5.8. Let V be a representation of L. A highest weight vector is a
nonzero vector v € V' that is both a weight vector for the action of H, and in the
kernel of the action of L, for all o € ®T. We say that the weight associated with
v is a highest weight of the representation.

In our analysis of sl3(C), the ordering amounts to a choice of o or —a, and this
corresponds to whether the vectors in L, or L_, are the highest weight vectors.
While the uniqueness of v is trivial in the case of sl3(C), we will see that this is
actually quite general. However, note that in general, a representation does not
have a unique highest weight vector, or highest weight.

Proposition 5.9. Let L be a semisimple Lie algebra. FEvery finite dimensional
representation V' of L possesses a highest weight vector. If, in addition, V is irre-
ducible, the highest weight vector is unique up to scalars. Furthermore, the subspace
W of V generated by the images of a highest weight vector under root spaces Lg for
B € @~ is an irreducible subrepresentation.

Proof. The existence follows from finite-dimensionality. Take o to be the weight in
V for which f(«) is maximal. Any vector nonzero vector v € V,, will be a highest
weight vector, because V15 = 0 for all 8 € &1, and hence is in the kernel of the
action of all L.

The uniqueness is an immediate result of the final part of the proposition, so we
will prove this first. This requires a calculation analogous to the one we performed
for Lemma 4.2 for sl3(C). Let W,, be the subspace spanned by all w,(v), where
wy, is a word of length at most n of elements of Lg, for § € ®~. We will induct on
the length, n, with the case for n = 0 being easy. We claim that for any z € ®¥,
x(Wy,) C W,. To show this, consider a generator of W, of the form yw, w € W,_;.
Now apply the commutation relation zyw = yzw + [z, y]w and the fact that [z, y] €

o0
H to verify the claim. Now, let W = |J W,,. This is a subrepresentation of V.
n=1
We claim W is irreducible. To see this, we write W = W' @ W". Either W’ or
W' contains the weight space Wy, since it is one-dimensional, and so must be all
of W. O

6. WEYL GROUP AND WEYL CHAMBER

The symmetry that we see from the integrality of the weights is not the full
picture. To complete the picture, we introduce the Weyl group, denoted 25. The
Weyl group is generated by reflections along hyperplanes perpendicular to a root
« with respect to the Killing form. An explicit formula for such reflections is given

by 0a(8) = 8- 3200 = 8 — B(ha)a.
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At this point, we could axiomatize root systems. We will instead pursue a
somewhat more concrete path, using the Weyl group to better understand the rela-
tionship between roots in representations. First, we will look at the case of s[,(C).
The Weyl group is generated by reflections across the hyperplane perpendicular to
the ¢; — £;. In particular, o, ¢, exchanges ¢; and /;, while leaving all other ¢
alone. The Weyl group then acts as the symmetric group on the generators /;.

Proposition 6.1. Suppose V is a finite-dimensional representation of L. Then
the set of weights of V' is invariant under the Weyl group. In particular, the set of
weights congruent to any B modulo o will be invariant under o.

Proof. Suppose that V' is a representation of L, with weight space decomposition
V = @ Vs. The weights 8 in this decomposition can be broken into equivalence
classes modulo a. Each of these equivalence classes can then be broken up into
weight spaces as follows:
Vig = @ Vi+4na
neE”Z
This Vg will be a subrepresentation of V' for s,

We now introduce the notion of strings of weights. Since there are finitely many
weights, we can take 8 to be such that Vz_,, = 0, for any positive n. By our
analysis of sl5(C), we know that the weights that correspond to nonzero summands
in our decomposition of Vg are 3,8 + a, B + 2a, ..., + ma, with m = —(ha),
an uninterrupted string. If we fix § and m > 0 so that it corresponds to the
decomposition of V|g), we have that

B(ha)a (ﬂ + a)(ha) = 5(hoz) +2,..., (B +ma)(ha) - ﬂ(hoc) +2m

is symmetric about zero, and 8(h,) = —m. In particular,
oa(B+ka) =B+ (=B(ha) — k)a = B+ (m — k)a.
(Il

We say that a root in @~ is a simple negative root if it cannot be the expressed
as the sum of two negative roots. We have an analogous notion of positive simple
roots. Since we have only finitely many roots, any negative root can be written as
a sum of negative simple roots, and likewise for positive roots.

We can use simple roots to simplify our characterization of the Weyl group. It is
a theorem that the Weyl group can be generated by just the reflections o, where «
is a positive simple root. The proof of this fact is omitted in this paper, but details
can be found in Chapter 3 of [1].

Our next goal is to construct the Weyl chamber, denoted €, and explore its
relationship to the Weyl group and orderings on roots. First, the roots of a repre-
sentation span an euclidean space, E, with the Killing form as the inner product.
For each root a € ®, we denote by P,, the perpendicular space of « in E. The P,
partition E into finitely many connected components. These connected components
are called the Weyl chambers of E.

We say that a weight « is dominant if k(ta,ty) = a(ty) > 0 for all v € ®T.
In particular, the highest weight vector of a finite dimensional representation is
dominant. The Weyl chamber containing the dominant weights is called the fun-
damental Weyl chamber. Clearly, the fundamental Weyl chamber depends on how
one separates ® into ®1 and &, that is, the ordering of the roots.
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The action of the Weyl group permutes the Weyl chambers. In particular, it
acts simply transitively on the set of Weyl chambers, and likewise on the set of
orderings on the roots. The proof of this fact and the precise formulation of the
Weyl chamber using root systems and bases is provided in chapter 3 of Introduction
to Lie Algebras and Representation Theory [1].

n
For s, (C), let ¢; > ¢ca > -+ > ¢, with Y ¢; = 0. We define a linear functional

i=1
f, by the following;:

f(z ail;) = Z CiQyq
i=1 i=1

The corresponding ordering on the roots will result in &~ = {¢; —¢;|j < i¢}. The
simple negative roots will then be the ¢;1; — ¢;. The fundamental Weyl chamber

n
associated with this ordering is € = {> a;l;|la1 > az > -+ > a,}.
i=1

7. CLASSIFICATION OF IRREDUCIBLE REPRESENTATIONS

Theorem 7.1. For any o € €N Ay, there exists a unique irreducible, finite-
dimensional Ty, of L with highest weight a.

Proof of Uniqueness. Suppose V and W are two irreducible, finite-dimensional rep-
resentations of L with highest weight vectors v and w respectively, each with weight
«. Then, the vector (v,w) € V@& W will be a highest weight vector of weight « in
V @ W. Now consider U C V & W, the irreducible subrepresentation generated by
(v,w). The projections w1 : U — V and my : U — W are nonzero, and hence must
be isomorphisms by Schur’s Lemma. O

Note that this theorem provides a bijection between €N Ay and the set of irre-
ducible representations of L. We will not prove the existence of such an irreducible
representation, but we will demonstrate it for the case of s[,(C). A general con-
struction using Verma modules is given in [1]. In order to prove the sl,(C) case,
we will define fundamental weights. These are the elements w; € H* such that
wi(haj) = 0;,j, with a1,..., simple roots relative to some fixed ordering on the
roots. All dominant weights can be expressed uniquely as a nonnegative integral
linear combination of fundamental weights, and we write I',, . ,, for the irreducible
representation with weight ajwy + -+ - + apwn.-

In the case of s, (C), the fundamental weights (relative to the ordering induced
by f, seen previously) are w; = €1+ 2+ - -+ £;. We claim that the intersection of €
with Ag is in fact the free semigroup generated by the fundamental weights. First,
we consider sl4(C), since we can visualize its weight diagram. The fundamental
weights form a 2-simplex. Each fundamental weight lies on an edge of €, and so
¢ is the cone over the 2-simplex with vertex at 0. Furthermore, the faces of the
Weyl chamber are the orthogonal compliments of the negative simple roots. This
is expressed in the following diagram from [2]
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Li+Llz=-l3-L2

We note that the fundamental weights are each a dominant weight of an exterior
power of the standard representation: V, /\2 V, and /\3 V' have highest weight /1,
l1 + £y, and £1 + €5 + 3 respectively. To see this, we will perform a more general
calculation, that will apply to the exterior powers of sl,(C). Let 1 < k <n.

We want to find a highest weight in /\k V (V, the standard representation of
50, (C)). Consider the vector e; Aeg A --- A ek, and let o be a positive root, with
respect to f. Our choice of f forces a to « take e; to ej, where j < 4. Thus, the
action of L, must either take some e; in e; Aea A---Aey to 0, or to some e; already
in the term, and so must be zero. Thus, e; Aea A --- A ey is a highest weight of
NV,

As a result, Sym®V ® Sym’(A’V) @ Sym°(A® V) contains a highest weight
vector with weight a(€1) + b(¢1 + €2) + ¢(¢1 + £2 + ¢3), and consequently contains
an irreducible representation with this highest weight.

The case of sl,,(C) is analogous. The Weyl chamber is the cone over the (n — 2)-
simplex, edges generated by the fundamental weights, and faces the hyperplanes
perpendicular to the negative simple roots, ¢;+1 — ¢;. The exterior powers A" V are

k
also irreducible, with highest weight > ¢;. As a result, there exists an irreducible
i=1
representation of weight (a1 +as + -+ ap—1)¢1 + -+ + ap—1£,—1, which appears
inside Sym™ V @ Sym®(A*V) @ - -- ® Sym® (A"~ V).
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