STOCHASTIC CALCULUS

ALEC ZIMMER

ABSTRACT. We go through some basics of stochastic calculus. Assuming
knowledge of some probability and measure theory, we construct the Itd inte-
gral, develop some of its properties, and then show the existence and unique-
ness of the solution of a type of stochastic differential equation. We then discuss
It6 diffusions, and conclude by solving the stochastic Dirichlet problem.
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1. INTRODUCTION

The motivation behind stochastic calculus is to define a calculus for situations
where it would normally be useful, but in which normal methods of calculus do not
apply due to randomness within the system. More specifically, one might encounter
equations like:

dX

dt
where X; is a stochastic process, b and ¢ are functions, and the noise is some sort
of randomness in the problem. If ¢ is continuous and the noise term is of bounded
variation (does not jump around “too much”), then one can take the Riemann-
Stieltjes integral (see [4]). Unfortunately, the noise often has unbounded variation,
and a new approach has to be taken. For this paper, we will address situations in
which the randomness is derived from a Brownian motion. We follow @ksendal’s
approach for the following except where otherwise specified.

=b(t, X¢) + o(t, Xt) - “noise”

2. PROBABILITY AND BROWNIAN MOTION

Before going through the construction and then application of the It6 integral to
different topics, we must first review some probability concepts and list the basic
1
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properties of Brownian motion. Knowledge of basic probability theory and measure
theory is assumed. We will provide a short reminder of some basic definitions.

Definition 2.1. Let  be a nonempty subset. Let F be a collection of subsets of
Q such that

(1) 0eF

(2) If A€ F, then A° € F, and

(3) If {A;}52, is a collection of elements of F, then (J;=, A; € F.
Then F is a o-algebra and the pair (2, F) is a measurable space. A measure
p: F — [0,00] is a function such that p(@) = 0, and if {4;}$°, is a collection
of pairwise disjoint elements of F, then Y, u(4;) = u(Useq 4i)- A probability
measure is a measure such that p(Q) = 1.

I will use the convention that a.a. means “almost all”, a.e. means “almost ev-
erywhere”, and a.s. means “almost surely’, where each means everywhere except a
set of measure zero.

We follow [3] for the next definitions.

Definition 2.2. A (n-dimensional) stochastic process X is a function X : T'x  —
R™, where T is an interval in {z € R|x > 0}, and X (¢,-) is F-measurable for each
tefT.

In other words, a stochastic process is a collection of random variables on the
same probability space indexed by time. For convenience, we will often denote a
function taking time ¢ as an argument by the subscript ¢, and will usually omit w
as an argument. We will also use z V y to denote max(x,y) and x A y to denote
min(z,y).

Definition 2.3. If {X;} and {Y;} are n-dimensional stochastic processes, then we
say that {Y;} is a version of {X,} if P{X, =Y;} =1 for all ¢.

Definition 2.4. A filtration on (2, F) is a collection {M; : ¢ > 0} of o-algebras
such that M; C F and M, C M, for s < t.

In probability, o-algebras are thought of as containing information, and a fil-
tration will usually represent the information we have about a stochastic process.
This makes the following relevant:

Definition 2.5. If {M,} is a filtration, a function f(t,w) : [0,00) x @ — R™ is
called M;-adapted if for each ¢ > 0 the function w — f(t,w) is M;-measurable.

Definition 2.6. A stochastic proces {M;};>¢ is called a martingale with respect
to a filtration {M;};>0 and a probability measure P defined on F if, for all t,

(1) M, is M;-measurable,

(2) E[|M]] < oo, and

(3) E[My| My] = M, for all t > s.

The most important property of a martingale is (3). We can think of a martingale
as memoryless in some sense - if we start a martingale at a certain position and
time, all that matters is that starting position and time, and not what happened
earlier. One example of a martingale is a “fair game”. If one were ever lucky
enough to be playing a fair game in a casino (meaning your expected gain is zero,
as opposed to negative in real life), one’s expected winnings at a future time would
be one’s current winnings, regardless of any “hot streaks”.
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In our analysis, we will focus on Brownian motion, as it is relatively simple and
has many nice properties that make it amenable to study. There are different ways
to define Brownian motion, but one of the more intuitive is the following:

Definition 2.7. A Brownian motion starting at z is a stochastic process By, for
t > 0, such that
(1) Bp ==z as.,
(2) By — By is normally distributed with mean zero and variance ¢t — s for
0<s<t< o,
(3) By, ,Bi, — By, ..., B, — By, , are independent random variables for 0 <
t) <. <ty <00

We will take the existence of Brownian motion as a given. The reader can see
[1, p.36-46] for a construction of Brownian motion. Additionally, this definition
extends in a straightforward way to higher dimensions:

Definition 2.8. An n-dimensional stochastic process B; = (By(t),. .., Bn(t)) start-
ing at © = (x1,...,x,), is an n-dimensional Brownian motion if

(1) By is a Brownian motion for 1 < k < n,

(2) the o-algebras generated by the By are independent.

Proposition 2.9. We have the following properties of Brownian motion:

(1) A Brownian motion By is a martingale with respect to the filtration gener-
ated by itself (meaning F; is the o-algebra generated by By for allt > 0).

(2) Brownian motion is a.s. continuous.

(8) Brownian motion is a.s. not differentiable.

Proof. To prove (1), it is immediate from the definition that B; is F;-measurable.
Since it has a normal distribution, E[|B;|] < oo, and property (3) of Brownian
motion implies that E[B; | Bs] = Bs for t > s. To show (2) and (3), one can
consult [1, p.47-51]. O

We will let F; denote the o-algebra generated by the Brownian motion { B, }o<s<¢-
Similarly, Fo, represents the o-algebra generated by {B,}o<s. Depending on the
context, this could be either one or n-dimensional Brownian motion. In the one-
dimensional case, F; is the o-algebra generated by the sets {w | Bs(w) € F, F' a
Borel set} for fixed s, 0 < s < t.

3. CONSTRUCTION OF THE ITO INTEGRAL

The goal of developing the It0 integral is to “integrate against randomness”.
Specifically, we will focus on Brownian motion as the source of the randomness or
noise, which is the realm in which the It6 integral applies. We thus focus on:

dX dB;

22 X X, =t

g VX ot X
where ddEz‘ is not well defined. This could also be interpreted as:
(3.1) dX =b(t, Xy)dt + o(t, X;)dB;

where dB; denotes the infinitesimal change in Brownian motion, not yet defined.
This equation will be interpreted in its integral form:

t t
Xt=X0+/ b(s7Xs)ds+/ o (s, X,)dB,
0 0
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where the integral fot o(s, Xs)dBs has yet to be defined.
Following this line of thought, our first task should be to define

(3.2) /0 o(s, X,)dB,

for a suitably nice class of functions. To do this, we will first define (3.2) for
simple functions that satisfy certain measurability criteria. We will then extend
this definition by approximations to a broader class of functions.

We’d like to define the integral (3.2) first for functions ¢(¢,w) of the form:

k
(3.3) P(t,w) = _ e (W)Xt t,.0) (1)

|
—

<
Il
o

Note that for any fixed w, ¢ is just an ordinary simple function. However, we would
like to put some conditions on ¢ so that its random component behaves nicely. For
example, we don’t want ¢ to act as if it had future knowledge of what changes B,
was about to undergo. This leads to the next definition:

Definition 3.4. Let {M,;};>¢ be an increasing collection of o-algebras of Q. A
stochastic process f(t,w) : [0,00) x Q — R™ is called M;-adapted if for any ¢ > 0
the function w — f(t,w) is M;-measurable.

Intuitively, a function will generally be M;-adapted if it does not foresee the
future of M. For example, we can consider {F;}, the filtration generated by a
Brownian motion, and let g(¢,w) = Byys(w). In this case, g is not Fi-adapted since
it relies on future knowledge of the Brownian motion. However, if we were to let
h(t,w) = 2B¢(w), then h would be Fi-adapted.

We will now describe the collection of functions on which we’ll define the It
integral:

Definition 3.5. Let V = V(S,T') be the collection of functions f(¢,w) : [0,00) x
2 — R such that

(1) f(t,w) is B x F-measurable, where B is the Borel o-algebra on [0, c0),
(2) f is Fi-adapted, and

3) E [fST f(t,w)th} < .

Out of these conditions, (1) is a normal condition needed to define an integral,
(2) deals with knowledge of the future which was discussed above, and (3) has to
do with the convergence of the integral, which will be more clear soon.

We can now begin to define the It6 integral. First, take a simple function ¢
(simple meaning satisfying (3.3)) in V(0,T). For such a function, we define the
integral as follows:

S

-1

T
(3.6) A Ot w)dB(w) = 3 e5(@)[Br,., — Bi,](w).

J

I
o

This seems straightforward, but there is the question of how this extends in a well-
defined way to other functions. How do we know that two sequences of simple
functions converging to the same function will give us the same integral? The
answer lies with the following:
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Lemma 3.7 (The It Isometry). If ¢(t,w) € V is simple, then

(3.8) E (/S ¢(t,w)dBt> =E /S gb(t,w)th]

Proof. Set AB; = By
AR ._J0 ifi#£j
Eleie;AB;AB;] = { Ele?] - (tiz1 —t;) ifi=j,
since e;e;AB; and AB; are independent for ¢ < j, and AB; is normally distributed
with mean zero and variance t;; — t;. Similarly, E[AB;AB;] = (tip1 — t;)d;;. It
then follows that

2
T
E </ ¢(t,W)dBt> =F Z eiejABiABj
S

0<i,j<k—1
k—1

Z € (tig1 —ti)

=0

— Btj . Then

j+1

E =F

/ST (b(t,w)th] .

We can now go about extending the integral to the class V. Take a function f
in V. Let f* =max{f,0} and f~ = min{f, 0}. By condition (3) of Definition 3.5,
f, ff,and f~ are a.s. in L?(S,T). For a.a. w, we can thus approximate f* by an
increasing sequence of simple functions {1 ,,} and f~ by a decreasing sequence of
simple functions {12, }. Letting ¢,, = 11, + V2., ¢n converges to f in L?(S,T)
for all w. Thus fST(f — ¢p)?dt goes to 0 as n goes to oo a.s. By the dominated

convergence theorem, since E [fg f(t,w)zdt} < o0 by (3) of Definition 3.5, we get

O

(3.9) lim E

n— oo

T
/ (F(t,w) — ¢n(t,w))2dt] 0.
s
This completes the approximation.

This allows us to define the It6 integral:

Definition 3.10 (The It Integral). Let f € V(S,T). Then the It6 integral of f

from S to T is
T

T

(3.11) / ft,w)dBi(w) = lim On(t,w)dBi(w)
S n—oo S

where {¢,} is a sequence of elementary functions such that

JE ¢n(t,w))2dt] “o

S

(3.12) lim E

n—o0

Note that the limit in (3.11) is in L?(P) because {fST ¢ (t,w)dB(w)} is a Cauchy
sequence in L?(P) by Lemma 3.7. The construction of the {¢,} above shows that
there is such a sequence. Additionally, Itd’s isometry also implies that the definition

is well-defined: if {¢,} and {1, } are two sequences of simple functions converging
to f in L?(P), then

lim ||pn — Pnllz2py < lm [|¢n — fllz2(py + lim [|f = ul|p2(p) = 0.
n—00 n— 00 n— o0
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In the above, we used Itd’s isometry in conjunction with (3.12) the end equality.
The immediate consequences of (3.11) and Lemma 3.7 are the following:

Corollary 3.13 (The It6 Isometry). For any f € V(S,T),

(3.14) E (/STf(t,w)dBt> =FE /STfQ(t,w)dt].

Corollary 3.15. If f, fo € V(S,T) forn=1,2,..., and E[[q (f — f)dt] = 0 as

n — oo, then
T T
/ fndB; — / fdBy
s s

4. BASIC PROPERTIES OF THE ITO INTEGRAL

as n — oo in L?(P).

The It6 integral has the following properties:

Theorem 4.1. For any f,g € V(S,T), constant a, and constant U, S < U < T,
we have:

(1) [T fdB, = [ rdBi+ [ fdB,

(2) [o(af +9)dB;=a [l fdBi+ [+ g dB,
(3) E|fg fdB] =0

(4) fSTf dBy is Fr-measurable

(5) El(fg fdB)([g 9dBy)] = El[g fg di).

Proof. Properties (1)-(4) all clearly hold for simple functions, and by taking limits,
hold for f and g.

To show property (5), let a = fSTf dB; and b = fSTg dB;. Since 2ab =
(a+ b)?2 — a? — b%, we have:

Elab] = - (E|(a +b)*] - E[a®] - E[b*))

<E /ST(f + g)%dt /ST f2dt
_ [ [ fgdt]

by It6’s isometry, (3.14). O

= -F -FE

N~ N

[ 4))

Additionally, an It0 integral acts as a martingale:

Theorem 4.2. Let f(t,w) € V(0,T) for all T. Then

Mt(w):/o f(s,w)dB(w)

is a martingale with respect to JF;.
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Proof. First, M, is Fi-measurable by property (4) of 4.1. To show E[|M;|] < oo,
letting X = {w||M;| < 1},

E[|M,]] = / M, [dP(w)

/ | My|dP(w / MZdP(w

<1+ E[M?
< 00.

Last, we need to show that E[Mr|Fs] = Mg for all T > S. By the indepen-
dence of intervals of Brownian motion and approximation by simple functions,

fs fdBy| Fs] = fs fdB;]. We then get

T
[MT|]:S / det|]:S] + Mg = [/S det] + Mg = Mg.

For future developments, we’ll need the following:

Lemma 4.3 (Doob’s martingale inequality). If M; is a martingale such that t —
M;(w) is continuous a.s., then for allp > 1, T >0, and all A > 0 we have

Pl Y M| > <7 E[|MrP).
0<t<T

The proof is somewhat long and we’ll only use the inequality twice, so we omit
it. For the proof, see [1, p.32,118-120].
Additionally, we’ll want the following;:

Lemma 4.4 (Borel-Cantelli Lemma). Let Ay, As,...be in the o-algebra F such

that -
> P(Ay) < o
k=1

Then

N U -

m=1k=m

Proof. Since U2 A are nested decreasing sets with respect to m,

o oo (o) (o)
A U = g p | U ] < i, 3 Pia =0
m=1k=m k=m k=m
since > po, P[Ag] < oco. O

Note that the conclusion to the Borel-Cantelli lemma is equivalent to saying that
the probability that infinitely many of the A occur is zero.
With these new tools, we can now show the following;:

Theorem 4.5. Let f € V(0,T). Then there is a t-continuous version of

/ ' f(s.0)dB ().
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Proof. Approximate f in L?([0,T] x P) by a sequence of simple functions ¢, (t) =
jeg‘n)X[tﬁ") o )(t) e V(0,T). Put
Jj o Ui+l

In(t,w):/o ¢n(s,w)dBs.

Note that each I,, is t-continuous. We will show that the sequence is Cauchy in
L*>(0,T), which would mean it converges to some continuous function, which would
then be equal to fg f(s,w)ds a.e.

First, we’d like to show that I,, is a martingale with respect to F;. For s > ¢,
using basic properties of expectations, the law of total expectation, and the fact
that B; is a martingale with respect to J,

t
0

(n) <4 (n)
t<t;" <t;") <s

t
:/0 ondB + Z E[el(-n)E[AB”ftEn)Hft]

(n) <, (n)
t<t{™ <t{) <s

t
:/ bndB = I,(t,w).
0

Thus I, is a martingale for any n.
This implies that I,, — I,,, is a martingale. Using Doob’s martingale inequality
(Lemma 4.3) and Itd’s isometry (3.14), we get

P [ sup |In(t) — In(t)] > } < SE(1(0) ~ (D))

0<t<T
1 ¢ )
= G—QE {/0 (dn — dm) ds}

which goes to zero as n,m — oo.
Take a subsequence I,,, such that

1

(4.6) P { sup |In,,, (t) — I, (t)] > 2116} <

0<t<T
The Borel-Cantelli lemma implies that this subsequence will converge in L>°(0,T)

a.s. This limit will be a t-continuous function, equal to fg f(s,w)dBs in L?(P).
Thus fot f(s,w)dBys is t-continous a.s. (]

Additionally, we can define the multi-dimensional It6 integral in a straightfor-
ward way:

Definition 4.7. Let B = (By,..., B,) be n-dimensional Brownian motion. Let
VX" (S,T) be the collection of m x n matrices v(¢,w) where all entries v;; are in
V(S,T). We then define the multidimensional It6 integral to be the m-dimensional
vector

T n T n T
/vdB: Z/ vldej,...7Z/ Um;dB;
s =S =S
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5. IT0’s FORMULA

Everything with the Ito integral has been relatively familiar so far. However,
when we begin to evaluate actual integrals, we get formulas that seem strange.

Example 5.1. Let B; be a Brownian motion starting at 0. Then
t
1 1
(5.2) / BydB, = 533 - —t.
0

Proof. Let ¢p(s,w) = Z;S By, (W) Xty trs1)(8), where tgyy —t, = L. Then

t n=l itpig
E U (Bs — qsn)?ds} =F (Bs — By, )?ds
0 k=0"tr
n—1 tht1
= Z/ (s — tx)ds
k=0"tk
n—1 2
t
= (8 — tk)Q = —
k=0

which goes to 0 as n goes to oco.
This implies that

t n—1
i BydB, = lim ];)BtkABtk.
Looking at small changes in By,
A(BtQk) :B2 _Btzk = (Btk+1 _Btlc)2+2Btk(Btk+1 _Btk,)

tet1

= (ABy,)* +2B; ABy, .

We then get
n—1 n—1
Bt2 = Z A(Bti) = Z((ABtk)2 + 2BtkABtk)7
k=0 k=0
which can be rewritten
n—1 1 1 n—1
> B, AB, = 533 +3 > (ABy,)*.
k=0 k=0
We then get
¢ — 1 1 1 1
/ B,dB, = lim » B; AB;, = lim 533 +3 > (ABy,)? = 533 — 5t
0 k=0 k=0
since the limit is in L*(P), and E[AB? | = tjq1 — tg. O

This example shows that the It6 integral fails to behave like a normal integral,
since in this case it yields an extra term which would not be present in a Riemann-
Stieltjes integral. We could rewrite (5.2) as

1 “1 K
(5.3) —B? = / —ds +/ B,dB;.
2 0 2 0

This form is reminiscent of (3.1) - the term on the left is equal to a normal “ds”
integral and a “dB,” Ito integral.
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This discussion leads us to the following definition:

Definition 5.4. A (1-dimensional) It6 process (or stochastic integral) is a stochas-
tic process X; that can be written

t t
(5.5) X: = Xo —|—/ u(s,w)ds+/ v(s,w)dBs,
0 0
where v € V(0,¢) for all ¢ > 0, u is Fy-adapted, and
t
P[/ lu(s,w)|ds < oo for all t > 0] = 1.
0

If X; is an It6 process, 5.5 can be written in the shorter differential form
(5.6) dX; = udt + vdB;.

In normal calculus, computing differentials directly is a tiresome task. What is
instead done is to compute the derivatives of some elementary functions, like azx,
x", e, etc. The derivatives of some more complicated formulas constructed from
elementary functions can then be easily found with the chain rule. Alhough the
normal chain rule doesn’t apply for stochastic integrals, we have It6’s formula as a
replacement.

Theorem 5.7 (It6’s Formula). Let X; be an Itd process given by
dXt = udt + UdBt
Let f(t,xz) € C?([0,00) x R). Then

}/t = f(tht)
is an Ito process since
af af 10%f 9

where dt? = dt - dB; = 0, and (dBy)? = dt.

It6’s formula can be thought of as a stochastic version of the chain rule in normal
calculus. For the normal chain rule, one expands the function as a Taylor series,
and takes the rate of change as the first order terms. It6’s formula involves the
same process, except now part of the second order term has a significant effect.

This results from the surprising rule that dB? = dt. The reason why both dB;
and dB? can both have an effect (as opposed to dt versus dt?, where one is infinitely
larger than the other) is that dB; has larger variations, but they’re going to be both
positive and negative where they cancel to some extent.

The proof of [t6’s formula is simply formalizing the above argument.

Proof of Ité’s formula. Note that by integrating, (5.8) can be rewritten:

t 2

30 = 100+ [ (T + s Xuts) + 55 L6 X000 ) as
Lo

+ ; a—i(&Xs)v(s)st.

2
We can assume that f, %, %, and % are bounded, since otherwise we could

approximate f by such functions. Additionally, we can approximate u and v by
elementary functions.
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Applying Taylor’s theorem to f(¢, X;), we get

F(t, X)) = 0X0+Z At+z O px, 41 Za#

3f
Zata DAX) + +ZR

= 1

where Atl = ti+1 — ti, AXZ = Xi+1 — Xi, and Rl = 0((At1) + (AXl) ) If we take
the limit at n = oo (equivaulently7 At; — 0), then the first two sums converge to
0 91 (s, Xs)ds and fo 9 (s, X )u( ds+f0 91 (s, X5 )v(s)dBs, respectively. As long
as we show the other sums are finite, then the final sum must go to zero by the
definition of the remainder
Additionally, the terms 3 > gt{ (At;)?and 330, 8t8m( t;)(AX;) go to zero
as n — oo since we have a finite integral (mtegratmg with respect to dt or dB) times
a term that approaches the infinitesimal dt, which goes to zero.

Next we evaluate £ >0, gmg (AX;)?. Since u and v can be approximated by
simple functions,

— 0*f s S W2 °f —~ 9*f ,
Sz (AXi)* ~ W 2(AL) +2262u1v1At Y(AB;) Za—

=1 i=1

where u; = u(t;) and v; = v(t;). The approximation becomes equality in the limit.
In the same way as above, the first two terms go to zero as n — oco. We’d like to
prove that for the last term we get

—~ *f o2 2
2 ol (AB;) —>/ a1,21) ds.

To show this, put a(t) = %(t, X)v%(t) and a; = a(t;) to simplify notation. If
i > j, then a;a;((AB;)? — At;) and ((AB;)?> — At;) are independent, so

Elaia;((AB;)* — At)((AB))? — Aty)] = Ellaia; ((AB))* — Aty)]B[(AB;)? — At;]
=0

if ¢+ > j and similarly if 7 > i. We then get
(5.9)

Ela}((ABi)* - Ati)?]

v

N
I
-

n n 2
<Z az(ABz)Z — ZaiAti> =
=1 =1

(5.10) = zn: E[?|E[(AB:)* — 2(AB;)*At; + (AL;)?]
(5.11) = f:(E[a?]E[(ABZ—)“] —2(At)? + (At;)?)

@
Il
-

Using the normal distribution of AB;, we can get

E[(AB;)Y] =

> At / (AB;)ie~(AB)* /28t g AB;) = 3(At;)2.
\ 4T
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Substituting into (5.11), we get

Y Elaf|E[(AB:)"] - 2(At:) + (At)? = Zn: Elaf]2(At;)?

i=1
which goes to zero as n — oo since we have a finite integral times a time increment
that goes to zero. As a result,

5.12 li O AB;)? = i Y At; = Lo 2d
( . ) ni}%;@vz( 1) _nl—{%o;az i = 0 @U S
in LQ(P). O

Theorem 5.13 (Integration by parts). Suppose f(s,w) is continuous and of bounded
variation with respect to s € [0,t] for a.a. w. Set By = 0. Then

t
(5.14) / f(s ft)B — / B dfs
0
where the integral on the right is the Riemann-Stieltjes integral.
Proof. Let f(t,x) = f(t)x and Y; = f(t, By) = f(t)B;. Then by Itd’s formula,

af
dt

()B; = /0 zlb;(t)Btdt—i—/Olf(t)dBt.

By the definition of the Riemann-Stieltjes integral, we get 5.14. O

dY, = < (t)B,dt + f(t)dB,.

This is equivalent to

Furthermore, we can generalize the above in a straightforward way:

Definition 5.15. An n-dimensional It6 process X; is an n-dimensional stochastic
process given by

(5.16) dXi(w) = u(t,w)dt + v(t,w)d By
where u is an n-dimensional vector, B; is n-dimensional Brownian motion, and v

is an an n-by-n matrix. Additionally, each u; and each v;; satisfies the conditions
in definition 5.4.

Theorem 5.17. Let
dX; = udt + vd By

be an n-dimensional Ité process, and let f(t,z) : [0,00) x R" — RP be C2. Then

th = f(t7 Xt)
is a p-dimensional It6 process, whose k' component is given by
O fk 5fk 1 O fi.
dY, = —=—dt = dX;dX;
T Z t5 2. Bnon j
1<i,5<n

where dtdB; = dt?> = 0 and dB;dB; = 6;;dt.

The proof proceeds the same way as in the 1-dimensional case, this time repeating
the argument componentwise.
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6. STOCHASTIC DIFFERENTIAL EQUATIONS

We will now return to the broad type of equation of the form (3.1). With some
basic tools to apply to evaluate stochastic integrals, we can now try to attack these
differential equations:

dXt = b(t7 Xt)dt + O'(t, Xt)dBt

If one has a possible solution, which is generally of the form X; = f(¢, B;) for some
function f, checking it is generally easy by using It6’s formula.

Example 6.1. Let us examine an equation of the form

dN; dBy
6.2 — = — )V,
(62) L= (r N,
where r and « are constants and Ny is given, and dftf is not a derivative in the

normal sense. This can be thought of as modelling population growth. The rate
of growth, %, varies proportionally to the size of the population N;. There is
inevitably some randomness in this growth, so we build that into the problem by
adding in a factor of Brownian motion. Note that it makes sense for this noise to be
Brownian motion. Absent large scale cataclysms, we have N; different individuals
with their own randomness, and the central limit theorem says that their sum
will be normally distributed with standard deviation proportional to Ny, just like
OZBtNt.
We can rewrite this equation to get

(63) dNt = ’I"Ntdt + OtNtdBt
which yields
dN,
(6.4) =t — rdt + adB;.
Ny

Here N, is an It process, and thus cannot be integrated normally to get log IVy.
However, we can try to use Itd’s formula here. Let f(t,x) = logz for x > 0.
Applying It6’s formula,

1

1
d(log Nt) = ﬁtht — 72]\72 (dNt)2
t
1 1 5 5

1 1
= —dN, — -a’dt.
N, T
Plugging this into (6.4),
1
d(log N;) + 5oﬂdt = rdt + adB;.
Integrating,
Ny 1
log Fé + §a2t =rt+ abB;.
Isolating the log and taking exponents on both sides,

Nt _ (r—%aQ)t-&-aBt
— —e ,
No
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giving us
(6.5) N, = Npelr—at)trab:

Here we see the second derivative term in Itd’s formula gives us an unexpected

—% 2t in the exponent. A surprising consequence of this is that if r < %az, then

N, will decrease to 0 with probability one as ¢ — co. This can be seen by
E[log(Noe(r_%a%HaBt)] = Ellog No| + E[log e(r_%“2)t] + E[log e*P"]

1 1
=log Ny + (r — §a2)t + ElaBy] =log Ny + (r — §a2)t

since if lim;_, o Fllog Ni] = —o0, then lim;_, o F[Nt] = —o0.
However, if we take expectations and use the moment generating function of the
normal distribution, we get the paradoxical

E[N] = NQB(T*%OF)tE[eo‘Bt] _ Noe(rféaz)teéoﬂt — Nye'.

The average growth is the same with randomness, but in general, random popula-
tion levels will be lower than the level without randomness. This is compensated
by random peaks of especially large population sizes.

A natural question is when we have a solution to (3.1), and if we do, when such
a solution is unique. This is answered by the following theorem:

Theorem 6.6. Let T >0, and let b: [0, T] x R® — R™, 0 : [0,T] x R™ — R™*™ be
measurable with respect to F satisfying:

(6.7) [b(t, )| + |o(t,z)| < C(1+|z|) forz e R", t €[0,T], C a constant

and,
(6.8)
|b(t,x) —b(t,y)| +|o(t,z) —o(t,y)| < Djx —y|, forx € R", t € [0,T], D a constant

where the absolute values refer to the L2(R™) and L*(R™ ™) norms. Let Z be a
random variable independent of Foo such that E[|Z|?] < co. Then the equation

(69) dXt = b(t, Xt)dt + 0’(71'7 Xt)dBt

has a unique t-continuous solution Xi(w) such that X¢(w) is adapted to the filtration
FZ generated by Z and {Bs}s<t, and

T
0

Lemma 6.10 (The Gronwall Inequality). Let f(t) be a nonnegative function such
that

E

swcra s
for 0 <t <T and for some constants C, A. 0Then
(6.11) f(t) < ce?t
for0<t<T.
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Proof. If A = 0, (6.11) is clear, so assume A # 0. Let g(t) = f(f f(s)ds. Then
g'(t) = f(t) < C+ A [, f(s)ds = C + Ag(t). Now we'd like to show that

C + Ag(t) < Ce?
from which (6.11) follows. This is equivalent to

(6.12) g(t) < = (e —1).

To show (6.12), let h(t) = g(t)e~A*. If we can show

¢ C _u
1 <= _=
(6.13) h(t) < 1 4°
then we’ll know (6.12). First note that (6.13) clearly holds for ¢ = 0. If we look at
the rate of change of both sides of the equation,

B (t) = e A(f(t) — A/O f(s)ds) < Ce=At = % (i - ieAt> .

As a result, (6.13) always holds. O

Proof of the uniqueness of the solution. Suppose X; and Y; are two such solutions.
First, we’'d like to show that E[|X; — Y;|?] = 0. Let a(t) = b(t, X;) — b(t,Y;) and
A(t) = o(t, X;) — o(t, ;). Note the identity (f, f(s)ds)> < t[7 f2(s)ds, which
follows from the identity 2zy < 22 + y? and approximation by simple functions.
Using this, 1t&’s formula, and (6.8),

2

(6.14) E[|X;-Y,]=E A%@m+£%@ﬂ%

(6.15) _E /Ot a(s)ds 2 +2E[/Ota(s)ds/0t7(s)st}
(6.16) +E /0 - ()dB. 2

(6.17) <3E /Ota(s)ds Nise /0t7<s>st 2

(6.18) =3tE [/EtaQ(s)ds] + 3E {/gtWQ(s)ds}

(6.19) g30+ﬂE{AE%@+y%gm}

(6.20) gm1+ﬂDE[A”Xy—nF@}

(6.21) :M1+ﬂD%fEmn—dﬂﬂ@

We thus have
t
BIX ~ Vil <3014 0D [ (X, - Y.Plds
0
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By Gronwall’s inquality, this implies that
B[l X, —Y,[*] = 0.
This implies that |X; — Y;|? is nonzero only on a set of measure zero. As a result,
PX(t,w)—Y(t,w)=0forallt e QNI[0,T]] =1

since this is the countable intersection of events of probability 1. If X (¢,w)—Y (¢,w)
is continuous and is zero on a dense subset, then it’s zero everywhere, so we get

(6.22) PX(t,w) =Y (t,w)=0forallt €[0,7]] =1

which gives the uniqueness desired. O

Proof of the existence of the solution. To show the existence of a solution, we’ll use
Picard’s approximation method that is used to show the existence of solutions for
ordinary differential equations. To see how this method is applied for ordinary
differential equations, see [5, p.720-741].

Let Xt(o) = Xy. For k > 0, define

t t
(6.23) xFHD = x (B 4 / X®ds + / x®aB,.
0 0

We'd like to show that {Xt(k)} is converges to our desired solution in L?(u x P),
where p is Lebesgue measure on (0,7). To do this, we’ll first show that it’s a
Cauchy sequence. We start off with the difference of XM and X(© to begin the
estimate:

t t
X0 = X2, ) = B / b(s, Xo)ds + / o(s, Xo)dB, |’

< B / C(1 + | Xo))ds[?)

= C*B[1 +2|Xo| + | Xo[?]
< At

where the first inequality comes from (6.7) and A is a constant depending on T', C,
and Xj.
— k—1,k
For k > 1, suppose that [| X ¥ — x* 1)”%2(13) < At where a = 3(1+T)D?

is a constant. By plugging in (6.23) X*! and X} into 6.14, we get
t
k+1 k k k—1
1 = X agpy <30+ DD [ 1K = XD oy
0

t
k k—1
<30+ T)D* [P = XV ds

ak—l t
<3(1+T)D*A / stds
Ozk tk+1 aktk+1
< A— .
TR E+1 T (k1)
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By induction, and Fubini’s theorem, we get

1/2 1/2
T k k+1 kpk+2
t oT
XD _ x*) < / ALY g = (A—— .
|| t t HLz(,uxP)_ o (k 1) (k 2)!

Since the difference has a factorial term in the denominator, {Xt(k)} is a Cauchy
sequence in L2(u x P). Since this space is complete, the sequence converges to some
X; € L?(u x P). We now show that X, is the desired solution to our equation.

We know X; is adapted to the filtration F7Z since each Xt(k) is and measurability
is preserved by taking limits. Additionally, the construction implies that

T
/ |X¢|%dt| < oo
0
since X; € L?(u x P).

Next, we want to show that X; = Xo + fot b(s, X¢)ds + fg o(s, Xs)dB,. First,
. . 9m1/2
/ b(s, XF)ds —/ b(s, Xs)ds
0 0

< lim B K/ 1b(s, X®)) — b(s, X,)| ds> tlﬂ} v

1/2
< lim TY4E [DQ/ | X (k+1) XS|2d5} =0
0

k—o0

E

lim F

k—o0

where the first inequality comes from Holder’s inequality and the second inequality
results from (6.8).
Similarly, by It&’s isometry and (6.8),

t t 1/2
/o—(s,ng))st—/ o(s, Xs)dB,
0 0

2
lim F

k—o0

1/2
<nhmE[/ UsX(k))—U(sX)|2ds] =0

where we get an inequality and n, the dimension of B, when applying Itd’s isometry
since B is n-dimensional.
As a result of the L?(P) convergence of the integrals of b and o we get

k—o0

t t
X, = lim xY :XO+/ b(s,Xs)ds+/ o (s, X,)dBs
0 0

in L2(P). Thus X, satisfies (6.9).
By Theorem 4.5, there is a t-continuous version of X;, and this version satisfies
the conditions above. ([l

7. DIFFUSIONS

An Tt6 process X; can be thought of as the position of a particle in a fluid at
time ¢t. Under this view, b(t, X;) is the rate and direction in which the particle
is expected to move, and is thus called the drift coefficient. On the other hand,



18 ALEC ZIMMER

o(t, X;) describes the random motions of the particle, and o, or sometimes %O'O'T
(for reasons that will become apparent soon) is called the diffusion coefficient.
If b and o only take X; as an argument and satisfy the conditions of 6.6, then

we call X; an It6 diffusion. This can be reworded as follows:

Definition 7.1. An It6 diffusion is an n-dimensional stochastic proces X;(w) sat-
isfying an equation of the form

for t > s, Xy = x, B; is m-dimensional Brownian motion and b : R — R",
o : R™ — R™ ™ gatisfy
(7.3) b(x) = b(y)| + |o(x) —o(y)| < D|z —y|
for z, y € R™

Because of the lack of explicit time dependence in an It diffusion, It6 diffusions
have the Markov property, meaning that the only variable that affects its future
behaviour is where it is at present. This means that the time at a certain point
is irrelevant in determining where the diffusion ends up a certain amount of time
later; all that matters is its current position.

If we let E* denote the expectation given that the process starts with Xy = =,
this can be restated more precisely as follows:

Proposition 7.4. Let f be a bounded Borel function from R™ to R. Then, fort,
h >0,

(7.5) E*[f(Xegn)|Fi](w) = EXC (X)),
The proposition follows immediately from the independence of X;4 from F;.

Something that we will want for later are random times that depend on some
condition.

Definition 7.6. Let {N;} be a filtration. A function 7: Q — [0, 00| is a stopping
time with respect to {N;} if

{r <t} e M
for all t > 0.

This condition means that we should know whether or not 7 has occurred at a
specific time ¢ based on our knowledge of N;.

Proposition 7.7. Let {N;} be a right-continuous family of o-algebras (meaning
that for each t, Ny = (5, N ), containing all sets of measure zero.

(1) Let 71, 7o be stopping times. Then 71 A T2 and 71 V T2 are stopping times.
(2) If {7} is a decreasing family of stopping times then lim, o T, is a stopping
time.

Proof. To show (1),
{w](T1 ATp) <t} ={w|m <t} U{w|m <t} €N,
and, similarly,

{w|(n V) <t} ={wln <t}n{w|ln <t} e N,
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To show (2), let 7 = lim,,_yo0 7. Then

{wlr <t} = [{wlr <t} € M.

O

Example 7.8. Let X; be an Itd diffusion and U C R"™ be an open or closed set.
The first exit time of X; from U,

Ty = inf{t > 0|X; ¢ U}

is a stopping time with respect to {M;}, the o-algebra generated by X;.

This doesn’t immediately result because it’s possible that 7(w) = ¢, but X;(w) €
U while X (w) ¢ U for s > t, which we wouldn’t necessarily know from M;. To
show that it is a stopping time, first assume that U is open. Then

{r<tt=() U {Xu.¢Us}

n=1{t,€Q|t; <t}

where {U,} is an increasing sequence of closed sets whose union is U. Each of
these sets is measurable with respect to M,;, and thus the countable union and
intersection is. Thus if U is open, 7 is a stopping time.

Next suppose that U is closed. Let {U,} be a decreasing sequence of closed sets,
each containing U, such that their intersection is U. Then 7y, is a stopping time
for all n, and thus 7 = lim,, .~ 7y, is a stopping time by Proposition 7.7.

Equipped with this, we can make a more general statement about It6 diffusions
than the Markov property. Specifically, they satisfy the strong Markov property:

Theorem 7.9. Let f be a bounded Borel function on R™, 7 a stopping time with
respect to Fy, T < o0 a.s. Then

(7.10) E*[f(Xryn) | Fr] = EX7[f(X)]
for all h > 0.

The difference between the Markov property and the strong Markov property is
that the strong Markov property allows the starting time to be randomly deter-
mined. The proof of the strong Markov property involves some attention to detail,
and is ommitted. Consult [2, p.118-119] for the proof.

A useful operator that comes from a diffusion is the generator of the diffusion.

Definition 7.11. Let X; be an n-dimensional It6 diffusion. The generator A of
Xt is
E*[f(Xy)] —
tl0 t
where = € R™. We represent the set of functions f : R®™ — R such that the limit

exists at « by D4(z), and the set of functions where the limit exists everywhere by
Day.

The definition of the generator bears resemblance to the definition of a derivative,
and this intuition is justified by a formula for the generator that we will derive
shortly. We will first establish the following lemma:
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Lemma 7.12. Let X; be an n-dimensional Ité process of the form

Xi(w)=z+ /Otu(s,w)ds + /Otv(s,w)st(w)
where B is m-dimensional. Let f € C3(R™), and let T be a stopping time with

respect to {F:} such that E*[1] < oco. Assume u and v are bounded on the set of
(t,w) such that X¢(w) is in the support of f. Then

E[f(Xo)] = f(x)+
NN RS of 1 0% f
E /O > ulon) g (X0 + 5 Zﬁ 00 o 5.0) 5 (K2) | s

Proof. Letting Y; = f(X;) and applying Itd’s formula (without writing the time
dependence to simplify notation)

1 9%f
dY = X)dX; + = X)dX;dX,
Z 83; ’ 1<izj:<n amiaxj ( ) ’

Z &U X)(uidx; + Z v;,;dB;)

laxzaxj szkdBk ZvjmdB

Taking integrals and then expectations to find E*[Y;], we find that the term in-
volving »; v; jdB; has expectation 0. As for (32, vikdBk)(3_,, vjmdBm),

(Z Ui,kdBk)(Z Uj7mdB Z Vi, kVj, k dBk + Z V; kU5, mdBrdB,,
k m

k#m
= Zvi,kvj,k(dBk) = (U’L)T)Ljdt.
k
This gives us
T < af 1 T 0% f
E*[f(X;)] = E* i X)+5 ij X)|d
[f(X)] = flz) + /0 ;u 8a:i( )+2§j:(vv )’Jaxiaxj( )
| [T Of
+2;E UO o (X)v”dBj]
We'd like to show that for each pair of ¢, j, the last term on the right,
o [T Of
(7.13) E [ '\ on (X)'Ui,dej:| ;

is zero. The reason that we don’t automatically know it’s zero from the basic
properties of the Ito integral is that the integral ends at 7 instead of a fixed time ¢.
We’ll show that this property holds by approximation. Let g be a bounded borel

function.
TNk
g / o(X.)dB,| = B*
0

k
/ g(Xs)ngrst
0
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We now approximate integrals of the form 7.13 by normal integrals:

B ( /0T9<Xs)st /OTAkg<Xs)st>2 s ( /T:kg<Xs>st)2
e [f o

which goes to zero as k goes to oo. This implies that 7.13 is zero, which proves the
lemma. (]

This lemma immediately yields two results:
Theorem 7.14. Let X; be an n-dimensional Ité diffusion given by
Xt = b(Xt)dt + O'(Xt)dBt
and let f € CZ(R"™). Then f € D4 and
- of 1 82 f
(7.15) Af(@) = bi(z)- + 3 3 (00T)i ()
i=1

1<i,j<n

Proof. This results by plugging X, starting at « and f into 7.12 along with the
definition of the generator. O

Theorem 7.16 (Dynkin’s Formula). Let X; be an n-dimensional Ité diffusion, let
f € C3(R™), and let T be a stopping time with E*[t] < co. Then

(7.17) O] = @)+ 87 | [ asceas).
0
Proof. This results by plugging 7.15 into Lemma 7.12. (|

Suppose f € C%(R") and E*[r] < oo where T is the exit time of a bounded set
A. Then by modifying f so that it maintains its original values in A and is zero
outside of a bounded set, we still get (7.17).

Dynkin’s formula can be used to derive some properties of Brownian motion.

Example 7.18. Let B; be one-dimensional Brownian motion starting at = €

(0,00). Put
T = Hlf{t > O|Bt = 0}

Then
(1) Pl[r<oo]=1
(2) E*[1] = 0.

To show (1), Let oy, denote the first exit time from Ay = (0,2%z). Only consider
k such that 2¥ > z. Let fx € C2(R) such that fx = z for * € A;. Since B,
is normally distributed with mean z and variance ¢, Play, < oo] = 1. Because

%(m) =0 in Ay, Dynkin’s formula implies that
Elfx(Bay)] = fr(z) = 2.
Put py, = P[B,, = 0]. We then have
0 pr +2°2(1 — pr) = E[fi(Ba,)] = 2
which implies

1

pk:1*27-
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Taking limits, limy_, o, px = 1. Thus P[r < o0] = 1.
To show (2), let oy, Ax be as before. Let gr(z) = 22 on (0,2%) and in CZ(R).
Then by Dynkin’s formula,

- o1 g2 f
BB =)+ 8| [ 35 was].
This gives
oky = 2%(2’“)2 = 27 + Elay).
Thus

Elay] = 2F2 — 22,

Again taking limits, we get F[r] = limg_ oo E[ay] = o0.

8. HARMONIC MEASURE

Take an (nonconstant) It6 diffusion X, starting at « and a measurable set G C R”
containing = with compact closure. Note that if the Brownian motion coefficient
is nonzero, then 7¢ < oo a.s. since Brownian motion is normally distributed with
variance t. If 7¢ < oo a.s., we define

Definition 8.1. The harmonic measure p¢ of X on 9G is given by
NE‘(F):P[XTG GF]
for F C G, and Xy =z € G.

It is immediate that the harmonic measure is a probability measure by its defi-
nition. The reason that it is named the harmonic measure is the following:

Proposition 8.2. Let f be a bounded measurable function. Then
¢(x) = E*[f(X7y)]

satisfies the mean value property:

(8.3) o) = [ o(y)duc(y)

oG
for all x € G and for all Borel sets G C H where G have compact closure.

Remark 8.4. For a normal function f : R” — R to be harmonic in a set means that
2 2
f € C? and the Laplacian of f, Af = % 4+ 4+ ZL s zero for all points in the
1

ox2
set. For a function to be harmonic is equivalent to it being C? and satisfying the

mean value property. This is where the term harmonic measure comes in.

Proof. This results immediately from the law of total expectation and the Markov
property:

E[f(Xey)] = E°[E*[f(Xrp)|| Xre = 4l

= ET[EY[f (Xo)|| Xz = y] = o P(y)duc ().
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9. BOUNDARY VALUE PROBLEMS

We would like to use what we have developed thus far to try to answer the
Dirichlet problem. We begin with the classical Dirichlet problem as an example.

Example 9.1 (Classical Dirichlet Problem). Let D C R™ be a bounded open set
and let ¢ be a bounded function on dD. Suppose there is some w € C?(D) such
that

(1) Aw =01in D, where A is the Laplacian, and

(2) limgep gy w(z) = ¢(y) for all y € OD.
Then w(z) = E*[¢(Brp)].

We can modify w outside of D so that w € CZ(R"). Take an increasing sequence
{Dy} such that Dy C D and each Dy, is open. Then, by Dynkin’s formula,
TDk 1

E*w(Bsp, )] = w(z) + /OTD’“ Aw(Bs)ds = w(x) —l—/o iAw(BS)dS = w(x).

Since B is continuous a.s. and limgep »—y w(z) = ¢(y), taking limits gives us

lim w(BTDk) = ¢)(BTD)

k—o0
a.s. By the dominated convergence theorem (since ¢ is bounded and w satisfies the
mean value property), we then get

w(@) = lim B*[uw(By,, )] = B[l w(Br,, )] = B[0(Br,)

We can solve more general boundary value problems using the tools we have
developed. Let D be a domain (connected open set) in R, ¢ € C(9D) be a given
function, and

- 0 0?
(9:2) L= Zbi(x)% + Z aij(l")m
=1 1<i,j<n

where b;(z) and a;;(z) = a;;(x) are continuous functions and all eigenvalues of the
matrix a = (a;;) are non-negative.
Find u € C%(D) such that:

(9.3) Lu=0
and
(9.4) lim | u(a) = 6(y)

for all y € OD.
Note that given a semi-elliptic partial differential operator L on C?(R?) as above,
we can imagine an It6 diffusion of the form

dXt = b(Xt)dt + O'(Xt)dBt

such that %(JJT)” = a;;. If we can choose such an It6 diffusion, then its generator
is equal to L, and we can use what we already know to approach the problem. In
this section we will only address L that have such a corresponding o.

Keeping in mind Dynkin’s formula, we’d like to show that, in certain circum-
stances, there is a solution of the form E*[¢(X;,)]. The motivation for this is that
we’d expect something of this form to have the mean value property, which ought
to imply something like 9.3 and 9.4. This leads us to the following;:
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Definition 9.5. Let f be a locally bounded, measurable function on D, and let X
be an It6 diffusion. Then f is called X-harmonic on D if

f(z) = E*[f(Xr,)]
for all z € D and open U with U C D.
We then immediately get:

Lemma 9.6. If f is X-harmonic in D, then Af = 0 in D. Suppose f € C?*(D).
Then f is X-harmonic in D if and only if Af =0 in D.

groof. If f is X-harmonic in D, Af(z) = limo w =0. If Af =0 1in

)

E[f (X)) = lim E*[f(Xry k)]

k—o0

= f(z) + lim E*
k—o0

TU Ak
/0 Af(Xs)dS] ~ f().

O

The tie between an X-harmonic function and the harmonic measure of X is
immediate:

Lemma 9.7. Let ¢ be a bounded, measurable function on 0D and put
u(z) = E*[¢(X7p)]

for x € D. Then u is X-harmonic.

Proof. This follows from the mean value property 8.3. Taking any bounded open
set U with U C D,

u(z) = /6 ) = /0 )P, € ] = Eu(Xo, )

We will also need the following fact about martingale convergence:

Lemma 9.8. Let X € L'(P) be a stochastic process, {Nj}2., be an increasing
family of o-algebras, Ny C F and let Ny be the o-algebra generated by the Ni.
Then

E[X|Ni] = EIX|N]
as k — oo in L*(P).

This lemma should make intuitive sense: the o-algebra N, should contain the
same amount of information as all the A. Since the sequence is “bounded above”
by F, the N} should get very close to N, at which point the difference will affect
X by a very small amount. For the proof, we refer the reader to [2, p.315].

We now have the tools to tackle a stronger version of the Dirichlet problem,
namely, the stochastic Dirichlet problem.

Theorem 9.9 (Solution of the stochastic Dirichlet problem). Let D be a domain,
¢ a bounded measurable function on 0D. If we define

(9.10) u(z) = E*[o(X7,)]

then u satisfies:
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(1) u is X-harmonic
(2) tlTim w(Xy) = ¢(X5,) a.s. for Xo=2a, x € D.
TD

Additionally, if a bounded function uw on D satisfies (1) and (2), then
u(z) = E*[¢(X7p )]

Proof. First we want to show the existence of the solution, i.e. u(z) = E*[¢p(X,,)]
satisfies (1) and (2). Lemma 9.6 implies (1). Fix € D. Let {Dj} be an increasing
sequence of open sets such that D € D and D = U2 Dk. The strong Markov
property, described in theorem 7.9, implies

u(Xrp, ) = B2k [6( X)) = B2 [$(Xry) | Fr, ).

Additionally, applying the convergence lemma 9.8,
(9.11) klim u(Xrp, ) = lim E*[¢(X7,) | Frp ] = 6(X7p)
—00 k—o0
where the limit holds in L!(P).
Additionally,
u(XTDkV(t/\TDk+1)) - u(XTDk)
is a martingale with respect to ‘FTDkV(MTDkH)' This is equal to u(X;) — U(erk)
for 7p, <t <7p,,,, zerofor t <7p,, and w(Xy, )—u(Xsp, )fort>7p, . The

reason for analyzing this expression is to use Doob’s martingale inequality to show
that u(X;) approaches ¢(X,,). Specifically, Doob’s martingale inequality yields:

1 xr
(9.12) P sup  |u(Xe —u(Xep, )| > €| < S E[[u(Xrp, ) — u(Xrp, )]

TDy, St<TDy
which goes to zero as k — oo for all € > 0. Combining (9.11) and (9.12), we get
lim u(X;) = lim w(X,, ) = &(X:p)
k—o0 k

tT7TD

pointwise, which finishes the proof of existence of the solution.
Finally, to show uniqueness, f is X-harmonic, so

f(@) = E*[f(Xrp, )]

for all k. We know that limy_, o f(X,) = ¢(X;,) a.s. Since ¢ and g are bounded,
the dominated convergence theorem implies that

fl@) = Jim B(f(Xep, )] = B7[6(Xr,)]
([

Here we have used the tools we have developed in stochastic calculus to solve a
non-stochastic problem in partial differential equations. This result highlights some
of the power of stochastic calculus.
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