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1 Introduction

No one shall expel us from the paradise that Cantor has created. - David Hilbert

1.1 Why Set Theory?

Set theory originated in an attempt to understand and somehow classify “small” or “negligible” sets of
real numbers. Cantor’s early explorations in the realm of the transfinite were motivated by a desire to
understand the points of convergence of trigonometric series. The basic ideas quickly became a fundamental
part of analysis.

Since then, set theory has become a way to unify mathematical practice and the way in which mathe-
maticians deal with the infinite in all areas of mathematics. You’ve all seen the proof that the set of real
numbers are uncountable, but what more can be said? Exactly how uncountable is the set of real numbers?
Does this taming of the infinite give us any new tools to prove interesting mathematical theorems? Is there
anything more that the set-theoretic perspective provides to the mathematical toolkit other than a crude
notion of size and cute diagonal arguments?

We begin by listing a few basic questions from various areas of mathematics that can only be tackled
with a well-defined theory of the infinite which set theory provides.

Algebra: A fundamental result in linear algebra is that every finitely generated vector space has a basis,
and any two bases have the same size. We call the unique size of any basis of a vector space the dimension
of that space. What can be said about vector spaces that aren’t finitely generated? Does every vector space
have a basis? Is there a meaningful way to assign a “dimension” to every vector space in such a way that
two vector spaces over the same field are isomorphic if and only if they have the same “dimension”? We
need a well-defined and robust notion of infinite sets and infinite cardinality to deal with these questions.

Analysis: Lebesgue’s theory of measure and integration require an important distinction between count-
able and uncountable sets. Aside from this use, the study of the basic structure of the Borel sets or the
projective sets (an extension of the Borel sets) require some sophisticated use of set theory, in a way that
can be made precise.

Foundations: A remarkable side-effect of our undertaking to systematically formalize the infinite is that
we can devise a formal axiomatic and finitistic system in which virtually of mathematical practice can
be embedded in an extremely faithful manner. Whether this fact is interesting or useful depends on your
philosophical stance about the nature of mathematics, but it does have an important consequence. It puts us
in a position to prove that certain statements do not follow from the axioms (which have now been formally
defined and are thus susceptible to a mathematical analysis), and hence can not be proven by the currently
accepted axioms. For better or worse, this feature has become the hallmark of set theory. For example, we
can ask questions like:

1. Do we really need the Axiom of Choice to produce a nonmeasurable set of real numbers?



2. Is there an uncountable set of real numbers which can not be in one-to-one correspondence with the
set of all real numbers?

Aside from these ideas which are applicable to other areas of mathematics, set theory is a very active
area of mathematics with its own rich and beautiful structure, and deserves study for this reason alone.

1.2 Motivating the Axioms

In every modern mathematical theory (say group theory, topology, the theory of Banach spaces), we start
with a list of axioms, and derive results from these. In most of the fields that we axiomatize in this way,
we have several models of the axioms in mind (many different groups, many different topological spaces,
etc.), and we're using the axiomatization to prove abstract results which will be applicable to each of these
models. In set theory, you may think that it is our goal to study one unique universe of sets, so our original
motivation in writing down axioms is simply to state precisely what we are assuming in an area that can
often be very counterintuitive. Since we will build our system in first-order logic, it turns out that there are
many models of set theory as well (assuming that there is at least one...), and this is the basis for proving
independence results, but this isn’t our initial motivation. This section will be a little informal. We’'ll give
the formal axioms (in a formal first-order language) and derive consequences starting in the next section.

Whether the axioms that we are writing down now are “obviously true”, “correct”, “justified”, or even
worthy of study are very interesting philosophical questions, but I will not spend much time on them here.
Regardless of their epistemological status, they are now nearly universally accepted as the “right” axioms to
use in the development of set theory. The objects of our theory are sets, and we have one binary relation €
which represents set membership. That is, we write x € y to mean that z is an element of y. We begin with
an axiom which ensures that our theory is not vacuous.

Axiom of Existence: There exists a set.

We need to have an axiom which says how equality of sets is determined in terms of the membership
relation. In mathematical practice using naive set theory, the most common way to show that two sets A
and B are equal is to show that each is a subset of the other. We therefore define A C B to mean that for
all x € A, we have x € B, and we want to be able to conclude that A = B from the facts that A C B and
B C A. That is, we want think of a set as being completely determined by its members, thus linking = and
€, but we need to codify this as an axiom.

Axiom of Extensionality: For any two sets A and B, if AC B and B C A, then A = B.

The Axiom of Extensionality implicitly implies a few perhaps unexpected consequences about the nature
of sets. First, if a is a set, then we should consider the two sets {a} and {a,a} (if we are allowed to assert
their existence) to be equal because they have the same elements. Similarly, if @ and b are sets, then we
should counsider {a,b} and {b,a} to be equal. Hence, whatever a set is, it should be inherently unordered
and have no notion of multiplicity. Also, since the only objects we are considering are sets, we are ruling
out the existence of “atoms” other than the empty set, i.e. objects a which are not the empty set but which
have no elements.

We next need some rules about how we are allowed to build sets. The naive idea is that any property
we write down determines a set. That is, for any property P of sets, we may form the set {z : P(x)}. For
example, if you have a group G, you may form the center of G given by Z(G) = {x : x € G and zy = yx for
all y € G}. Of course, this naive approach leads to the famous contradiction known as Russell’s paradox.
Let P(x) be the property « ¢ x, and let z = {z : P(z)} = {z : ¢ z}. We then have z € z if and only if
z ¢ z, a contradiction.



This gives our first indication that it may be in our best interest to tread carefully when giving rules about
how to build sets. One now standard reaction to Russell’s Paradox and other similar paradoxes in naive set
theory is that the set-theoretic universe is too “large” to encapsulate into one set. Thus, we shouldn’t allow
ourselves the luxury of forming the set { : P(z)} because by doing so we may package too much into one
set, and the set-theoretic universe is too “large” to make this permissible. In other words, we should only
christen something as a set if it is not too “large”.

However, if we already have a set A and a property P, we should be allowed to from {x € A : P(z)}
because A is a set (hence not too “large”), so we should be allowed to assert that the subcollection consisting
of those sets « in A such that P(x) holds is in fact a set. For example, if we have a group G (so G is already
known to be a set), its center Z(G) is a set because Z(G) = {z € G : xzy = yz for all y € G}. Therefore, we
put forth the following axiom.

Axiom of Separation: For any set A and any property P of sets, we may form the set consisting of
precisely those x € A such that P(x), i.e. we may form the set {z € A: P(x)}.

You may object to this axiom because of the vague notion of a “property” of sets, and that would certainly
be a good point. We’ll make it precise when we give the formal first-order axioms in the next section. The
Axiom of Separation allows us to form sets from describable subcollections of sets we already know exist,
but we currently have no way to build larger sets from smaller ones. We now give axioms which allow us to
build up sets in a permissible manner.

Our first axiom along these lines will allow us to conclude that for any two sets z and y, we may put
them together into a set {z,y}. Since we already have the Axiom of Separation, we will state the axiom in
the (apparently) weaker form that for any two sets x and y, there is a set with both = and y as elements.

Axiom of Pairing: For any two sets x and y, there is a set A such that x € A and y € A.

We next want to have an axiom which allows us to take unions. However, in mathematics, we often
want to take a union over a family of sets, possibly infinite. For example, we may have a set A,, for each
natural number n, and then want to consider |J,,.y An. By being clever, we can incorporate all of these
ideas of taking unions into one axiom. The idea is the following. Suppose that we have two sets A and B,
say A = {u,v,w} and B = {x,z}. We want to be able to assert the existence of the union of A and B,
which is {u, v, w,z, z}. First, by by the Axiom of Pairing, we may form the set F = {A, B}, which equals
{{u,v,w},{x,z}}. Now the union of A and B is the set of elements of elements of F. In the above example,
if we can form the set 7 = {A1, As, A3,...} (later axioms will justify this), then |J, .y An is the set of
elements of elements of F. Again, in the presence of the Axiom of Separation, we state this axiom in the
(apparently) weaker form that for any set JF, there is set containing all elements of elements of F.

Axiom of Union: For any set F, there is a set U such that for all sets x, if there exists A € F with x € A,
then x € U.

We next put forward two axioms which really allow the set-theoretic universe to expand. The first is the
Power Set Axiom which tells us that if we have a set A, it is permissible to form the set consisting of all
subsets of A.

Axiom of Power Set: For any set A, there is a set F such that for all sets B, if B C A, then B € F.
Starting with the empty set () (which exists using the Axiom of Existence and the Axiom of Separation),

we can build a very rich collection of finite sets using the above axioms. For example, we can form {}} using
the Axiom of Pairing. We can also form {(}} by applying the Axiom of Power Set to (). We can then go on



to form {(), {0}} and many other finite sets. However, our axioms provide no means to build an infinite set.

Before getting to the Axiom of Infinity, we will lay some groundwork about ordinals. If set theory is going
to serve as a basis for mathematics, we certainly need to be able to embed within it the natural numbers. It
seems natural represent the number n as some set which we think of as having n elements. Which set should
we choose? Let’s start from the bottom-up. The natural choice to play the role of 0 is (} because it is the
only set without any elements. Now that we have 0, and we want 1 to be a set with one element, perhaps
we should let 1 be the set {0} = {#}. Next, a canonical choice for a set with two elements is {0, 1}, so we let
2={0,1} = {0,{0}}. In general, if we have defined 0,1,2,...,n, we can let n+1 = {0,1,...,n}. This way
of defining the natural numbers has many advantages which we’ll come to appreciate. For instance, we’ll
have n < m if and only if n € m, so we may use the membership relation to define the standard ordering of
the natural numbers.

However, the ... in the above definition of n+ 1 may make you a little nervous. Fortunately, we can give
another description of n 4+ 1 which avoids this unpleasantness. If we’ve defined n, we let n +1 = n U {n},
which we can justify the existence of using the Axiom of Pairing and the Axiom of Union. The elements of
n + 1 will then be n, and the elements of n which should “inductively”’ be the natural numbers up to, but
not including, n.

Using the above outline, we can use our axioms to justify the existence of any particular natural number
n (or, more precisely, the set that we’ve chosen to represent our idea of the natural number n). However,
we can’t justify the existence of the set of natural numbers {0,1,2,3,...}. To enable us to do this, we make
the following definition. For any set z, let S(x) = z U {}. We call S(z) the successor of . We want an
axiom which says that there is a set containing 0 = () which is closed under successors.

Axiom of Infinity: There exists a set A such that ) € A and for all z, if x € A, then S(z) € A.

With the Axiom of Infinity asserting existence, it’s not too difficult to use the above axioms to show
that there is a smallest (with respect to C) set A such that ) € A and for all z, if z € A, then S(z) € A.
Intuitively, this set is the collection of all natural numbers. Following standard set-theoretic practice, we
denote this set by w (this strange choice, as opposed to the typical N, conforms with the standard practice
of using lowercase greek letters to represent infinite ordinals).

With the set of natural numbers w in hand, there’s no reason to be timid and stop counting. We started
with 0,1,2,..., where each new number consisted of collecting the previous numbers into a set, and we’ve
now collected all natural numbers into a set w. Why not continue the counting process by considering
S(w) = wU{w} ={0,1,2,...,w}? We call this set w + 1 for obvious reasons. This conceptual leap of
counting into the so-called transfinite gives rise to the ordinals, the “numbers” which form the backbone of
set theory.

Once we have w + 1, we can then form the set w+2 = S(w+1) ={0,1,2,...,w,w+ 1}, and continue on
to w4+ 3,w+ 4, and so on. Why stop there? If we were able to collect all of the natural numbers into a set,
what’s preventing us from collecting these into the set {0,1,2,...,w,w+1,w+2,...}, and continuing? Well,
our current axioms are preventing us, but we shouldn’t let that stand in our way. If we can form w, surely
we should have an axiom allowing us to make this new collection a set. After all, if w isn’t too “large”, this
set shouldn’t be too “large” either since it’s just another sequence of w many sets after w.

The same difficulty arises when you want to take the union of an infinite family of sets. In fact, the
previous problem is a special case of this one, but in this generality it may feel closer to home. Suppose we

have sets Ag, A1, Aa, ..., that is, we have a set A, for every n € w. Of course, we should be able to justify
making the union (J,,,, A into a set. If we want to apply the Axiom of Union, we should first form the
set F = {Ap, A1, As,...} and apply the axiom to F. However, in general, our current axioms don’t justify

forming this set despite its similarity to asserting the existence of w.
To remedy these defects, we need a new axiom. In light of the above examples, we want to say something
along the lines of “if we can index a family of sets with w, then we can form this family into a set”. Using this



principle, we should be able to form the set {w,w + 1,w+2,...} and hence {0,1,2,...,w,w+1,w+2,...}
is a set by the Axiom of Union. Similarly, in the second example, we should be able to form the set
{Ap, A1, As,...}. In terms of our restriction of not allowing sets to be too “large”, this seems justified
because if we consider w to not be too “large”, then any family of sets it indexes shouldn’t be too “large”
either.

There is no reason to limit our focus to w. If we have any set A, and we can index a family of sets using
A, then we should be able to assert the existence of a set containing the elements of the family. We also
want to make the notion of indexing more precise, and we will do it using the currently vague notion of a
property of sets as used in the Axiom of Separation.

Axiom of Collection: Suppose that A is a set and P(x,y) is a property of sets such that for every z € A,
there is a unique set y such that P(xz,y) holds. Then there is a set B such that for every x € A, we have
y € B for the unique y such that P(z,y) holds.

Our next axiom is often viewed as the most controversial due to its nonconstructive nature and the
sometimes counterintuitive results it allows us to prove. I will list it here as a fundamental axiom, but we
will avoid using it in the basic development of set theory below until we get to a position to see it’s usefulness
in mathematical practice.

The Axiom of Separation and the Axiom of Collection involved the somewhat vague notion of property,
but whenever we think of a property (and the way we will make the notion of property precise using a
formal language) we have a precise unambiguous definition which describes the property in mind. Our next
axiom, the Axiom of Choice, asserts the existence of certain sets without the need for such a nice description.
Intuitively, it says that if we have a set consisting only of nonempty sets, there is a function which picks an
element out each of these nonempty sets without requiring that there be a “definable” description of such
a function. We haven’t defined the notion of a function in set theory, and it takes a little work to do, so
we will state the axiom in the following form: For every set F of nonempty pairwise disjoint sets, there is a
set C consisting of exactly one element from each element of F. We think of C' as a set which “chooses” an
element from each of the elements of F. Slightly more precisely, we state the axiom as follows.

Axiom of Choice: Suppose that F is a set such every A € F is nonempty, and for every A, B € F, if there
exists a set x with x € A and = € B, then A = B. There exists a set C such that for every A € F, there is
a unique z € C with z € A.

Our final axiom is in no way justified by mathematical practice because it never appears in arguments
outside set theory. It is also somewhat unique among our axioms in that in asserts that certain types of sets
do not exist. However, adopting it gives a much clearer picture of the set-theoretic universe and it will come
to play an important role in the study of set theory itself. As with the Axiom of Choice, we will avoid using
it in the basic development of set theory below until we are able to see its usefulness to us.

The goal is to eliminate sets which appear circular in terms of the membership relation. For example, we
want to forbid sets = such that € x (so there is no set  such that x = {z}). Similarly, we want to forbid
the existence of sets x and y such that x € y and y € x. In more general terms, we don’t want to have a
set with an infinite descending chain each a member of the next, such as having sets x,, for each n € w such
that --- € xo € 1 € xg. We codify this by saying every nonempty set A has an element which is minimal
with respect to the membership relation.

Axiom of Foundation: If A is a nonempty set, then there exists z € A such that there is no set z with
both z € A and z € .



1.3 Formal Axiomatic Set Theory

We now give the formal version of our axioms. We work in a first-order language £ with a single binary
relation symbol €. By working in this first-order language, we are able to make precise the vague notion of
property discussed above by using first-order formulas instead. However, this comes at the cost of replacing
the Axiom of Separation and the Axiom of Collection by infinitely many axioms (also called an axiom scheme)
since we can’t quantify over formulas within the theory itself. There are other more subtle consequences of
formalizing the above intuitive axioms in first-order logic which we will discuss below.

Notice also that we allow parameters (denoted by p) in the Axioms of Separation and Collection so that
we will be able to derive statements which universally quantifier over a parameter, such as “For all groups
G, the set Z(G) = {z € G : xy = yx for all z € G} exists”, rather than having to reprove that Z(G) is
a set for each group G that we know exists. Finally, notice how we can avoid using defined notions (like
0, C, and S(x) in the Axiom of Infinity) by expanding them out into our fixed language. For example, we
replace x Cy by VYw(w € x — w € y) and replace ) € z by Iw(Vy(y ¢ w) Aw € z) (we could also replace it
Yw(Vy(y ¢ w) — w € 2)).

In each of the following axioms, when we write a formula ¢(x1,Xa,...,X;), we implicitly mean that the
x;’s are distinct variables and that every free variable of ¢ is one of the x;. We also use p to denote a finite
sequence of variables p1, p2,...,pr. Notice that we don’t need the Axiom of Existence because it is true in
all L-structures (recall that all £-structures are nonempty).

Axiom of Extensionality:
VxWy(Vw(w Ex <> w Ey) > x=y)

Axiom (Scheme) of Separation: For each formula p(x,y,5) we have the axiom
VpVydzVx(x € z < x € yAp(X,y,p))

Axiom of Pairing:
VxVydz(x € z Ay € z)

Axiom of Union:
VxJuvz(Iy(z €y Ay €X) — z € u)

Axiom of Power Set:
Vx3zVy(Yw(w €y - w € x) =y € z)

Axiom of Infinity:
Fz(Fw(Vy(y ¢ w) Aw € 2) AVx(x €z — Jy(Vw(w €y « (w € xVw =x)) Ay € z)))

Axiom (Scheme) of Collection: For each formula ¢(x,y,p) we have the axiom

Vpvw((Vx(x € w — Jyp(x,y, P))AVX(x € w — YuWv((¢(x, u, B) A ¢(x,v,P)) = u=v)))
— J2Vx(x e w — Jy(y € zA ¢(x,y,P))))

Axiom of Choice:

Vz((Vx(x € z — Fw(w € X)) AVXYY((x €EzAy €zATw(w EXAwWEY)) = x=Y))
— JcWx(x €z — (Gw(w EXxAwW E ) AVuW((u EXAVEXAUECAVEC) — u=V))))

Axiom of Foundation:
Vz(Ix(x € 2) — Ix(x € zA=(Fy(y € zAy € X))))



Let Axzpc be the above set of sentences, and let ZFC = Cn(Azzpc) (ZFC stands for Zermelo-Fraenkel
set theory with Choice). Other presentations state the axioms of ZFC a little differently, but they all
give the same theory. Some people refer to the Axiom of Separation as the Axiom of Comprehension, but
Comprehension is sometimes also used to mean the contradictory statement (via Russell’s Paradox) that
we can always form the set {x : P(x)}, so I prefer to call it Separation. Also, some presentations refer to
the Axiom of Collection as the Axiom of Replacement, but this name is more applicable to the statement
that replaces the last — in the statement of Collection with a <, and this formulation implies the Axiom of
Separation.

1.4 Working from the Axioms

We have set up ZFC as a first-order theory similar to the group axioms, ring axioms, or axioms of partial
orderings. Since we have two notions of implication (sementic and syntactic), in order to show that o € ZFC,
we can show that either Azzpc E 0 or Axzpc F 0. Given your experience with syntactic deductions, I'm
guessing that you will jump on the first one.

When attempting to show that Azzpc F o we must take an arbitrary model of Azzpc and show that
it is a model of . Thus, we must be mindful of strange L-structures and perhaps unexpected models. For
example, let £ be the language of set theory (so we have one binary relation symbol €) and let 9 be the
L-structure (N, <). Let’s see which elements of Azzpc hold in 1.

o Aziom of Extensionality: In the structure M, this interprets as saying that whenever two elements of
N have the same elements of N less than them, then they are equal. This holds in .

o Axiom (Scheme) of Separation: This does not hold in M. Let ¢(x,y) be the formula Iw(w € x). The
corresponding instance of Separation is:

Vydz¥x(x € z = x € y A Fw(w € X))

In the structure M, this interprets as saying that for all n € N, there is an m € N such that for all
k € N, we have k < m if and only if k¥ < n and k # 0. This does not hold in 9 because if we consider
n = 2, there is no m € N such that 0 £ m and yet 1 < m.

e Aziom of Pairing: In the structure I, this interprets as saying that whenever m,n € N, there exists
k € N such that m < k and n < k. This holds in 91 because given m,n € N, we may take k =
max{m,n} + 1.

e Axiom of Union: In the structure 91, this interprets as saying that whenever n € N, there exists £ € N
such that whenever k € N has the property that there exists m € N with k& < m and m < n, then
k < ¢. This holds in 9 because given n € N, we may take ¢ = n since if k£ < m and m < n, then k <n
by transitivity of < in N (in fact, we may take { =n — 1 if n # 0).

e Aziom of Power Set: In the structure M, this interprets as saying that whenever n € N, there exists
¢ € N such that whenever m € N has the property that every k < m also satisfies k < n, then m < /.
This holds in 91 because given n € N, we may take ¢ = n + 1 since if m € N has the property that
every k < m also satisfies k < n, then m <n and hence m <n + 1.

e Aziom of Infinity: In the structure I, this interprets as saying that there exists n € N such that 0 < n
and whenever m < n, we have m + 1 < n. This does not hold in 9%.

o Aziom (Scheme) of Collection: This holds in M, as we now check. Fix a formula ¢(x,y, B). Interpreting
in M, we need to check that if we fix natural numbers ¢ and an n € N such that for all k& < n there
exists a unique ¢ € N such that (M, k, ¢, §) F ¢, then there exists m € N such that for all k& < n there



exists an ¢ < m such that (91, k&, ¢, §) E . Let’s then fix natural numbers ¢ and an n € N, and suppose
that for all k& < n there exists a unique ¢ € N such that (M, %,¢,q) E ¢. For each k < n, let £ be
the unique element of N such that (9, k, 0k, §) F ¢. Letting m = max{¢ : k < n} + 1, we see that m
suffices. Therefore, this holds in 1.

e Aziom of Choice: In the structure I, this interprets as saying that whenever n € N is such that

— Every m < n is nonzero.

— For all /,m < n, there is no k with k < £ and k <m

then there exists m € N such that for all & < n, there is exactly one ¢ € N with £ < m and ¢ < n.
Notice that the only n € N satisfying the hypothesis (that is, the above two conditions) is n = 0. Now
for n = 0, the condition is trivial because we may take m = 0 as there is no k < 0. Therefore, this
holds in .

e Aziom of Foundation: In the structure 91, this interprets as saying that whenever n € N has the
property that there is some m < n, there there exists m < n such that there is no k£ with £k < m and
k < n. Notice that n € N has the property that there is some m < n if and only if n # 0. Thus, this
holds in 91 because if n # 0, then we have that 0 < n and there is no k with £ < 0 and k < n.

Is Axzpc satisfiable? Can we somehow construct a model of Axzpc? These are interesting questions
with subtle answers. For now, you’ll have to live with a set of axioms with no obvious models.

Thus, when we develop set theory below, we will be arguing semantically via models. Rather that
constantly saying “Fix a model M of Azzpc” at the beginning of each proof, and proceeding by showing
that (M, s) E ¢ for various ¢, we will keep the models in the background and assume that we are “living”
inside one for each proof. When we are doing this, a “set” is simply an element of the universe M of our
model M, and given two “sets” a and b, we write a € b to mean that (a,b) is an element of €.

Also, although there is no hierarchy of sets in our axioms, we will often follow the practice of using
lowercase letters a, b, ¢, etc. to represent sets that we like to think of as having no internal structure (such
as numbers, elements of a group, points of a topological space), use capital letters A, B, C, etc. to represent
sets whose elements we like to think of as having no internal structure, and use script letters A, F, etc. to
represent sets of such sets.

1.5 ZFC as a Foundation for Mathematics

In the next 2 chapters we’ll show how to develop mathematics quite faithfully within the framework of ZFC.
This raises the possibility of using set theory as a foundation for mathematical practice. However, this seems
circular because our development of logic presupposed normal mathematical practice and “naive” set theory
(after all, we have the set of axioms of ZFC). It seems that logic depends on set theory and set theory
depends on logic, so how have we gained anything from a foundational perspective?

It is indeed possible, at least in principle, to get out of this vicious circle and have a completely finististic
basis for mathematics. The escape is to buckle down and use syntactic arguments. Now there are infinitely
many axioms of ZFC (because of the two axioms schemes), but instead of showing that Azzpc b 7, we
can instead show that ¥ F 7 for a finite ¥ C Axzpc (in which every line of the deduction has a finite
collection of formulas on the left-hand side). In this way, it would be possible in principle to make every
proof completely formal and finitistic where each line follows from previous lines by one of our proof rules.
If we held ourselves to this style, then we could reduce mathematical practice to a game with finitely many
symbols (if you insisted we could replace our infinite stock of variables Var with one variable symbol x and
a new symbol ' and refer to x3 as x””/, etc.) where each line could be mechanically checked according to our
finitely many rules. Thus, it would even be possible to program a computer to check every proof.



In practice (for human beings at least), the idea of giving deductions for everything is outlandish. Leaving
aside the fact that actually giving short deductions is often a painful endeavor in itself, it turns out that
even the most basic statements of mathematics, when translated into ZFC, are many thousands of symbols
long, and elementary mathematical proofs (such as say the Fundamental Theorem of Arithmetic) are many
thousands of lines long. We’ll discuss how to develop the real numbers below, but any actual formulas
talking about real numbers would be ridiculously long and incomprehensible to the human reader. Due to
these reasons, and since the prospect of giving syntactic deductions for everything gives me nightmares, I
choose to argue everything semantically in the style of any other axiomatic subject in mathematics. It is an
interesting and worthwhile exercise, however, to imagine how everything could be done syntactically.

2 Developing Basic Set Theory

2.1 First Steps

We first establish some basic set theoretic facts carefully from the axioms.
Definition 2.1. If A and B are sets, we write A C B to mean for all c € A, we have ¢ € B.

Although the symbol C is not part of our language, we will often use C in our formulas and argu-
ments. This use is justified because it can always be transcribed into our language by replacing it with the
corresponding formula as we did in the axioms.

Proposition 2.2. There is a unique set with no elements.

Proof. Fix a set b. By Separation applied to the formula x # x, there is a set ¢ such that for all a, we have
a € cif and only if a € b and a # a. For all a, we have a = a, hence a ¢ c. Therefore, there is a set with no
elements. If ¢; and ¢y are two sets with no elements, then by the Axiom of Extensionality, we may conclude
that C1 = Co. O

Definition 2.3. We use () to denote the unique set with no elements.

As above, we will often use () in our formulas and arguments despite the fact that there is no constant
in our language representing it. Again, this use can always be eliminated by replacing it with a formula
as we did in the axioms. We will continue to follow this practice without comment in the future when we
introduce new definitions to stand for sets for which ZFC proves existence and uniqueness. In each case, be
sure to understand how these definitions could be eliminated.

We now show how to turn the idea of Russell’s Paradox into a proof that there is no universal set.

Proposition 2.4. There is no set u such that a € u for every set a.

Proof. Suppose that u is a set and a € u for every set a. By Separation applied to the formula x ¢ x, there
is a set ¢ such that for all sets a, we have a € ¢ if and only if a € v and a ¢ a. Since a € u for every set a,
we have a € ¢ if and only if a ¢ a for every set a. Therefore, ¢ € ¢ if and only if ¢ ¢ ¢, a contradiction. [

Proposition 2.5. For all sets a and b, there is a unique set ¢ such that, for all sets d, we have d € ¢ if and
only if either d = a or d =b.

Proof. Let a and b be sets. By Pairing, there is a set e such that a € e and b € e. By Separation applied to
the formula x = a V x = b (notice that we are using parameters a and b in this use of Separation), there is a
set ¢ such that for all d, we have d € c if and only if both d € e and either d = a or d = b. It follows that a € c,
b € ¢, and for any d € ¢, we have either d = a or d = b. Uniqueness again follows from Extensionality. O

Corollary 2.6. For every set a, there is a unique set ¢ such that, for all sets d, we have d € c if and only
if d=a.



Proof. Apply the previous proposition with b = a. O

Definition 2.7. Given two sets a and b, we use the notation {a,b} to denote the unique set guaranteed to
exist by the Proposition 2.5. Given a set a, we use the notation {a} to denote the unique set guaranteed to
ezist by the Corollary 2.6.

Using the same style of argument, we can use Union and Separation to show that for every set F, there
is a unique set z consisting precisely of elements of elements of F. The proof is an exercise.

Proposition 2.8. Let F be a set. There is a unique set U such that for all a, we have a € U if and only if
there exists B € F with a € B.

Definition 2.9. Let F be a set. We use the notation | JF to denote the unique set guaranteed to exist by
the previous proposition. If A and B are sets, we use the notation AU B to denote | J{A, B}.

We now introduce some notation which conforms with the normal mathematical practice of writing sets.

Definition 2.10. Suppose that ©(x,y,p) is a formula. Suppose that B and ¢ are sets. By Separation and
Extensionality, there is a unique set C' such that for all sets a, we have a € C if and only if a € B and
v(a, B,q). We denote this unique set by {a € B : ¢(a,B,{)}.

With unions in hand, what about intersections? As in unions, the general case to consider is when we
have a family of sets F. We then want to collect those a such that a € B for all B € F into a set. We do
need to be a little careful however. What happens if F = (7 It seems that our definition would want to
make the the intersection of the sets in F consists of all sets, contrary to Proposition 2.4. However, this is
the only case which gives difficulty because if F # (), we can take the intersection to be a subset of one (any)
of the elements of F.

Proposition 2.11. Let F be a set with F # (). There is a unique set I such that for all a, we have a € I if
and only if a € B for all B € F.

Proof. Since F # 0, we may fix C € F. Let [ = {a € C : VB € F(a € B)}. For all a, we have a € I if and
only if a € B for all B € F. Uniqueness again follows from Extensionality. O

Definition 2.12. Let F be a set with F # 0. We use the notation (| F to denote the unique set guaranteed
to exist by the previous proposition. If A and B are sets, we use the notation AN B to denote (\{A, B}.

If A is a set, then we can not expect the complement of A to be a set because the union of such a purported
set with A would be a set which has every set as an element, contrary to Proposition 2.4. However, if A and
B are sets, and A C B, we can take the relative complement of A in B.

Proposition 2.13. Let A and B be sets with A C B. There is a unique set C' such that for all a, we have
a€C ifand only if a € B and a ¢ A.

Definition 2.14. Let A and B be sets with A C B. We use the notation B\A or B— A to denote the unique

set guaranteed to exist by the previous proposition.

2.2 Ordered Pairs and Cartesian Products

Since sets have no internal order to them, we need a way to represent ordered pairs. Fortunately (since it
means we don’t have to extend our notion of set), there is a hack which allows us to build sets which capture
the notion of an ordered pair.

Definition 2.15. Given two sets a and b, we let (a,b) = {{a},{a,b}}.
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Proposition 2.16. Let a,b,c,d be sets. If (a,b) = (c,d), then a =c¢ and b = d.

Proof. Suppose that a,b,c,d are sets and {{a},{a,b}} = {{c},{c,d}}. We first show that a = ¢. Since
{c} € {{a},{a,b}}, either {c} = {a} or {c} = {a,b}. In either case, we have a € {c}, hence a = c. We
now need only show that b = d. Suppose instead that b # d. Since {a,b} € {{c},{c,d}}, we have either
{a,b} = {c} or {a,b} = {¢,d}. In either case, we conclude that b = ¢ (because either b € {c} or b € {c,d},
and b # d). Similarly, since {c,d} € {{a}, {a,b}}, we have either {c,d} = {a} or {¢,d} = {a,b}. In either
case, we conclude that d = a. Therefore, using the fact that a = ¢, it follows that b = d. O

We next turn to Cartesian products. Given two sets A and B, we would like to form the set {(a,b) : a € A
and b € B}. Justifying that we can collect these elements into a set takes a little work. The idea is as
follows. For each fixed a € A, we can assert the existence of {a} x B = {(a,b) : b € B} using Collection (and
Separation) because B is a set. Then using Collection (and Separation) again, we can assert the existence
of {{a} x B :a € A} since A is a set. The Cartesian product is then the union of this set. At later points,
we will consider this argument sufficient, but we give a slightly more formal version here to really see how
the axioms of Collection and Separation are applied and where the formulas come into play.

Proposition 2.17. For any two sets A and B, there exists a unique set, denoted by A x B, such that for
all x, we have x € A x B if and only if there exists a € A and b € B with x = (a,b).

Proof. Let ¢(b,x,a) be a formula expressing that “x = (a,b)” (think about how to write this down). We
have the statement
VaVB(Vb(b € B — Jlxp(b, x, a)))

where 3! is shorthand for “there is a unique”. Therefore, by Collection, we may conclude that

VaVBICvb(b € B — Ax(x € C A ¢(b, x,a)))
Next using Separation and Extensionality, we have

VaVB3!ICVb(b € B < 3x(x € CA ¢(b,x, a)))
From this it follows that

VAVBYa(a € A — 3!ICv¥b(b € B « 3x(x € CA ¢(b,x,a))))
Using Collection again, we may conclude that
VAVYBIFVa(a € A — IC(C € FAVb(b € B Ix(x € CAp(b,x,a)))))

This implies
VAVYB3FVavb((a € AAb e B) — 3C(Ce FAIxxe CAp(b,x,a))))

Now let A and B be sets. From the last line above, we may conclude that there exists F such that for all
a € Aand all b € B, there exists C' € F with (a,b) € C. Let D = |JF. Given any a € A and b € B, we then
have (a,b) € D. Now applying Separation to the set D and the formula Jadb(a € AAb € B A ¢(b,x,a)),
there is a set E such that for all 2, we have x € F if and only if there exists a € A and b € B with z = (a, b).
As usual, Extensionality gives uniqueness. O

2.3 Relations and Functions
Now that we have ordered pairs and Cartesian products, we can really make some progress.
Definition 2.18. A relation is a set R such that every set x € R is an ordered pair. In other words, R is a

relation if Vo(x € R — Ja3b(z = (a,b))).
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Given a relation R, we want to define its domain to be the set of first elements of ordered pairs which are
elements of R, and we want to define its range to be the set of second elements of ordered pairs which are
elements of R. These are good descriptions which can easily (though not shortly) be turned into formulas,
but we need to know that there is some set which contains all of these elements in order to apply Separation.
Since the elements of an ordered pair (a,b) = {{a},{a,b}} are “two deep”, a good exercise is to convince
yourself that |J|J R will work. This justifies the following definitions.

Definition 2.19. Let R be a relation
1. dom(R) is the set of a such that there exists b with (a,b) € R.
2. ran(R) is the set of b such that there exists a with (a,b) € R.

Definition 2.20. Let R be a relation. We write aRb if (a,b) € R.

Definition 2.21. Let A be a set. We say that R is a relation on A if dom(R) C A and ran(R) C A.
We define functions in the obvious way.

Definition 2.22. A function f is a relation which is such that for all a € dom(f), there exists a unique
b € ran(f) such that (a,b) € f.

Definition 2.23. Let f be a function. We write f(a) =b if (a,b) € f.

Definition 2.24. Let f be a function. f is injective (or an injection) if whenever f(a1) = b and f(a2) =0,
we have a1 = asg.

Definition 2.25. Let A and B be sets. We write f: A — B to mean that f is a function, dom(f) = A and
ran(f) C B.

We are now in a position to define when a function f is surjective and bijective. Notice that surjectivity
and bijectivity are not properties of a function itself because these notions depend on a set which you consider
to contain ran(f). Once we have a fixed such set in mind, however, we can make the definitions.

Definition 2.26. Let A and B be sets, and let f: A — B.

1. f is surjective (or a surjection) if ran(f) = B.

2. f is bijective (or a bijection) if f is injective and surjective.
Definition 2.27. Let A and B be sets.

1. We write A X B to mean that there is an injection f: A — B.

2. We write A = B to mean that there is a bijection f: A — B.
Proposition 2.28. Let A, B, and C be sets.

1. f A=< B and B=<C, then A<XC.

2. A= A

3. If A= B, then B =~ A.

4. If A=~ B and B~ C, then A= C.
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2.4 Orderings
Definition 2.29. Let R be a relation on a set A.
1. R is reflexive on A if for all a € A, we have aRa.
2. R is symmetric on A if for all a,b € A, if aRb then bRa.
3. R is asymmetric on A if for all a,b € A, if aRb then it is not the case that bRa.
4. R is antisymmetric on A if for all a,b € A, if aRb and bRa, then a = b.
5. R is transitive on A if for all a,b,c € A, if aRb and bRc, then aRc.
6. R is connected on A if for all a,b € A, either aRb, a = b, or bRa.
Definition 2.30. Let R be a relation on a set A.
1. R is a partial ordering on A if R is transitive on A and asymmetric on A.
2. R is a linear ordering on A if R is a partial ordering on A and R is connected on A.

3. R is a well-ordering on A if R is a linear ordering on A and for every X C A with X # (), there ewists
m € X such that for oll x € X, either m = x or mRz.

2.5 The Natural Numbers and Induction

We specifically added the Axiom of Infinity with the hope that it captured the idea of the set of natural
numbers. We now show how this axiom, in league with the others, allows us to embed the theory of the
natural numbers into set theory. We start by defining the initial natural number and successors of sets.

Definition 2.31. 0 =10
Definition 2.32. Given a set x, we let S(z) =z U{z}, and we call S(x) the successor of x.

With 0 and the notion of successor, we can then go on to define 1 = S(0), 2 = S(1) = S(S(0)), and
continue in this way to define any particular natural number. However, we are seeking to form the set of all
natural numbers.

Definition 2.33. A set I is inductive if 0 € I and for all x € I, we have S(x) € I.

The Axiom of Infinity simply asserts the existence of some inductive set J. Intuitively, we have 0 € J,
S(0) € J, S(S(0)) € J, and so on. However, J may very well contain more than just repeated applications
of S to 0. We now use the top-down approach to generation to define the natural numbers (the other two
approaches will not work yet because their definitions rely on the natural numbers).

Proposition 2.34. There is a smallest inductive set. That is, there is an inductive set K such that K C I
for every inductive set I.

Proof. By the Axiom of Infinity, we may fix an inductive set J. Let K = {z € J : x € I for every inductive
set I}. Notice that 0 € K because 0 € I for every inductive set I (and so, in particular, 0 € .J). Suppose
that x € K. If I is inductive, then x € I, hence S(x) € I. It follows that S(z) € I for every inductive set I
(and so, in particular, S(z) € J), hence S(x) € K. Therefore, K is inductive. By definition of K, we have
K C I whenever [ is inductive. O

By Extensionality, there is a unique smallest inductive set, so this justifies the following definition.
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Definition 2.35. We denote the unique smallest inductive set by w.

We think that w captures our intuitive idea of the set of natural numbers, and it is now our goal to show
how to prove the basic statements about the natural numbers which are often accepted axiomatically. We
first define a relation < (along with a few related relation) on w. Remember our intuitive idea is that €
captures the order relationship on the natural numbers.

Definition 2.36.
1. We define a relation < on w by setting < = {(n,m) € w xw:n € m}.
2. We define a relation < on w by setting < = {(n,m) Ew X w:n <m orn =m}.
3. We define a relation > on w by setting > = {(n,m) € w X w: m < n}.
4. We define a relation > on w by setting > = {(n,m) Ew X w:n>m orn=m}.
Lemma 2.37. There is non € w with n < 0.
Proof. Since 0 = {), there is no set z such that x € 0. Therefore, there is no n € w with n < 0. O
Lemma 2.38. Let m,n € w. We have m < S(n) if and only if m < n.
Proof. Let m,n € w. We then have S(n) € w since w is inductive, and
m < S(n) < me S(n)

< menU{n}

< Either m € n or m € {n}

< Either m <mnorm=n

S m<n.

This proves the lemma. O

Our primary objective is to show that < is a well-ordering on w. Due to the nature of the definition of
w, it seems that only way to prove nontrivial results about w is “by induction”. We state the Step Induction
Principle in two forms. The first is much cleaner and seemingly more powerful (because it immediately
implies the second and we can quantify over sets but not over formulas), but the second is how one often
thinks about induction is used in practice (using “properties” of natural numbers) and will be the only form
that we can generalize to the collection of all ordinals.

Proposition 2.39 (Step Induction Principle on w).
1. Suppose that X is a set, 0 € X, and for alln € w, if n € X then S(n) € X. We then have w C X.

2. For any formula ¢(n,p), we have the sentence
VB(((0,P) A (Vn € w)((n, B) — ©(5(n),p))) — (Vn € w)p(n, p))
where p(S(n),p) is shorthand for the formula

Ix(Vy(y €x > (y €nVy=n))Ap(x,p))

Proof.
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1. Let Y = X Nw. Notice first that 0 € Y. Suppose now that n € Y = X Nw. We then have n € w
and n € X, so S(n) € w (because w is inductive), and S(n) € X by assumption. Hence, S(n) € Y.
Therefore, Y is inductive, so we may conclude that w C Y. It follows that w C X.

2. Fix sets ¢, and suppose (0, ) and (Vn € w)(¢(n,q) — ¢(S(n),q)). Let X = {n € w: p(n,q)}. Notice
that 0 € X and for all n € w, if n € X then S(n) € X by assumption. It follows from part 1 that
w C X. Therefore, we have (Vn € w)p(n, ).

O

With the Step Induction Principle in hand, we can begin to prove the basic facts about the natural
numbers. Our goal is to prove that < is a well-ordering on w, but it will take some time to get there.
We first give a very simple inductive proof. For this proof only, we will give careful arguments using both
versions of Step Induction to show how a usual induction proof can be formalized in either way.

Lemma 2.40. For all n € w, we have 0 < n.
Proof. The following two proofs correspond to the above two versions of the Induction Principle.

1. Let X = {n € w: 0 < n}, and notice that 0 € X. Suppose now that n € X. We then have n € w
and 0 < n, hence 0 < S(n) by Lemma 2.38, so S(n) € X. Thus, by Step Induction, we have w C X.
Therefore, for all n € w, we have 0 < n.

2. Let ¢(n) be the formula “0 < n”. We clearly have ¢(0) because 0 = 0. Suppose now that n € w and
©(n). We then have 0 < n, hence 0 < S(n) by Lemma 2.38. It follows that ¢(S(n)). Therefore, by
Step Induction, we have 0 < n for all n € w.

O

We give a few more careful inductive proof using the second version of the Induction Principle to illustrate
how parameters can be used. Afterwards, our later inductive proofs will be given in a more natural relaxed
style.

Our relation < is given by €, but it is only defined on elements of w. We thus need the following
proposition which says that every element of a natural number is a natural number.

Proposition 2.41. Suppose that n € w and m € n. We then have m € w.

Proof. The proof is “by induction on n”; that is, we hold m fixed by treating it as a parameter. Thus, fix
mew. Let X ={n €w:me€n— m € w} Notice that 0 € X because m ¢ 0 = (). Suppose now that
n € X. We show that S(n) € X. Suppose that m € S(n) = nU {n}. We then know that either m € n,
in which case m € w by induction (i.e. because n € X), or m = n, in which case we clearly have m € w.
It follows that S(n) € X. Therefore, by Step Induction, we may conclude that X = w. Since m € w was
arbitrary, the result follows. O

Proposition 2.42. < is transitive on w.

Proof. We prove the result by inductionon n. Fix k€ w. Let X ={n€w: (k<mAm<n)—k<n}. We
then have that 0 € X vacuously because we do not have m < 0 by Lemma 2.37. Suppose now that n € X.
We show that S(n) € X. Suppose that & < m and m < S(n) (if not, then S(n) € X vacuously). By Lemma
2.38, we have m < n, hence either m < n or m = n. If m < n, then k < n because n € X. If m = n,
then k < n because k < m. Therefore, in either case, we have k < n, and hence k < S(n) by Lemma 2.38.
It follows that S(n) € X. Thus, by Step Induction, we may conclude that X = w. Since k,m € w were
arbitrary, the result follows. O

Lemma 2.43. Let m,n € w. We have S(m) < n if and only if m < n.
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Proof. Suppose first that m,n € w and S(m) < n.

Case 1: Suppose that S(m) = n. We have m < S(m) by Lemma 2.38, hence m < n.

Case 2: Suppose that S(m) < n. We have m < S(m) by Lemma 2.38, hence m < n by Proposition 2.42.

Therefore, for all n,m € w, if S(m) < n, then m < n.

We prove the converse statement that for all m,n € w, if m < n, then S(m) < n by induction on n. Fix
mew. Let X ={n €w:m<n— S(m)<n}. Wehave 0 € X vacuously because we do not have m < 0
by Lemma 2.37. Suppose now that n € X. We show that S(n) € X. Suppose that m < S(n) (otherwise,
S(n) € X vacuously). By Lemma 2.38, we have m < n.

Case 1: Suppose that m = n. We then have S(m) = S(n), hence S(n) € X.

Case 2: Suppose that m < n. Since n € X, we have S(m) < n. By Lemma 2.38, we know that n < S(n).
If S(m) = n, this immediately gives S(m) < S(n), while if S(m) < n, we may conclude that S(m) < S(n)
by Proposition 2.42. Hence, we have S(n) € X.

Thus, by Step Induction, we may conclude that X = w. Since m € w was arbitrary, the result follows. [

Lemma 2.44. There is non € w with n < n.

Proof. This follows immediately from the Axiom of Foundation, but we prove it without that assumption.
Let X = {n € w: =(n <n)}. We have that 0 € X by Lemma 2.37. Suppose that n € X. We prove that
S(n) € X by supposing that S(n) < S(n) and deriving a contradiction. Suppose then that S(n) < S(n). By
Lemma 2.38, we have S(n) < n, hence either S(n) = n or S(n) < n. Also by Lemma 2.38, we have n < S(n).
Therefore, if S(n) = n, then n < n, and if S(n) < n, then n < n by Proposition 2.42 (since n < S(n) and
S(n) < n), a contradiction. It follows that S(n) € X. Therefore, there is no n € w with n < n. O

Proposition 2.45. < is asymmetric on w.

Proof. Suppose that n,m € w, n < m, and m < n. By Proposition 2.42, it follows that n < n, contradicting
Lemma 2.44 O

Proposition 2.46. < is connected on w.

Proof. Fix m € w. We prove that for all n € w, either m < n, m = n, or n < m by induction on n. Let
X={new:(m<n)V(m=n)V(n<m)}. Wehave 0 < m by Lemma 2.40, hence either m = 0 or 0 < m,
and so 0 € X. Suppose then that n € X, so that either m < n, m =n, or n < m.
Case 1: Suppose that m < n. Since n < S(n) by Lemma 2.38, we have m < S(n) by Proposition 2.42.
Case 2: Suppose that m = n. Since n < S(n) by Lemma 2.38, it follows that m < S(n).
Case 3: Suppose that n < m. We have S(n) < m by Lemma 2.43. Hence, either m = S(n) or S(n) < m.
Therefore, in all cases, either m < S(n), m = S(n), or S(n) < m, so S(n) € X. The result follows by
induction. O

In order to finish off the proof that < is a well-ordering on w, we need a new version of induction. You
may have heard it referred to as “Strong Induction”.

Proposition 2.47 (Induction Principle on w).
1. Suppose that X is set and for alln € w, if m € X for allm <n, thenn € X. We then have w C X.
2. For any formula ¢(n,p), we have the sentence

VB((Vn € w)((Ym < n)p(m, B) — ¢(n, p)) — (Vn € w)e(n, p))

Proof.
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1. Let Y = {n € w: (Vm < n)(m € X)}. Notice that Y C w and 0 € Y because there is no m € w with
m < 0 by Lemma 2.37. Suppose that n € Y. We show that S(n) € Y. Suppose that m < S(n). By
Lemma 2.38, we have m < n, hence either m < n or m = n. If m < n, then m € X because n € Y.
For the case m = n, notice that n € X by assumption (because m € X for all m < n). Therefore,
S(n) € Y. By Step Induction, it follows that w C Y.

Now let n € X. We have n € w, hence S(n) € w because w is inductive, so S(n) € Y. Since n < S(n)
by Lemma 2.38, it follows that n € X. Therefore, w C X.

2. This follows from part 1 using Separation. Fix sets ¢, and suppose that

(Vn € w)((Vvm < n)p(m, §) — ¢(n,q))

Let X = {n € w : ¢(n,q)}. Suppose that n € w and m € X for all m < n. We then have
(Vm < n)p(m,q), hence ¢(n,§) by assumption, so n € X. It follows from part 1 that w C X.
Therefore, we have (Vn € w)p(n, q).

O

It is possible to give a proof of part 2 which makes use of part 2 of the Step Induction Principle, thus
avoiding the detour through sets and using only formulas. This proof simply mimics how we obtained part 1
above, but uses formulas everywhere instead of working with sets. Although it is not nearly as clean, when
we treat ordinals, there will times when we need to argue at the level of formulas.

Theorem 2.48. < is a well-ordering on w

Proof. By Proposition 2.42, Proposition 2.45, and Proposition 2.46, it follows that < is a linear ordering on
w. Suppose then that Z C w and there is no n € Z such that for all m € Z, either n = m or n < m. We
show that Z = (). Notice that for every n € Z, there exists m € Z with m < n by Proposition 2.42.

Let Y = w\Z. We show that Y = w using the Induction Principle. Notice first that 0 € Y because if
0 € Z, then there exists m € Z with m < 0 by the last sentence of the previous paragraph, contrary to
Lemma 2.37. Suppose then that n € w is such that m € Y, i.e. m ¢ Z for all m < n. If n ¢ Y, we would
then have that n € Z, so by the last sentence of the previous paragraph, there exists m € Z with m <n, a
contradiction. Therefore, n € Z. Hence, by the Induction Principle, we have that Y = w and so Z = ().

Therefore, if Z C w and Z # (), there exists n € X such that for all m € Z, either n = m or n < m. It
follows that < is a well-ordering on w. O

2.6 Sets and Classes

We know from Proposition 2.4 that there is no set u such that a € u for all sets a. Thus, our theory forbids
us from placing every set into one universal set which we can then play with and manipulate. However,
this formal impossibility within our theory does not prevent us from thinking about or referring to the
“collection” of all sets or other “collections” which are too “large” to form into a set. After all, our universal
quantifiers do indeed range over the “collection” of all sets. Also, if we are arguing semantically, then given
a model M of ZFC, we may “externally” work with the power set of M.

We want to be able to reason about such “collections” of sets in a natural manner within our theory
without violating our theory. We will call such “collections” classes to distinguish them from sets. The idea
is to recall that any first-order theory can say things about certain subsets of every model: the definable
subsets. In our case, a formula ¢(x) is implicitly defining a certain collection of sets. Perhaps this collection
is too “large” to put together into a set inside tht model, but we may nevertheless use the formula in various
ways within our theory. For example, for any formulas ¢(x) and ¥(x), the sentence Vx(p(x) — ¥(x)) says
that every set which satisfies ¢ also satisfies 1. If there exists sets C and D such that Vx(p(x) — x € C) and
Yx(1(x) — x € D), then we can use Separation to form the sets A = {x € C: p(x)} and B = {z € D : y(x)},
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in which case the sentence Vx(p(x) — 9(x)) simply asserts that A C B. However, even if we can’t form these
sets (intuitively because {z : ¢(x)} and {z : ¢¥(z)} are too “large” to be sets), the sentence is expressing
the same underlying idea. Allowing the possibility of parameters, this motivates the following “internal”’
definition.

Definition 2.49. A class C is a formula ©(x,p).

Our course, this isn’t a very good way to think about classes. Externally, a class is simply a definable
set (with the possibility of parameters). The idea is that once we fix sets ¢ to fill in for the position of the
parameters, the formula describes the collection of those sets a such that ¢(a, ). The first class to consider
is the class of all sets, which we denote by V. Formally, we define V to be the formula x = x, but we will
content ourselves with defining classes in the following more informal “external” style.

Definition 2.50. V is the class of all sets.

Here’s a more interesting illustration of how classes can be used and why we want to consider them. Let
Cr be the class of all relations and let Cg be the class of all functions. More formally, Cr is the formula

¢r() given by
Vy(y € x — Jadb(y = (a,b)))

while Cg is the formula pr(x) given by
Vy(y € x — Jadb(y = (a,b))) A Va¥b;Vba(((a,b1) € x A (a,bp) € x) — by = by)

With this shorthand in place, we can write things like Cg C Cgr to stand for the provable sentence
Yx(or(x) — @r(x)). Thus, by using the language of classes, we can express complicated formulas in a
simplified, more suggestive, fashion. Of course, there’s no real need to introduce classes because we could
always just refer to the formulas, but it is psychologically easier to think of a class as some kind of ultra-set
which our theory is able to handle, even if we are limited in what we can do with classes.

With the ability to refer to classes, why deal with sets at all? The answer is that classes are much less
versatile than sets. For example, if C and D are classes, it makes no sense to write C € D because this
doesn’t correspond to a formula built from the implicit formulas giving C and D. This inability corresponds
to the intuition that classes are too “large” to collect together into a set and then put into other collections.
Hence, asking whether V € V is meaningless. Also, since classes are given by formulas, we are restricted to
referring only to “definable” collections. Thus, there is no way to talk about or quantify over all “collections”
of sets (something that is meaningless internally). However, there are many operation which do make sense
on classes.

For instance, suppose that R is a class of ordered pairs (with parameters ). That is, R is a formula
(x, p) such that the formula Va(p(x, p) — JaTb(x = (a,b))) is provable. We think of R as a class relation.
Using suggestive notation, we can then go on to define dom(R) to be the class consisting of those sets a
such that there exists a set b with (a,b) € R. To be precise, dom(R) is the class which is the formula
Y(a,p) given by Jz3Ib(z = (a,b) A ¢(x,p)). Thus, we can think of dom(-) as a operation on classes (given
any formula o(z,p) which is a class relation, applying dom(-) results in the class given by the formula
F23b(z = (a,b) A (x,D))).

Similarly, we can talk about class functions. We can even use notation like F: V — V to mean that F is
a class function with dom(F) = V. Again, each of these expressions could have been written out as formulas
in our language, but the notation is so suggestive that it’s clear how to do this without actually having to
do it. An example of a general class function is U: V x V — V given by U(a,b) = a Ub. Convince yourself
how to write U as a formula.

We can not quantify over classes within our theory in the same way that we can quantify over sets because
there is no way to quantify over the formulas of set theory within set theory. However, we can, at the price
of considering one “theorem” as infinitely many (one for each formula), make sense of a theorem which does
universally quantify over classes. For example, consider the following.
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Proposition 2.51. Suppose that C is a class, 0 € C, and for alln € w, if n € C then S(n) € C. We then
have w C C.

This proposition is what is obtained from the first version of Step Induction on w by replacing the set
X with the class C. Although the set version can be written as one sentence which is provable in ZFC, this
version can not because we can’t quantify over classes in the the theory. Unwrapping this proposition into
formulas, it says that for every formula ¢(z,p), if we can prove ¢(z,p) and (Vn € w)(¢(n,p) — p(S(n), D)),
then we can prove (Vn € w)p(n,p). That is, for each formula ¢(z,p), we can prove the sentence

Yp((¢(0,p) A (Yn € w)(p(n, ) = (5(n),p))) = (Vn € w)p(n, p))

Thus, the class version is simply a neater way of writing the second version of Step Induction on w which masks
the fact that the quantification over classes requires us to write it as infinitely many different propositions
(one for each formula ¢(z,p)) in our theory.

Every set can be viewed as a class by making use of the class M given by the formula z € p. That is,
once we fix a set p, the class = € p describes exactly the elements of p. For example, using M in class version
of Step Induction on w, we see that the following sentence is provable:

Vp((0epA (Vnew)(nep— Shn) ep)) — (Vnew)(n€p))

Notice that this is exactly the set version of Step Induction on w.

On the other hand, not every class can be viewed as a set (look at V, for example). Let C be a class.
We say that C is a set if there exists a set A such that for all z, we have x € C if and only if z € A. At
the level of formulas, this means that if C is given by the formula ¢(z,p), then we can prove the formula
JAVz(p(x,p) <> x € A). By Separation, this is equivalent to saying that there is a set B such that for all z,
it x € C then z € B (i.e. we can prove the formula 3BVx(¢(x,p) — « € B)). A class which is not set (that
is, we can prove —~(AVz(p(z,p) < x € A))) is called a proper class. For example, V is a proper class.

The following proposition will be helpful to us when we discuss transfinite constructions. Intuitively, it
says that proper classes are too large to embedded into any set.

Proposition 2.52. Let C be a proper class and let A be a set. There is no injective class function F: C — A.

Proof. Suppose that F: C — A is an injective class function. Let B = {a € A : 3¢(c € CAF(c) = a)} and
notice that B is a set by Separation (recall that C and F are given by formulas). Since for each b € B, there
is a unique ¢ € C with F(c) = b (using the fact that F is injective), we may use Collection and Separation
to conclude that C is a set, contradicting the fact that C is a proper class. O

We end this section by seeing how to simply restate the Axiom of Separation and the Axiom of Collection
in the language of classes.

Axiom of Separation: Every subclass of a set is a set.

Axiom of Collection: If F is a class function and A is a set, then there is a set containing the image of A
under F.

2.7 Finite Sets, Powers, and Products
2.7.1 Finite Sets

Definition 2.53. Let A be a set. A is finite if there exists n € w such that A = n. If A is not finite, we say
that A is infinite.

Proposition 2.54. Suppose that n € w. FEvery injective f: n — n is bijective.
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Proof. The proof is by induction on n € w. Suppose first that n = 0 and f: 0 — 0 is injective. We then have
f =0, so f is trivially bijective. Suppose now that the result holds for n so that every injective f: n — n is
bijective. Suppose that f: S(n) — S(n). We then have f(n) < n, and we consider two cases.

Case 1: Suppose that f(n) = n. Since f is injective, we have f(m) # n for every m < n, hence
f(m) < n for every m < n (because f(m) < S(n) for every m < n). It follows that f [ n: n — n. Notice
that f [ n: n — n is injective because f is injective, hence f [ n is bijective by induction. Therefore,
ran(f [ n) = n, and hence ran(f) = S(n) (because f(n) =n). It follows that f is surjective, so f is bijective.

Case 2: Suppose that f(n) < n. We first claim that n € ran(f). Suppose instead that n ¢ ran(f).
Notice that f [ n: n — n is injective because f is injective, hence f | n is bijective by induction. Therefore,
f(n) € ran(f | n) (because f(n) < n), so there exists £ < n with f(¢) = f(n), contrary to the fact that f is
injective. It follows that n € ran(f). Fix k < n with f(k) = n. Define a function g: n — n by

) — flm) iftm#k
9l )_{f(n) ifm=k

Notice that if mi,me < n with m; # mo and mq,ma # k, then g(m1) # g(ms) since f(my) # f(ma)
(because f is injective). Also, if m < n with m # k, then g(m) # g(k) since f(m) # f(n) (again because f is
injective). It follows that g: n — n is injective, hence bijective by induction. From this we can conclude that
ran(f) = S(n) as follows. Notice that f(n) € ran(f) and n € ran(f) because f(k) = n. Suppose that £ <n
with £ # f(n). Since g: n — n is bijective, there exists a unique m < n with g(m) = £. Since £ # f(n), we
have m # k, hence f(m) = g(m) = ¢, so £ € ran(f). Therefore, ran(f) = S(n), and hence f is bijective. O

Corollary 2.55 (Pigeonhole Principle). If n,m € w and m > n, then m A n.

Proof. Suppose that f: m — n is injective. It then follows that f [ n: n — n is injective, hence f [ n is
bijective by Proposition 2.54. Therefore, since f(n) € n, it follows that there exists k < n with f(k) = f(n),
contradicting the fact that f is injective. Hence, m A n. O

Corollary 2.56. If m,n € w and m ~ n, then m = n.

Proof. Suppose that m # n so that either m > n or m < n. If m > n, then m A n be the Pigeonhole
Principle, so m % n. If m < n, then n £ m by the Pigonhole Principle, so n % m and hence m % n. O

Corollary 2.57. If A is finite, there exists a unique n € w such that A ~ n.

Definition 2.58. If A is finite, the unique n € w such that A =~ n is called the cardinality of A and is
denoted by |A].

Proposition 2.59. Let A be a nonempty set and let n € w. The following are equivalent:
1. A=<n.
2. There exists a surjection g: n — A.
3. A is finite and |A| <n.

Proof. 1 implies 2: Suppose that A < n and fix an injection f: A — n. Fix an element b € A (which exists
since A # ). Define g: n — A by letting

g={(m,a) enxA: fla)=m}U{(m,a) €nx A:m ¢ran(f) and a = b}.

Notice that g: n — A and that g is a surjection.
2 implies 1: Suppose that g: n — A is a surjection. Define a set f by letting

f={(a,m)e Axn:g(m)=aand g(k) # a for all k <m}
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Using the fact < well-orders w and that g is a surjection, it follows that f: A — n. Also, f is injective
because g is a function.

1 implies 3: Suppose that A < n. Let m be the least element of w such that A < m, and fix an injection
g: A — m. We claim that g is a bijection. Notice that m # 0 because A is nonempty, so we may fix k € w
with m = S(k). If g is not a bijection, we could construct an injective h: A — k, a contradiction.

3 implies 1: Suppose that A is finite and |A| < n. Let m = |A] < n and fix a bijection f: A — m. We
then have that f: A — n is an injection, so A < n. O

Corollary 2.60. Suppose that n € w. Every surjective g: n — n is bijective.

Proof. Suppose that g: n — n is surjective. Define an injective f: n — n such that f o g = id, as above.
We then have that f is bijective, hence ¢ is bijective. O

2.7.2 Finite Powers

It is possible to use ordered pairs to define ordered triples, ordered quadruples, and so on. For example, we
could define the ordered triple (a,b, ¢) to be ((a,b), c). However, with the basic properties of w in hand, we
can give a much more elegant definition.

Proposition 2.61. Let A be a set and let n € w. There is a unique set, denoted by A™, such that for all f,
we have f € A" if and only if f: n — A.

Proof. As usual, uniqueness follows from Extensionality, so we need only prove existence. The proof is by
induction on n. Suppose that n = 0. Since for all f, we have f: 0 — A if and only if f = (), we may take
A% = {0}. Suppose that the result holds for n, i.e. there exists a set A" such that for all f, we have f € A"
if and only if f: n — A.

Fix a € A. Notice that for each f € A™, there is a unique function f, : S(n) — A such that f,(m) = f(m)
for all m < n and f,(n) =a (let f, = fU{(n,a)} and use Lemma 2.38). Therefore, by Collection (since A”
is a set), Separation, and Extensionality, there is a unique set C, such that for all g, we have g € C, if and
only if g = f, for some a € A. Notice that for every g: S(n) — A with g(n) = a, there is an f: n — A such
that g = f, (let f = g\{(n,a)}). Therefore, for every g, we have g € C, if and only if g: S(n) — A and
g(n) = a.

By Collection (since A is a set), Separation, and Extensionality again, there is a set F such that for all
D, we have D € F if and only if there exists a € A with D = C,. Notice that for all g, we have g € |J F if
and only if there exists a € A with g € C,. Let A% = |JF. For all g, we then have g € AS(™ if and only
g: S(n) — A. Therefore, by induction, for every n € w, there is a set B such that for all f, we have f € B
if and only if f: n — A. O

Proposition 2.62. Let A be a set. There is a unique set, denoted by A<¥, such that for all f, we have
f € A=Y if and only if f € A™ for some n € w.

Proof. By Collection (since w is a set), Separation, and Extensionality, there is a unique set F such that for
all D, we have D € F if and only if there exists n € w with D = A™. Let A<¥ =[] F. For every f, we then
have f € A<% if and only if f € A™ for some n € w. O

2.7.3 Finite Products

Suppose that f is a function with dom(f) =n € w. We want to consider the Cartesian product of the sets
indexed indexed by f.

[1 =19 (Uran(f)" : g(i) € f(i) for all i < n}
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2.8 Definitions by Recursion

Theorem 2.63 (Step Recursive Definitions on w - Set Form). Let A be a set, letb € A, and let g: wx A — A.
There exists a unique function f: w — A such that f(0) =b and f(S(n)) = g(n, f(n)) for alln € w.

Proof. We first prove existence. Call a set Z C w x A sufficient if (0,b) € Z and for all (n,a) € Z, we have
(S(n),g(n,a)) € Z. Notice that sufficient sets exists (since w x A is sufficient). Let

Y ={(n,a) e wx A:(n,a) € Z for every sufficent set Z}.

We first show that Y is sufficient. Notice that (0,0) € Y because (0,b) € Z for every sufficient set Z. Suppose
now that (n,a) € Y. For any sufficient set Z, we have (n,a) € Z, hence (S(n),g(n,a)) € Z. Therefore,
(S(n),g(n,a)) € Z for every sufficient set Z, so (S(n),g(n,a)) € Y. It follows that Y is sufficient.

We next show that for all n € w, there exists a unique a € A such that (n,a) € Y. Let

X ={n € w: there exists a unique a € A such that (n,a) € Y}.

Since Y is sufficient, we know that (0,b) € Y. Suppose that d € A and d # b. Since the set (w x A)\{(0,d)}
is sufficient (because S(n) # 0 for all n € w), it follows that (0,d) ¢ Y. Therefore, there exists a unique
a € A such that (0,a) € Y (namely, a = b), so 0 € X. Suppose now that n € X, and let ¢ be the unique
element of A such that (n,c¢) € Y. Since Y is sufficient, we have (S(n),g(n,c)) € Y. Fix d € A with
d # g(n,c). We then have that Y\{(S(n),d)} is sufficient (otherwise, there exists a € A such that (n,a) € Y
and g(n,a) = d, contrary to the fact that in this case we have a = ¢ by induction), so by definition of YV
it follows that Y C Y\{(S(n),d)}. Hence, (S(n),d) ¢ Y. Therefore, there exists a unique a € A such that
(S(n),a) € Y (namely, a = g(n,c)), so S(n) € X. By induction, we conclude that X = w, so for all n € w,
there exists a unique a € A such that (n,a) € Y.

Let f =Y and notice that f: w — A from above. Since Y is sufficient, we have (0,b) € Y, so f(0) = b. Let
n € w. Since (n, f(n)) € Y and Y is sufficient, it follows that (S(n), g(n, f(n))) € Y, so f(S(n)) = g(n, f(n)).

We now prove uniqueness. Suppose that fi, fo: w — A are such that:

1. f1(0) =b.

2. f2(0) =0

3. fi(S(n)) = g(n, fi(n)) for all n € w.
(

e

f2(8(n)) = g(n, fa(n)) for all n € w.

Let X = {n € w: fi(n) = fa(n)}. Notice that 0 € X because f1(0) = b = f2(0). Suppose that n € X so
that f1(n) = fa(n). We then have

fi(8(n)) = g(n, f1(n)) = g(n, fa(n)) = f2(S(n))
hence S(n) € X. It follows by induction that X = w, so fi(n) = fa(n) for all n € w. O

As an example of how to use this result (assuming we already know how to multiply - see below), consider
how to define the factorial function. We want to justify the existence of a unique function f: w — w such
that f(0) =1 and f(S(n)) = f(n)-S(n) for all n € w. We can make this work as follows. Let A = w, b =1,
and define g: w X w — w by letting g(a,n) = a- S(n) (here we are thinking that the first argument of g will
contain the “accumulated” value f(n)). The theorem now gives the existence and uniqueness of a function
f:w — wsuch that f(0) =1 and f(S(n)) = f(n) - S(n) for all n € w.

However, this begs the question of how to define multiplication. Let’s start by thinking about how to
define addition. The basic idea is to define it recursively. For any m € w, we let m +0=m. If m € w, and
we know how to find m + n for some fixed n € w, then we should define m + S(n) = S(m +n). It looks an
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appeal to the above theorem is in order, but how do we treat the m that is fixed in the recursion? We need
a slightly stronger version of the above theorem which allows a parameter to come along for the ride. The
proof is basically the same so we just give a short sketch.

Theorem 2.64 (Step Recursive Definitions with Parameters on w). Let A and P be sets, let h: P — A,
and let g: P x w x A — A. There exists a unique function f: P x w — A such that f(p,0) = h(p) for all
p € P, and f(p,S(n)) = g(p,n, f(p,n)) for allp € P and alln € w.

Proof. One could reprove this from scratch following the above outline, but we give a simpler argument
using Collection. For each p € P, define g,: w x A — A by letting g,(n,a) = g(p,n,a) for all (n,a) € w x A.
Using the above results without parameters, for each fixed p € P, there exists a unique function f,: w — A
such that f,(0) = h(p) and f,(S(n)) = gp(n, fp(n)) for all n € w. By Collection and Separation, we may
form the set {f, : p € w}. Let f be the union of this set. It is then straightforward to check that f is the
unique function satisfying the necessary properties. O

Definition 2.65. Let h: w — w be defined by h(m) = m and let g: w X w X w — w be defined by g(m,n,a) =
S(a). We denote the unique f from the previous theorem by +. Notice that +: w X w — w, that m +0=m
for allm € w, and that m 4+ S(n) = S(m +n) for all m,n € w.

Now that we have the definition of +, we can prove all of the basic “axiomatic” facts about the natural
numbers with + by induction. Here’s a simple example.

Proposition 2.66. 0 +n =mn for alln € w.

Proof. The proof is by induction on n. For n = 0, simply notice that 0 + 0 = 0. Suppose that n € w and
0+ n = n. We then have 0+ S(n) = S(0 +n) = S(n). The result follows by induction. O

A slightly more nontrivial example is a proof that + is associative.
Proposition 2.67. For all k,m,n € w, we have (k+m)+n=k+ (m+n).

Proof. We fix k,m € w, and prove the result is my induction on n. Notice that (k+m)+0=k+m =
k + (m + 0). Suppose that we know the result for n, so that (k +m) +n =k + (m +n). We then have

(k+m)+Sn)=S((k+m)+n)
=Sk + (m+n)) (by induction)
=k+Sm+n)
— e+ (m + S(n)
The result follows by induction. O

Definition 2.68. Let h: w — w be defined by h(m) =0 and let g: w X w X w — w be defined by g(m,a,n) =
a+m. We denote the unique f from the previous theorem by -. Notice that -: w X w — w, that m-0=0 for
allm € w, and that m - S(n) =m-n+m for allm,n € w.

From now on, we will present our recursive definitions in the usual mathematical style. For example, we
define iterates of a function as follows.

Definition 2.69. Let B be a set, and let h: B — B be a function. We define, for each n € w, a function
h" by letting h° = idp and letting h°™) = ho ™ for all n € w.
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For each fixed h: B — B, this definition can be justified by appealing to the theorem with A = B,
b=1idp, and g: AXw — w given by g(a,n) = hoa. However, we will content ourselves with the above more
informal style when the details are straightforward and uninteresting.

The above notions of recursive definitions can only handle types of recursion where the value of f(S(n))
depends just on the previous value f(n) (and also n). Thus, it is unable to deal with recursive definitions such
as that used in defining the Fibonacci sequence where the value of f(n) depends on the two previous values
of f whenever n > 2. We can justify these more general types of recursions by carrying along all previous
values of f in the inductive construction. Thus, instead of having our iterating function g: A X w — A, where
we think of the first argument of g as carrying the current value f(n), we will have an iterating function
g: A% — A, where we think of the first argument of ¢ as carrying the finite sequence consisting of all values
f(m) for m < n. Thus, given such a g, we are seeking the existence and uniqueness of a function f: w — A
such that f(n) = g(f [ n) for all n € w. Notice that in this framework, we no longer need to put forward a
b € A as a starting place for f because we will have f(0) = g((). Also, we do not need to include a number
argument in the domain of g because the current n in the iteration can recovered as the domain of the single
argument of g.

Theorem 2.70 (Recursive Definitions on w). Let A be a set and let g: A<¥ — A. There exists a unique
function f:w — A such that f(n) = g(f | n) for alln € w.

Proof. We first prove existence. Call a set Z C w x A sufficient if for all n € w and all ¢ € A™ such that
(k,q(k)) € Z for all k < n, we have (n,g(q)) € Z. Notice that sufficient sets exists (since w x A is sufficient).
Let

Y ={(n,a) e wx A:(n,a) € Z for every sufficent set Z}.

We first show that Y is sufficient. Suppose that n € w, that ¢ € A", and that (k,q(k)) € Y for all k < n.
For any sufficient set Z, we have (k, q(k)) € Z for all k < n, so (n,g(q)) € Z. Therefore, (n,9(q)) € Z for
every sufficient set Z, so (n,g(q)) € Y. It follows that Y is sufficient.

We next show that for all n € w, there exists a unique a € A such that (n,a) € Y. Let

X = {n € w: there exists a unique a € A such that (n,a) € Y}.

Suppose that n € w is such that k € X for all k < n. Let ¢ =Y N (n x A) and notice that ¢ € A™. Since
(k,q(k)) € Y for all k < nand Y is sufficient, it follows that (n,g(q)) € Y. Fix b € A with b # g(¢q). We then
have that Y'\{(n,b)} is sufficient (otherwise, there exists p € A™ such that (k,p(k)) € Y for all k£ < n and
g(p) = b, but this implies that p = ¢ and hence b = a), so by definition of Y it follows that Y C Y'\{(n,b)}.
Hence, (n,b) ¢ Y. Therefore, there exists a unique a € A such that (n,a) € Y, so n € X. By induction, we
conclude that X = w, so for all n € w, there exists a unique a € A such that (n,a) € Y.

Let f =Y and notice that f: w — A from above. Suppose that n € w. Let ¢ =Y N (n x A) and notice
that ¢ € A" and g = f [ n. Since (k,q(k)) € Y for all k < n and Y is sufficient, it follows that (n,¢(q)) € Y,
so f(n) =g(q) = g(f I n).

We now prove uniqueness. Suppose that fi, fo: w — A are such that:
1. filn) =g(f1 [ n) for all n € w.
2. fa(n) =g(fa [ n) for all n € w.

Let X = {n € w: fi(n) = fa(n)}. We prove by induction that X = w. Let n € w and suppose that k € X
for all k& < n. We then have that fi; [ n = f2 | n, hence

fi(n) =g(fi In)=g(f2 [ n) = fa(n)

hence n € X. It follows by induction that X = w, so fi(n) = fa(n) for all n € w. O
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As above, there is a similar version when we allow parameters. If f: P x w — A and p € P, we use the
notation f, to denote the function f,: w — A given by f,(n) = f(p,n) for all n € w.

Theorem 2.71 (Recursive Definitions with Parameters on w). Let A and P be sets and let g: Px A<¥ — A.
There exists a unique function f: P x w — A such that f(p,n) = g(p, fp | n) for allp € P and n € w.

2.9 Infinite Sets, Powers, and Products
Theorem 2.72 (Cantor-Bernstein). Let A and B be sets. If A< B and B < A, then A~ B.

Proof. We may assume that A and B are disjoint (otherwise, we can work with A x {0} and B x {1}, and
transfer the result back to A and B). Fix injections f: A — B and g: B — A. We say that an element a € A
is B-originating if there exists by € B and n € w such that by ¢ ran(f) and a = (g o f)"(g(bo)). Similarly,
we say that an element b € B is B-originating if there exists by € B and n € w such that by ¢ ran(f) and
b= (fog)"(by). Let

h ={(a,b) € A x B : Either a is not B-originating and f(a) = b or a is B-originating and ¢(b) = a}

Notice that h is a function (because f is a function and g is injective), dom(h) C A, and ran(h) C B. We
first show that dom(h) = A. Let a € A. If a is not B-originating, then (a, f(a)) € h, hence a € dom(h).
Suppose that a is B-originating, and fix by € B and n € w with a = (g o f)™(g(bo)). If n = 0, then
a = g(bg), so (a,by) € h and hence a € dom(h). Suppose that n # 0 and fix m € w with n = S(m).
We then have a = (g o f)5(™(g(bo)) = (g0 £)(((g 0 /)™(9(b0)))) = g(f((g 0 /)™(g(bo)))). Therefore,
(a, f((go f)™(g(bo)))) € h, and hence a € dom(h). It follows that dom(h) = A.

We now know that h: A — B, and we need only show that h is a bijection. Let a;,as € A and suppose
that h(a1) = h(az). We first show that either a1 and as are both B-originating or both a; and as are both not
B-originating. Without loss of generality, suppose that a; is B-originating and as is not, so that a; = g(h(a1))
and h(az) = f(az). Since a; is B-originating, we may fix by € B and n € w such that by ¢ ran(f) and
a1 = (g o f)"(g(bo)). Notice that (g0 f)"(g(bo)) = a1 = g(h(a1)) = g(h(az)) = g(f(az)) = (g o f)(az). If
n = 0, this implies that g(bo) = g(f(a2)), hence f(az) = by (because g is injective), contrary to the fact that
by ¢ ran(f). Suppose that n # 0 and fix m € w with S(m) = n. We then have (go f)((go f)™(g(bo))) =
(go f)™(g(bog)) = (g o f)(az), hence (go f)™(g(by)) = ag (because g o f is injective), contrary to the fact
that as is not B-originating. Therefore, either a; and as are both B-originating or both a; and as are both
not B-originating. If a; and as are both not B-originating, this implies that f(a;) = f(a2), hence a; = a9
because f is injective. If a; and as are both B-originating, we then have a; = g(h(a1)) = g(h(a2)) = as. It
follows that h is injective.

We finally show that h is surjective. Fix b € B. Suppose first that b is B-originating, and fix by € B and
n € w such that by ¢ ran(f) and b = (f o g)"(by). We then have g(b) = g((f o ¢9)"(bo)) = (g o f)"(g(bo)),
hence g(b) € A is B-originating. It follows that h(g(b)) = b, so b € ran(h). Suppose now that b is
not B-originating. We then must have b € ran(f), so we may fix a € A with f(a) = b. If a is B-
originating, we may fix by € B and n € w such that by ¢ ran(f) and a = (g o f)"(g(by)), and notice that
(fo @)™ (bg) = f((go £)"(g9(bo))) = f(a) = b, conrary to the fact that b is not B-originating. Therefore, a
is not B-originating, so h(a) = f(a) = b, and hence b € ran(h). It follows that h is surjective. O

Definition 2.73. Let A and B be sets. We write A < B to mean that A < B and A % B.
Theorem 2.74. For any set A, we have A < P(A).

Proof. First, define a function f: A — P(A) by letting f(a) = {a} for every a € A. Notice that f is an
injection, hence A < P(A). We next show that A % P(A) by showing that there is no bijection f: A — P(A).
Suppose then that f: A — P(A). Let B={a € A:a ¢ f(a)}, and notice that B € P(A). Suppose that
B e ran(f), and fix b € A with f(b) = B. We then have b € f(b) < b€ B < b ¢ f(b), a contradiction. It
follows that B ¢ ran(f), hence f is not surjective. Therefore, A < P(A). O
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2.9.1 Countable Sets
Definition 2.75. Let A be a set.

1. A is countably infinite if A ~ w.
2. A is countable if A is either finite or countably infinite.
3. A is uncountable if A is not countable.
Proposition 2.76. Let A be a set. The following are equivalent:
1. A is countable.
2. A<w.
3. There is a surjection g: w — A.

Proof. O

2.9.2 General Powers

There is no reason to restrict to n € w in the above examples. In general, we want to define A® to be the
set of all functions from B to A. We can certainly make this definition, but it is the first instance where we
really need to use Power Set.

Proposition 2.77. Let A and B be sets. There is a unique set, denoted by AP, such that for all f, we have
fe AP ifand only if f: B — A.

Proof. Notice that if f: B — A, then f C B x A, hence f € P(B x A). Therefore, A = {f ¢ P(Bx A): f
is a function, dom(f) = B, and ran(f) = A}. As usual, uniqueness follows from Extensionality. O

2.9.3 General Products
3 Doing Mathematics in Set Theory

3.1 The Basic Number Systems
3.2 Doing Logic In Set Theory

4 Well-Orderings, Ordinals, and Cardinals
4.1 Well-Orderings

The ability to do induction and make definitions by recursion on w was essential to developing the basic
properties of the natural numbers. With such success, we may wonder on which other kinds of structures
we can do induction and recursion. Looking at the Step Induction Principle and Step Recursive Definitions
on w, it seems hard to generalize these ideas to anything more complicated than w because by starting with
zero and taking successors we can’t get any further. However, the more general versions of induction and
recursion which refer to the order on w rather than just 0 and successors can be very fruitfully generalized
to any well-ordering.

Proposition 4.1 (Induction on Well-Orderings). Let (W, <) be a well-ordering.
1. Suppose that X is set and for all z € W, if y € X for all y < z, then z € X. We then have W C X.
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2. For any formula ¢(z,p), we have the sentence
VB((vVz € W)((Vy < 2)¢(y,P) — ¢(z,P)) — (Vz € W)¢(z,p))

3. Suppose that C is a class and for all z € W, ify € C for ally < z, then z € C. We then have W C C.
Proof.

1. Suppose that W ¢ X so that W\X # 0. Since (W, <) is a well-ordering, there exists 2 € W\X such
that for all y € W\ X, either z = y or z < y. Therefore, for all y € W with y < z, we have y € X
(becaues y ¢ W\X). It follows from assumption that z € X, contradicting the fact that z € W\ X.
Thus, it must be the case that W C X.

2. This follows from part 1 using Separation. Fix sets ¢, and suppose that

(V2 € W)((Vy < 2)p(y,7) — »(2, 7))

Let X = {z € W : ¢(n,§)}. Suppose that z € W and y € X for all y < z. We then have
(Vy < 2)¢(y, q), hence ¢(z, §) by assumption, so z € X. It follows from part 1 that W C X. Therefore,
we have (Vz € W)p(z, 7).

3. This is just a restatement of 2 using the language of classes.
O

This is all well and good, but are there other interesting well-orderings other than w (and every n € w)?
Well, any well-ordering has a smallest element. If there are any elements remaining, there must be a next
smallest element. Again, if there are any elements remaining, there must be a next smallest element, and so
on. Thus, any well-ordering begins with a piece that looks like w.

However, we can build another “longer” well-ordering by taking w, and adding a new element which is
greater than every element of w. This can be visualized by thinking of the set

A:{l—%ER:nEw\{O}}U{l}.

It’s a simple exercise to check that A, ordered by inheritance from the usual order on R, is a well-ordering.
We can then add another new element which is greater than every element, and another and another and
so on, to get a well-ordering that is a copy of w with another copy of w on top of the first. We can add a
new element greater than all of these, and continue. These well-orderings “beyond” w differ from w (and all
n € w) in that they have points that are neither initial points nor immediate successors of other points.

Definition 4.2. Let (W, <) be a well-ordering, and let z € W.
1. If z <y for ally € W, we call z the initial point (such a z is easily seen to be unique).
2. If there exists y € W such that there is no x € W with y < x < z, we call z a successor point.
3. If z is neither an initial point nor a successor point, we call z a limit point.

A little thought will suggest that all well-orderings should be built up by starting at an initial point,
taking successors (perhaps infinitely often), and then jumping to a limit point above everything previously.
After all, if we already have an initial part that looks like w, and we haven’t exhausted the well-ordering,
then there must be a least element not accounted for, and this is the first limit point. If we still haven’t
exhausted it, there is another least element, which is a successor, and perhaps another successor, and so on.
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If this doesn’t finish off the well-ordering, there is another least element not accounted for which will be the
second limit point.

This idea makes it seem plausible that we can take any two well-orderings and compare them by running
through this procedure until one of them runs out of elements. That is, if (W7, <) and (Wa, <2) are well-
orderings, then either they are isomorphic, or one is isomorphic to an initial segment of the other. We now
develop the tools to prove this result. We first show that we can make recursive definitions along well-
orderings. The proof is basically the same as the proof of the Induction Principle on w because the only
important fact that allowed that argument to work was the property of the order < on w (not the fact that
every element of w was either an initial point or a successor point).

Definition 4.3. Let (W, <) be a well-ordering, and let z €¢ W. We let W(z) ={y e W 1y < z}.

Definition 4.4. Let (W, <) be a well-ordering. A set I C W is called an initial segment of W if I £ W
and whenever x € I and y < x, we have y € 1.

Proposition 4.5. Suppose that (W, <) is a well-ordering and I is an initial segment of W. There exists
z €W with I =W (z).

Proof. Since I is an initial seqment of W, we have I C W and I # W. Hence, W\I # 0. Since (W, <)
is a well-ordering, there exists z € W\I such that z < y for all y € W\I. We claim that [ = W(z). If
y € W(z), we then have y ¢ W\I (because y < z), hence y € I. Therefore, W(z) C I. Suppose that y € T
and y ¢ W(z). We then have y > z, hence z € I because [ is an initial segment, contradicting the fact that
z € W\I. Tt follows that I C W (z). Therefore, I = W(z) by Extensionality. O

Definition 4.6. Let (W, <) be a well-ordering and let A be a set. We let
AW = {f e P(W x A): f is a function and f: W(z) — A for some z € W}

Theorem 4.7 (Recursive Definitions on Well-Orderings). Let (W, <) be a well-ordering, let A be a set, and
let g: AW — A. There exists a unique function f: W — A such that f(z) = g(f | W(2)) for all z € W.

Proof. We first prove existence. Call a set Z C W x A sufficient if for all z € W and all ¢ € AW () such that
(y,q(y)) € Z for all y < z, we have (z,g(q)) € Z. Notice that sufficient sets exists (since W x A is sufficient).
Let

Y ={(z,a) e W x A:(z,a) € Z for every sufficent set Z}.

We first show that Y is sufficient. Suppose that z € W, that ¢ € A" ) and that (y,q(y)) € Y for all y < 2.
For any sufficient set Z, we have (y,q(y)) € Z for all y < z, so (z,9(q)) € Z. Therefore, (z,9(q)) € Z for
every sufficient set Z, so (z,9(q)) € Y. It follows that Y is sufficient.

We next show that for all z € W, there exists a unique a € A such that (z,a) € Y. Let

X ={z € W there exists a unique a € A such that (z,a) € Y}.

Suppose that z € W is such that y € X for all y < 2. Let ¢ = Y N (W(z) x A) and notice that ¢ € AW (),
Since (y,q(y)) € Y for all y < z and Y is sufficient, it follows that (z,¢9(¢)) € Y. Fix b € A with b # g(q).
We then have that Y'\{(z,b)} is sufficient (otherwise, there exists p € A" (*) such that (y, p(y)) € Y for all
y < z and g(p) = b, but this implies that p = ¢ and hence b = a), so by definition of Y it follows that
Y CY\{(z,0)}. Hence, (z,b) ¢ Y. Therefore, there exists a unique a € A such that (z,a) € Y, so z € X.
By induction, we conclude that X = W, so for all z € W, there exists a unique a € A such that (z,a) € Y.

Let f =Y and notice that f: W — A from above. Suppose that z € W. Define ¢ € AW () by letting
g =Y N(W(z) x A) and notice that ¢ = f [ W(z). Since (y,q(y)) € Y for all y < z and Y is sufficient, it

follows that (z,9(q)) € Y, so f(z) = g(q) = g(f | W(z)).
We now prove uniqueness. Suppose that f1, fo: W — A are such that:
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1. fi(z) =g(f1 1 W(z)) for all z € w.
2. fa(z) =g(fa | W(2)) for all z € w.
)

Let X = {2z € W: f1(2) = f2(2)}. We prove by induction that X = W. Let z € W and suppose that y € X
for all y < z. We then have that f1 [ W(z) = fa | W(%), hence

fi(2) = g(fi TW(2)) = g(fa | W(2)) = fa(2)
hence z € X. Tt follows by induction that X = W, so fi(z) = fa(z) for all z € W. O
Definition 4.8. Let (W1, <1) and (Wa, <2) be well-orderings.
1. A function f: Wy — Wy is order-preserving if whenever x,y € W1 and x <1 y, we have f(x) <a f(y).
2. A function f: W1 — Wy is an isomorphism if it is bijective and order-preserving.
3. If W1 and Ws are isomorphic, we write Wy = Ws.

Proposition 4.9. Suppose that (W, <) is a well-ordering and f: W — W 1is order-preserving. We then
have f(z) > z for all z € W.

Proof. We prove the result by induction on W. Suppose that z € W and f(y) > y for all y < z. Suppose
instead that f(z) < z, and let * = f(z). Since f is order-preserving and z < z, it follows that f(z) <
f(2) = z, contradicting the fact that f(y) > y for all y < z. Therefore, f(z) > z. The result follows by
induction. O

Corollary 4.10.
1. If (W, <) is a well-ordering and z € W, then W 22 W (z).
2. If (W, <) is a well-ordering, then its only automorphism is the identity.

3. If (Wh,<1) and (Wa, <2) are well-orderings, and Wy = Wy, then the isomorphism from Wy to Wy is
unique.

Proof.

1. Suppose that W = W(z) for some z € W and let f: W — W(z) be a witnessing isomorphism. Then
f: W — W is order-preserving and f(z) < z (because f(z) € W(z)), contrary to Proposition 4.9.

2. Suppose that f: W — W is an automorphism of W which is not the identity. By Proposition 4.9, we
have f(z) > z for all z € W. Suppose that 2 € W and let y = f(2). Since f~1: W — W is also an
automorphism of W, Proposition 4.9 implies that f~!(y) > y, hence z > f(z). Combining this with
the above mentioned fact that f(z) > z, it follows that z = f(z). Therefore, f is the identity.

3. Suppose that f: W, — Wy and g: W7 — W are both isomorphisms. We then have that g=': Wy — W)
is an isomorphism, hence g~ o f: W; — W, is an automorphism. Hence, by part b, we may conclude
that g—! o f is the identity on W;. It follows that f = g.

O
Theorem 4.11. Let (W1, <) and (Wa, <2) be well-orderings. Fzactly one of the following holds.
1. Wy = Ws.
2. There exists z € Wy such that W1 = Wa(z).
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3. There exists z € Wy such that W1(z) = Whs.
In each of the above cases, the isomorphism and the z (if appropriate) are unique.

Proof. We first prove that one of the three options holds. Fix a set a such that a ¢ W; U Wy (such an
a exists by Proposition 2.4). Our goal is to define a function f: W3 — Wy U {a} recursively. Define
g: (WU {a})W"' — Wy U {a} as follows. Let ¢ € (Wa U {a})<"1 and fix 2 € W such that q: Wyi(z) —
Wy U{a}. If a € ran(q) or ran(q) = Wa, let g(q) = a. Otherwise ran(q) is a proper subset of Wy, and we let
g(q) be the <y-least element of Wa\ran(q). By Theorem 4.7, there is a unique f: W7 — Wa U {a} such that
f(z)=g(f I Wi(2)) for all z € Wy.

Suppose first that a ¢ ran(f) so that f: W7 — W,. We begin by showing that ran(f | Wi(z)) is an initial
segment of W for all z € W7 by induction. Suppose that z € Wi and ran(f | Wi(y)) is an initial segment of
Wy for all y < z. If 2 is the initial point of W7, then ran(f | Wi(z)) = () is certainly an initial segment of Ws.
Suppose that z is a successor point of Wy, and let y € W; be such that there isno x € Wi with y < z < z. By
induction, we know that ran(f | Wi (y)) is an initial segment of Ws. Since f(y) = g(f | Wi(y)) is the <s-least
element of Wa\(f | W1(y)), it follows that ran(f | Wi(z)) = ran(f | Wi(y)) U{f(y)} is an initial segment of
W5. Suppose finally that 2 is a limit point of Wi. It then follows that ran(f [ Wi(2)) = U, ., ran(f [ Wi(y)).
Since every element of the union is an initial segment of W, it follows that ran(f [ Wi (z)) is an initial segment
of Wy (note that it can’t equal Wa because f(z) # a).

Therefore, ran(f | Wi(z)) is an initial segment of W5 for all z € W by induction. It follows that for
all y,z € Wy with y < z, we have f(y) < f(z) (because ran(f [ Wi(z)) is an initial seqment of W; and
fly) € ran(f | W1(z))), so f is order-preserving. This implies that f is an injection, so if ran(f) = Wy, we
have W7 = Wy. Otherwise, ran(f) is an initial segment of Wy, so by Proposition 4.5 there is a z € W such
that W1 = WQ(,Z)

Suppose now that a € ran(f). Let z € W be the <j-least element of Wj such that f(z) = a. It
then follows that f [ Wi(z) : Wi(z) — Wa is order-preserving by induction as above. Also, we must have
ran(f | Wi(z)) = Wa because f(z) = a. Therefore, f | Wi(z) : Wi(z) — Wa is an isomorphism. This
completes the proof that one of the above 3 cases must hold.

The uniqueness of the case, the isomorphism, and the z (if appropriate), all follow from Corollary 4.10 O

With this result in hand, we now know that any well-ordering is uniquely determined by its “length”.
The next goal is to find a nice system of representatives for the isomorphism classes of well-orderings. For
that, we need to generalize the ideas that went into the construction of the natural numbers.

4.2 Ordinals

Our definition of the natural numbers had the advantage that the ordering was given by the membership
relation €. This feature allowed us to define successors easily and to think of a natural number n as the set
of all natural numbers less than n. We now seek to continue this progession to measure well-orderings longer
than w. The idea is to define successors as in the case of the natural numbers, but now to take unions to
acheive limit points.

The key property of w (and each n € w) that we want to use in our definition of ordinals is the fact that
€ well-orders w (and each n € w). We need one more condition to ensure that there are no “holes” or “gaps”
in the set. For example, € well-orders the set {0,2,3,5}, but we don’t want to consider it as an ordinal
because it skipped over 1 and 4. We therefore make the following definition.

Definition 4.12. A set z is transitive if whenever x and y are sets such that x € y and y € z, we have
T ez

Definition 4.13. Let z be a set. We define a relation €, on z by setting €,= {(x,y) € z X z : x € y}.

Definition 4.14. An ordinal is a set o which is transitive and well-ordered by €,,.
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Our hard work developing the natural numbers gives us one interesting example of an ordinal.
Proposition 4.15. w is an ordinal.

Proof. Proposition 2.41 says that w is transitive, and Theorem 2.48 says that w is well-ordered by < = €,,. 0O

Proposition 4.16. If o is an ordinal and 8 € «, then [ is an ordinal.

Proof. We first show that g is transitive. Let x and y be sets with x € y and y € 5. Since y € 3, 8 € a, and
« is transitive, it follows that y € a. Since x € y and y € «, it follows that x € a. Now since z,y, 8 € «,
T €y, y € P, and €, is transitive on «, we may conclude that = € 8. Therefore, 3 is transitive.

Notice that 3 C a because 3 € o and « is transitive. Therefore, €4 is the restriction of €, to the subset
B C a. Since €, is a well-ordering on «, it follows that €4 is a well-ordering on 3. Hence, [ is an ordinal. [

Corollary 4.17. Every n € w is an ordinal.
Lemma 4.18. If « is an ordinal, then o ¢ «.

Proof. Suppose that « is an ordinal and o € . Since « € «, it follows that €, is not asymmetric on «,
contradicting the fact that €, is a well-ordering on «. O

Proposition 4.19. If « is an ordinal, then S(«) is an ordinal.

Proof. We first show that S(«) is transitive. Suppose that © € y € S(a). Since y € S(a) = a U {a}, either
y € a or y = . Suppose first that y € a. We then have x € y € a, so = € a because « is transitive. Hence,
x € S(«). Suppose now that y = a. We then have x € « because = € y, so x € S(a).

We next show that €g(4) is transitive on S(a). Let z,y, 2z € S(a) with x € y € 2. Since z € (), either
z € @ or z = a. Suppose first that z € a. We then have y € a (since y € 2z € a and « is transitive), and
hence € « (since z € y € a and « is transitive). Thus, x,y, 2z € «, so we may conclude that z € z using
the fact that €, is transitive on a. Suppose now that z = a. We then have © € @ = z because z € y € «
and « is transitive.

We next show that €g(q) is asymmetric on S(a). Let z € S(a). If 2 € a, then x ¢ x because €, is
asymmetric on «. If £ = «, then x ¢ x by Lemma 4.18.

We now show that €g(o) is connected on S(a). Let z,y € S(). If z € @ and y € «, then either z € y,
r =1y, or y € x because €, is connected on . If z = o and y = «, we clearly have x = y. Otherwise, one
of x,y equals «, and the other is an element of «, if which case we’re done.

Finally, suppose that X C S(a) and X # 0. If X N« = (), then we must have X = {a}, in which case
X clearly has a €g(y)-least element. Suppose that X N # (). Since X Na C « is nonempty and €, is a
well-ordering on «, there exists a €,-least element 5 in X Na. For any v € X, either v € « in which case we
have have either 8 = v or § € 7 by choice of 3, or ¥ = « in which case 8 € v (because 8 € a). Therefore,
X has a €g(q)-least element. O

Proposition 4.20. Suppose that o and B are ordinals. We then have o C (8 if and only if either « = ( or
a € L.

Proof. (<) If « = §3, then clearly o C 8 and if a € § we can use the fact that 3 is transitive to conclude
that o C .

(=) Suppose that « C 8 and o # 3. Notice that S\« is an nonempty subset of 3, so there exists a
€p-least element of B\a, call it z. We show that a = z, hence a € 5. We first show that z C a. Let z € z.
Since z € 8 and [ is transitive, we have € . Since x € z, we can not have x € 3\« by choice of z, so
x € a. Thus, z C a. We next show that a C z. Let x € a. Since a C 3, we have x € (5. Using the fact
that x,z € 3 and €g is connected on 3, we know that either € z, = 2, or z € x. We can not have x = z
because x € o and z € B\a. Also, we can not have z € x, because if z € x we can also conclude that z € «
(because z € x € o and « is transitive), contadicting the fact that z € f\a. Thus, a C z. It follows that
z = a (by Extensionality), so a € 3. O
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Proposition 4.21. Suppose that o and 3 are ordinals. Ezxactly one of a € B, o = 3, or 8 € a holds.

Proof. We first show that at least one o € 3, a = 3, 6 € « holds. We first claim that N § is an ordinal.
Ifeeyeanp, thenxz ey caandx €y € §,s0 z € @ and z € 3 (because « and ( are transitive), and
hence x € anB. Thus, aN 3 is transitive. Notice that €,n3 is the restriction of €, to the subset aN g C .
Since €, is a well-ordering on «;, it follows that €,ng is a well-ordering on N 3. Hence, aN 3 is an ordinal.

Now we have aNf Caand anNnpf Cp. Ifanf#aand anNB # B, then anNf € aand aNf € [ by
Proposition 4.20, hence N € aN 3, contrary to Lemma 4.18. Therefore, either aNG=a orang=pg. If
anf = a, we then have a C 3, hence either a« = 3 or a € 8 by Proposition 4.20. Similarly, if a NG = 3, we
then have 8 C a, hence either § = « or § € a by Proposition 4.20. Thus, in any case, at least one o € (3,
a = [f,or 8 € a holds.

We finish by showing that exactly one of « € 8, a = 3, or § € « holds. If @ € § and o = 3, then a € «,
contrary to Lemma 4.18. Similary, if « = § and 8 € a, then § € 3, contrary to Lemma 4.18. Finally, if
a € B and (€ o, then a € a (because « is transitive), contrary to Lemma 4.18. O

Definition 4.22. If a and (3 are ordinals, we write a < 8 to mean that o € 3.
Proposition 4.23. Suppose that o and 3 are ordinals. If a = 0 as well-orderings, then a = f3.

Proof. If o # 3, then either @ < 8 or 8 < « by Proposition 4.21. Suppose without loss of generality that
B < a. We then have that the well-ordering ( is an initial segments of the well-ordering « (in the notation
for well-orderings, we have 8 = «(8)), hence a 2 3 by Corollary 4.10. O

By the above results, it seems that we are in a position to say that < is a linear ordering on the collection
of all ordinals. However, there is a small problem here. We do not know that the class of all ordinals is a
set. In fact, we will see below that the collection of all ordinals is a proper class.

Definition 4.24. ORD is the class of all ordinals.
We first establish that nonempty sets of ordinals have least elements.

Proposition 4.25. If A is a nonempty subset of ORD, then A has a least element. Furthermore the least
element is given by [ A.

Proof. Since A # (), we may fix an ordinal o € A. If AN« = (), then for any 8 € A, we can not have 3 € a,
hence either & = 3 or a € 8 by Proposition 4.21. Suppose that AN« # 0. Since AN a C « is nonempty,
it has an €,-least element, call it §. Let 5 € A and notice that [ is an ordinal. By Proposition 4.21, either
BeEa, B=a,oracf. If €a,then € ANa, so either § = § or § € § by choice of . If § = «, then
0 € B because 6 € a. If a € 8, we then have § € a € 3, so § € 8 because [ is transitive. It follows that § is
the least element of A.

Therefore, we know that A has a least element, call it §. Since § € A, we certainly have () A C §. For all
a € A, we then have either § = a or § € «, hence § C a by Proposition 4.20. Therfore, § C () A. It follows
that § = [ A. O

Proposition 4.26. If A is a subset of ORD, then | J A is an ordinal. Furthermore, we have | JA = sup A,
ie. a <|JA foralla € A and |J A < 8 whenever 8 is an ordinal with 5 > « for all a € A.

Proof. We first show that | J A is transitive. Suppose that © € y € |JA. Since y € |J A, there exists a € A,
necessarily an ordinal, such that y € a € A. Since « is transitive and x € y € a, we can conclude that z € a.
It follows that = € |J A. Hence, |J A is transitive.

We next show that € 4 is transitive on JA. Let z,y,2z € [JA with z € y € 2. Since z € [J A, there
exists a € A, necessarily an ordinal, such that z € a € A. Since z € a and « is an ordinal, we may use
Proposition 4.16 to conclude that z is an ordinal. Thus, z is transitive, so we may use the fact that x € y € 2
to conclude that z € z.
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We next show that € 4 is asymmetric on |J A. Let # € [J A and fix o € A, necessarily an ordinal, such
that x € o € A. Using Proposition 4.16 again, it follows that z is an ordinal, hence = ¢ x by Lemma 4.18.

We now show that € 4 is connected on (JA. Let x,y € [JA. Fix o, 3 € A, necessarily ordinals, such
that € « € A and y € f € A. Again, using Proposition 4.16, we may conclude that x and y are ordinals,
hence either x € y, x =y, or y € x by Proposition 4.21

Finally, suppose that X C |J A and X # ). Notice that for any y € X, there exists a € A, necessarily an
ordinal, such that y € a € A, and hence y is an ordinal by Proposition 4.21. Therefore, X is a nonempty
subset of ORD, so by Proposition 4.25 we may conclude that X has a least element (with respect to €(j4).

We now show that (JA = sup A. Suppose that o € A. For any f € «, we have § € a € A, hence
B elJA. It follows that o C | J A4, hence o < |J A by Proposition 4.20. Thus, | J A is an upper bound for A.
Suppose that 7 is an upper bound for A, i.e. v is an ordinal and o < 7 for all « € A. For any § € |J A, we
may fix o € A such that 8 € o and notice that 3 € a C «, so § € . It follows that |J A C , hence |JA < v
by Proposition 4.20. Therefore, | J A = sup A. O

Proposition 4.27. ORD is a proper class.

Proof. Suppose that ORD is a set, so that there is a set O such that « is an ordinal if and only a € O.
In this case, O is a transitive set (by Proposition 4.16) which is well-ordered by €0 (transitity follows from
the fact that ordinals are transitive sets, asymmetry follows from Lemma 4.18, connectedness follows from
Proposition 4.21, and the fact that every nonempty subset has a least element is given by Proposition 4.25).
Therefore, O is an ordinal and so it follows that O € O, contrary to Lemma 4.18. Hence, ORD is not a
set. O

Since ORD is a proper class, there are subclasses of ORD which are not subsets of ORD. We therefore
extend Proposition 4.25 to the case of nonempty subclasses of ORD. The idea is that if we fix an a € C,
then N C becomes a set of ordinals, so we can apply the above result.

Proposition 4.28. If C is a nonempty subclass of ORD, then C has a least element.

Proof. Since C # (), we may fix an ordinal « € C. If CNa = (), then for any 8 € C, we can not have 3 € a,
hence either o = 8 or a € B by Proposition 4.21. Suppose that CNa # §. In this case, CNa is a nonempty
set of ordinals by Separation, hence C N « has a least element § by Proposition 4.25. It now follows easily
that § is the least element of C. O

Proposition 4.29 (Induction on ORD). Suppose that C C ORD and that for all ordinals o, if 5 € C for
all B < a, then a € C. We then have C = ORD.

Proof. Suppose that C C ORD. Let B = ORD\C and notice that B is a nonempty class of ordinals. By
Proposition 4.28, it follows that B has a least element, call it «. For all § < «, we then have § ¢ B, hence
(€ C. By assumption, this imples that a € C, a contradiction. It follows that C = ORD. O

This gives a way to do “strong induction” on the ordinals, but there is a slightly more basic version. We
can’t get around looking at many previous values at limit ordinals, but we can by with just looking at the
previous ordinal in the case of successors.

Proposition 4.30 (Step/Limit Induction on ORD). Suppose that C C ORD and that
1. 0eC.
2. Whenever o € C, we have S(a) € C.
3. Whenever « is a limit ordinal and 8 € C for all § < «, we have o € C.

We then have C = ORD.
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Proof. Suppose that C C ORD. Let B = ORD\C and notice that B is a nonempty class of ordinals. By
Proposition 4.28, it follows that B has a least element, call it a. We can’t have a = 0 because 0 € C. Also,
it is not possible that « is a successor, say a = S(3), because if so, then 8 ¢ B (because 8 < «), so § € C,
hence a = S(B) € C. Finally, suppose that « is a limit. Then for for all 5 < «, we have § ¢ B, hence § € C.
By assumption, this imples that o € C, a contradiction. It follows that C = ORD. O

Theorem 4.31 (Recursive Definitions on ORD). Let G: V — V be a class function. There exists a unique
class function F: ORD — V such that F(a) = G(F | a) for all « € ORD.

Theorem 4.32 (Recursive Definitions with Parameters on ORD). Let P be a class and let G: P xV — 'V
be a class function. There exists a unique class function F: P x ORD — V such that F(p,a) = G(F, | «)
for allp € P and all « € ORD.

Theorem 4.33. Let (W, <) be a well-ordering. There exists a unique ordinal o such that W 2 «.

Proof. Fix a set a such that a ¢ W (such an a exists by Proposition 2.4). We define a class function
F: ORD — W U {a} recursively as follows. If a € ran(F | «) or ran(F | o) = W, let F(a) = a. Otherwise,
ran(F [ o) C W, and we let F(«) be the least element of W\ran(F [ «).

Since ORD is a proper class, it follows from Proposition 2.52 that F is not injective. From this it follows
that a € ran(F) (otherwise, a simple inductive proof gives that F would have to be injective). Let a be the
least ordinal such that F(«) = a. Now it is straightforward to prove (along the lines of the proof of Theorem
4.11) that F | a: @« — W is an isomorphism.

Uniqueness follows from Proposition 4.23 O

Definition 4.34. Let (W, <) be a well-ordering. The unique ordinal o such that W = « is called the
order-type of (W, <).
4.3 Arithmetic on Ordinals

Definition 4.35. We define ordinal addition (that is a class function +: ORD x ORD — ORD ) recursively
as follows.

1. a+0=oq.
2. a+S(B)=S(a+p).
3. a+B=U{la+vy:v< B} if B is a limit ordinal.
Similarly, we define ordinal multiplication recursively as follows.
1. -0=0.
2.a-SB)=a-f+a.
3. a-B=U{a-v:v<B}if B is alimit ordinal.
Finally, we define ordinal exponentiation recursively as follows.
1. % =1.
2. 5P =af . a.
3. af =U{a" : v < B} if B is a limit ordinal.

Proposition 4.36. Let a, (8, and v be ordinals. If 8 <, then a+ 0 < a+ 1.
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Proof. Fix ordinals a and 8. We prove by induction on « that if 3 <, then a4+ 3 < a+ . If v = 3, this
is trivial. Suppose that 3 < v and we know the result for 4. We then have

a+pB<a+y
< Sla+7)
=a+5(7)

Suppose now that v > ( is a limit ordinal. We then have

a+6§U{a+§:5<'y} (since B <)
=a+y

O

Proposition 4.37. Let o, §, and v be ordinals. We have 3 < 7 if and only if a4+ 3 < a + 7.

Proof. Notice first that

a+p<Sa+p)=a+S5(B)
Now for any ordinal v > 3, we have S(5) < ~, hence
at+fB8<a+SB)<a+y

O

Proposition 4.38. Let a and § be ordinals. If B is a limit ordinal, then o+ B is a limit ordinal.

Proof. Since (3 is a limit ordinal, we have

a+ﬂ=U{a+7:7<ﬂ}

Suppose now that § < o + (3, and fix an ordinal v < § such that § < a+ 7. We then have that S(y) <
because [ is a limit ordinal, hence

S(5) < S(a+7)
=a+5(7)
<a+g

It follows that o + ( is a limit ordinal. O
Proposition 4.39. Let o, 3, and v be ordinals. We have (a+ 8)+v=a+ (8+7).

Proof. Fix ordinals o and 3. We prove that (a+8)+~ = a+ (8++) for all ordinals v by induction. Suppose
first that v = 0. We then have
(a+B8)+0=a+p
=a+(6+0)

Suppose now that + is an ordinal and we know that (o + ) +v = a + (6 + 7). We then have
(a+p8)+S()=S(a+8)+7)
=Sa+(B+7)) (by induction)
=a+S5(6+7)
=a+(8+S(7)
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Suppose now that + is a limit ordinal and we know that (o + ) + 6 = a + (8 + 9) for all § < v. We then
have

(a+8) +7=Ja+8)+6:5 <}
= H{a+(B+0):5<7}
:U{a+5:5<ﬁ—|—7}
=a+(f+7)

where the last line follows because 3 + v is a limit ordinal. O

4.4 Cardinals

Definition 4.40. A cardinal is an ordinal o such that o 5 3 for any 8 < a.
Proposition 4.41. Every n € w is a cardinal, and w is a cardinal.
Proposition 4.42. FEvery infinite cardinal is a limit ordinal.

Proposition 4.43. Let A be a set. There is an ordinal o such that o A A.

Proof. Let F = {(B,R) € P(A) x P(A x A) : R is a well-ordering on B}. By Colletion and Separation,
A = {order-type(B, R) : (B, R) € F} is a set of ordinals. Let o be an ordinal such that o > [J A (such an «
exists because ORD is a proper class). Notice that o A A because if f: o — A were an injection, we could
let B = ran(f) and let R be the well-ordering on B obtained by transferring the ordering of . We would
then have a € A since (B, R) € F and (B, R) has order-type «, a contradiction. It follows that « A A. O

Definition 4.44. Let A be a set. The least ordinal o such that o A A is called the Hartogs number of A,
and is denoted by H(A).

Proposition 4.45. H(A) is a cardinal for every set A.

Proof. Let A be a set and let @« = H(A). Suppose that 8 < o and a = . Let f: @« — [ be a bijection.
Since 8 < a = H(A), there exists an injection g: 3 — A. We then have that go f: @« — A is an injection,
contrary to the fact that a A A. Tt follows that a % 8 for any § < «, so H(A) = « is a cardinal. O

Definition 4.46. If k is a cardinal, we let kT = H (k).
Definition 4.47. We define X, for « € ORD by

1. Ng = w.

2. Voq1 = N1,

3. Ny =U{Rp : B < a} if a is a limit ordinal.

The following proposition can be proved by a straightforward induction.
Proposition 4.48. Let o and § be ordinals.

1. a < N,.

2. If a < 3, then X, < Ng.

Proposition 4.49. Let k be an ordinal. k is an infinite cardinal if and only if there exists « € ORD with
K =N,.
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Proof. We first prove that X, is an infinite cardinal for all « € ORD by induction. Notice that Ny = w is a
cardinal by Proposition 4.41. Also, if R, is a cardinal, then R, ; = R} = H(R,) is a cardinal by Proposition
4.45. Suppose then that a is a limit ordinal and that Ng is a cardinal for all 3 < a. Notice that N, is an
ordinal by Proposition 4.26. Suppose that v < X,. Since v < X, = [J{Ng : B < a}, there exists § < a such
that v < Rg. Notice that 3+ 1 < a since § < « and « is a limit ordinal. Since Ngy1 A Ng, it follows that
Ngi1 £ 7, so Ry A v. Therefore R, % v for any v < X, hence R, is a cardinal.

Suppose now that k is an infinite cardinal. By Proposition 4.48, we have k < N,. If Kk = N, we are
done. Suppose then that x < N, let a be the least ordinal such that x < N,. Notice that o # 0 because k
is infinite and o can not be a limit ordinal (otherwise, k < Ng for some 5 < «). Thus, there exists 3 such
that o = S(8). By choice of a, we have Rg < k. If Rg < &, then Rg < k < Ng(3) = H(Ng), contradicting
the definition of H(Ng). It follows that k = Ng. O

Proposition 4.50. Let A be a set. There exists an ordinal o such that A ~ « if and only if A can be
well-ordered.

Proof. Suppose first that there exists an ordinal o such that A ~ a. We use a bijection between A and «
to transfer the ordering on the ordinals to an ordering on A. Let f: A — « be a bijection. Define a relation
< on A by letting a < b if and only if f(a) < f(b). It is then straightforward to check that (A4, <) is a
well-ordering (using the fact that (o, €,) is a well-ordering).

For the converse direction, suppose that A can be well-ordered. Fix a relation < on A so that (A4, <) is
a well-ordering. By Theorem 4.33, there is an ordinal « such that A = «. In particular, we have A ~ «. [

Of course, this leaves open the question of which sets can be well-ordered. Below, we will use the Axiom
of Choice to show that every set can be well-ordered.

Definition 4.51. Let A be a set which can be well-ordered. We define |A| to be the least ordinal o such that
A= o

Lemma 4.52. If A can be well-ordered, then |A| is a cardinal.

4.5 Addition and Multiplication Of Cardinals
Lemma 4.53. Let Ay, Ao, By, By be sets with Ay ~ Ay and By ~ Bs.
1. (A1 x {0}) U (By x {1}) ~ (A2 x {0}) U (By x {1}).
2. A1 x By =~ Ay X Bs.

This lemma gives us a reasonable way to define the sum and product of two cardinals. Let x and A be
cardinals. Notice that (k x {0}) U (A x {1}) and & x A can be well-ordered. This allows us to make the
following definition.

Definition 4.54. Let k and A be cardinals.
1. 6+ A=k x {0H U\ x{1})].
2. K- A=k x Al

Proposition 4.55. Let k and )\ be cardinals.
1. K+ A=A+kK.
2. K- A=Ak

Definition 4.56. We define an ordering < on ORD x ORD as follows. Let ay, 81, s, B2 be ordinals. We
set (a1, 1) < (ag, B2) if one of the following holds.
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1. max{aq, 01} < max{asg, B2}.

2. max{ay, 01} = max{ao, B2} and a1 < as.

3. max{ay, 01} = max{ao, fa}, a1 = @z, and B1 < [a.

Lemma 4.57. < is a well-ordering on ORD x ORD.

Proof. Transitivity, asymmetry, and connectedness are easily shown by appealing to the transitivity, asym-
metry, and connectedness of the ordering on ORD. Let C be a nonempty subclass of ORD x ORD.
Notice that D = {max{«a, 8} : (o, 3) € C} is a nonempty subclass of ORD, hence has a least element § by
Proposition 4.28. Now let A ={a € §: (o, d) € C}.

Suppose first that A # (J, and let ag be the least element of A (which exists by Proposition 4.25). Let
(o, B) € C. Notice that if max{«, 3} > J, we then have (ag,d) < (o, 3). Suppose then that max{«, 5} = 4.
If o = §, we then have (ap,d) < (a, 3) because ag < §. If @ # § and 8 = §, we then have oy < « by choice
of ap, hence (ap,d) < (o, 8).

Suppose now that A = ). Let B = {3 € S(9) : (4, 3) € C} and notice that B # 0. Let 3y be the least
element of B (which exists by Proposition 4.25). Let («,3) € C. Notice that if max{a, 8} > J, we then
have (4, 8o) < (o, 3). Suppose then that max{«, 3} = §. Notice that we must have a = § because A = 0. It

follows that By < 8 by choice of (g, hence (4, 5p) < («, B). O
Theorem 4.58. For all « € ORD, we have X, - X, = N,.

Proof. The proof is by induction on o € ORD. Suppose « is an ordinal and that Rg-Ng = Ng for all 3 < a.
Notice that if we restrict the < relation on ORD x ORD to X, x X, we still get a well-ordering. Given
(7,0) € Ny X Ny, we let

P%(; = {(91,92) €N, XN, ¢ (91,92) < (7,5)}

Let (7,0) € Ry X N,. Let € = max{vy,0} + 1. Since 7, < R,, and X, is an infinite cardinal by Proposition
4.49, it follows that ¢ < X, and hence |e| < X,. Fix § < « such that |¢| = Rg. We then have P, ; Ce xe =
Rz x Ng ~ Ng, by induction. Therefore, |P, 5| < R, for every (7y,d) € Ry X R,.

Since N, x N, is well-ordered by <, it follows from Theorem 4.33 theat 8, x R, = 0 for some ordinal
0. Let f: N, x N, — 0 be a witnessing isomorphism. Then f is injective, so we must have R, < 6, and
hence R, < 6. Suppose that R, < 6. Since f is an isomorphism, there exists (v,0) € N, x X, such that
f((v,0)) = No. We then have |P, ;| = N,, a contradiction. It follows that # = R,, so f witnesses that
N, x N, ~N,. Hence R, - N, = N,. O
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Corollary 4.59. Suppose that k and A are cardinals, 1 < kK < A, and A > Xy. We then have
1. K+ A=A=A+k.
2. K- A== )\ k.
Proof. Fix a such that A = X, by Proposition 4.49. Notice that
K- A< A A=Ry Ny =N, = A
Since we clearly have A < k - A, it follows that x - A = A. Also, notice that
EFASA+A=2- A=A\

Since we clearly have A < k + A, it follows that kK + A = . O

5 The Axiom Of Choice

5.1 Use of the Axiom of Choice in Mathematics

Definition 5.1. Let F be a family of nonempty sets. A choice function on F is a function h: F — |JF
such that h(A) € A for all A € F.

Proposition 5.2. The following are equivalent (over ZF).

1. The Axiom of Choice: If F is a family of nonempty pairwise disjoint sets, then there is a set C such
that there is a unique element of C N A for every A € F.

2. Every family F of nonempty sets has a choice function.
3. FEvery family F of nonempty pairwise disjoint sets has a choice function.

Proof. 1 implies 2: Let F be a family of nonempty sets. Let G = {{A} x A: A € F}, and notice that G is a
set by Collection and Separation. Furthermore, G is a family of nonempty pairwise disjoint sets. By 1, there
is a set C' such that there is unique element of C' N B for every B € G. By Separation, we may assume that
C CJG. Letting h = C, it now follows that h: F — |JF and h(A) € A for every A € F. Therefore, F has
a choice function.

2 implies 3: Trivial.

3 implies 1: Let F be a family of nonempty pairwise disjoint sets. By 3, there is choice function h for F.
Let C = ran(h) and notice that there is a unique element of C N A for every A € F (because the sets in F
are pairwise disjoint). O

Here are some examples where the Axiom of Choice is implicitly used in mathamtics.
Proposition 5.3. If f: A — B is a surjection, there exists an injection g: B — A such that f o g = idp.

Proof. The idea of constructing such a g is to let g(b) be an arbitrary a € A such that f(a) =b. When you
think about it, there doesn’t seem to be a way to define g without making all of these arbitrary choices.
Define a function H: B — P(A) by letting H(b) = {a € A : f(a) = b}. Notice that H(b) # 0 for
every b € B because f is surjective. Let h: P(A)\{0} — A be a choice function, so h(D) € D for every
D € P(A)\{0}. Set g = hoH and notice that g: B — A. We first show that (fog)(b) = b for every b € B. Let
b € B. Since h(H (b)) € H(b), it follows that f(h(H(b))) = b, hence (f o g)(b) = f(g(b)) = f(R(H(b))) = b.
Therefore, f o g is the identity function on B. We finally show that ¢ is injective. Let by,bs € B with
g(b1) = g(bz). We then have by = (f o g)(b1) = f(g(b1)) = f(g(b2)) = (f 0 g)(b2) = b2. O
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Proposition 5.4. If f: R — R and y € R, then f is continuous at y if and only if for every sequence
{Zn}new with lim z, =y, we have lim f(z,) = f(y).
n—oo n—oo

Proof. The left-to right direction is unproblematic. For the right-to-left direction, the argument is as follows.
Suppose that f is not continuous at y, and fix € > 0 such that there is no § > 0 such that whenever |z—y| < 4,
we have |f(z) — f(y)| < e. We define a sequence as follows. Given n € w, let x,, be an arbitrary real number
with |z, —y| < % such that |f(z,) — f(y)| > €. Again, we’re making infinitely many arbitrary choices in the
construction.

Suppose that f is not continuous at y, and fix € > 0 such that there is no 6 > 0 such that whenever
|z —y| < &, we have | f(z)— f(y)| < €. Define a function H: RT — P(R by letting H(§) = {z e R: |z—y| < ¢
and |f(z) — f(y)| > 0. Notice that H(5) # 0 for every § € RT by assumption. Let h: P(R)\{0} — R be a
choice function. For each n € w, let x,, = h(H(%)). One then easily checks that lim z, =y but it’s not the

n—oo

case that lim f(z,) = f(y). O

Another example is the proof is the countable union of countable sets is countable. Let {A,}ne, be
countable sets. The first step is to fix injections f,,: A, — w for each n € w and then build an injection
[+ Upew An — w from these. However, we are again making infinitely many arbitrary choices when we fix
the injections. We’ll prove a generalization of this fact using the Axiom of Choice below.

Ezample. Let F = P(w)\{0}. Notice that |JF = w. We can prove the existence of a choice function for F
without the Axiom of Choice as follows. Define g: F — w by letting g(A) be the <-least element of A for
every A € P(w)\{0}. More formally, we define g = {(A,a) € F xw:a € Aand a <b for all b € A} and
prove that g is a choice function on F. O

Proposition 5.5. Without the Axiom of Choice, one can prove that if F is a family of nonempty sets and
F is finite, then F has a choice function.

5.2 Equivalents of the Axiom of Choice

Theorem 5.6 (Zermelo). The following are equivalent.
1. The Axiom of Choice.
2. FEwvery set can be well-ordered.

Proof. 2 implies 1: We show that every family of nonempty sets has a choice function. Let F be a family
of nonempty sets. By 2, we can fix a well-ordering < of |JF. Define g: F — |JF by letting g(A) be the
<-least element of A. Notice that g is a choice function on F.

1 implies 2: Let A be a set. It suffices to show that there is an ordinal « such that o &~ A. Our goal
is to define a class function F: ORD — A recursively. First, let g: P(A)\{0} — A be a choice function.
Fix 2 ¢ A. We now define F as follows. If 2 € ran(F [ «) or ran(F | a) = A, let F(a) = 2. Otherwise,
ran(F [ @) € A, and we let F(a) = g(A\ran(F | «)). Since A is a set and ORD is a proper class, we know
that F is not injective. It follows that we must have z € ran(F) (otherwise, a simple induction shows that
F is injective). Let « be the least ordinal such that F(a) = z. A straightforward induction now shows that
F | a: a — A is injective, and we notice that it is surjective because F(«) = z. It follows that A~ «. O

Definition 5.7. Zorn’s Lemma is the statement that if (P, <) is nonempty partially ordered set with the
property that each chain in P has an upper bound in P, then P has a mazximal element.

Theorem 5.8. The following are equivalent.

1. The Aziom of Choice.
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2. Zorn’s Lemma.

Proof. 1 implies 2: Let (P, <) be nonempty partially ordered set with the property that each chain in P has
an upper bound in P. Let g: P(P)\{0} — P be a choice function. Fix x ¢ P. We define a class function
F: ORD — P recursively as follows. If z € ran(F | «), let F(«) = z. Also, if ran(F | a) C A and there is no
q € P such that g > p for every p € ran(F | a), let F(a) = 2. Otherwise, ran(F [ o) CAand {g € P:g>p
for every p € ran(F | a)} # 0, and we let F(«) = g({g € P : ¢ > p for every p € ran(F | «)}). We know that
F can not be injective, so as above we must have x € ran(F). Fix the least ordinal o such that F(a) = x.
A straightforward induction shows that ran(F | «) is injective and that ran(F [ «) is a chain in P.

Notice that o # 0 because P # (). Suppose that « is a limit ordinal. Since ran(F | «) is a chain in
P, we know by assumption that there exists ¢ € P with ¢ > p for all p € ran(F | «). Notice that we can
not have ¢ = F(f) for any 8 < a because we would then have § + 1 < « (because « is a limit ordinal)
and ¢ < F(S 4+ 1) by definition of F, contrary to the fact that ¢ > p for all p € ran(F | «). It follows that
g > p for all p € ran(F | a), hence F(a) # z, a contradiction. It follows that « is a successor ordinal, say
a = 5(3). Since F(3) # x and F(S(8)) = «, it follows that F(3) is a maximal element of P.

2 implies 1: Let F be a family of nonempty sets. We use Zorn’s Lemma to show that F has a choice
function. Let P = {q : ¢ is a function, dom(q) C F, and g(A) € A for every A € dom(q)}. Given p,q € P,
we let p < ¢ if and only if p € ¢. It is easy to check that (P, <) is a partial ordering. Notice that P # ()
because () € P. Also, if H is a chain in P, then | JH € P, and p < |J H for all p € H. Tt follows that every
chain in P has an upper bound in P. By Zorn’s Lemma, P has a maximal element which we call g. We
need only show that dom(g) = F. Suppose instead that dom(g) C F, and fix A € F\dom(g). Fix a € A.
We then have g U {(A,a)} € P and g < g U {(4,a)}, a contradiction. It follows that dom(g) = F, so g is a
choice function on F. O

5.3 The Axiom of Choice and Cardinal Arithmetic

Once we adopt the Axiom of Choice, it follows that every set can be well-ordered. Therefore, |A| is defined
for every set A.

Proposition 5.9. Let A and B be sets.
1. A= B if and only if |A| < |B|.
2. A= B if and only if |A| = |B|.
Proof.

1. Suppose first that |A| < |B|. Let k = |A] and let A = |B|, and fix bijections f: A — x and g: A — B.
Since k < A, we have k C A and so we may consider go f: A — B. One easily checks that this is an
injective function.

Suppose now that A < B, and fix an injection h: A — B. Let k = |A| and let A = |B|, and fix
bijections f: k — A and g: B — A. We then have that go ho f: kK — X is an injection, hence k < .

2. Suppose first that A =~ B. We then have that |A| < |B| and |B| < |A| by part 1, hence |A| = |B].

3. Suppose now that |A| = |B|. By part 1, we then have that A < B and B < A, hence A = B by the
Cantor-Bernstein Theorem.

O
Proposition 5.10. |A x A| = |A]| for every infinite set A.
Proof. Since A is infinite, there exists o such that |A| = X,. We then have A x A ~ R, x X, ~ N, hence
|A x A] < R,. We clearly have R, < |A x A, hence |[A x A] =R, = |A|. O
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Proposition 5.11. Let F be a family of sets. Suppose that |F| < k and that |A| < X for every A € F. We
then have || JF| < k- A

Proof. Let p = |F| (notice that u < k), and fix a bijection f: u — F. Also, for each A € F, fix an injection
ga: A — X (using the Axiom of Choice). We define an injection h: |JF — & x A as follows. Given b € |JF,
let a be the least ordinal such that b € f(«a), and set h(b) = (@, gf(a)(b)). Suppose that by, by € [JF and
h(b1) = h(bs). Let oy be the least ordinal such that b; € f(a1) and let ap be the least ordinal such that
by € f(ag). Since h(by) = h(bs), it follows that a; = a3, and we call their common value «. Therefore,
using the fact that h(b;) = h(b2) again, we conclude that gr(q)(b1) = gf(a)(b2). Since g,y is an injection,
it follows that by = ba. Hence, h: F — k X A is an injection, so we may conclude that |F| < k- A. O

Proposition 5.12. |A<“| = |A| for every infinite set A.

Proof. Using Proposition 5.10 and induction (on w), it follows that |A™| = |A| for every n € w with n > 1.
Since A<¥ = [J{A™ : n € w}, we may use Proposition 5.11 to conclude that |A<¢| < N, - |A| = |A]. We
clearly have |A| < |A<%], hence |[A<¥| = |A]|. O

Definition 5.13. Let A and B be sets. We let AP be the set of all functions from B to A.
Proposition 5.14. Let Ay, Ao, By, By be sets with A1 ~ Ay and By =~ By. We then have Afl ~ AQB"‘,

Now that we’ve adopted the Axiom of Choice, we know that A® can be well-ordered for any sets A and
B, so it makes sense to talk about |AZ|. This gives us a way to define cardinal exponentiation.

Definition 5.15. Let  and X be cardinals. We use x* to also denote the cardinality of the set k™. (So,
we’re using the same notation k™ to denote both the set of functions from X to k and also its cardinality).

Proposition 5.16. Let k, A, and p be cardinals.
1. M = kA gH
2. KNP = (kMM
3. (k- A)H =gH- A

Proof. Fix sets A, B, C such that |A| = k, |B] = A, and |C| = p (we could use k, A, and p, but it’s easier
to distinguish sets from cardinals).

1. It suffices to find a bijection F: ABX{03VCx{1} _ AB « AC We define F as follows. Given f: B x
{0} UC x {1} — A, let F(f) = (g,h) where g: B — A is given by ¢(b) = f((b,0)) and h: C — A is
given by h(e) = f((c, 1))

2. Tt suffices to find a bijection F: (AB)¢ — ABXC. We define I as follows. Given f: C — AB let
F(f): B x C — A be the function defined by F'(f)((b,c)) = f(c)(b) for all b € B and ¢ € C.

3. It suffices to find a bijection F': A® x B¢ — (A x B)®. We define F as follows. Given g: C — A
and h: C — B, let F((g,h)): C — A x B be the function defined by F((g,h))(c) = (g(c), h(c)) for all
ceC.

O
Proposition 5.17. 2% = |P(k)| for all cardinals k.

Proof. Fix a cardinal k. We define a function F': 2° — P(k) as follows. Given f: k — 2, let F(f) = {a €
k: f(a) = 1}. We then have that F is a bijection, hence 2% = |P(x)| O
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Corollary 5.18. k < 2" for all cardinals k.
Proof. We know that £ < P(k) from above.
Proposition 5.19. If2 < A < k, then \* =2"

Proof. We have
2.‘£ S AK S K/K S (QK)K — 2.‘£~I~€ — 2/{

6 Set-theoretic Methods in Analysis and Model Theory

6.1 Subsets of R

6.1.1 The Reals

Proposition 6.1. |R| = 2%o.

Proof. The function f: R — P(Q) given by f(z) = {q € Q: ¢ < z} is injective, so
Rl < [P(@)] = 2/ = 2%

The function f: 2% — R given by

is injective, so 2% < [R].

Proposition 6.2. Ifa,b € R and a < b, then |(a,b)| = 2%0.

Proof. The above injection shows that |(0,1)| = 2% and for all a, b € R with a < b, we have (0,1) ~ (a, b).
Proposition 6.3. If O is a nonempty open subset of R, then |O| = 2%,

Proof. Every nonempty open subset of R contains an open interval.

6.1.2 Perfect Sets
Definition 6.4. Let P CR. We say that P is perfect if it is closed and has no isolated points.
Ezample. [a,b] is perfect for all a,b € R with a < b.

Proposition 6.5. The Cantor Set C defined by
i q(n—1)
C = R 0,2}
O e 0.2

is perfect.
Proof. Consult your favorite analysis book.

Proposition 6.6. If P C R is perfect and a,b € R with a < b and a,b ¢ P, then PN [a,b] is perfect.
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Proof. Since both P and [a, b] are closed, it follows that PN[a,b] is closed. Fix € PN[a, b], and notice that
x> a and x < b since a,b ¢ P. Let € > 0. Since P is perfect, we know that x is not isolated in P, so there
exists y € P such that 0 < |z — y| < min{e,x — a,b — x}. We then have that 0 < |z — y| < € and also that
y € [a,b] (by choice of ). Therefore, x is not isolated in P N [a,b]. It follows that P N [a,b] is perfect. O

Proposition 6.7. If P C R is a nonempty perfect set and € > 0, then there exists nonempty perfect sets
P, P, CR such that

1. PPNP = 0.
2. PLUP, CP.
3. diam(Py), diam(P;) < €.

Proof. Let P C R be a nonempty perfect set and let € > 0. Since P is nonempty, we may fix z € P.

Case 1: There exists § > 0 such that [x— 0,2+ d] C P. We may assume (by making § smaller if necessary)
that § < e. In this case, let Py = [x — 6,z — 3] and let P, = [z + , 2 + 4].

Case 2: Otherwise, for every 6 > 0, there exists infinitely many y € [x — §,z + 6]\P. Thus, there
exists points a,b,¢,d € [x — §,2 + F]\P such that a < b < ¢ < d. In this case, let P, = P N [a,b] and let
Py =Pnled. O

Proposition 6.8. If P C R is a nonempty perfect set, then |P| = 2%o.

Proof. Since P C R, we know that |P| < 2%°. By the previous Proposition, there exists a nonempty perfect
set @@ C P such that diam(Q) < 1. We can now use the previous Proposition to recursivley define a function
f:2<¥ — P(P) such that:

L) =@
2. f(o) is a nonempty perfect set for all o € 2<%,
3. diam(f(0)) < g7 for all o € 2<%,

4. f(ox0)U f(ox1) C f(o) for all o € 2<%,

o

flox0)N f(ox1) =0 for all o € 2<%,

Now define g: 2% — P by letting g(¢) be the unique element of (., f(q | n) for all ¢ € 2% (notice that
such an element must exist because the intersection is of a nested sequence of compact sets, and that the
element is unique because the diameters go to 0). Finally, notice that ¢ is injective by virtue of property 5
of the function f. O

6.1.3 Closed Sets

Definition 6.9. Suppose that C C R is a closed set. We define C' to be the set C —{x € R : z is an isolated
point of C}. We call C' the Cantor-Bendixson derivative of C.

Notice that a closed set C' is perfect if and only if C' = C”.
Proposition 6.10. If C C R is a closed set, then C' C C is also closed.

Proof. Recall that a set is closed if and only if its complement is open. We show that C” is open. Fix x € C’.
If z ¢ C, then since C is closed, we may fix § > 0 such that (z — §,z +§) C C C C’. Suppose then that
x € C. Since xz ¢ C’, we know that x is an isolated point of C. Fix ¢ > 0 such that C'N(z —d,z +9) = {z}.
We then have that (z — 6,2 + 6) C C’. Therefore, C’ is open, hence €’ is closed. O
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Proposition 6.11. If C C R is a closed set, then C\C' = {x € R : z is an isolated point of C} is countable.

Proof. Define a function f: C\C' — Q x Q by letting f(x) = (q,r) where (g,7) is least (under some fixed
well-ordering of Q x Q) such that C'N (g, r) = {z}. We then have that f is injective, hence C\C" is countable
because Q x Q is countable. O

Definition 6.12. Let C C R be a closed set. We define a sequence C®) for a < wy recursively as follows.
1. cO =.
2. Cleth) — (cl@y,
3. C@ =N{C¥ : 3 < a} if ais a limit.
Notice that each C® is closed and that CP) C C® whenever a < B < wy be a trivial induction.
Proposition 6.13. Let C C R be a closed set. There exists an o < wy such that Clatl) — ¢la)

Proof. Suppose that C(@t1) = C(®) for all @ < w;. Define a function f: w; — Q x Q by letting f(a) = (¢,7)
where (q,r) is least (under some fixed well-ordering of @ x Q) such that there is a unique element of
C@) N (q,r). We then have that f is injective, contrary to the fact that |Q x Q| = No. O

Theorem 6.14. Let C C R be a closed set. There exists a perfect set P C R and a countable A C R such
that C = AUP and ANP =0.

Proof. Let a < wy be least such that C(@tY) = C(@), Let P = C(®) and let A = Uﬁ<a(0(5)\0(5+1)). Notice
that C = AUP and AN P = (J, that P is perfect because P = P’, and that A is countable because it is the
countable union of countable sets. O

Corollary 6.15. If C C R is an uncountable closed set, then |C| = 2%,

Proof. Let C' C R be an uncountable closed set. We have |C| < 2% because C C R. Let P be perfect and
A countable such that C = AU P and AN P = (). Since C is uncountable, we have P # (), hence |P| = 2%0,
and so |C| > 2%o. O
6.1.4 Borel Sets

Definition 6.16. Let O be the set of open subsets of R. We define the set B of Borel sets to be the smallest
subset of P(R) such that

1. O CB.

2. If A€ B, then R\A € B.

3. If A, € B for alln € w, then |
Definition 6.17. We define a sequence (X,,I1,) for a < wi\{0} recursively as follows.

1. 31, =0 and I1; = {R\A: A € O}.

2. Bar1 = {Upco An @ each Ay, € Ty} and Ty = {R\A: A€ 2,1}

3. Ba ={U,ew An : each A, € Iz for some B < a} and I, = {R\A: A € .} if a is a limit.

A, €B.

new

Proposition 6.18. B=J,_, Za-

Corollary 6.19. |B| = 2%,

Corollary 6.20. B # P(R).

Proof. We have |P(R)| = 2IRI = 22" > 9% — ). O

45



6.1.5 Measurable Sets
Definition 6.21. Let M be the set of all (Lebesgue) measurable subsets of R.

Proposition 6.22. |M| =22"°.

Proof. The Cantor set C is measurable with measure 0, and |[C| = 2%0. Since every subset of a set of measure
0 is measurable (with measure 0), it follows that P(C) € M. Therefore, M > 2I¢I = 22" O

Corollary 6.23. There is a measurable set which is not Borel.

6.2 The Size of Models
6.2.1 Controlling the Size of Models

Proposition 6.24. Let L be a language and suppose that I' C Formy is satisfiable. There exists a model
(M, s) of T such that |M| < |L] + No.

Proof. We already proved this last quarter when £ was countable (and particular when £ was finite). Suppose
that £ is infinite and let x = |L].

Recall the proof of the Completeness Theorem. Notice that if £ is consistent, then £’ formed in the first
step of adding witnesses satisfies |£'| =  because |Form, x Var| = k<% - ¥y = k. Thus, each £,, acheived
by iteratively adding witnesses satisfies [£,| = &, so the final L' = (J,,c,, L satisfies |£'| = . It follows that
|Termg/| = k, and since the £'-structure M’ we constructed in the proof of the Completeness Theorem is
formed by taking the quotient from an equivalence relation on the countable T'erm/, we can conclude that
|M’'| < k. Therefore, the L-structure M’ | L from the proof of the Completeness Theorem has cardinality
at most k. O

Theorem 6.25 (Lowenheim-Skolem Theorem). Let £ be a language and suppose that T C Form, has an
infinite model. Let k > |L]| + Rg. There exists a model (M, s) of I such that |M| = k.

Proof. Suppose that k > |£|. Let £ be L together with new constant symbols ¢, for all @ < k. Notice that
|£'| = |L] + Kk = k. Let

I"=TU{cy #¢c5:a,B <k and o # 3}
Notice that every finite subset of IV has a model by using an infinite model of T' and interpreting the
constants which appear in the finite subset as distinct elements. Therefore, by Compactness, we know that
I' is a model. By Proposition 6.24, there exists a model (M’,s) of IV such that |M’| < |L£'| + Xy = x. Notice

that we must also have |[M’| > &, hence |M’| = k. Letting M be the restiction of the structure M’ to the
language £, we see that (M, s) is a model of I" and that |M| = k. O

6.2.2 Counting Models

Definition 6.26. Given a theory T in a language L and a cardinal k, let I(T, k) be the number of models
of T of cardinality k up to isomorphism.

Proposition 6.27. Let T be a theory in a language L with |L| = X. For any infinite cardinal k, we have
I(T, k) <25, In particular, if k > X is infinite, then I(T, k) < 2°.
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Proof. Let k be an infinite cardinal. We have

P(a=)|R1 1P(r=)| 7]

|7’(f~€)I'R| HOLE
AN @)

( Y220

:2n)\

(T, Ii) .

Proposition 6.28. If T is the theory of groups, then I(T,Ry) = 2%0,

Proof. Let P be the set of primes. Notice that the set of finite subsets of P is countable, so the set of infinite
subsets of P has cardinality 2¥. For each infinite A € P(P), let

GA = EBpEAZ/pZ
Notice that if A, B € P(P) are infinite, then G4 % Gp. O

Proposition 6.29. Let T be the theory of vector spaces over Q. We have I(T,Rg) =R and I(T, k) =1 for
all Kk > Ny.

Proof. Notice first that if V' is a vector space over Q and dimg(V) =n € w, then
V[ =1Q" =R

Now if V' is a vector space over Q and dimg(V) = k > g, then since every element of V' is a finite sum of
scaler multiples of elements of a basis, it follows that

VI < 1@ x #)=] =[(Ro - £)=| = |[x=] = k.

and we clearly have |V| > &, so |V| = k.

Since two vector spaces over QQ are isomorphic if and only if they have the same dimension, it follows
that I(T,Rg) = Xg (corresponding to dimensions in w U {Xg}) and I(T, ) =1 for all k > X; (corresponding
to dimension k). O

Proposition 6.30. For any p, we have I(ACF,,Ro) = Ry and I(ACF,,k) =1 for all kK > Ry.
Proof. Notice that if F' is an algebraically closed field and tr.deg.(F) = k, then |F| = k. O
Definition 6.31. Let T be a theory and let k be a cardinal. We say that T is k-categorical if I(T, k) = 1.

Proposition 6.32 (Los-Vaught Test). Suppose that T is a theory such that all models of T are infinite. If
there exists k > |L| + Rg such that T is k-categorical, then T is complete.

Proof. Let T be a theory such that all models of T are infinite. Suppose that T is not complete and fix
o € Sent, such that o ¢ T and —o ¢ T. We then have that T U {o} and T'U {—c} are both satisfiable with
infinite models (because all models of T" are infinite), so by the Lowenheim-Skolem Theorem we may fix a
model M; of TU{c} and a model My of T'U{—c} such that |M;| = x = |Mz|. We then have that M; and
My are models of T' which are not isomorphic, hence I(T, k) > 2. O

Corollary 6.33. DLO and each ACF,, are complete.

Theorem 6.34 (Morley’s Theorem). Let L be a countable language and let T be a theory. If T is k-categorical
for some k > Ny, then T is k-categorical for all k > Ny.
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6.3 Ultraproducts and Compactness

Let £ be a language. Let I be a set, and suppose that for each ¢ € I we have an L-structure M. For initial
clarity, think of I = w, so that we have L-stuctures My, M1, Mo, .... We want a way to put together all
of the M; which somehow “blends” the properties of the M; together into one structure. An initial thought
is to form a product of the structures M; with underlying set [],.; M;. That is, M consists of all functions
g: I — U;c; M; such that g(i) € M; for all i € I. Interpreting the constants and functions would then
be straightforward. For example, suppose that £ = {e,f} where e is a constant symbol and f is a binary
relation symbol. Suppose that I = w and each M; is a group. Elements of M would then be sequences
(ai)icw, we would interpret e as the sequence of each identity in each group, and we would interpret f as the
componentwise group operation (i.e. fM((a;)icw, (bi)icw) = (fMi(ai,b;))ice- In general, we would let c™™
be the function i +— c™¢ for each constant symbol c, and given f € F we would let fM (g1, go,...,gx) be
the function i — i (g;(4), g2(4), . . ., gr(3)).

This certainly works, but it doesn’t really “blend” the properties of the structures together particularly
well. For example, if each M is a group and all but one is abelian, the product is still nonabelian. Also,
if we have relation symbols, it’s not clear what the “right” way to determine how to interpret the relation
on M. For example, if £ = {R} where R is a binary relation symbol and I = w, do we say that the pair
({a;)icw, (bi)icw) is an element of RM if some (a;,b;) € RMi, or if all (a;,b;) € RMi or something else?
Which is the “right” definition? In other words, if each M; is a graph, do we put an edge between the
sequences if some edge exists between the components, or if every pair has an edge?

We thus want a more “democratic” approach of forming M which also gives a way to nicely interpret
the relation symbols. If I were finite, perhaps we could do a majority rules (if most of the pairs were in the
relation), but what if I is infinite?

6.3.1 Ultrafilters
Definition 6.35. Let X be a set. A filter on X is a set F C P(X) such that

1. XeFand ¢ F.

2. IfAe Fand ACBCX, then B€ F.

3. AN B € F whenever A,B € F.
Ezample. Let X be a nonempty set, and let x € X. The set

F={AeP(X):xe€ A}
is a filter on X. Such a filter is called a principal filter on X generated by x. O
Proposition 6.36. Let X be an infinite set. The set
F={AeP(X): A is cofinite}

is a filter on X.
Proposition 6.37. Let X be a set and let F be a filter on X. For every finite T C F, we have (T # 0.
Proof. By induction on |7 O

Definition 6.38. Let X be a set and suppose that S C P(X). We say that S has the finite intersection
property if (V7 # 0 for all finite T C S.

Proposition 6.39. Let X be a set and suppose that S C P(X). The following are equivalent
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1. S has the finite intersection property.
2. There exists a filter F on X such that S C F.

Proof. 1 imples 2: Let
F={AeP(X):[)T C A for some finite T C S}

We claim that F is a filter on X. Notice that we clearly have X € F, and that () ¢ F because S has the finite
intersection property. Now if A € F, say (17 C A where 7 C S is finite, and A C B C X, then (7 C B,
so B € F. Finally, suppose that A, B € F, and fix finite 77,73 C § such that (173 € A and (72 C B. We
then have that ((7; U73) € AN B, hence ANB € F.

2 implies 1: Fix a filter F on X with & C F. Let 7 be a finite subset of S. We then have that 7 is a
finite subset of F, hence (|7 € F because F is a filter. Since () ¢ F, it follows that (7T # 0. O

Definition 6.40. Let X be a set. An ultrafilter on X is filter U on X such that for all A C X, either A €U
or X\AelU.

Ezample. Every principal filter is an ultrafilter. O

Proposition 6.41. Let F be a filter on X. F is an ultrafilter on X if and only if F is a mazimal filter on
X (i.e. there is no filter G on X with F C G).

Proof. Suppose that F is not a maximal filter on X. Fix a filter G on X such that F C G. Fix A € G\ F.
Notice that X\A ¢ F because otherwise we would have X\A € G and hence § = AN (X\A) € G, a
contradiction. Therefore, A ¢ F and X\A ¢ F, so F is not an ultrafilter on X.

Conversely, suppose that F is not an ultrafilter on X. Fix A € P(X) such that A ¢ F and X\A ¢ F.
We claim that F U {A} has the finite intersection property. Fix a filter G on X such that F U {A} C G.
Since F C G, it follows that F is not a maximal filter on X. O

Proposition 6.42. Let F be a filter on X. There exists an ultrafilter U on X such that F CU.
Proof. Zorn’s Lemma. O
Corollary 6.43. Let X be an infinite set. There exists a nonprincipal ultrafilter on X.

Proof. Let F be the filter on X consisting of all cofinite subsets of X. Fix an ultrafilter &/ on X such that
F CU. For all z € X, we have X\{z} € F CU, hence {z} ¢ U. O

6.3.2 Ultraproducts

Ultrafilters (or even just filters) solve our democratic blending problem for relation symbols beautifully.
Suppose that £ = {R} where R is a binary relation symbol and I = w. Suppose also that U/ is an ultrafilter
on w. Given elements (a;);c. and (b;);c,, of M, we could then say that the pair ({a;)icw, (bi)icw) is an element
of RM if the set of indices i € I such that (a;,b;) € R™: is “large”, i.e. if {i € I : (a;,b;) € RMi} € Y. Of
course, our notion of “large” depends on the ultrafilter, but that flexibility is the beauty of the construction!

However, we have yet to solve the dictatorial problem of function symbols (such as the product of groups
in which each is abelian save one ending up nonabelian regardless of what we consider “large”). Wonderfully,
and perhaps surpisingly, the ultrafilter can be used in another way to save the day. For concreteness, consider
the situation where £ = {e, f} where e is a constant symbol and f is a binary relation symbol, I = w, and each
M, is a group. The idea is to flat out ignore variations on “small” sets by considering two sequences (a;);c.
and (b;);e, to be the same if the set of indices in which they agree is “large”, i.e.if {i € [:a; =b;} €U. In
other words, we should define an equivalence relation ~ in this way and take a quotient! This is completely
analagous to counsidering two function f,g: R — R to be the same if the set {x € R : f(z) # g(z)} has
measure 0. What does this solve? Suppose that M, was our rogue nonabelian group, and each M; for
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i # 0 was an abelian group. Suppose also that w\{0} € U (i.e. our ultafilter is not the principal ultrafilter
generated by {0}, and thus we are considering {0} to be a “small” set). Given a sequence (a;)icw, let [(a;)icw]
be the equivalence class of {(a;);c,, under the relation. Assuming that everything is well-defined (see below),
we then have that (f™i(a;, b;))icw ~ (FMi(bi,a;))icw and so

FM([(ai)icw], [(bi)iew]) = [(FM (@i, b)) icw]
= [(FMi (b, i) )iew]
= M([(bi)iew; [(ai)icw))

and so we have saved abelianess by ignoring problems on “small” sets!

To summarize before launching into details, here’s the constuction. Start with a language £, a set I, and
L-structures M; for each i € I. Form the product [[;.; M;, but take a quotient by considering two elements
of this product to be equivalent if the set of indices on which they agree is “large”. Elements of our structure
are now equivalence classes, so we need to worry about things being well-defined, but the fundamental idea
is to interpret constant symbols and functions componentwise, and interpret relation symbols by saying that
that an k-tuple is in the interpretation of some R € Ry if the set of indices on which the corresponding k-
tuple is in RM: is “large”. Amazingly, this process behave absolutely beautifully with regards to first-order
logic. For example, if we denote this “blended” structure by M, we will prove below that for any o € Sent,
we have

MEocifandonlyif {iel - M;Fo}eld
That is, an arbitrary sentence o is true in the “blended” stucture if and only if the set of indices ¢ € I in
which o is true in M; is “large”!
Onward to the details. The notation is painful and easy to get lost in, but keep the fundamental ideas
in mind and revert to thinking of I = w whenever the situation looks hopelessly complicated. First we have

the proposition saying that the ~ defined in this way is an equivalence relation and that our definitions are
well-defined.

Proposition 6.44. Let I be a set, and suppose that for each i € I we have an L-structure M;. Let U be an
ultrafilter on I. Define a relation ~ on [];,.; M; by saying that g ~ h if {i € I : g(i) = h(i)} € U.

1. ~ is an equivalence relation on [],c; M;.

2. Suppose that g1, o, ..., Gk, h1, ha, ..., he € [[;c; Ms are such that g; ~ h; for all j.

(a) {i € I:(91(4),92(7), -, gx(i)) = (ha (), ha(), ..., he(i))} € U.
(b) For each R € Ry, the following are equivalent

o {iel:(g1(9),92(4), ..., 91(d)) e RM} e UU.
o {icl:(hi(i),ha(d),...,h(i)) e RMi} eU.

(¢) For each f € Fy, we have {i € I : fMi(g1(i), ga(i),. .., gx(i)) = fMi(h1(3), ha(i), ..., hi(i))} €U.
Proof. O

Definition 6.45. Let I be a set, and suppose that for each i € I we have an L-structure M;. Let U be an
ultrafilter on I. We define an L-structure M = [[,.; Mi/U as follows. Define the relation ~ on [],c; M;
as above, and we let the universe of M be the corresponding quotient. We interpret the symbols of L as
follows.

1. For each c € C, let M = [i — cMi].

2. For each R € Ry, let RM = {([¢1],[92], - - -, [gk]) € M : {i € I : (g1(4), g2(i), ..., gr(i)) € RM} e U}.
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3. For each f € Fy, let ([g1], [92] - .- . [g]) = [i = FMi(91(0), 92(0), - - -, gne(2))]-
We call M the ultraproduct of the M; over the ultrafilter U.

Definition 6.46. In the above situtation, given variable assignments s;: Var — M; for each i € I, we let
(siYicr denote the variable assigment Var — M given by (s;)icr(x) = [i — s;(x)].

Lemma 6.47. Let L be a language, let I be a set, and let U be an ultrafilter on I. Suppose that for each
1 € I, we have an L-structure M;, and let M =[],.; M;/U. For all t € Termg and all s;: Var — M;, we

iel
have
(si)ier(t) = [i = 5i(1)]
In other words, for all t(x1,xa,...,xx) € Termg and all g1, 92, ..., 9k € [[;c; Mi, we have

Mgl gl - - [gr]) = [ = M (91(4), 92(0), ., gk (0)]

Proof. Suppose that c € C. Let s;: Var — M; be variable assignments. We then have

(si)icr(c) = M

= [i —» M]
= [i = 5i(c)]

Suppose that x € Var. Let s;: Var — M; be variable assignments. We then have
(si)ier(z) = (si)ier(x)
[i = si(x)]

= [i = ()

Suppose that f € Fi and tq,ts,...,t; € Term, are such that the result holds for the ¢;. Let s;: Var — M;
be variable assignments. We then have

(siVier(ftata - tx) = FM((si)ier(t1), (si)icr(t2), - (8iYier(tr))
= fM([i = si(t)), [i = Sit2)), -, [ 5i(t)])

]
= [i — FM(si(t), 5it2), ... Si(tr)]
= [i = 5i(ftaty - - tg)]

O

Theorem 6.48. Let L be a language, let I be a set, and let U be an ultrafilter on I. Suppose that for each
i € I, we have an L-structure M;, and let M = Hiel M;/U. For all ¢ € Form, and all s;: Var — M;,
we have

(M, {(s)icr) Ep if and only if {i € I : (M;,8)F o} el

In other words, for all p(x1,x2,...,x;) € Formg and all g1,g2,...,9r € Hiel M;, we have

(M, [g1],[92], - - [9r]) F o if and only if {i € I+ (M, 91(2), 92(2), ..., gx (i) F o} €U

In particular, for any o € Sent,, we have

MEocifand only if {iel: M;Ec} el
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Proof. The proof is by induction.
Suppose that t1,t; € Termy. Let s;: Var — M; be variable assignments. We then have

(M, (si)icr) F = tita & (si)icr(t1) = (si)icr(t2)
& i = 5(t)] = [i — 5i(t2)]
s {iel:5(t)=75(t)} el
s{iel: (M,s)E=tita} el

Suppose that R € Ry and tq,ts,...,tx € Termyg. Let s;: Var — M; be variable assignments. We then have

(M, (siier) B Rtita -t < ((si)icr(t1), (si)icr(t2),- - ., (si)icr (tr)) € RM
& ([i = 5i(t1)], [i = ilta)], - . -, [i = Si(t)]) € RM
o liel: (5(h) si(tg),...,si(tk)) eRMi} eu
<:>{Z el: (Mi,Si) E Rtth"'tk} cu

Suppose that the result holds for ¢ and . Let s;: Var — M; be variable assignments. We then have

(M, (si)ier) E o ANp & (M, (si)ier) F ¢ and (M, (s;)ier) F ¢
s{iel: Mys))Epteldand {iel: (M;,s;)Fy}eld
s{iel: (M s)EFEpand (M;,s)Eyv}eld
s{iel: M, s)Eony}t el

Suppose that the result holds for ¢. Let s;: Var — M; be variable assignments. We then have

(M, (si)ier) F ~p & (M, (si)ier) 7 ¢
s{iel: M;,s)Fpt ¢l
s{iel: M, s)Feoteld
s{iel: (My,s)E—pteld
Suppose that the result holds for ¢. Let s;: Var — M; be variable assignments. We then have
(M, (si)ier) E 3yp < There exists a € M such that (M, (s;)icrly = a]) F ¢
< There exists g € H M; such that (M, (s;)icrly = [9]]) E ¢
iel
< There exists g € HM" such that (M, (s;ly = g(i)])ic1) F ¢
iel
< There exists g € HMi such that {i € I: (M, s;ly = g(@)]) F ot el
iel
< {i € I: There exists a € M; such that (M,, s;ly = a]) F e} el
s{iel: (M;,s;)EIypeld

Theorem 6.49. If every finite subset of 3 has a model, then ¥ has a model.

Proof. Let I be the set of all finite subsets of 3. For each W € I, fix a model My of ¥. For each o € %, let

A, ={V e€l:0€ U} Let S={A, :0 € £} CP(I) and notice that S has the finite intersection property
because

{o1,09,...,0n,} €A, NA,,N---NA,,
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Fix an ultrafilter & on I such that S C U and let M = [[y.; My /U. For any o € ¥, we then have that
A, C{¥ el : MyFEo} hence {V €I: My Fo}el, and so M E g. Therefore, M is a model of ¥. [

53



