LIMITS, COLIMITS AND HOW TO CALCULATE THEM IN THE

CATEGORY OF MODULES OVER A PID.
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ABSTRACT. The goal of this paper is to introduce methods that allow us to
calculate certain limits and colimits in the category of modules over a principal
ideal domain. We start with a quick review of basic categorical language
and duality. Then we develop the concept of universal morphisms and derive
limits and colimits as special cases. The completeness and cocompleteness
theorems give us methods to calculate the morphisms associated with limits
and colimits in general. To use these methods, we then specialize to the case
of finitely generated modules over a PID. We first develop the Smith normal
form as a computational tool and prove the structure theorem for finitely
generated modules over a PID. Lastly, we discuss how to use the abstract
methods suggested by the completeness and cocompleteness theorems in the
context of pkMod.
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We begin with a quick review of the definitions of category, functor and natural
transformation.

Definition 1.1. A category C consists of a class Ob(C) whose elements are called
objects, where for each pair of objects X,Y € Ob(C), there is a set Hom(X,Y)
whose elements are called morphisms; ! and for each object X, there is a morphism
1x : X — X called the identity morphism on X. Also, between any three objects
X,Y, Z, there is a composition operation - : Hom(X,Y) x Hom(Y, Z) — Hom(X, Z)
that is closed; i.e., if f € Hom(X,Y) and g € Hom(Y,Z), then there exists a
morphism f - g € Hom(X, Z). In addition, morphisms must satisfy the following
properties:

(1) Composition of compatible morphisms is associative.

Date: August 26, 2011.
LConventionally, each element f € Hom(X,Y) is written as f : X — Y.
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2 KAIRUI WANG

(2) Composition involving identity morphisms behave as expected, i.e., for any
morphism f: X - Y, f-1y = fand 1x - f = f. We call this property the
unit axioms.

Notation 1.2. From now on, we will drop the - when writing the composition of
morphisms. This means if X,Y, Z are some objects,and f: X Y andg:Y — Z
are morphisms between them, then we write the composition f - g as fg from now
on.

Using this notation, associativity in definition 1.1 may be stated as: if f, g, h
are three composable morphisms, then (fg)h = f(gh).

We can think of a functor as a morphism between two categories.

Definitions 1.3. A covariant functor F', from a category C to a category D as-
signs for each object X € Ob(C), an object FFX € Ob(D), and assigns for each mor-
phism f: X — Y in Hom(X,Y), a morphism Ff : FX — FY in Hom(FX, FY),
such that the following properties are satisfied:
(1) Identity morphisms are taken to identity morphisms, so that F(1x) = 1px.
(2) F respects the composition of morphisms, so that if f, g are composable
morphisms in C, then F(fg) = (Ff)(Fg) in D.

We distinguish between a covariant and a contravariant functor. Both types
of functors act on objects in the same way, but for every morphism f: X — Y a
contravariant functor assigns to it a morphism F'f : F'Y — FX. So correspondingly,
property (2) for a contravariant functor ought to read:

(2’) F respects the composition of morphisms, so that if f,g are composable

morphisms in C, then F(fg) = (Fg)(Ff) in D.
When we speak of a “functor” without modifications, we mean a covariant functor.

We can think of a natural transformation as a morphism between two functors.

Definition 1.4. Let F' and G be two functors from category C to category D. A
natural transformation 7 from F' to G is a class of morphisms in D indexed by
the objects in C, such that for any two objects X,Y € Ob(C) and any morphism
f: X — Y there is a commutative diagram:

Ff

FX FYy

Nx Ny

A natural transformation between two contravariant functors from category C to
category D is defined analogously. The horizontal arrows of the commutative dia-
gram above are reversed.

There is a symmetry in the definition of a category. Whenever we have two
objects X,Y in a category C, there could exist a morphism f : X — Y, but we
could just as well reverse this arrow and consider a morphism f': Y — X. A new
category arises when we “reverse the source and target” of every morphism.

Definition 1.5. Let C be a category. We define its opposite category, C°P to
be the target category of a contravariant functor Op, which takes objects in C to
themselves, and morphisms f: X - Y inCto f:Y — X.
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The idea of a category and its opposite category form a duality in category
theory. When considering any idea in category theory, it is a good idea to also
think about it in the dual category. Often, a theorem that holds in a category has
a dual theorem that holds in its opposite category. The duality principle states
that proving a categorical statement also implies its dual statement. It is useful
to keep duality in mind, so we will point out situations where duality arises. For
example, the notion of limit and colimit are dual. We will see in our applications
that even though they are dual in a categorical sense, the limit and colimit in
specific categories may look very different. Since we will not be proving the duality
principle, we give the proof for dual statements as well (this usually amounts to
reversing all arrows in a proof).

2. UNIVERSALITY

One type of problem in category theory is the universal mapping problem. In-
formally, these problems look for a morphism (called the universal morphism) that
satisfies some desired property, such that any other morphism that satisfies the
property “factors through” it in the sense that it is the universal morphism com-
posed with some other morphism. We can put this idea in formal terms. We start
by defining a comma category.

Definition 2.1. Let A, B and C be three categories, and F': A - Cand G : B — C
be two functors with the same target category. The comma category (F | G)
has objects that are triples (a, 8, f) where « is an object in 4, § is an object in B
and f: Fa — G is a morphism in C.

The morphisms between two objects («, 8, f) and (o/, ', f') are pairs (g, h)
where g : o — o/ and h : 8 — ' are morphisms in A and B, respectively, such that
the following diagram commutes:

Fa Fy Fo'
f l |7
GpB o GB .

The identity morphism for any object (e, 8, f) is (14, 1g), which exists because 1,
and 1g exist in A and B, respectively. The composition rule is that if ¢’ : o/ — "
is composable with g in A and ' : 8’ — " is composable with h in B, then (g, h)
and (¢’,h') are composable, with

(9,h)(g', ") = (g9g', hR)

This composition has source (a, 8, f) and target (o, 3”7, f”’). The two commutative
diagrams for (g, h) and (¢’, ') make the overall diagram commute:

!
Fa Fy Fo' Iy Fao
f l l f/ ‘(f//
/ 1
Gp Gh Gp Gh Gp
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Notice that the horizontal arrows composed to the required F(gg’) and G(hh') by
functoriality. It is easy to verify our morphisms and composition rule satisfy the
two axioms of a category in defnition 1.1.

Associativity of morphism composition follows from associativity in each com-
ponent morphism. The unit axioms follow from the unit axioms for each component
morphism. That is, the morphism (g, h), composing with the identity morphism
(la/, 15/) gives

(9, h)(la’v 15’) = (9la, hlﬁ') = (9, h)
Precomposing with (1,,13) also leaves (g, h) unchanged and can be shown analo-
gously.

We will be considering comma categories where one functor has as source the
category with one object and the identity morphism. This functor simply maps to
an object ¢ € Ob(C). We will call this functor c.

Definitions 2.2. Let C be a category. An initial object in C is an object such
that for any object X in C, there exists a unique morphism from the initial object
to X. Dually, a terminal object in C is an object such that for any object Y in
C, there exists a unique morphism from Y to the terminal object.

Proposition 2.3. Initial and terminal objects, if they exist, are unique up to unique
isomorphism.

Proof. Say I, I’ are initial objects in a category C. By definition, there exist unique
morphisms f : I — I’ and g : I’ — I. Composing f and g, and noting that the
unique morphisms from I to itself and from I’ to itself are their respective identity
morphisms, we have fg = 1; and gf = 1/, so f is the unique isomorphism between
I and I’. The proof for terminal objects is analogous. O

Definition 2.4. Let ¢ be an object in a category C and F' : B — C be a functor.
If we consider ¢ as a functor from the category with one object (x) and its identity
morphism to C, we define the universal morphism from ¢ to F as the initial
object in the comma category (c | F).

Let’s unpack this definition. Objects in (¢ | F') are of the form (x,b, f) for some
object b in B. This gives us the morphism in C: f : ¢ — Fb. Suppose (x,i, f;) is
the initial object in the comma category. This means there is a unique morphism
(1.,9) from (x,1, f;) to another object (*,b, f). Morphisms in this comma category
make the following diagram commute:

I

IFg (unique)
A
Fb

Definition 2.5. The dual to definition 2.4 is that the universal morphism from
F to cis the terminal object in the comma category (F | c).

Unpacking this definition, if we call the terminal object in (F' | ¢) (¢, *, f;), then
for any object (b, *, f) there exists a unique morphism (g, 1.) to the terminal object
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that makes the following diagram commute:
It _h .

Fg (unique) |
I
Fb

Corollary 2.6. Universal morphisms are unique up to unique isomorphism.

3. LimiTs AND COLIMITS

Limits and their dual, colimits, are solutions to universal mapping problems,
that generalize many other universal constructions.

Definitions 3.1. By a small category, we mean a category where the class of
objects is a set. Let F': B — C be a functor. If ¢ is an object of C, we say F' is
the constant functor at c if F' maps every object in B to ¢, and if F maps every
morphism of B to 1., the identity morphism of c.

Let J be a small category. The diagonal functor A : C — C” is a functor
from C to C”, the category of functors from J to C. A takes objects ¢ in C to the
constant functor Ac. A takes morphisms f : ¢ — ¢’ to natural transformations
Af = Ac — Ac. Because Ac and Ac’ are constant functors, Af is just the
morphism f : ¢ — ¢ for every object in J.

Definitions 3.2. We call a functor F' from a small category J to a category C a
diagram over J in C. Clearly, F is an object in C’/. The limit of diagram F,
denoted Lim F', is the universal morphism from A to F.

This means the limit of diagram F is the terminal object in the comma category
(A | F). Objects in this comma category are (c,*, f), where ¢ is an object of C.
The triple represents the natural transformation f : Ac — F. The limit is the
natural transformation n : A(Lim F') — F, where Lim F here denotes some object
in C. Since A(Lim F) is a constant functor, naturality of 7 gives the following
commutative diagram for every morphism f:i — j in J:

Lim F

AN
77t

Ui
i

Definition 3.3. We call a natural transformation from a constant functor at ¢ €
Ob(C) to a diagram F' : J — C a cone over F.

Remark 3.4. This is called “cone” because when we draw the naturality diagram
implied by a cone, we have one object (the vertex) along with morphisms to all
other objects in the image of F'. The relationships in F' resemble the base of a
geometric cone.

Remark 3.5. With the definition of cones, we can now interpret the comma category
(A ] F) as the category of cones over diagram F', thus the limit of F' is the terminal
object in the category of cones over F. We denote this category by Conep.



6 KAIRUI WANG

The cone interpretation makes it clear exactly what universal mapping problem
the limit solves: given a diagram F' with source category J and target category C,
is there an object Lim F' with associated morphisms from Lim F' to each object F'j
where j € Ob(J), such that Lim F' and its associated morphisms commute with all
morphisms F'f where f is a morphism in J, and satisfy the universal property that
if another object X and morphisms from X to all F'j commute with all morphisms
Ff, then there exists a unique morphism g : X — Lim F, such that for every
f:i—jin J, the following diagram commutes

Fi ————> Fj

Dually, we can define the colimit of a diagram.

Definitions 3.6. The colimit of diagram F, denoted Colim F', is the universal
morphism from F to A.

Analogous to limits, the colimit of F' is the initial object in the comma category
(F | A). It is a natural transformation ¢ : F' — A(Colim F'), where Colim F is
some object in C. Naturality of ¢ gives the following commutative diagram for every
morphism f:4— jin J:

Fi———Fj

Ff
ti /[’J

Colim F

Definition 3.7. A natural transformation from a diagram F : J — C to a constant
functor at ¢ € Ob(C) is a cocone over F'.

Remark 3.8. This allows us to interpret the comma category (F' | A) as the cat-
egory of cocones over F, thus the colimit is the initial object in the category of
cocones over F', we denote this category by Coconep.

The universal mapping problem solved is: given a diagram F': J — C, is there
an object Colim F' with associated morphisms from each Fj, where j € Ob(J),
to Colim F such that Colim F' and its associated morphisms commute with all
morphisms F'f where f is a morphism in J, and is universal in that if an object
Y and morphisms from each Fj to Y also commute with all morphisms F'f, then
there exists a unique morphism h : Colim F' — Y, such that for any f:47 — j in J,
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the following diagram commutes:

Fi Ef Fj

Colim F
|
. ) /
\
Y
Now we give two specific, and very important examples of limits (dually colimits):

the product and the equalizer (dually the coproduct and the coequalizer). They are
fundamental in that every other limit and colimit can be constructed with them.

Definitions 3.9. Let .% be a set of objects in category C. The product of objects
in . is an object in C, denoted [[ 4. o S, along with morphisms ns : [[gc» S — S
for each object S € ., which is universal in the sense that if X is an object in C
with morphisms xg : X — S for every S € ., then there exists a unique morphism
g: X = [lges S, such that for every object S € .7, x5 = gns.

Dually, the coproduct of objects in . is an object in C denoted []g. o S,
along with morphisms tg : S — [[gc S for every S € ., which is universal in
the sense that if Y is an object with morphisms vg : S — Y for every S € .,
then there exists a unique morphism A : [[g. S — Y such that for every object
S e 5/7 vg = tgh.

We can see that the product of objects in .# is the limit of a diagram F' from
a category with only identity morphisms to C, where each object is taken to an
object in .%; the coproduct of objects in . is the colimit of F'.

Definitions 3.10. Given two objects A, B in category C with two morphisms
fig + A — B, the equalizer of f and g is an object, denoted Eq(f,g), and a
morphism e : Eq(f,g) — A such that ef = eg, and is universal in that if X is an
object with morphism « : X — A such that uf = wug, then there exists a unique
morphism g : X — Eq(f, g) such that the following diagram commutes

e 4f>
A g
gl/
I

X

Dually, the coequalizer of f and g is an object, denoted Coeq(f,g), and a mor-
phism p : B — Coeq(f, g) such that fp = gp, and is universal in that if Y is an
object with morphism v : B — Y such that fv = gv, then there exists a unique
morphism A : Coeq(f, g) — Y such that the following diagram commutes

f
AT B2 Coeq(f, )
g |
v lh

\

Y
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We can see that the equalizer is the limit of a diagram F' from a category with
two objects 7,j and two morphisms ¢ — j, where Fi = A, Fj = B and the two
morphisms are taken to f and g; the coequalizer is the colimit of F'.

Definition 3.11. By a complete category, we mean a category where limits over
diagrams with a small source category exist; a cocomplete category is a category
where colimits over diagrams with a small source category exist.

Theorem 3.12 (Completeness Theorem). A category C is complete if and only
if the product of any set of objects in C exists and the equalizer between any two
morphisms with the same source and target exists.

Proof. The forward direction is obvious: products of a set of objects and equalizers
are special cases of limits over diagrams from a small source category.

The proof of the converse can be summarized in a single diagram. We will
explain the diagram after we draw it:

F(Dom(u))

WF(DW me»
/

Eq(f,g) —— [Licovny Fi 7~ uenomy) F(Cod(u))
g

NF(Dom(u)) l \L TF(Cod(u))

F(Dom(u))

T F(Cod(u))

For any diagram F' : J — C, the product of the image under F' of all objects in
J, A= HiGOb(J) Fi, and the product of the image under I of all objects that are
the codomain of some morphism in J, B = [, cgom(s) £'(Cod(u)), both exist by
hypothesis.

For any u € Hom(J), F(Cod(u)) is a component of both products A and B,
so there are morphisms 7g(cod(u)) : 4 — F(Cod(u)) for each u. The universality
of B gives a unique morphism f: A — B. (See the top triangle.)

There is another way to construct morphisms from A to each F(Cod(u)).
Since the domain of each v under F' is a component of the product A, there is a
morphism from A to each F(Dom(u)). The morphism Fu then takes F(Dom(u)) to
F(Cod(u)). The composition 7 (pom(u)) F'u gives another morphism from A to each
F(Cod(u)). Using the morphisms nppom(u)) Fu for each u gives another cone over
objects in J that are the target of morphisms, so universality of B gives another
morphism g : A — B. (See the bottom rectangle of the diagram).

We claim the object Lim F' is the object of the equalizer Eq(f,g). For any
morphism u : ¢ — j in J, there are morphisms from Eq(f, g) to Fi and Fj, namely
enr; and efnpj, respectively such that these morphisms commute with Fu.

Now say X is an object such that for each morphism u : ¢ — j in J, there
are morphisms pr; : X — Fi and pp; : X — Fj that commute with F'u. Since
every object has an identity morphism, X has a morphism to every object F'%
where ¢ € Ob(j). Then by the universality of the products A and B, there are
unique morphisms m : X — A and n : X — B. Since morphisms are closed under
composition, we know then mf and mg are morphisms from X to B. But n is the
unique morphism from X to B, so mf = mg. By the universality of the equalizer
Eq(f,g), there is a unique morphism X — Eq(f, g), so we see Eq(f,¢) = Lim F,
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and for each u : i — j in J, the enp, and efnp; give the cone morphisms over F;
and F}, respectively.

(& .
Eq(f,9) — HieOb(J) Fi HueHom(J) F(Cod(u))
~ < qg
N Tm (unique)
> n (unique)
TX O

Theorem 3.13 (Cocompleteness Theorem). A category C is cocomplete if and only
if the coproduct of any set of objects in C exists and the coequalizer between any two
morphisms with the same source and target exists.

Proof. The proof is dual to the proof of theorem 3.12. Forward direction is obvious.
The following diagram summarizes the proof of the reverse direction (notice how
this is precisely the first diagram in the proof of theorem 3.12 with all arrows

reversed):
F(Dom(u
F(D ory y\om(u

p
HuEHom(]) F(Dom(u zEOb(J) Fi —— Coeq(f, 9)
9

LF(Dom(u)) T T LF(Cod(u))

F(Dom(u)) — F(Cod(u))

For any morphism u in J, there are two morphisms from F'(Dom(u)) to [[;con () Fé
LF(Dom(u)) a0d FULp(Cod(u))- They give two cocones over the image under F' of
objects that are domains in J, so by universality we get two morphisms f,g
[.ettom(s) F'(Dom(u)). Coeq(f,g) is the object Colim F. For any u:i— j, in J,
the cocone are the morphisms tp; fp, tp;p from Fi, Fj respectively to Coeq(f, g).
To see the universality of Coeq(f,g), any object X with a cocone over F,
has cocone over the image under F' of all objects in J, and cocone over the im-
age under F of all objects that are domains in J, so there are unique morphisms
m ¢ [l enom(n F'(Dom(u)) — X and n : [[;con £ — X. Uniquness of m
means m = fn = gn, so the universality of Coeq(f,g) gives a unique morphism
Coeq(f,g9) — X. O

4. SMITH NORMAL FORM AND FINITELY GENERATED MODULES OVER A PID

Before we look at finding limits and colimits of modules, we need to develop
some computational tools (the Smith normal form of a matrix) and know how to
extract information about modules from homomorphisms between them.

Definitions 4.1. If I, J are two ideals in a ring, then by their sum, we mean the
set

I+J={s+t|sel,teJ}.

A Bézout domain is an integral domain where the sum of two principal ideals is
another principal ideal.
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It is not hard to see that the sum of two ideals is also an ideal. Then it follows
that every PID is a Bézout domain since every ideal in a PID is principal. In
particular, the sum of two ideals (a), (b) in a PID is generated by ged(a,b). The
definition of a Bézout domain tells us is that in a PID, for any elements a, b, there
are elements s, ¢ such that sa + tb = ged(a, b). This is the Bézout identity.

Definition 4.2. Let R be a PID. A matrix T with coefficients in R is said to be in
a Smith normal form if T is diagonal, and has the following divisibility relation
on its diagonal elements: aqlaz|-- - |ak, where a; is the ith row and column entry.

Theorem 4.3 (Existence of a Smith normal form). Every nonzero m x n matriz
T with entries in a PID, R, can be put in Smith normal form; i.e., there exist
invertible matrices A, B such that AT B is in Smith normal form.

Remark 4.4. We want to find invertible matrices A and B, which basically lim-
its us to the elementary row and column operations, which are: 1). multiplying
a row/column by a unit; 2). adding two rows/columns together; and 3). inter-
changing two rows or columns. 1). limits the operations we can perform over PIDs
compared to matrices over fields, because every nonzero element is a unit in a field,
but far less elements are units in a PID.

Proof. Without loss of generality, we can assume the entry a; ; # 0, interchanging
rows and columns to achieve this if necessary. Consider first all the elements in
the first column a; ;, where 1 < j < m. For each j, there exists s,t € R such that
sa1,1 + taj1 = u, where u = ged(ai,1,a;5,1) by Bézout’s identity. This means

(4.5) s(a1,1/w) +t(aj1/u) = £1.

Therefore, we can multiply on the left by the m x m identity matrix with the
(4,7)th entry replaced by s, (j, k)th replaced by ¢, (k, j)th replaced by a;1/u and
(k, k)th replaced by —aq,1/u. Notice how we used the coefficients in equation 4.5
to guarantee that the determiniant of the matrix multiplied on the left is a unit
(hence the matrix itself is invertible). This replaces a1,1 with u, and a; 1 with 0 in
the original matrix T'.

As an example, we now show how ag is eliminated using the above method
in a 3 x 3 matrix. Let 0 = ag1/u and 7 = a1 1/w:

S t 0 a1,1 ai2 a3 u * *
o —17 0 a1 Q22 G23 — 0 * *
0 0 1 az1 G322 a33 a1 G32 433

After every a;1 1 < j < m is 0, we can apply an analogous procedure to
the row aq j where 1 < k < n. This time we will be using the analogous column
operations. It is possible that after cancelling all the row elements a; 5, we would
have applied some column operations that make some elements of a;; nonzero
again. We may choose to cancel elements in the column again, but that leaves the
possibility of getting back nonzero rows elements. We claim that by alternating
between cancelling row elements and column elements, after a finite number of
steps, every a;1 and ay ; will be zero.

Every time we cancel rows or columns, we replace the a;; by v which divides
a1 1, so successive applications give a divisibility chain where each successive (1,1)th
entry divides the previous ones. This corresponds to an ascending chain of ideals,
which must stabilize after finitely many steps because every PID is Noetherian.
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The stabilized (1, 1)th entry divides every other entry a;; and a1 . In this case,
Bézout’s identity is something like

1(0,1’1/041’1) + 0(aj71/a1’1) = 1(1) + O(aj’l/al,l) = +1.

Using these coefficients the left (or right) multiplication simply cancels the row (or
column) element by replacing that row (or column) by a; 1/a1,1 times the first row
(or column). And since the first row (or column) is not altered here, elements a; 1
and a; j that have already been canceled will stay zero.

Repeat this cancellation procedure for successive entries along the diagonal,
at.+, where we interchange rows and columns greater than ¢ to try to get a;; # 0,
and if we have a; ; # 0, use the alternating procedure to cancel elements a; ; and ay j,
where ¢t < j < m and t < k < n. This will be sure to leave what has already been
canceled in its place. If it is not possible to perform row and column interchanges
to get a; s # 0, then that means every a;, where t < j < m and t <k < n is zero
(everything to the right and below a;; is zero, including itself). In this case, we
are done. Otherwise, the process terminates when ¢ reaches m or n, whichever one
comes first.

At this point, we have a diagonalized matrix, but it may not satisfy the required
divisibility relation. If j < k, we can make a;|a; by first adding the kth column to
the jth column (here, we only show the relevant j, kth rows and columns as a 2 x 2

submatrix)
aj 0
ap ag ’

then from the Bézout identity sa; + tar = ged(aj, ar) = u we get the left multipli-

cation
S t a;j 0 . U tag
ap/u  —aj/u ar ak 0 —ajar/u J°

ultag, so adding an appropriate number of copies of column j to column k gives

< 0 —ajgk/u )

Since pu = a; and qu = ay, for some p, g € R, —aja,/u = —pqu is certainly divisible
by u, hence u| — ajap/u, the new kth entry along the diagonal. Applying this
procedure starting from between a; and as, a; and as ..., then as and ag, ..., etc.
makes ajlag,as ..., aslas, ..., etc. which gives the desired divisibility conditions.

O

We now give a useful fact about modules.
Proposition 4.6. Fvery R-module M is a quotient of a free R-module F .

Proof. Let F be the free R-module on M, F(M). F(M) is the direct sum of copies
of the ring R, indexed by M. For ¢ : M — M the identity map, the universality
of F(M) gives an R-module homomorphism f : F(M) — M that agrees with i on
all m € M. [4, p. 471] Since ¢ is surjective, so is f. Then by the first isomorphism
theorem, M = F(M)/ker f. O

For a finitely generated module over a PID, R, let B be the finite set of gener-
ators. The universal property on free R-modules which we used in proposition 4.6
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gives the following commutative diagram.

B—LY>F(B)

|
\If
v v
M

Where ¢ is the usual inclusion from a summand to a direct sum. 7 is the inclusion
that takes each generator to itself in M. f is unique; the f that makes this diagram
commutes sends (7¢)cen F D .cpTee. (Where 7. € R). ker f is the submodule of
sequences (7c)ccp that make the sum ) _pree = 0, we call these sums relations
in M. ker f is also finitely generated, as a submodule of a finitely generated free
R-module. Say ker f is generated by {k1,...,kn}, where each k; = (a;j)jep is a
sequence in R. If |B| = n, then the m x n matrix where row ¢ has the entries (a;;)
is called a relation matrix for M.

Lemma 4.7. If a relation matriz T for a finitely generated module M over PID,
R, is similar to a diagonal matriz S with diagonal entries {a1,...,ar}, then

M= R/(al) @R/(ag) @@R/(ak)

Proof. S is another relation matrix for M. The kernel K is generated by each
row, which is a sequence zero everywhere except a; at the ith position for each
1 <i < k. Consider also the map ¢ : R¥ — R/(a;) ® R/(a2) @ --- ® R/(ax) which
sends (r1,...,7rg) — (r1 + (a1), 72 + (a2), ..., + (ag)). K is also the kernel of ¢.
© is a projection in every component R/(a;) so is itself a surjection. Therefore, by
the first isomorphism theorem, we have the following

M= RF/K = R/(a)) ® R/(az) ® - ® R/(ag). O

Theorem 4.8 (Structure theorem for finitely generated modules over a PID). Let
R be a PID. Any finitely generated R-module M is a direct sum of a free part and
a torsion part, i.e.,

M=R"®R/(d) ® R/(d2) ® - ® R/(dy),

where n is called the free rank of M, and d; are the principal generators of ideals
in R, where dy|da| - - |dy. Furthermore, the free rank is unique, and the divisibility
condition on the generators d; make the entire decomposition unique.

Proof. A relation matrix T for M is a matrix with entries in the PID, R. It is
similar to a Smith normal matrix S, which by lemma 4.7 gives the isomorphism

M=R/(a1)® - ®R/(an)-

There are possibly zeros at the end of the diagonal of S. A quotient ring R/(0) = R,
S0

M=~R/(a)® & R/(ay) ® R

Divisibility is built into the Smith normal form. g
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5. FINDING LiMITS AND COLIMITS OF SPECIAL MODULES

We now look at the category of left R-modules, pMod. (Our discussion applies
equally to the category of right R-modules Modpg). First, we give some definitions
that will become useful.

Definitions 5.1. Let M = {M,}icsr be a set of left R-modules indexed by set
I. The direct product of modules in M, denoted [];.; M;, is the left R-module
whose elements are sequences (a;);e; where a; € M;, and whose addition and ring
multiplication are defined componentwise. The direct sum of modules in M,
denoted 692'6 ; M;, is the left R-module whose elements are sequences (a;);cr where
a; € M; and only finitely many a; # 0.

Definition 5.2. Let T': M — N be an R-module homomorphism. The cokernel
of T, denoted cokerT', is defined to be the quotient module N/ImT'. 2

Proposition 5.3. In pRMod, the product of a set M = {M,}icr of left R-modules
is the direct product of modules in M.

Proof. The R-module homomorphisms from [[, M; to each module M; € M are
the projection maps pas, : [[; M; — My, where (a;)icr = ak; i.e., pa, picks out
the kth component of the sequence (a;). Now suppose a left R-module X also has
homomorphisms ¢y, to every M; € M. Define a homomorphism f : X — [], M;
by f = (¢, )ier; i-e., each x € X is mapped to a sequence (pps(x))icr. For
each module M; € M, it is clear that f composed with a projection to M; gives
the homomorphism from X to M;, so fpa, = ¢um,. Now suppose g is another
homomorphism from X to [], M; and gpa, = ¢, for all @ € I. But this precisely
means g takes x to a sequence (g;(x));c;r where projection in each M; shows every
gi = ©um,, hence f = g. So f = (par,) is the unique homomorphism from X to
I M;. O

Proposition 5.4. In gpMod, the coproduct of a set M = {M, }icr of left R-modules
is the direct sum of modules in M.

Proof. The R-module homomorphism from each module M;, € M to @, M; is the
inclusion map i, : My — @Z M;, where ap, € M}, is mapped to the sequence with
0 everywhere except aj in the kth component.

Suppose a left R-module Y also has homomorphisms 737, : M; — @, M; for
each M; € M. Define a homomorphism f : @, M; — Y by

(ai)ier ZTMi (as).
iel
It is clear that for any M; € M, iy, f = 7Ta,. Now suppose g is another ho-
momorphism from @, M; — Y with in,g = 7ar, for every M; € M. But every
sequence (a;)icr is equal to the sum ), (bix)ker, where (bix) is 0 everywhere ex-
cept at b; = a;. Each sequence (b;)ics is the image of a; € M; under iy, so

2As the name cokernel suggests, the kernel and cokernel are dual notions. Generally speaking,
the kernel of a morphism f : X — Y, if it exists, is the equalizer of f and the zero morphism from
X to Y; the cokernel of f, if it exists, is the coequalizer of f and the zero morphism from X to
Y. It is straightforward to check that our definitions for the kernel and cokernel in pMod satisfy
the general definitions.
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9((bik)ker) = Ta; (a;). Therefore,

9((ai)icr) = 9(D_(bir)rer) = Y g((bidrer) = Y _ s, (i),

il i€l il
hence f = g; f is the unique homomorphism from @, M; — Y. O

Proposition 5.5. In pRMod, the equalizer between two homomorphisms f, g : M —
N 1is the kernel of f — g, sometimes called the difference kernel of f and g.

Proof. The homomorphism e : ker(f —¢g) — M is the inclusion map. (f—g)(z) =0
implies f(z) = g(z), so for any o € ker(f — g), f(e(x)) = f(x) = g(x) = gle(x))
so ef = eg. Suppose X is another module with ¢ : X — M such that of = @g.
This means for any © € X, f(p(z)) = g(p(x)) so p(z) € ker(f — g), so there
is a homomorphism h : X — ker(f — g) where h = ¢, and clearly he = ¢. If
l: X — ker(f — g) is another homomorphism such that le = ¢, we know for any
x € X, e takes [(z) € ker(f — g) to I(x) = ¢(x) € M, so | = ¢ = h; h is the unique
homomorphism from X to ker(f — g). (]

Proposition 5.6. In pRMod, the coequalizer between two homomorphisms f,g :
M — N is the cokernel of f — g, sometimes called the difference cokernel of f
and g.

Proof. The homomorphism p : N — coker(f—g) is the projection map from N to its
quotient N/Im(f —g). For any m € M, p(f(m)—g(m)) = 0, so p(f(m)) = p(g(m)),
hence fp = gp. Suppose Y is another module with ¢ : N — Y such that fp = gp.
Then there is a homomorphism h : coker(f—g) — Y where h(x+Im(f—g)) = ¢(z).
Say y is another representative of z 4+ Im(f — g). Then we know z —y € Im(f — g),
and
Wz +Tm(f — g) —y +TIm(f — g)) = (0 + Im(f — g))

implies ¢(x) = ¢(y), so h is well-defined. It is easy to see that ph = .

If I : coker(f—g) — Y is another homomorphism such that pl = ¢, then for any
n € N, l(p(n)) =l(n+Im(f—g)) = ¢(n), sol = h; h is the unique homomorphism
from coker(f —g) to Y. O

Corollary 5.7. pMod is a complete and a cocomplete category.

Proof. From theorems 3.12 and 3.13, we see that it is sufficient to show that prod-
ucts and coproducts exist for any set of R-modules, and the equalizer and coequal-
izer between any two R-module homomorphisms exist. We proved these four facts
in propositions 5.3, 5.4, 5.5 and 5.6 O

Let R be a PID. Free R-modules are isomorphic to a direct sum of copies of
the base ring R. Homomorphisms between finitely generated free R-modules can
be conveniently expressed as a matrix with entries in R. If we have a finite set of
finitely generated free R-modules, then the product and coproduct objects coincide.
3 They are isomorphic to the direct sum of copies of R, with free rank equal the
sum of the free ranks of each component free R-module.

3More generally, finite products and finite coproducts in glMod coincide for any base ring R.
This is in turn a special case of the general result that in an abelian category, finite products and
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For matrix manipulation, we will use the convention that a matrix acts on
arguments on the right. (This is consistent with writing g o f as fg). Under such
a convention, The matrix that represents projection from a direct sum @, M; to a
summand Mj, is the kth column of the identity matrix from @, M; to itself. The
matrix that represents the inclusion map My, — @, M; is a row of zeros, with the
1 at the kth column.

By the structure theorem 4.8, the kernel of a homomorphism f as a submodule
of a finitely generated free R-module is also a finitely generated free R-module.
After putting the matrix representing f into Smith normal form, the number of
rows of zeros gives the free rank of the kernel.

The cokernel of a homomorphism f : M — N can be read directly from the
Smith normal form of f as a matrix. It is the direct sum of quotients R/(a;) where
the a; are the diagonal entries of the Smith normal form. The reasoning is much
like the one we used for lemma 4.7. In this case, the rows generate Im(f), and the
codomain is N, so we have

N/Im(f) = coker(f) = L = R/(a1) ® R/(az) ® --- & R/(a).

for some R-module L.

Using the formula from the completeness and cocompleteness theorems 3.12
and 3.13, we now have an algorithm that allows us to calculate any limits and
colimits over finitely generated free R-modules and homomorphisms between them.
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