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CHAPTER 1

Algebraic numbers and adèles

1. Valuations of the field of rational numbers

We will begin by reviewing the construction of real numbers from ra-
tional numbers. Recall that the field of rational numbers Q is a totally
ordered field by the semigroup Q+ of positive rational numbers. We will
call the function Q× → Q+ mapping a nonzero rational number x to x or
−x depending on whether x ∈ Q+ or−x ∈ Q+ the real valuation. It defines
a distance on Q with values in Q+ and thus a topology on Q.

A real number is defined as an equivalence class of Cauchy sequences
of rational numbers. We recall that a sequence {αi }i∈N of rational num-
bers is Cauchy if for all ε ∈ Q+, |αi −α j | < ε for all i , j large enough, and
two Cauchy sequences are said to be equivalent if in shuffling them we
get a new Cauchy sequence. The field of real numbers R constructed in
this way is totally ordered by the semigroup R+ consisting of elements of
R which can be represented by Cauchy sequences with only positive ra-
tional numbers. The real valuation can be extended to R× with range in
the semigroup R+ of positive real numbers. The field of real numbers R
is now complete with respect to the real valuation in the sense that ev-
ery Cauchy sequences of real numbers is convergent. According to the
Bolzano-Weierstrass theorem, every closed interval in R is compact and
consequently, R is locally compact.

We will now review the construction of p-adic numbers in following
the same pattern. For a given prime number p, the p-adic valuation of a
nonzero rational number is defined by the formula

|m/n|p = p−ordp (m)+ordp (n)

where m,n ∈ Z− {0}, and ordp (m) and ordp (n) are the exponents of the
highest power of p dividing m and n respectively. The p-adic valuation
is ultrametric in the sense that it satisfies the multiplicative property and
the ultrametric inequality:

(1.1) |αβ|p = |α|p |β|p and |α+β|p ≤ max{|α|p , |β|p }.

The field Qp of p-adic numbers is the completion of Q with respect
to the p-adic valuation, its elements are equivalence classes of Cauchy
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sequences of rational numbers with respect to the p-adic valuation. If
{αi }i∈N is a Cauchy sequence for the p-adic valuation, then {|αi |p } is a
Cauchy sequence for the real valuation and therefore it has a limit in R+.
This allows us to extend the p-adic valuation to Qp as a function |.|p :
Qp → R+ that satisfies (1.6). If α ∈ Qp − {0} and if α= limi→∞αi then the
ultrametric inequality (1.1) implies that |α|p = |αi |p for i large enough. In
particular, the p-adic valuation ranges in pZ, and therefore in Q+.

A p-adic integer is defined to be a p-adic number of valuation no
more than 1, the set of p-adic integers is denoted:

(1.2) Zp = {α ∈ Qp | |α|p ≤ 1}.

LEMMA 1.1. Every p-adic integer can be represented by a Cauchy se-
quence made only of integers.

PROOF. We can suppose thatα 6= 0 because the statement is fairly ob-
vious otherwise. Let α ∈ Zp − {0} be a p-adic integer represented by a
Cauchy sequence αi = pi /qi where pi , qi are relatively prime nonzero
integers. As discussed above, for large i , we have |α|p = |αi |p ≤ 1 so that
qi is prime to p. It follows that one can find an integer q ′

i so that qi q ′
i is as

p-adically close to 1 as we like, for example |qi q ′
i −1| ≤ p−i . The sequence

α′
i = pi q ′

i , made only of integers, is Cauchy and equivalent to the Cauchy
sequence αi . �

One can reformulate the above lemma by asserting that the ring of
p-adic integers Zp is the completion of Z with respect to the p-adic valu-
ation

(1.3) Zp = lim←−−n
Z/pnZ.

It follows that Zp is a local ring, its maximal ideal is pZp and its residue
field is the finite field Fp = Z/pZ.

It follows also from (1.3) that Zp is compact. With the definition of Zp

as the valuation ring (1.2), it is a neighborhood of 0 in Qp , and in partic-
ular, Qp is a locally compact field. This is probably the main property it
shares with its cousin R. In constrast with R, the topology on Qp is totally
disconnected in the sense every p-adic numberα admits a base of neigh-
borhoods made of open and compact subsets of the form α+pnZp with
n →∞.

It is straightforward to derive from the definition of the real and the
p-adic valuations that for all α ∈ Q, |α|p = 1 for almost all primes p, and
that the product formula

(1.4) |α|∞
∏
p
|α|p = 1
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holds. In this formula the product runs the prime numbers, and from
now on, we will have the product run over the prime numbers together
with the sign ∞, which may be considered as the infinite prime of Q.

There are essentially no other valuations of Q other than the ones
we already know. We will define a valuation to be a homomorphism
|.| : Q× → R+ such that the inequality

(1.5) |α+β| ≤ (|α|+ |β|)
is satisfied for all α,β ∈ Q×.

For all prime numbers p and positive real numbers t , |.|tp is a valua-
tion in this sense. For all positive real numbers t ≤ 1, |.|t∞ is also a val-
uation. In these two cases, a valuation of the form |.|tv will be said to be
equivalent to |.|v . Equivalent valuations define the same completion of
Q.

THEOREM 1.2 (Ostrowski). Every valuation of Q is equivalent to either
the real valuation or the p-adic valuation for some prime number p.

PROOF. A valuation |.| : Q× → R+ is said to be nonarchimedean if it is
bounded over Z and archimedean otherwise.

We claim that a valuation is nonarchimedean if and only if it satisfies
the ultrametric inequality

(1.6) |α+β| ≤ max{|α|, |β|}.

If (1.6) is satisfied, then for all n ∈ N, we have

|n| = |1+·· ·+1| ≤ 1.

Conversely, suppose that for some positive real number A, the inequality
|α| ≤ A holds for allα ∈ Z. Forα,β ∈ Q with |α| ≥ |β|, the binomial formula
and (1.5) together imply

|α+β|n ≤ A(n +1)|α|n

for all n ∈ N. By taking the n-th root and letting n go to ∞, we get |α+β| ≤
|α| as desired.

Let |.| : Q× → R+ be a nonarchimedean valuation. It follows from the
ultrametric inequality (1.6) that |α| ≤ 1 for all α ∈ Z. The subset p of Z
consisting of α ∈ Z such that |α| < 1 is then an ideal. If |α| = |β| = 1, then
|αβ| = 1; in other words α,β ∉ p, then αβ ∉ p. Thus p is a prime ideal of Z,
and is therefore generated by a prime number p. If t is the positive real
number such that |p| = |p|tp , then for all α ∈ Q we have |α| = |α|tp .

We claim that a valuation |.| is archimedean if for all integersβ> 1, we
have |β| > 1. We will argue by contradiction. Assume there is an integer
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β > 1 with |β| ≤ 1, then we will derive that for all integers α, we have
|α| ≤ 1. One can write

α= a0 +a1β+·· ·+arβ
r

with integers ai satisfying 0 ≤ ai ≤ β−1 and ar > 0. In particular |ai | ≤ β
and r ≤ logα/logβ. It follows from (1.5) that

|α| ≤ (1+ logα

logβ
)β.

Replacingα byαk in the above inequality, taking k-th roots on both sides,
and letting k tend to ∞, we will get |α| ≤ 1.

We now claim that for every two natural numbers α,β> 1 we have

(1.7) |α|1/logα ≤ |β|1/logβ.

One can write
α= a0 +a1β+·· ·+arβ

r

with integers ai satifying 0 ≤ ai ≤ β−1 and ar > 0. In particular |ai | < β

and r ≤ logα/logβ. It follows from (1.5) and |β| > 1 that

|α| ≤
(
1+ logα

logβ

)
β|β|

logα
logβ .

Replacingα byαk in the above inequality, taking k-th roots on both sides,
and letting k tend to ∞, we will get (1.7). By symmetry, we then derive the
equality

(1.8) |α|1/logα = |β|1/logβ, a

implying |.| is equivalent to the real valuation |.|∞. �

2. Adèles and idèles for Q

We will denote by P the set of prime numbers. An adèle is a sequence(
x∞, xp ; p ∈P

)
consisting of a real number x∞ ∈ R and a p-adic number xp ∈ Qp for ev-
ery p ∈P such that xp ∈ Zp for almost all p ∈P . The purpose of the ring
of adèles A is to simultaneously host analysis on the real numbers and ul-
trametric analysis on the p-adic numbers. However, it is fair to say this is
no easy task since an adèle is somewhat cumbersome structure to imag-
ine as a number. In order to get used to adèles, it may be of some use to
unravel the structure of A.

A finite adèle is a sequence(
xp ; p ∈P

)
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with xp ∈ Qp for all prime p and xp ∈ Zp for almost all p. If we denote by
Afin the ring of finite adèles, then A = R×Afin.

We observe that the subring
∏

p∈P Zp of Afin can be represented as the
profinite completion Ẑ of Z:

(2.1)
∏

p∈P

Zp = lim←−−n
Z/nZ = Ẑ.

where the projective limit is taken over the set of nonzero integers or-
dered by the relation of divisibility. There is indeed a natural surjective
map ∏

p∈P

Zp → Z/nZ

for all integers n that induces a surjective map
∏

p∈P Zp → Ẑ. This map is
also injective as it is easy to see.

On the other hand, Afin contains Q, for a rational number α can be
represented diagonally as a finite adèle (αp ) with αp = α. For all finite
adèles x ∈ Afin, there exists an n ∈ N so that nx ∈ Ẑ; in other words the
relation

Afin = ⋃
n∈N

n−1Ẑ

holds. It follows from this relation that the natural map

(2.2) Ẑ⊗Z Q → Afin

is surjective. But it is injective as the inclusion Ẑ → Afin is, and therefore
it is in fact an isomorphism of Q-vector spaces.

Let us equip Ẑ with the profinite topology, which makes it a compact
ring. This topology coincides with the product topology Ẑ =∏

p Zp whose
compactness is asserted by the Tychonov theorem. We will equip Afin

with the finest topology such that the inclusion map Ẑ = n−1Ẑ → Afin is
continuous for all n. In other words, a subset U of Afin is open if and
only if U ∩n−1Ẑ is open in n−1Ẑ for all n. In particular, Afin is a locally
compact group, of which Ẑ is a compact open subgroup. The group of
adèles A = Afin ×R equipped with product topology is a locally compact
group as each of the two factors is. It can be proved that a base of the
topology of A consists of open subsets of the form U = US,∞ ×∏

p∉S Zp

where S is a finite set of primes and US,∞ is an open subset of R×∏
p∈S Qp .

Let us embed Q in A diagonally; in other words we map α 7→ (α∞,αp )
with αp =α for all primes p and α∞ =α.

PROPOSITION 2.1. The diagonal embedding identifies Q with a discrete
subgroup of A. The quotient A/Q can be identified with the prouniversal
covering of R/Z

A/Q = lim←−−n
R/nZ,
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the projective limit being taken over the set of natural integers ordered by
the divisibility order. In particular, A/Q is a compact group.

PROOF. Take the neighborhood of 0 in A defined by Ẑ× (−1,1) and its
intersection with Q. If α ∈ Q lies in this intersection, then because the
finite adèle part of α lies in Ẑ, we must have α ∈ Z; but as a real number
α ∈ (−1,1), so we must have α = 0. This prove the discreteness of Q as
subgroup of A.

There is an exact sequence

0 → R× Ẑ → A →⊕
p

Qp /Zp → 0

where
⊕

p Qp /Zp is the subgroup of
∏

p Qp /Zp consisting of sequences
(xp ) whose members xp ∈ Qp /Zp vanish for almost all p. Consider now
the homomorphism between two exact sequences:

(2.3)

0 0 Q Q 0

0 Ẑ×R A
⊕

p Qp /Zp 0

Since the middle vertical arrow is injective and the right vertical arrow
is surjective with kernel Z, the snake lemma induces an exact sequence

(2.4) 0 → Z → Ẑ×R → A/Q → 0

Z being diagonally embedded in Ẑ×R. In other words, there is a canonical
isomorphism

(2.5) A/Q → (
Ẑ×R

)
/Z.

Dividing both sides by Ẑ, one gets an isomorphism

(2.6) A/(Q+ Ẑ) → R/Z.

With the same argument, for every n ∈ N one can identify the covering
A/(Q+nẐ) of A/(Q+ Ẑ) with the covering R/nZ of R/Z. It follows that A/Q
is the prouniversal covering of R/Z.

For the compactness of the quotient A/Q, one can also argue as fol-
lows. Let B denote the compact subset of A which is defined as follows

(2.7) B = {(x∞, xp )p∈P̄ ; |x∞|∞ ≤ 1 and |xp |p ≤ 1}.

With help of the exact sequence (2.4), we see that the map B → A/Q is sur-
jective. Since B is compact, its image in A/Q is also compact, and there-
fore A/Q is compact. �
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Let us recall that for every prime number p, we have the p-adic abso-
lute value |.|p : Q×

p → R+, whose image is the discrete subgroup pZ of R+.
The kernel

{α ∈ Q×
p ; |α|p = 1}

is the complement in Zp of the maximal ideal pZp , and as Zp is a local
ring, this kernel is the group Z×

p of invertible elements in Zp . We have an
exact sequence

(2.8) 0 → Z×
p → Q×

p → Z → 0

where valp : Q×
p → Z is defined such that |α|p = p−valp (α). In particular, Z×

p
is the set of p-adic numbers of valuation zero, and Zp is the set of p-adic
numbers of non-negative valuation.

An idèle is a sequence (xp ; x∞) consisting of a nonzero p-adic number
xp ∈ Q×

p for each prime p such that xp ∈ Z×
p for almost all p, and x∞ ∈ R×.

The group of idèles A× is in fact the group of invertible elements in ring
of adèles A.

We will equip A× with the coarsest topology such that the inclusion
map A× → A as well as the inversion map A× → A given by x 7→ x−1 are
continuous. It can be proved that a base of the topology of A× consists
of open subsets of the form U =US,∞×∏

p∉S Z×
p where S is a finite set of

primes and US,∞ is an open subset of
∏

p∈S Q×
p ×R×.

We also have A× = A×
fin ×R×. The subgroup∏
p

Z×
p = Ẑ× = lim←−−n

(Z/nZ)×,

where the projective limit is taken over the set of nonzero integers or-
dered by the divisibility order, is a compact open subgroup of A×

fin. It
follows that A×

fin is locally compact, and so is the group of idèles A× =
A×

fin ×R×.

LEMMA 2.2. The group of invertible rational numbers Q× embeds di-
agonally in A× as a discrete subgroup.

PROOF. If α ∈ Q× such that α ∈ Z×
p for all prime p then α ∈ Z× = {±1}.

This implies that Q×∩ (Ẑ××R×) = {±1} which shows that Q× is a discrete
subgroup of A×. �

We define the absolute value of every idèle x = (x∞, xp ) ∈ A× as

|x| =∏
p
|xp |p |x∞|∞,

this infinite product being well defined since |xp |p = 1 for almost all prime
p. Let us denote by A1 the kernel of the absolute value

(2.9) 0 → A1 → A× → R+ → 0
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The product formula (7.3) implies that the discrete subgroup Q× is
contained in A1. Let us consider Ẑ× =∏

p Z×
p as a compact subgroup of A

consisting of elements (xp ; x∞) with xp ∈ Z×
p and x∞ = 1. Let us consider

R+ as the subgroup of A× consisting of elements of the form (xp ; x∞) with
xp = 1 and x∞ ∈ R+ a positive real number.

PROPOSITION 2.3. The homomorphism Q×× Ẑ××R+ → A× that maps
α ∈ Q×,u ∈ Ẑ×, t ∈ R+ on x = αut ∈ A× is an isomorphism. Via this iso-
morphism, the subgroup A1 of A× correspond to the subgroup Q×× Ẑ× of
Q×× Ẑ××R+.

PROOF. Let us construct the inverse homomorphism. Let x = (x∞, xp )
be an idèle. For every prime p there is a unique way to write xp under the
form xp = prp yp where yp ∈ Z×

p and rp ∈ Z; note that rp = 0 for almost all
p. We can also write x∞ = ε|x∞| where ε ∈ {±1} and |x∞| ∈ R+. Then we set
α = ε

∏
p prp ∈ Q×, y = (yp ,1) ∈ Ẑ× and t = |x|. This defines a homomor-

phism from A× to Q×× Ẑ××R+ which is an inverse to the multiplication
map (α,u, t ) 7→αut from Q×× Ẑ××R+ to A×. �

3. Integers in number fields

Number fields are finite extensions of the field of rational numbers.
For every irreducible polynomial P ∈ Q[x] of degree n, the quotient ring
Q[x]/(P ) is a finite extension of degree n of Q. The irreducibility of P im-
plies that Q[x]/(P ) is a domain, in other words the multiplication with ev-
ery nonzero element y ∈ Q[x]/P is an injective Q-linear map in Q[x]/P .
As Q-vector space Q[x]/P is finite dimensional, all injective endomor-
phisms are necessarily bijective. It follows that Q[x]/(P ) is a field, finite
extension of Q. All finite extensions of Q are of this form since it is known
that all finite extensions of a field in characteristic zero can be generated
by a single element [?, V,4.6].

Let L be a finite extension of degree n of Q. For every element α ∈ L,
the multiplication by α in L can be seen as Q-linear transformation of L
as a Q-vector space. We define TrL/Q(α) as the trace of this transforma-
tion and NmL/Q(α) as its determinant, the subscript L/Q can be dropped
if no confusion is possible. The Q-linear transformation induces by the
multiplication by α in L has a characteristic polynomial

ch(α) = xn − c1xn−1 +·· ·+ (−1)ncn

with c1 = Tr(α) and cn = Nm(α). If α1, . . . ,αn are the zeroes of ch(α) in an
algebraic closed field containing Q, for instant C, then Tr(α) =α1+·· ·+αn .

PROPOSITION 3.1. Let L be a finite extension of Q and α ∈ L. The fol-
lowing assertion are equivalent:
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(1) The ring Z[α] generated by α is a finitely generated Z-module.
(2) The coefficients c1, . . . ,cn of the characteristic polynomial ch(α)

are integers.

PROOF. Assume that Z[α] is Z-module of finite type. It is contained in
the subfield E = Q[α]. Choose a Z-basis of Z[α]. The multiplication by α
preserves Z[α] thus can be expressed as an integral matrix in this basis.
It follows that chE/Q(α) is a polynomial with integral coefficient. Now
L is a E-vector space of some dimension r , the polynomial chL/Q(α) =
chE/Q(α)r also has integral coefficients.

Assume that the coefficients c1, . . . ,cn are integers. Since α is annihi-
lated by its characteristic polynomial according to the Cayley-Hamilton
theorem, Z[α] is a quotient of Z[x]/chL/Q(α). Since Z[x]/chL/Q(α) is a Z-
module of finite type generated by the classes of 1, x, . . . , xn−1, so is its
quotient Z[α]. �

An element α of number field is called integral if it satisfies one of
the above conditions. If α,β are integral then so are α+β and αβ since
Z[α,β] is a finitely generated Z-module as long as Z[α] and Z[β] are. It
follows that the set ZL of integral elements in L is a subring of L which
will be called the ring of integers of L.

PROPOSITION 3.2. Let L be a finite extension of Q. The symmetric bi-
linear form on L as Q-vector space given by

(3.1) (α,β) 7→ TrL/Q(αβ).

is nondegenerate.

PROOF. We recall that all finite extension of field of characteristic 0
can be generated by one element. Let α be a generator of L as Q-algebra
and P ∈ Q[x] the minimal polynomial of α which is a monic polynomial
of degree n = deg(L/Q), then {1,α, . . . ,αn−1} form a basis of L as Q-vector
space. Since P is an irreducible polynomial in Q[x], it has no multiple
roots and in particular P ′(α) 6= 0.

We also recall the Euler formula

(3.2) TrL/Q

(
αi

P ′(α)

)
=

{
0 if i = 0, . . . ,n −2

1 if i = n −1

This derives from the expansion of 1/P for all separable polynomial P ∈
Q[x] as linear combination of simple fractions 1/(x−α j ) whereα1, . . . ,αn

are the zeroes of P in an algebraic closed field containing Q

1

P
=

n∑
j=1

1

P ′(α j )(x −α j )
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Let us develop the left and right hand side as power series in variable
y = x−1

1

P
= ynQ

where Q ∈ Q[[y]]× is an invertible power series and

1

x −α j
= y

∞∑
i=0

αi
j y i .

By equating coefficients in low degrees, we obtain the formulas

TrL/Q

(
αi

P ′(α)

)
=

n∑
j=1

αi
j

P ′(α j )
=

{
0 if i = 0, . . . ,n −2

1 if i = n −1

and hence the Euler formula (3.2).
The matrix of the bilinear form (3.1) expressed in the two basis{

1,α, . . . ,αn−1} and

{
αn−1

P ′(α)
,
αn−2

P ′(α)
, . . . ,

1

P ′(α)

}
is unipotent upper triangle and therefore invertible. �

PROPOSITION 3.3. The ring of integers of any finite extension L of Q is
a finitely generated Z-module.

PROOF. The bilinear form (3.1) induces a Z-bilinear form ZL ×ZL → Z
as for all α,β ∈ ZL we have TrL/Q(α,β) ∈ Z. If Z⊥

L is the submodule of β ∈ L
such that TrL/Q(α,β) ∈ Z for allα ∈ ZL then ZL ⊂ Z⊥

L . Let us assume there is
a finitely generated Z-module M of rank n contained in ZL , then we have
inclusions

M ⊂ ZL ⊂ Z⊥
L ⊂ M⊥.

This implies that ZL is a finitely generated Z-module as M⊥ is.
Now to construct such M we start with a generatorαof L as Q-algebra.

After multiplyingα by an integer, we can assume thatα ∈ ZL and set M as
the Z-module generated by 1,α, . . . ,αn−1. �

As both ZL and Z⊥
L are finitely generated Z-module of rank n, one con-

tained in the other, the quotient Z⊥
L /ZL is a finite group. We define the

absolute discriminant of L to be the order of this finite group.

PROPOSITION 3.4. Let L be a number field and ZL its ring of integers.
Then we have ZL ⊗Z Q = L.

PROOF. Pick a Z-basis of ZL . Since this basis is Q-linearly indepen-
dent, the map ZL ⊗Z Q → L is injective. It remains to prove that it is also
surjective. For every element α ∈ L, there exists N ∈ Z so that the charac-
teristic polynomial chL/Q(α) has integral coefficient thus Nα ∈ ZL thus α
belongs to the image of ZL ⊗Z Q. �
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4. Valuations of number fields

An valuation of a number field L is a homomorphism |.| : L× → R+
such that the inequality

|α+β| ≤ |α|+ |β|
is satisfied for allα,β ∈ L×. A valuation of L is said to be nonarchimedean
if it remains bounded on the ring of integers ZL and archimedean other-
wise.

By restricting a valuation |.| of L to the field of rational numbers, we
obtain a valuation of Q. By virtue of Theorem 1.2, a valuation of Q is ei-
ther equivalent to the real valuation or a p-adic valuation for some prime
number p.

LEMMA 4.1. A valuation of L is archimedean if and only if its restric-
tion to Q is equivalent to the real valuation, and conversely, it is nonar-
chimedean if and only if its restriction to Q is equivalent to a p-adic valu-
ation. In the latter case, the valuation satisfies the ultrametric inequality
(1.6) and the valuation of all integers α ∈ ZL is less than one.

PROOF. In the case where the restriction of |.| to Q is equivalent to the
real valuation, |.| is unbounded on ZL in other words it is archimedean.
However unlike the case of rational numbers, it is generally not true that
|α| ≥ 1 for all α ∈ ZL − {0}.

In the case where the restriction of |.| to Q is equivalent to the p-adic
valuation for some prime number p, |.| is bounded on Z. We claim that it
is also bounded on ZL , in other words this valuation is nonarchimedean.
Indeed, all elements α ∈ ZL satisfies an equation of the form

αr +a1α
r−1 +·· ·+ar = 0

where r is the degree of the extension L/Q and where a1, . . . , ar ∈ Z. Since
|ai | ≤ 1, the triangle inequality implies that the positive real number |α|
satisfies

|α|r ≤ |α|r−1 +·· ·+ |α|+1

which proves that |α| is bounded for α ∈ ZL . The same argument as in
the proof of Theorem 1.2 then shows that |α| ≤ 1 for all α ∈ ZL and the
ultrametric inequality (1.6) is satisfied. �

Before classifying all valuations of L, we will classify them up to an
equivalence relation. We will say that two valuations of a number field L
are topology equivalent if the completions Lu and Lu′ of L with respect
to u and u′ are isomorphic as topological fields containing L. A topology
equivalence class of valuation of L will be called a place of L. If u is a place
of L, we will denote by Lu the topological field obtained as the completion
of L with respect to a valuation in topology equivalence class u; Lu can
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be equipped with different valuations giving rise to the same topology.
We will denote by P̄L the set of places of L and for each u ∈ PL , Lu the
completion of L with respect to a valuation in topology equivalence class
u.

In virtue of Theorem 1.2, we know that valuations of Q are of the form
|.|tv where |.|v is either the real valuation or the p-adic valuation. The val-
uation |.|tv is equivalent to |.|v in the the above sense. We have also proved
that for every prime number Qp is isomorphic as topological fields nei-
ther to R nor to Q` where ` is a different prime number. It follows that the
set of places of Q is P̄ =P ∪ {∞} where P is the set of primes numbers.

Let |.|u be a valuation of L at the place u and |.|v its restriction to Q.
We observe that Qv can be realized as the closure of Q in Lu so that as
topological field, Qv depends only on the place u and not in a particu-
lar choice of valuation |.|u at u. We derive a map π : P̄L → P̄ and de-
note by PL = π−1(P ) and P∞ = π−1(∞). According to 4.1, PL consists
in topology equivalent classes of nonarchimedean valuations and P∞ in
topology equivalent classes of archimedean valuations of L.

We will give an algebraic description of the set π−1(v) of places u
above a given place v of Q. If u ∈ π−1(v), we will write u|v . In such a cir-
cumstance, the field Lu as normed Qv -vector space is complete, in other
words, it is a Banach Qv -vector space. We will later prove that it is finite
dimensional. Let us recall some basic facts about finite dimensional Ba-
nach spaces.

LEMMA 4.2. All linear maps between finite dimensional Banach Qv -
vector spaces are continuous. All finite dimensional subspaces of V in Ba-
nach Qv -vector space are closed.

PROOF. Since linear maps between finite dimensional Banach vector
spaces can be expressed in terms of matrices, they are continuous. It
follows that the topology on a n-dimensional Banach Qv -vector space is
the same as product topology on Qn

v .
Let U be a n-dimensional subspace in a Banach Qv -vector space V .

Let v ∈ V −U . Let U+ be the (n +1)-dimensional subspace generated by
U and v . Since U+ has the same topology as Qn+1

v , U is closed in U+. It
follows that there exists a neighborhood of v in V with no intersection
with U . It follows that U is closed in V . �

PROPOSITION 4.3. Let L be a number field . Let v be a place of Q. The
Qv -algebra L⊗Q Qv is a direct product of finite extensions of Qv . The set of
factors in this product is in natural bijection with the set of places u|v and
the factor corresponding to u is the completion Lu of L at the place u

L⊗Q Qv = ∏
u|v

Lu .
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In particular, for all place u|v, Lu is a finite extension of Qv and

dimQ(L) = ∑
u|v

dimQv (Lu)

PROOF. Let us write L in the form L = Q[x]/P where P is an irreducible
polynomial in Q[x]. Note that in characteristic zero, irreducible poly-
nomial has no multiple zeroes. Let us decompose P as a product P =
P1 . . .Pm of irreducible polynomials in Qv [x]. Since P has multiple zeros,
the Pi are mutually prime. Then we can decompose L⊗Q Qv

L⊗Q Qv =
m∏

i=1
Qv [x]/Pi

as product of finite extensions of Qv .
Let u be a valuation of L that restrict to the valuation v of Q. By con-

struction, Lu is a complete Qv -algebra containing L as a dense subset. We
derive a homomorphism of Qv -algebras

φu : L⊗Q Qv → Lu .

Since L is a finite-dimensional Q-vector space, its image is a finite di-
mensional Qv -vector subspace of the normed vector space Lu . Because
im(φu) is finite dimensional, it is necessarily a closed subspace of the
normed vector space Lu . Moreover, as it contains the dense subset L,
it is equal to Lu . It follows that φu is surjective and Lu is a finite extension
of Qv , factor of L⊗Q Qv .

Two valuations of L are equivalent if and only if Lu and Lu′ are iso-
morphic as topological fields containing L. In that case they are the same
factor of L⊗Q Qv . It follows that the set of equivalence class of valuations
u|v is a subset of the set of factors of L⊗Q Qv .

It remains to prove that every factor of L⊗Q Qv can be obtained as the
completion of L with respect to a valuation. Let F be a factor of L ⊗Q Qv .
F is a finite dimensional Qv -vector space equipped with a Qv -norm

(4.1) |α|F = |NmF /Qv (α)|1/ru
v .

We claim that L is dense in the Banach Qv -vector space F . Indeed, this
derives from the fact that L is dense in L ⊗Q Qv and the surjective map
L ⊗Q Qv → F is continuous. In only remains that (4.1) satisfies the trian-
gle inequality. We will check this statement in the real and p-adic cases
separately. �

Up to the fact that (4.1) satisfies the triangle inequality, we have proved
that equivalence classes of valuations of a number field L over a given
valuation u of Q are classified by factors of L⊗Q Qv . In order to complete
the classification of valuations of K , it remains to determine valuations
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of local fields i.e finite extension of Qv where Qv is either the field of real
numbers R or the field of p-adic numbers Qp .

Let F be a finite extension of Qv the completion of Q with respect to
the real valuation if v =∞ or the p-adic valuation if v is a prime number
p. A positive norm of F is continuous homomorphism ‖.‖ : F× → R+
such that the family of subsets parametrized by c ∈ R+

Bc = {x ∈ F ,‖x‖ < c}

form a base of neighborhood of 0 in F . A valuation of F is a positive norm
if it further satisfies the triangle inequality

(4.2) ‖x + y‖ ≤ ‖x‖+‖y‖.

We say that it satisfies the ultrametric inequality if

(4.3) ‖x + y‖ ≤ max(‖x‖,‖y‖)

for all x, y ∈ F .

PROPOSITION 4.4. Let v ∈ P̄ be a place of Q and let us |.|v the real of
p-adic valuation of Qv depending on either v =∞ or v is a prime number.
For every finite extension F of Qv , (4.1) is the unique valuation |.|F : F× →
R+, extending the valuation |.|v on Qv .

All positive norms of F are of the forms ‖.‖ = |.|tF for some positive real
number t . This positive norm further satisfies the triangle inequality if and
only if either v is archimedean and 0 < t ≤ 1, or v is nonarchimedean and
t is any positive real number.

The proof of this proposition is a case by case analysis and consists in
a series of Lemmas 4.5, 4.6, 4.7 and 4.8. First, if F is an archimedean local
field then F is either the field of real numbers R or the field of complex
numbers C for C is the only nontrivial extension of R.

LEMMA 4.5. All positive norms of R are of the forms ‖.‖ = |.|tR for some
positive real number t . This positive norm further satisfies the triangle
inequality if and only if 0 < t ≤ 1.

PROOF. We claim that all continuous homomorphism χ : R× → R+ is
of the form x 7→ |x|t for some t ∈ R. Since χ(−1)2 = 1, we have χ(−1) =
1, and we only have to determine the restriction of χ to R+. Now since
the exponential defines a isomorphism of topological groups R → R+, we
only need to prove that all continuous homomorphism a : R → R is of the
form x 7→ αx for some α ∈ R. Indeed, If a(1) = α then a(q) = αq for all
rational number q . It follows by continuity that a(x) =αx for all x ∈ R.

Now the family of subsets Bc = {x, |x|t < c} for c ∈ R+ form a base of
neighborhood of 0 if and only if t > 0, and ‖x‖ = |x|t satisfies the triangle
inequality if and only if 0 < t ≤ 1. �

16



LEMMA 4.6. As for C, the formula (4.1) gives rise to the usual absolute
value |z|C =

√
ℜ(z)2 +ℑ(z)2. All positive norms of C are of the forms ‖.‖ =

|.|tC for some positive real number t . All valuations of C are of the form
z 7→ |z|t for some real number 0 < t ≤ 1.

PROOF. Letχ : C× → R+ be a continuous homomorphism. It maps the
unit circle on a compact subgroup of R+. However, R+ has no compact
subgroup but the trivial one. It follows that χ factorizes through the abso-
lute value. It follows from 4.5 that χ(z) = |z|t for some t ∈ R+. If χ extends
the usual absolute value on R× then t = 1. It satisfies triangle inequality if
and only if t ≤ 1. �

LEMMA 4.7. All positive norms of Qp are of the form ‖x‖ = |NmF /Qp (x)|tv
for some positive real number t , and satisfy the ultrametric inequality (4.3).

PROOF. We use similar arguments as for C. Since Z×
p is a compact sub-

group of Q×
p , the restriction of ‖.‖ to Z×

p is trivial. If t is the real number
such that such that ‖p‖ = p−t then ‖x‖ = |x|tp for all x ∈ Qp . The homo-
morphism x 7→ |x|tp defines a positive norm of F if and only if t > 0, and
in this case it satisfies the ultrametric inequality (4.3). �

LEMMA 4.8. Let F /Qp be a finite extension of the field of p-adic num-
bers Qp of degree r . Then |.|F defined in (4.1) is a valuation of F , and it
is the unique valuation on F whose restriction to Qp is the p-adic valua-
tion. All positive norms of F is of the form ‖x‖ = |x|tF for some positive real
number t , and satisfy the ultrametric inequality (4.3).

PROOF. Let r denote the dimension of F as Qp -vector space. For every
α ∈ F , the multiplication byαdefines a Qp -linear transformation of F and
thus has a characteristic polynomial

ch(α) = xr − c1xr−1 +·· ·+ (−1)r cr ∈ Qp [x].

An element α ∈ F is called integral if all coefficients of its characteristic
polynomial are in p-adic integers. As in 3.3, we prove that the set OF of
all integral elements in F is a Zp -algebra and as a Zp -module, it is finitely
generated. We claim that OF is the set of elementsα ∈ F such that ‖α‖ ≤ 1.

First we prove that for all α ∈OF , we have ‖α‖ ≤ 1. Indeed, OF being a
finitely generated Zp -module, is a compact subset of F . The restriction of
‖.‖ to OF is therefore bounded. Since OF is stable under multiplication, if
the restriction of ‖.‖ to OF is bounded, it is bounded by 1.

Second we prove that of ‖α‖ ≤ 1 then α is an integral element of F .
Let us choose an arbitrary basis v1, . . . , vr of F as Qp vector space. The
linear mapping Qr

p → F given by this basis is then a homeomorphism.
In particular, the Zp -module generated by v1, . . . , vn is a neighborhood of
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0. By definition of the topology on F , the subsets Bc = {x ∈ F,‖x‖ < c}
form a system of neighborhood of 0 as c → 0. For c small enough, Bc is
contained in

⊕r
i=1 Zp vi . Now, Bc being a Zp -submodule of Zn

p , it has to
be finitely generated. Because it is open, it has to be of rank r . For all
α ∈ F with ‖α‖ ≤ 1, the multiplication byα preserves Bc for all t . Thus the
multiplication by α preserves a Zp -submodule of rank r . It follows that
its characteristic polynomial of α has coefficients in Zp .

The set of integral elements OF in F is a local ring with maximal ideal

mF = {x ∈ F,‖x‖ < 1}

since elements x ∈ OF −mF have norm one and are obviously invertible
elements of OF . For OF is finitely generated as Zp -module, so is its max-
imal ideal mF . In particular, it is a compact subset of F . We claim mF is
generated as OF -module by a single element.

Indeed, for mF is a compact subset of F , the range of the the positive
norm restricted to mF is a compact subset of R. The norm ‖.‖ reaches its
maximum on some element $ ∈m. For all x ∈m, we have ‖$‖ ≥ ‖x‖ and
therefore x =$y for some y ∈OF , in other words, $ is a generator of mF .

Finally, we claim that for all x ∈ F×, ‖x‖ = ‖$‖n for some integer n ∈ Z.
Indeed, if this is not the case, one can form a product of the form xm$n

with m,n ∈ Z such that
‖$‖ < ‖xm$n‖ < 1

contradicting the very definition of $.
It follows that every element x ∈ F× is of the form x = $n y for some

integer n and y ∈ O×
F . If ‖p‖ = p−t then we will have ‖x‖ = |x|tF for all

x ∈ F×. For |x|tF to be a positive norm of F , the necessary and sufficient
condition is t > 0. Moreover it satisfies the ultrametric inequality for all
t > 0. �

A generator$ of the maximal ideal mF is called uniformizing param-
eter. There exists a unique integer e ∈ N, to be called ramification index
such that p =$e y with y ∈O×

F . Since |p| = p−1, we must have

(4.4) |$|F = p−1/e .

Let us denote by fF = OF /mF the residue field. The residue field fF =
OF /mF is a finite extension of Fp of degree d dividing r = deg(F /Qp ); d is
called the residual degree.

We claim that the ramification index and the residual degree satisfy
the fomrula

(4.5) r = de

where r is the degree of the extension F /Qp . Indeed since all element
x ∈ OF can be written in the form x = $n y with n ∈ N and y ∈ O×

F , for
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every n, the quotientmn
F /mn+1

F is one dimensional fF -vector space. As Fp -
vector space, mn

F /mn+1
F has dimension d . It follows that OF /pOF is a Fp -

vector space of dimension de. On the other hand, OF is a free Zp -module
of rank r , thus OF /pOF is a Fp -vector space of rank r and therefore r = de.

We will record the following statement that derives from the descrip-
tion of positive norms on local fields archimedean or nonarchimedean.

COROLLARY 4.9. Let F be a local field F equipped with a positive norm
x 7→ ‖x‖. For all c > 0, the set {x ∈ F ;‖x‖ ≤ c} is a compact subset of F .
Moreover the map ‖.‖ : F× → R+ is proper.

Let L be a number field and u an archimedean place of L. We have
u|∞ where ∞ is the infinite place of Q. Then Lu can be either R or C and
we will say that u is a real or complex place correspondingly. By Propo-
sition 4.3, we have L ⊗Q R = ∏

u|∞ Lu . In particular if r is the degree of
extension L/Q, r1 the number of real places and r2 the number of com-
plex places of L, then we have

(4.6) r = r1 +2r2.

Let L be an extension of degree r of the field of rational numbers Q. For
each valuation u of L dividing a prime number p, we will denote by du

the residual degree of the extension Lv /Qp and eu the ramification index.
Then we have the formula

(4.7) r = ∑
u|p

dueu .

We are now going to generalize the product formula (7.3) to number
field L. Instead of the valuation |.|u defined in (4.1) which turns out to be
unfit for this purpose, we set

(4.8) ‖x‖F = |NmF /Qv (x)|v ,

in other words, if F is a finite extension of Qv of degree r , we have ‖x‖F =
|x|rF . In particular as for C, we have

(4.9) ‖z‖C = |z|2C =ℜ(z)2 +ℑ(z)2.

If F is a finite extension of Qp of degree r , of ramification index e and of
residual degree d , we have

(4.10) ‖$‖F = |$|rF = p−d = |fF |−1

where$ is an uniformizing parameter and |fF | is the cardinal of the residue
field fF .
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PROPOSITION 4.10. For all α ∈ L×, we have ‖α‖u = 1 for almost all
places u of L, and the product formula

(4.11)
∏

u∈P̄L

‖α‖u = 1

holds.

PROOF. We claim that for all places v of Q, we have

(4.12) |NmL/Q(α)|v = ∏
u|v

‖α‖u .

Recall that L⊗Q Qv =∏
u|v Lu . The multiplication byα defines a Qv -linear

endomorphism of L ⊗Q Qv preserving each factor Lu . Its determinant
NmL/Q(α) is therefore equal to a product

NmL/Q(α) = ∏
u|v

NmLu /Qv (α)

from which we derive (4.12).
In virtue of (4.12), the product formula for L can be reduced to the

product formula for Q. �

5. Dedekind domains

Let us recall that a Dedekind domain is a noetherian integrally closed
domain of which every nonzero prime ideals is maximal.

PROPOSITION 5.1. The ring of integers ZL in a finite extension L of Q
is a Dedekind domain.

PROOF. Every ideal of ZL is finitely generated as Z-module thus a for-
tiori as ZL-module. It follows that ZL is a noetherian ring. Let p be a
nonzero prime ideal of ZL , f = ZL/p is a domain. The intersection p∩Z
is a nonzero prime ideal thus it is generated by a prime number p. Now f
is a domain over Fp and finite dimensional as Fp -vector space. For every
α ∈ f×, the multiplication by α is an injective Fp -linear transformation
and therefore surjective. It follows that f is a field, in other words p is a
maximal ideal. �

It is obvious from definition that localization of Dedekind domain
is still a Dedekind domain. Local Dedekind domains have very simple
structure: they are discrete valuation ring. A local ring R is said to be
a discrete valuation ring if there exists an element $ ∈ R such that every
ideal of R is generated by a power of $.

PROPOSITION 5.2. Local Dedekind domains are discrete valuation rings.
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PROOF. Let R be a local Dedekind domain, L its field of fraction and
m its maximal ideal. Assume that m 6= 0 i.e. R 6= L because otherwise the
statement would be vacuous. Because R is a Dedekind domain, it has
exactly two prime ideals, namely 0 and m.

First we claim that for all x ∈m, R[x−1] = L where R[x−1] is the sub-
ring of L generated by R and x−1. Let p be a prime ideal of R[x−1]. The
intersection p∩R is a prime ideal of A which does not contain x, thus
p∩R 6=m in other words p∩R = 0. It follows that p = 0 since if there is a
nonzero element y ∈ p, y xn will be a nonzero element of R ∩p for some
integer n. Since all prime ideals of R[x−1] are zero, R[x−1] is a field. As a
field containing R and contained in the field of fractions L of R, the only
possibility is R[x−1] = L.

Second we claim that for all nonzero element a ∈ m, there is n ∈ N
such thatmn ⊂ (a) where (a) is the ideal generated by a. Since R is noetherean,
m is finitely generated. Let x1, . . . , xn be aset of generators of m. Since
a ∈ R[x−1

i ], there exists ni ∈ N such that a = y/xn
i for some y ∈ R. It fol-

lows that xni
i ∈ (a). Now for n ≥∑

i ni , we have mn ⊂ (a).
Let n ∈ N be the smallest integer such thatmn ⊂ (a), and let b ∈mn−1−

(a). We claim that a/b is a generator ofm. Let us consider the R-submodule
M = (b/a)m of L. Since bm⊂ (a), we have M ⊂ R. If (b/a)m=m, then b/a
is an integral element over R as m is a finitely generated R-module. As
consequence, b/a ∈ R since R is integrally closed. We derive the inclu-
sion b ∈ (a) that contradicts the initial assumption on b. Hence M is a
R-submodule of R which is not contained in the maximal ideal m. The
only possibility left is (b/a)m= M = R i.e. m= (a/b)R.

Let $ be a generator of the maximal ideal m. We claim that for all
x ∈ R, there exist n ∈ N and y ∈ R× such that x = $n y . If x ∉ m then
x ∈ R× and we are done. If x ∈ m then we can write x = $x1 for some
x1 ∈ R, and we reiterate with x1 instead of x. If this iteration does not
stop, then for all n ∈ N there exists xn ∈ R such that y =$n xn . In that case,
we have an increasing chain of ideals (x) ⊂ (x1) ⊂ (x2) ⊂ ·· · which must
eventually stop because R is noetherean. If (xn) = (xn+1) with xn =$xn+1

then $ ∈ R× and cannot be a generator of m as we have assumed. Thus
the iteration process has to stop i.e. there exists n ∈ N with xn ∈ R× and
we have x =$n xn .

Now we prove that every ideal I of R is principal. Since R is noetherean,
I is finitely generated. Let x1, . . . , xr be a system of generators of I and let
us write xi = $ni yi with yi ∈ R×. We can assume that n1 ≤ n2 ≤ ·· · ≤ nr .
Then I is generated by x1. �
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COROLLARY 5.3. Let L be a number field, ZL its ring of integers. There
is a canonical bijection between the set of nonarchimedean places of L and
the set of maximal ideals of ZL .

PROOF. If p is a maximal ideal of R = ZL , then the local ring Rp is of
discrete valuation i.e. there exists an uniformizing parameter $ in the
maximal ideal mp of Rp such that every nonzero element x ∈ Rp can be
written uniquely in the form x = $n y for some n ∈ N and y ∈ R×

p . Thus
every element x ∈ L× can be uniquely written in the form x = $n y with
n ∈ Z and y ∈ R×

p . The map x 7→ q−n where q is any real number greater
than 1 defines a ultrametric valuation of R. These valuations are topology
equivalent and give rise to a place of L to be denoted up.

Conversely if u is a nonarchimedean place of L lying over a a prime
number p, then the completion Lu is a finite extension of Qp , its ring of
integers Ou contains the ring of integers R of L. Now, Ou is also a complete
discrete valuation ring with maximal ideal mu . If we set pu =mu ∩R then
pu is a prime ideal of R. Since R/pu is a subring of the residual field fu of
Ou which is finite, R/pu is also finite and therefore pu is a maximal ideal.

The two maps p 7→ up and u 7→ pu that just have been defined between
the set of maximal ideals of ZL and the set of nonarchimedean valuations
of L, are inverse one of each other. �

We recall that a module M over a commutative ring R is said to be
locally free of rank r if for every prime ideal p of R, the localization Mp

is a free Rp-module of rank r where Rp is the localization of R at p. An
invertible R-module is a shorthand for locally free R-module of rank one.

COROLLARY 5.4. A finitely generated module M over a Dedekind do-
main R is locally free if and only if it is torsion-free.

PROOF. One can be reduced to prove the local statement that a finitely
generated module over a local Dedekind domain is free if and only if it is
torsion free. As we know from Propostion 5.2 that local Dedekind do-
mains are principal, this statement derive from the classification of mod-
ules over principal ideal domain, see [?] for more details. �

PROPOSITION 5.5. Let R be a noetherean ring. Then set Cl(R) of iso-
morphism classes of invertible R-modules is a commutative group under
tensor product.

PROOF. We only need to prove the existence of an inverse. The inverse
of an invertible R-module M is given by M ′ = HomR (M ,R). Since the op-
eration M 7→ M ′ commutes with localization, M ′ is an invertible module
as long as M is. For the natural map M⊗R M ′ → R is an isomorphism after
localization, it is an isomorphism. �
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In what follows, we will consider a Dedekind domain R of field of frac-
tions L. This discussion applies to the ring of integers ZL in any number
field L or its localizations.

If M is an invertible R-module, then M ⊗R L is one-dimensional L-
vector space. We will denote by Cl+(R) the group of isomorphism classes
of invertible R-modules M equipped with an isomorphism ι : M ⊗L → L.

The group Cl+(R) can be conveniently described as the group of frac-
tional ideals where a fractional ideal of R is a nonzero finitely generated
R-submodule of L.

PROPOSITION 5.6. By mapping the isomorphism class of a pair (M , ι)
where M is an invertible R-module and ι : M ⊗R L → L is an isomorphism
of L-vector spaces, on the fractional ideal m = ι(M), we obtain a map from
Cl+(R) on the set of fractional ideals.

The induced group law on the set of fractional ideals is given as follows:
if m,m′ ⊂ L are fractional ideals then mm′ is the module generated by
elements of the form αα′ where α ∈ m and α′ ∈ m′. The inverse m−1 is the
submodule generated be elements β ∈ L such that αβ ∈ A for all α ∈ m.

PROOF. For locally free R-modules are torsion-free, the map ι induces
an isomorphism from M on its image m. It follows that the map from
Cl+(R) to the set of nonzero finitely generated R-submodules of L is in-
jective. All R-submodules of L are torsion free, nonzero finitely generated
R-submodules m of L are automatically locally free of rank one. It follows
that the above mentioned map is also surjective.

If (M , ι) and (M ′, ι′) are elements of Cl+(R) with m = ι(M), m′ = ι(M ′)
corresponding submodules in L, (M ⊗R M ′, ι⊗R ι

′) will correspond to the
submodule (ι⊗ι′)(M⊗R M ′) generated by elements of the formαα′ where
α ∈ m and α′ ∈ m′.

If m ⊂ L is a finitely generated R-submodule of L then a R-linear map
M → A is just a map m → L with range in R. Now a R-linear map m → L
extends uniquely to a L-linear map m⊗R L → L which must be necessarily
given by an element β ∈ L. This is equivalent to an element β ∈ L such
that βm ⊂ A. �

Let P (R) denote the set of maximal ideals in R and ZP (R) the free
abelian group generated by this set. As P (R) can naturally be embedded
into the set of all nonzero finitely generated R-submodules of L, there is
a canonical homomorphism of abelian groups ZP (R) → Cl+(R).

THEOREM 5.7. The inclusion P (R) ⊂ Cl+(R) induces an isomorphism
between the free abelian group ZP (R) generated by P (R) and the group
Cl+(R) of fractional ideals of R.
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PROOF. First we prove that the map ZP (R) → Cl+(R) is injective. If it
is not, there exists an element

∑
i∈I ripi ∈ ZP (R) such that

∏
i∈I p

ri
i = A.

Here I is a finite set of indices, pi are distinct maximal ideals indexed by
I and ri ∈ Z. Let separate I = I+∪ J such that ri > 0 for all i ∈ I+ and r j ≤ 0
for all j ∈ J . We can assume that I+ is non empty. Under this notation, we
have ∏

i∈I+
pri

i = ∏
j∈J

p
−r j

j .

Fix an element i ∈ I+. One can choose for each j ∈ J an element α j ∈ p j

which does not belong to pi and form the product
∏

j∈J α
r j

j that belongs
to the right hand side but does not belong to pi a fortiori to the left hand
side.

Now we prove that ZP (R) → Cl+(R) is surjective. For every finitely
generated R-submodule m of L, we claim that m can be written as m =
m1m−1

2 where m1,m2 are R-submodules of R. Indeed, one can tale m2 =
m−1 ∩ A which is a nonzero R-submodule of R and m1 = mm2.

Now we prove that every nonzero ideal of R lies in the image of the
homomorphism ZP (R) → Cl+(R). Assume that there exists a nonzero
R-submodule m of R which does not lie in this image. We can assume
that m is maximal with this property. Now m is an ideal, there exists a
maximal ideal p ∈ P (R) such that m ⊂ p. Since p−1m contains strictly
m, it does lie in the image of ZP (R) → Cl+(R), and then so does m. We
reached a contradiction that shows indeed all non zero ideals of R lie in
the image of ZP (R) → Cl+(R). �

The homomorphism Cl+(R) → Cl(R) mapping the class of isomor-
phism of (M , ι) on the class of isomorphism of M is surjective. The group
L× of invertible elements of L acts on Cl+(R) by mapping the class of iso-
morphism of (M , ι) on the class of isomorphism of (M ,αι) for all α ∈ L×.
In terms on R-submodules of L, α maps a fractional m ⊂ L on αm ⊂ L.

The orbits of L× in Cl+(R) are exactly the fibers of the map Cl+(R) →
Cl(R) so that Cl(R) can be identified with the quotient set of Cl+(R) by the
action of L×. However, the action of L× on Cl+(R) contains more infor-
mation than the mere quotient set.

PROPOSITION 5.8. The orbits of L× in Cl+(R) are exactly the fibers of the
map Cl+(R) → Cl(R) so that Cl(R) can be identified with the quotient set of
Cl+(R) by the action of L×. The stabilizer of L× at any point m ∈ Cl+(R) is
equal to R× for all m ∈ Cl+(R).

PROOF. Let m ∈ Cl+(R) be a nonzero finitely generated R-submodule
of L. An automorphism of m induces a L-linear automorphism of m⊗L =
L thus an element α ∈ L× which has to satisfies αm = m.
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If p is a maximal ideal of R, we will denote by Rp the localization of
R at p and mp the localization of m. If α ∈ L× such that αm = m then
αmp = mp for all p ∈ P (R). Since mp is a free Rp-module of rank one,
this implies that α ∈ R×

p . Since R is normal, an element α ∈ L× such that
α ∈ Rp lies necessarily in R. For the same argument applies to α−1, we
have α ∈ R×. �

Let L be a number field and ZL its ring of integers in L. Let P̄L =PL ∪
P∞ be the set of places of L, where PL the set of nonarchimedean places
is the set of maximal ideals of ZL , and P∞ the set of archimedean places.
Let S ⊂ PL be a finite set of nonarchimedean places. Let RS denote the
localization of ZL away from S i.e. RS is generated by elements of L of
the form αβ−1 where α,β ∈ ZL and β ∉ p for all maximal ideals p ∉ S. In
particular the set P (RS) of maximal ideals in RS is P (ZL)−S.

We now state together two finiteness theorems whose proof can be
found in every textbook of algebraic number theory, for instant [9]. The
first statement is concerned with the finiteness of class number and the
second with the Dirichlet unit theorem. We will later reformulate these
theorems and their proof in the language of adèles.

THEOREM 5.9. The group Cl(RS) of isomorphism classes of invertible
RS-modules is finite. The group of invertible elements R×

S is finitely gener-
ated of free rank equal to |S|+ |S∞|−1.

6. Quadratic fields

For number fields of degree two over Q, explicit calculations can be
done on objects that have been earlier introduced for general number
fields. Quadratic number fields are of the form L = Q[x]/(x2−d) for some
square free integer d . If d > 0, then R contains square root of of d , thus
LR = L ⊗Q R = R×R; in this case L is said to be a real quadratic field. If
d < 0, then LR = C; and L is said to be a complex quadratic field.

For d =−1, we embed L = Q[x]/(x2 +1) in the field of complex num-
bers by mapping x on i which is our favorite square root of −1. The ring
of integers ZL of L is then the ring of Gauss integers

(6.1) R = {a + i b with a,b ∈ Z},

which is an Euclidean domain in the sense that for all α ∈ L, there ex-
ists β ∈ R such that ‖α−β‖ < 1 with respect to the usual norm for com-
plex number. It is known that Euclidean domains are principal ideal do-
main, and therefore the group of ideal classes Cl(R) is trivial. We observe
that in general, an integral element α ∈ ZL is invertible if only if its norm
NmL/Q(α) ∈ {±1}. In the case of the ring R of Gaussian integers, it follows
that R× = {±1,±i }.
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It follows from the calculation that the module R⊥ of elements α ∈ L
such that TrL/Q(αβ) ∈ Z for all β ∈ R, is

R⊥ = {a + i b with 2a,2b and a +b ∈ Z},

and therefore the discriminant dL = |R⊥/R| is equal to 2.
For every prime number p 6= 2, either (p) remains a prime ideal in

L or (p) splits as product of two distinct prime ideals (p) = p1p2. The
first case happens when R/pR is a quadratic extension of Fp ; and the
second case happens when R/pR is a product of two copies of Fp . One
can check that the latter happens if and only if −1 is a square modulo
p. One can also derive from the fact F×

p is a cyclic group of order p − 1
that −1 is a square modulo p if and only if p ≡ 1 mod 4. Now if p is a
prime number satisfying this congruence, (p) splits in the ring of Gauss
integers into product of two distinct prime ideals (p) = p1p2. Since R is
known to be a principal domain, p1 is generated by an element of the
form α = a + i b, and then it can be shown that p = a2 +b2. This is the
classical argument proving that an odd prime number can be expressed
as sum of two squares if and only if it is congruent to 1 modulo 4.

For every imaginary quadratic field L, we claim that Z×
L is finite. In-

deed, ZL is a discrete subgroup of LR = C. The group of inevrtible ele-
ments Z×

L is the intersection of ZL with the unit circle C1 which is com-
pact. This intersection is necessarily finite since it is both discrete and
compact.

Let us consider now a real quadratic field L = Q[x]/(x2−d) where d is
a positive square free integer. Then LR splits into product of two copies of
R corresponding to two different embeddings L → R mapping x on ±pd .
The ring of integers ZL contains {a+bx , a,b ∈ Z} as subgroup of index one
or two. It is embedded in LR by mapping a +bx on (a +b

p
d , a −b

p
d).

The group of invertible elements ZL is the intersection of the image of ZL

in LR with the union of hyperbolas H± = {(u, v) ∈ R2;uv =±1}.
We claim that Z×

L = τ×Z where τ is a torsion group. First, ZL is a dis-
crete subgroup of LR = R2, its intersection with the hyperbolas H± is a
discrete subset of H±. It is in fact a discrete subgroup of H± with respect
to coordinate wise multiplication. It follows that the free rank of Z×

L is no
more than one. In order to prove that the free rank on Z×

L is equal to one,
one prove that there exists a positive constant c such that

H± ⊂ ⋃
α∈Z×

L

αBc

where Bc = {(u, v) ∈ R2; |u| ≤ c and |v | ≤ c}. One can recognize the clas-
sical argument permitting a description of the set of solutions of the Pell
equation a2 −db2 = 1. As we will see, this argument can be generalized
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to prove the Dirichlet’s theorem on the group of invertible elements in ZL

for every number field L.

7. Adèles and idèles for number fields

We will denote by P̄L = PL ∪P∞ the set of all places of L; PL is the
of nonarchimedean places and P∞ the set of archimedean places. If we
denote by ZL the ring of integers in L, the set of nonarchimedean places
of L can be identified with the set PL =P (ZL) of maximal ideals in ZL , see
5.3. For every v ∈ PL , we will denote by Lv the completion of L at v and
Ov its ring of integers. The set of archimedean places of a number field L
is in bijection with the set of factors in the decomposition of LR = L ⊗Q R
as product of fields, see 4.3

LR = ∏
u∈P∞

Lu ,

where the completion of L at the place u ∈ S∞ is denoted by Lu ; it can be
either R or C. The real vector space LR is called the Minkowski space of L.

An adèle of L is a sequence (xv ; v ∈ P̄L) where xv ∈ Lv for all places
and xv ∈Ov for almost all nonarchimedean places. The ring of adèles AL

of L can be factorized as a direct product

AL = LR ×AL,fin

where the ring of finite adèles AL,fin is the ring of all sequences (xv ; v ∈PL)
where xv ∈ Lv for all v ∈PL and xv ∈Ov for almost all v . The ring of finite
adèles can be seen as a direct limit of smaller subrings

(7.1) AL,fin = lim−−→AL,S

over all finite subsets S ⊂PL where AL,S is the subring of AL of adeles (xv )
such that xv ∈Ov for all nonarchimedean place v ∉ S. We have

AL,S = ∏
v∈PL−S

Ov ×
∏
v∈S

Lv .

If we denote by RS the localization of ZL away forom S, then the set of
maximal ideal P (RS) is PL −S, and we have∏

v∈PL−S
Ov = lim←−−N

RS/N = R̂S

where the projective limit is taken over the set of nonzero ideals N of RS

ordered by inclusion relation. It follows that

AL,S = R̂S ×
∏
v∈S

Lv .

We note that R̂S is compact as projective limit of finite sets.
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For all finite subsets S ⊂PL , let us equip AL,S with the product topol-
ogy which is the coarsest one such that the projection to every factor is
continuous. We will equip AL with the finest topology on AL such that
for every finite subset S of PL , the inclusion AL,S → AL is continuous. A
base of the topology of AL consists of open subsets of the form US,∞ ×∏

v∉S Ov where S is a finite subset of PL and US,∞ is an open subsets of∏
v∈S∪P∞ Lv .

We claim that AL is locally compact. Indeed we can construct a com-
pact neighborhood of 0 with boxes that will prove to be useful for other
purposes. The size of a box is given by a sequence of positive real integers
c = (cv ; v ∈ P̄L) with cv = 1 for almost all v . The box Bc of size c around
0 is the subset of AL of all sequences (xv ; v ∈ P̄L) with xv ∈ Lv satisfying
|xv | ≤ cv for every place v ∈ P̄L . Since the subset of Lv defined by the
inequality |xv | ≤ cv is compact, the product Bc is compact according to
Tychonov’s theorem.

For S being the empty set, we have A; = ZL , and therefore AL,; = ẐL .
The ring of finite adèles can also be described as

(7.2) AL,fin = ẐL ⊗Z Q

by the same argument as in the particular case of the field of rational
numbers.

THEOREM 7.1. The ring AL of adèles of L is locally compact for all num-
ber fields L. The field L embeds diagonally in AL as a discrete cocompact
subgroup. More precisely, the quotient AL/L can be identified with a profi-
nite covering of LR/ZL .

PROOF. Let us consider the box Bc of size (cv ) with cv = 1 for all nonar-
chimedean places v . This is a compact neighborhood of 0 in AL whose
intersection with L is finite. Indeed, ifα ∈ L∩Bc thenα ∈ ZL forα ∈Ov for
all v ∈PL . It follows that α satisfies the equation αr +a1α

r−1+·· ·+ar = 0
where r is the degree of L/Q and αi ∈ Z. Now the integers ai can be
expressed as elementary symmetric functions of variables φ(α) where
φ : L → C runs over the set of embeddings of L into the field of complex
numbers. The real absolute value of ai can be therefore bounded by a
quantity depending on (cv ; v ∈ P∞). There are thus only finitely many
possible integers ai , and this infers the finiteness of L ∩Bc . The same ar-
gument shows that L ∩Bc = {0} for small enough (cv ; v ∈ P∞). In other
words, L is a discrete subgroup of AL .

There is an exact sequence

0 → ẐL ×LR → AL → ⊕
v∈PL

Lv /Ov → 0
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where
⊕

v∈PL
Lv /Ov is the subgroup of

∏
v∈PL Lv /Ov consisting of sequence

(xv ) with members xv ∈ Qv /Zv vanishing for almost all v ∈PL . Consider
now the homomorphism between two exact sequences

0 −−−−→ 0 −−−−→ L −−−−→ L −−−−→ 0y y y
0 −−−−→ ẐL ×LR −−−−→ AL −−−−→ ⊕

v∈PL
Lv /Ov −−−−→ 0

Since the middle vertical arrow is injective and the right vertical arrow is
surjective with kernel Z, the snake lemma infers an exact sequence

0 → ZL → ẐL ×LR → AL/L → 0,

Z being diagonally embedded in Ẑ×R. In other words, there is a canonical
isomorphism

(7.3) ZL/L → (
ẐL ×LR

)
/ZL

Dividing both side by ẐL , one gets an isomorphism

(7.4) AL/(Q+ ẐL) → LR/ZL .

As we have seen that LR = L ⊗Q R = ZL ⊗Z R, the quotient LR /ZL is home-
omorphic to a product of r circles, and in particular it is compact. Fur-
thermore, for every finite index subgroup K of ẐL the quotient AL/(L+K )
is a finite covering of the torus LR/ZL , and therefore AL/L is a profinite
covering of LR/ZL . In particular, it is compact.

As for the compactness of AL/L, one can also argue as follows. Let
α1, . . . ,αr be a basis of the Q-vector space L. With this choice being made,
L can be identified with Qr and AL with Ar , and consequently

AL/L = (A/Q)r

and therefore AL/L is compact. �

Let us now introduce the notion of idèles in number fields. An idèle
of L is a sequence (xv , v ∈ P̄L), v being finite or infinite place of L, con-
sisting of xv ∈ L×

v with xv ∈ O×
v for almost all finite places. The group of

idèles A×
L is nothing but the group of invertible elements in the ring of

adèles AL . It is equipped with the coarsest topology permitting the in-
clusion A×

L ⊂AL as well as the inversion A×
L →AL , x 7→ x−1 to be contin-

uous. A base of the topology of A×
L consists of open subsets of the form

US∪P∞ ×∏
PL−S O×

v where S is a finite subset of PL and US∪P∞ is an open
subset in

∏
v∈S∪P∞ L×

v .
The group of idèles A×

L is equipped with a norm

‖.‖L : A×
L → R+
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defined by
‖x‖L = ∏

v∈PL∪P∞
‖xv‖v

for all idèles x = (xv ; v ∈ P̄L) ∈ A×
L . For almost all finite places v , ‖xv‖v = 1

so that the infinite product is well defined. The product formula (4.11)
implies that the restriction of the norm to the diagonal subgroup L× of
A×

L is trivial.
Let denote by A1

L the kernel of the norm ‖.‖ : A× → R+ in other words
the group of norm one idèles. We have an exact sequence

1 → A1
L → A×

L → R+ → 1.

The group of idèles of norm one A1
L is thus a closed subgroup of the group

of idèles. We will equip it with the induced topology as closed subset of
A×. With respect to this topology, A1

L is locally compact.

THEOREM 7.2. The group of norm one idèles A1
L contains L× as discrete

co-compact subgroup.

Before starting the proof of this theorem, let us discuss its relation
with classical finiteness theorems in algebraic number theory.

The group Ẑ×
L =∏

v∈PL O×
v can be embedded as compact subgroup of

A×
L by setting all component at archimedean places to be one. We have

an exact sequence

0 → L×
R × Ẑ×

L → A×
L → ⊕

vPL

L×
v /O×

v → 0

where
⊕

v∈PL
L×

v /O×
v is the set of sequences (nv , v ∈PL) with nv ∈ L×

v /O×
v ,

nv vanish for almost all v . We observe that there is a canonical isomor-
phism between L×

v /O×
v and Z so that the nv can be seen as integers.

Restricted to the norm one idèles, we have an exact sequence

0 → L1
R × Ẑ×

L → A1
L → ⊕

v∈PL

L×
v /O×

v → 0

where L1
R = L×

R ∩A1
L is the subgroup of L×

R consisting of elements (xv ; v ∈
P∞), such that

∏
v∈P∞ ‖xv‖v = 1. There is homomorphism of exact se-

quences

(7.5)

0 0 L× L× 0

0 L1
R × Ẑ×

L A1
L

⊕
v∈PL

L×
v /O×

v 0

of which middle vertical arrow is injective. We observe that
⊕

v∈PL
L×

v /O×
v

is nothing but the group Cl+(ZL) of fractional ideals of ZL . According to
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5.8, the kernel of the right vertical map has kernel L× ∩ Ẑ×
L = Z×

L is the
group Z×

L of invertible elements in ZL , and its cokernel is

ClL =
( ⊕

v∈PL

L×
v /O×

v

)
/L×.

the group of ideal classes ClL = Cl(ZL) of L.
We derive from the exact sequence of complexes a long exact sequence

(7.6) 0 → (
Ẑ×

L ×L1
R

)
/Z×

L → A1
L/L× → ClL → 0.

The group A1
L/L× is compact of and only if both

(
Ẑ×

L ×L1
R

)
/Z×

L and ClL are
compact. As ClL is discrete, it is compact if and only if it is finite. Since Ẑ×

L
is compact,

(
Ẑ×

L ×L1
R

)
/Z×

L if and only if L1
R/Z×

L is compact. Now, we have a
homomorphism with compact kernel

logP∞ : L×
R → ∏

u∈P∞
R

mapping (xu ;u ∈P∞) to (yu ;u ∈ R) with yu = log‖xu‖u . The subgroup L1
R

is the preimage of the hyperplane HR in
∏

u∈P∞ R defined by the equation∑
u∈P∞

yu = 0.

LEMMA 7.3. The restriction of logP∞ to Z×
L has finite kernel. Its image

is a discrete subgroup of HR.

PROOF. Both statement follows from 4.9. First, the kernel of logP∞ :
L1

R → HR is a compact group whose intersection with the discrete sub-
group Z×

L is necessarily finite. Second, let U be a compact neighborhood
of the neutral element of L1

R such that U ∩ Z×
L = {1}. Because logP∞ is

proper, log−1
P∞(logP∞(U )) is a compact subset of L1

R whose intersection
with Z×

L is necessarily finite. It follows that logP∞(Z×
L ) has finite intersec-

tion with logP∞(U ) which is a compact neighborhood of 0 in HR. �

Now, the quotient L1
R/Z×

L is compact if and only if HR/logP∞(Z×
L ) is

compact. According to the lemma, logP∞(Z×
L ) is a discrete subgroup of

HR, and therefore its ranks is at most the real dimension of HR, namely
|P∞|−1. The compactness of this quotient implies that the rank of logP∞(Z×

L )
is equal |P∞|−1. Thus the compactness of A1

L/L× implies both the finite-
ness of class number of L and Dirichlet’s theorem on the rank of ZL . Con-
versely, if ClL is finite and L1

R /Z×
L is compact, then A1

L/L× is also compact.
We also observe that the same argument applies when we replace ZL

by its localization RS away from a finite set of places S ⊂PL . We also have
an exact sequence

0 →
(
R̂×

S ×∏1
v∈S∪P∞L×

v

)
/R×

S → A1
L/L× → Cl(RS) → 0
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where
∏1

v∈S∪P∞L×
v is the subgroup of

∏
v∈S∪P∞L×

v consisting of elements
(xv ; v ∈ S∪P∞) such that

∏
v∈S∪P∞ ‖xv‖v = 1. For all finite subset S of PL ,

the compactness of A1
L/L× is equivalent to the finiteness of Cl(RS) and

the compactness of the quotient (
∏

v∈S∪P∞L×
v )/R×

S combined. We note
that the compactness of the latter implies that the group R×

S is a finitely
generated abelian group of rank |S ∪P∞|−1.

We observe in particular that the conjunction of the finiteness of class
number Cl(RS) and the compactness of (

∏
v∈S∪P∞L×

v )/R×
S is a statement

independent of the choice of the finite subset S of PL .

PROOF. (of Theorem 7.2) The discreteness of L× as subgroup of A×
L

can be proved in the same manner as the discreteness of L in AL in Theo-
rem 7.1.

For proving the discreteness of L as subgroup of AL , we used the fact
that the intersection of L with a box Bc is a finite set which is even reduced
to 0 if c is set to be small. There is a converse to this namely if c is set to
be large then Bc ∩L 6= {0}. The proof of the following lemma is postponed
to 3.4 after the discussion on Haar measure. This is an adelic variant of
Minskowski’s theorem on symmetrical convex set in Euclidean space.

LEMMA 7.4 (Minkowski). There exists a constant C > 0, depending only
on the discriminant of L, such that for all sequences c = (cv ; v ∈ P̄L) of
positive real numbers cv with cv = 1 for almost all v satisfying

∏
v cv > C ,

the intersection L× with Bc = {x = (xv ) ∈ AL ,‖xv‖ ≤ cv } is not empty.

Admitting this lemma for the moment, we will now complete the proof
of Theorem 7.2. Let Bc be the box associated to a sequence c = (cv ; v ∈
P̄L) of positive real numbers satisfying

∏
v cv >C as above. We claim that

(7.7) A1
L ⊂ ⋃

α∈L×
αBc .

Indeed if x ∈ A1
L , x−1Bc is also a box Bc ′ with c ′v = ‖xv‖−1

v cv for all v ∈
P̄L satisfying

∏
v c ′v = ∏

v cv . By Minkowski’s Lemma 7.4, we know that
there exists an element α ∈ Bc ′ ∩L×. But if α ∈ x−1Bc then x ∈α−1Bc and
therefore the inclusion (7.7) is proved. It remains to prove that Bc ∩A1

L is
compact subset of A1

L , as asserted by the following lemma. �

LEMMA 7.5. The intersection Bc ∩A1
L is compact subset of A1

L .

PROOF. Since Bc is a compact subset of AL , it is enough to prove that
A1

L is a closed subset of AL and AL and A×
L induce on A1

L the same topology.
First we prove that the complement A1

L in AL is an open subset of AL .
We will construct for each x ∈ AL − A1

L an open neighborhood U in AL

which has no intersection with A1
L . We will divide the problem in three

cases:
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(1) If x = (xv ) ∈ AL −A×
L , then xv ∈Ov for almost all places v ∈Pv but

xv ∉O×
v for infinitely many places. In this case, the infinite prod-

uct
∏

v∈P̄v
‖xv‖v converges to zero. Then there exists then a finite

set S ⊂P such that xv ∈Ov for all v ∉ S, and
∏

v∈S∪P∞ ‖xv‖v < 1.
We will set U to be

∏
v∈S∪P∞ Uv×∏

v∈P −S Ov where Uv is the sub-
set of uv ∈ Lv such that ‖uv‖ < ‖xv‖+ ε for a small positive real
number ε. If ε is small enough, for all u ∈ U , either u ∉ A×

L or
u ∈ A×

L and ‖u‖ < 1.
(2) If x = (xv ) ∈ A×

L and ‖x‖ < 1, the same argument works.
(3) In the case x = (xv ) ∈ A×

L and ‖x‖ > 1, the argument needs to
be refined. Let S be a finite subset of PL such that for all non
archimedean place v ∉ S, we have xv ∈ O×

v . By enlarging S, we
can also assume that for all v ∈ Pv − S, qv > ‖x‖ where qv de-
note the cardinal of the residue field of v . We will set U to be∏

v∈S∪P∞ Uv ×∏
v∈P −S Ov where Uv is the subset of uv ∈ Lv such

that ‖xv‖ − ε < ‖uv‖ < ‖xv‖ + ε for a small positive real num-
ber ε. We claim that for ε small enough U ∩A1

L = ;. In fact, if
u = (uv ) ∈U , if ‖uv‖ = 1 for all v ∈ PL −S, we will have ‖u‖ > 1,
and in contrast if there exists al least one place v ∈ PL −S such
that ‖uv‖ < 1 then ‖uv‖ ≤ q−1

v and we will have ‖u‖ < 1.

Second we prove that AL and A×
L induce on A1

L the same topology. For
all open subset V of AL , V ∩A×

L is an open subset of A×
L . It follows that

the topology induced by AL on A1
L is coarser than the one induced by A1

L .
The converse direction amounts to prove that for all open subset U of A×

L ,
there exists an open subset V of AL such that U ∩A1

L =V ∩A1
L .

We can assume that U is of the form U = ∏
v∈S∪P∞ Uv ×∏

v∈PL−S O×
v

where S is a finite subset of PL and Uv is an open subset of L×
v for every

v ∈ S ∪P∞. We can further assume that for all v ∈ S ∪P∞, the norm
‖.‖v is bounded on Uv , and consequently ‖u‖ < C for some constant C
for all u ∈ U . By enlarging S if necessary, we can assume that for all v ∈
PL −S, qv > C where qv is the cardinal of the residue field at v . In these
circumstances, we set V =∏

v∈S∪P∞ Uv×v∈PL−S Ov , and we can prove that
U ∩A1

L =V ∩A1
L by the same argument as in the third case above. �

One may observe that the main ingredient in the proof of Lemma 7.5
is the finiteness of the number of prime ideals whose norm is no greater
than a given number. This is hardly surprising because the same ingredi-
ent plays also a crucial in the proof of Dirichlet’s theorem on the group of
units, and in particular in the study of the solution of Pell’s equation.
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A. Compactness

B. Local rings

C. Bibliographical comments

D. Exercices

EXERCICE 1. Construct an isomorphism of topological rings between
the ring of p-adic integers Zp and Z[[x]]/(x −p).

EXERCICE 2. Let P ∈ Zp [x] be a monic polynomial P = xn + a1xn−1 +
·· ·+an such that P̄ = xn + ā1xn−1+·· · ān ∈ Fp [x], āi being the image of ai

in Fp , has a simple zero ᾱ ∈ Fp . Prove that there exists P has a zero α ∈ Fp

of which image in Fp is ᾱ.

EXERCICE 3. Answer the following questions and justify your answers.

(1) Is
∏

p∈P pZp an open subset of Afin? Is it an closed subset? Is it
compact?

(2) Is Afin∩
∏

p∈P p−1Zp an open subset of Afin? Is is a closed subset?
Is is compact?

EXERCICE 4. Let d be a square free integer and L = Q[x]/(x2−d). Find
a Z-basis of the ring of integers ZL and calculate the absolute discrimi-
nant of L.

EXERCICE 5. Let p be a prime number. Prove that the polynomial
Φp = 1+ x + ·· · + xp−1 ∈ Q[x] is irreducible. Calculate the absolute dis-
criminant of L = Q[x]/Φp .

EXERCICE 6. Let d be a square free integer, L = Q[x]/(x2 −d). Let p
be a prime number not dividing 2d . Show that pZL is a prime ideal if and
only if the congruence x2 ∼= d mod p has no solution.

EXERCICE 7. Let R = C[x, y]/(x2 − y3). Construct a torsion free R-
module which is not locally free.

EXERCICE 8. Let R be a Dedekind domain and let a be a nonzero ideal.
Prove that A/a is a principal ideal ring. Prove that all ideal of a Dedekind
domain can be generated by two elements.

EXERCICE 9. Let ρ ∈ C be a solution of the equation ρ2 +ρ + 1 = 0.
Define the Eisenstein integers as the set

Z[ρ] = {a +bρ; a,b ∈ Z}.

Show that Z[ρ] is an euclidean ring, and its group of units is {±1,±ρ,±ρ2}.
Let λ = 1−ρ. Show that (λ) is a maximal ideal. Decompose (3) as

product of maximal ideals in Z[ρ].
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Show that if θ ∉ (λ) then θ3 ≡ ±1 mod λ4. Deduce that if α,β,γ are
coprime to λ then the equation α3 +β3 +γ3 = 0 has no solutions.

EXERCICE 10. Prove that for a every number field, there exists a con-
stant HL such that for every α ∈ L there exists a nonzero integer t with
|t | ≤ HL and β ∈ ZL an integral element of L such that |tα−β| < 1. For
Euclidean domain, one can take HL = 1.

Prove that for every ideal a ⊂ ZL , there exists an ideal b ⊂ OL equiv-
alent to a in the sens there exists α ∈ L× such that b = αa, satisfying
|ZL/b| ≤ HL .

For L = Q[
p−5], prove that one can take HL = (1+p

5)2. Factorize
(2), (3), (5) and (7) as product of maximal ideals in ZL . Calculate the class
number of L.

EXERCICE 11. Let d be a negative square free integer congruent to 1
modulo 4, K = Q[

p
d ] and R its ring of integers. Let Cl(R) the group of

isomorphism classes invertible modules.
An integral quadratic form is a function q(x, y) = ax2+bx y+c y2 with

a,b,c ∈ Z, and its discriminant is b2 −4ac. The group SL2(Z) acts on the
free module Zx ⊕Zy and thus on the set of quadratic forms; this action
preserves ths discriminant. Prove that if d is negative square free integer
congruent to 1 modulo 4, the set of integral quadratic forms of discrimi-
nant d modulo SL2(Z)-equivalence is in bijection with Cl(R).

A integral quadratic form q(x, y) = ax2 + bx y + c y2 of discriminant
d < 0 is said to be reduced if |b| ≤ a ≤ c and if either |b| = a or a = c
then b ≥ 0. Then in each SL2(Z)-equivalence class of quadratic form of
discriminant d < 0, there is exactly on reduced form.

Calculate class number hd = |Cl(R)| for d ≡ 1 mod 4 and −20 < d < 0.

EXERCICE 12. Let L be a number field of absolute discriminant d . A
place v of L over p is said to be ramified if p is not a prime element in the
ring of integers Ov of Lv . Prove that there is a place v |v ramified if and
only if p|d .

EXERCICE 13. There are only finitely many number field of degree less
than r and of discriminant less than d for given integers r,d ∈ N.

The proof of Proposition 5.2 follows [?, I.2].
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CHAPTER 2

Invariant measures

1. Radon measures

We recall that a topological space is locally compact if every element
possesses a compact neighborhood. A topological group is locally com-
pact if its unit possesses a compact neighborhood.

If X is a locally compact topological space and K is a compact sub-
set of X , we will denote CK (X ) the space of complex valued continuous
functions on X vanishing on X −K . For this definition not to be trivial in
other words there is a function f ∈ CK (x) not vanishing at certain point
x ∈ X , K has to be a compact neighborhood of x. For every f ∈CK (X ), the
sup norm | f |sup = supx∈K f (x) is well defined positive real number. The
sup norm equip CK (X ) with a structure of Banach space.

The space Cc (X ) of continuous functions with compact support is the
union of all spaces CK (X ) for K running over the set of compact subsets
of X . It is equipped with the finest topology still permitting all inclu-
sions CK (X ) → Cc (X ) to be continuous. A continuous linear functional
on Cc (X ) is a linear form Cc (X ) → C whose restriction to all subspaces
CK (X ) is continuous.

A Radon functional is a continuous linear functional µ on the space
Cc (X ) of compactly supported continuous functions of a locally compact
topological space X such that if f ∈C+

c (X ) is a non-zero positive function,
then µ( f ) > 0.

Radon functional can be constructed as integration against a Radon
measure. Consider the σ-algebra consisting of Borel sets in a topological
spaces X . A Borel measure µ is said to be Radon if it is

(1) inner regular i.e. for all Borel set Y in X ,µ(Y ) = supK {µ(K )} when
K runs over the set of all compact subsets of V ,

(2) locally finite if every point has a neighborhood of finite measure.

Assume that X is locally compact and µ is a Radon measure on X . Then
for every f ∈Cc (X ) is integrable with respect to µ and the integral

(1.1) f 7→
∫

X
f (x)dµ(x)

is a positive linear functional on Cc (X ).
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THEOREM 1.1 (Riesz-Markov-Kakutani). Let X be a locally compact
topological space. Every positive linear form on Cc (X ) arises from a unique
Radon measure by integration (1.1).

We will use the symbol µ to denote both the Radon measure and the
associated linear functional on Cc (X ), and employ the terminology of
Radon functionals or Radon measures indistinctly. In the formula

µ( f ) =
∫

X
f (x)dµ(x)

the symbol µ in the left hand side is to be understood as a Radon func-
tional on Cc (X ), and the symbolµ in the right has side is to be understood
as a Radon measure.

2. Haar measure

Let us start by recalling some self-evident definitions. A topological
group is a topological space equipped with a group structure of which
the composition and the inverse are both continuous. In particular, the
underlying topology is preserved by the left and right translations as well
as the inverse. We will denote lx(y) = x y the left translation by x ∈G and
rx(y) = y x−1 the right translation.

We define left and right translations on functions, and on functions
with compact support, by the formula (lx f )(y) = f (x−1 y) and (rx f )(y) =
f (y x). We define left and right translations on measures by the formula
(lxµ)( f ) = µ(lx−1 f ) and (rxµ)( f ) = µ(rx−1 f ). A Radon measure µ on G is
said to be left invariant if lxµ= µ for all x ∈G . We have similar notion of
right invariant Radon measures.

THEOREM 2.1 (Haar-von Neumann). There exists a left-invariant Radon
measure on every locally compact topological group. This measure is unique
up to multiplication by a positive constant.

PROOF. We first prove the existence of left-invariant Radon measure.
Let f , g ∈ C+

c (G) be non-zero positive functions. The ratio µ( f ) : µ(g ),
whereµ is the invariant measure that we seek to define, must be bounded
from above by the sums

∑n
i=1 ci where ci are positive real numbers such

that there exist elements x1, . . . , xn of G satisfying

f <
n∑

i=1
ci lxi (g ).

We define

( f : g ) = inf

{
n∑

i=1
ci | f <

n∑
i=1

ci lxi (g )

}
to be the infimum of those numbers.
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We have just defined a kind of "ratio" ( f : g ) for all f , g ∈ C+
c (G). The

purpose of the quote marks is to remind us that this is not a genuine ratio
in the sense that there is a triangular inequality

(2.1) (ϕ1 :ϕ3) ≤ (ϕ1 :ϕ2)(ϕ2 :ϕ3)

for all non-zero ϕi ∈C+
c (G) but no equality in general.

Let us choose a non-zero positive continuous function with compact
support f0 ∈C+

c (G). We will prove that there exists a left-invariant Radon
measure I such that µ( f0) = 1. We set

(2.2) νϕ( f ) = ( f :ϕ)

( f0 :ϕ)

We will define µ( f ) as the limit of νϕ( f ) as the support of ϕ shrinks to
an arbitrarily small neighborhood of identity. By its very construction
νϕ is invariant under left translation i.e. νϕ(lx f ) = νϕ( f ) for all x ∈G and
f ∈C+

c (G). It can also be easily checked thatνϕ satisfies the sub-additivity
inequality

(2.3) νϕ( f1 + f2) ≤ νϕ( f1)+νϕ( f2)

but no equality in general. We will prove that by constructing an appro-
priate limit of νϕ as the support ofϕ shrinks to an arbitrarily small neigh-
borhood of identity, the inequality (2.3) will becomes an equality.

As the triangular inequality (2.1) implies lower and upper bound for
νϕ

1

( f0 : f )
≤ νϕ( f ) ≤ ( f : f0),

the sought after number µ( f ) satisfies the same inequality. Let B f denote
the closed interval [1/( f0 : f ), ( f : f0)]. According to the Tychonov theo-
rem, the infinite product

B = ∏
f ∈C+

c (G)

B f

is compact. For every ϕ ∈ C+
c (G), the function f 7→ νϕ( f ) determines an

element of νϕ ∈ B . For each neighborhood V of identity in G , let JV de-
note the closure of the set {νϕ |ϕ ∈C+

c (V )} in B . For any finite collection
of neighborhoods of identity V1, . . . ,Vn , the intersection JV1 ∩·· ·∩JVn is
non-empty because we can find a function ϕ with support contained in
V1 ∩·· ·∩Vn . Since B is compact, the intersection of JV for all neighbor-
hood V of identity is non-empty. Let I be an element of this intersection.
We will prove that I can be extended a left-invariant Radon measure of G .

Since νϕ is invariant under left translation i.e. νϕ(lx f ) = νϕ( f ) for all
x ∈ G and f ∈ C+

c (G), I satisfies the same invariant property. We only
need to prove that I is additive for positive functions i.e. µ( f1 + f2) =
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µ( f1)+µ( f2) for all f1, f2 ∈ C+
c (G). The extension of µ( f ) to all function

f ∈ Cc (G) is then guaranteed because every continuous function with
compact support can be written as the difference of two positive con-
tinuous functions with compact support. The existence of Haar measure
would now derive from the following lemma.

LEMMA 2.2. If I ∈ ⋂
V JV with V running over all neighborhood of

identity in G, then µ( f1 + f2) =µ( f1)+µ( f2) for all f1, f2 ∈C+
c (G).

PROOF. For every non-zero positive function ϕ, νϕ satisfies the sub-
additivity inequality

νϕ( f1 + f2) ≤ νϕ( f1)+νϕ( f2)

according to its very definition. Since µ lies in the closure of the νϕ, it
satisfies the same inequality.

We will prove now the opposite inequality

µ( f1)+µ( f2) ≤µ( f1 + f2)

for every f1, f2 ∈ C+
c (G). Let us choose an auxiliary f ′ ∈ C+

c (G) that takes
value 1 on the union of supports of f1 and f2. We will prove that the in-
equality

(2.4) µ( f1)+µ( f2) ≤ (1+2ε)(µ( f1 + f2)+δµ( f ′))

holds for all δ,ε> 0.
Let f = f1 + f2 +δ f ′ for some positive real number δ. Set hi (x) = fi (x)

f (x)

for x in the support of fi and 0 otherwise. The non-vanishing of f ′ on the
support of fi implies that hi ∈ C+

c (G) for i ∈ {1,2}. We have fi = f hi and
h1 +h2 < 1.

The main ingredient that come into the proof of (2.4) is the uniform
continuity of continuous compactly supported functions. The notion of
uniform continuity depends upon group action, the right translation of
G on itself in the present case. The functions hi are right equicontinuous
in the sense that for every ε> 0 there exists a neighborhood V of identity
such that for every y ∈V and x ∈G , |hi (x y)−hi (x)| < ε for i ∈ {1,2}.

Let ϕ ∈Cc (V ) and choose c1, . . . ,cn and x1, . . . , xn such that

f <
n∑

j=1
c j lx jϕ.

The inequality |h1(x y)−h1(x)| < ε satisfied by y ∈V and x ∈G implies

fi (y) = f (y)hi (y) <
n∑

j=1
c j (hi (x j )+ε)lx jϕ
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hence

( fi :ϕ) <
n∑

j=1
c j (hi (x j )+ε).

It follows that

( fi :ϕ)+ ( f2 :ϕ) <
n∑

j=1
c j (1+2ε).

Since ( f : ϕ) is defined as the infimum of numbers
∑n

i=1 ci obtained as
above, we derives the inequality

( f1 :ϕ)+ ( f2 :ϕ) < (1+2ε)( f :ϕ).

The inequality

νϕ( f1)+νϕ( f2) < (1+2ε)(νϕ( f1 + f2)+δνϕ( f ′))

is thus satisfied for all non-zero positive function ϕ ∈C+
c (V ). Since I be-

long to the closure of JV , this implies the inequality (2.4). �

We now turn to the proof of the uniqueness of invariant measure. Let
µ and ν be two left-invariant Haar measures. For every positive, contin-
uous compactly supported function f , g ∈ C+

c (G) we will prove that the
difference between the ratios ν( f )/µ(g ) and ν( f )/µ( f ) is arbitrarily small
using essesntially the equicontiuity of f and g their property of being
left-invariant.

Consider a positive function f ∈C+
c (G) supported on a compact set C

and an auxiliary function f ′ ∈C+
c (G) that takes value 1 on an open subset

U containing C . For every ε> 0, there is a symmetric neighborhood V of
the identity such that | f (x)− f (x y)| < ε for all x ∈ C and y ∈ V . We also
require that CV ⊂U . It follows from these assumptions that

(2.5) | f (x)− f (x y)| ≤ ε f ′(x)

for all y ∈V . If x or x y lies in C , the inequality | f (x)− f (x y)| < ε is satisfied
as we can replace y by y−1. In this case x ∈C ∪CV ⊂U so that f ′(x) = 1. If
neither x nor x y lies in C , the left hand side of (2.5) the above inequality
vanishes while the right hand side is greater or equal to zero.

Let h ∈C+
c (V ) be any non-zero positive function supported in V . We

also assume h symmetric h(x) = h(x−1). We will prove that

(2.6)

∣∣∣∣ν( f )

µ( f )
− ν(h)

µ(h)

∣∣∣∣< εν( f ′)
µ( f )

.

We will introduce a temporary notation µ(h) = µxh(x) where x is a silent
variable. Thus on one hand, we write

µ(h)ν( f ) =µyνxh(y) f (x)

41



and on the other hand, using Fubini theorem and the left invariance of I
and J , we can rewrite ν(h)µ( f ) as

ν(h)µ( f ) =µyνxh(x) f (y) =µyνxh(y−1x) f (y).

Since h(y−1x) = h(x−1 y), this can also expressed as

ν(h)µ( f ) = νxµy h(x−1 y) f (y) =µyνxh(y) f (x y).

The difference of |µ(h)ν( f )−ν(h)µ( f )| can now be bounded

|µ(h)ν( f )−ν(h)µ( f )| =µyνxh(y)| f (x)− f (x y)| ≤ εµyνxh(y) f ′(x)

after (2.5). Therefore

|µ(h)ν( f )−ν(h)µ( f )| ≤ εµ(h)ν( f ′)

The inequality (2.6) follows by getting multiplied on both sides withµ( f )µ(h).
Let g ∈C+

c (G) and if g ′ is an auxiliary function for g as f ′ for f . Then
we have also an inequality∣∣∣∣ν(g )

µ(g )
− ν(h)

µ(h)

∣∣∣∣< εν(g ′)
µ(g )

for every symmetric positive function h supported in a small enough neigh-
borhood V of the identity. Combining with (2.6), we get∣∣∣∣ν( f )

µ( f )
− ν(g )

µ(g )

∣∣∣∣< ε(ν( f ′)
µ( f )

+ ν(g ′)
µ(g )

)
for every ε> 0. We remember that only the support of h depends on the
choice of ε, in letting ε→ 0 in the above inequality we infer

ν( f )

µ( f )
= ν(g )

µ(g )

for all f , g ∈C+
c (G). It follows that J = cI for some positive constant c. �

Invariant measures on locally compact groups are defined up to mul-
tiplication by a positive constant. It can be a tricky problem to find a nor-
malization of invariant measure. For discrete or compact groups, there
is however an obvious normalization.

If G is a discrete group, Cc (G) consists of functions with finite support
and the functional

(2.7) f 7→ ∑
x∈G

f (x)

is an invariant measure, the counting measure. If G is a compact group,
Cc (G) is the space of all continuous functions on G . In particular, the
constant function 1G of value one belongs to this space. In this case, we
can normalize the invariant measure µ : C (G) → C such that µ(1G ) = 1,
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in other words the total volume of G is equal to one with respect to the
normalized invariant measure.

Let G be a locally compact group and H a closed subgroup of G , the
quotient G/H is then a locally compact group. Let us be given an invari-
ant measure µH on H and an invariant measure µG/H on the quotient
G/H . Then one can define an invariant measure µG on G as follows: for
every f ∈Cc (G), let AvH ( f ) denote the function

AvH f (x) =
∫

H
f (x y)dµH (y)

which is a continuous function with copmact support of G/H . The linear
functional

µG ( f ) =µG/H (AvH ( f ))

is then well defined and invariant; we will write in this case µG =µG/HµH .
This construction applies in particular when H is a discrete group and
G/H is a compact group or vice versa. In these case, both H and G/H can
be given canonical invariant measures that induce a an invariant mea-
sure on G . Of course this measure depends not only on G but on its re-
alization as en extension of a compact group by a discrete group or vice
versa.

3. Invariant measure on additive groups

We first consider invariant measures on the basic local fields, those
that are obtained as completions of Q with respect to a valuation, and on
the group of adèles of Q.

Over the field of real numbers, we have the Lebesgue that assigns to
the interval [0,1] the measure one. For every prime number p, we will
normalize the invariant measure on the field of p-adic numbers Qp by
assigning to the compact open subgroup Zp the volume one.

The group of adèles A is an extension of the compact group A/Q by
the discrete subgroup Q. We can normalize the invariant measure on A
by the formula (??) using the invariant measure on A/Q assigning to this
compact group the total volume one. In other words, for every continu-
ous function with compact support in R, we have

µA( f ) =µA/Q(AvQ f )

where AvQ f is the Q-periodic function defined by

AvQ f (x) = ∑
n∈Q

f (x +n),
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andµA/Q is the invariant measure on A/Q assigning to this compact group
the total volume one. If f is the characteristic function of the box

B = {xv ; |xv |v ≤ 1 for all v ∈P }× [0,1]

the average AvQ f is equal to one almost everywhere as function on A/Q.
It follows that the compact {xv ; |xv |v ≤ 1 for all v ∈P }×[0,1] is to be given
the measure one, and more generally for all sequence of positive num-
bers c = (c∞,cp ; p ∈P ) with cp = 1 for almost all p, the volume of the box
Bc = {x ∈ A;∀v ∈ P̄ , |xv |v ≤ cv } with respect to the measure µA, is equal to

vol(Bc ,µA) = 2
∏

v∈P̄

cv

in other words, equal to the product over all places of v of volumes of
compact set defined by |xc | ≤ cv with respect to the normalized Haar
measure on Qv .

Let F be a local field, finite extension of a basic local field Qv . We
claim that F , as locally compact group, can be given a canonical invari-
ant measure. More generally, we claim that every finite dimensional Qv -
vector space equipped with a nondegenerate bilinear form can be given
a normalized invariant measure. We will call density on V a function

d:
∧r V → R+ with r = dimQv (V )

such that for all α ∈ Qv and all x ∈ ∧r V we have d(αx) = |α|v d(x). If V is
equipped with a non degenerate bilinear form q : V ⊗V → Qv then

∧r V
is equipped with non degenerate bilinear form

∧r q and we set

dq (x) = |∧r q(x, x)|1/2
v .

A density determine an invariant measure on V . Indeed, for each basis
x = (x1, . . . , xr ) of V , we have an isomorphism Qr

v →V by setting (α1, . . . ,αr ) 7→
α1x1+·· ·+αr xr , and then transpose the product measure of Qr

v on V . We
will denote µx the measure obtained that way. Given a density don V , we
set

µ= dq (x1 ∧·· ·∧xr )µx .

This measure does not depend on the choice of basis x. If x ′ = (x ′
1, . . . , x ′

r )
is another basis, there is a unique linear transformation g : V → V such
that x ′

i = g (xi ) for all i = 1, . . . ,n. In this case, we have

dq (x1 ∧·· ·∧xr ) = |det g |−1
v dq (x ′

1 ∧·· ·∧x ′
r ) and µx = |det g |vµx ′ .

If F is a finite extension of Qv , the trace form q(x, y) = TrF /Qv (x y) is a
nondegenerate symmetric form on F as Qv -vector space. We will denote
by µF the invariant measure defined with help of the trace form:

(3.1) µF = dq (x1 ∧·· ·∧xr )µx
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where q is the trace form, and x1, . . . , xr is any Qv -basis of F . Let us now
calculate the canonical measure µF for different local fields.

LEMMA 3.1. For F = C and Qv = R, the measure of B1 = {z ∈ C,‖z‖ ≤ 1}
with respect to the normalized local measure µC is equal to

vol(B1) = 2π

PROOF. Let us pick the R-basis x of C with x1 = 1 and x2 = i . The
volume of B1 with respect to µx is equal to π and dq (x) = 2. �

LEMMA 3.2. Let F be a finite extension of Qp of degree r . The volume
of OF = {x ∈ F,‖x‖ ≤ 1} with respect to the normalized local measure µF is

vol(OF ) = discr(F )−1/2

where discr(F ) is the absolute discriminant of F .

PROOF. By definition we have discr(F ) = |O⊥
F /OF | where O⊥

F is the Zp -
submodule of F orthogonal to OF with respect to the trace form q(x, y) =
TrF /Qp (x y). If x1, . . . , xr form a Zp -basis of OF then we have

|(∧r q)(x1 ∧·· ·∧xr , x1 ∧·· ·∧xr )| = discr(F )−1

thus vol(OF ) = discr(F )−1/2. �

Let L be a number field, finite extension of Q. We claim that AL = L⊗Q

A, as locally compact group, can be given a canonical invariant measure.
More generally, we claim that for every finite dimensional Q-vector space
V , AV =V ⊗QA can be given a canonical invariant measure. For each basis
x = (x1, . . . , xn) of V , we have an isomorphism Qn 'V that induces at each
place v ∈ P an isomorphism Qn

v → Vv and over the adèles An → AV . Via
these isomorphism, we can transport normalized invariant measures on
Qn

v and An over Vv and AV respectively. If x ′ = (x ′
1, . . . , x ′

n) is another basis,
there is a unique linear transformation g : V →V such that x ′

i = g (xi ) for
all i = 1, . . . ,n. In this case, we have

µv = |det g |vµ′
v ′

where µv , respectively µ′
v is the invariant measure on Vv defined with

help of basis x, respectively x ′. It follows from the product formula (7.3)
in Chapter 1 that the measures defined on VA by basis x and x ′ are the
same

µ=µ′ ∏
v∈P̄

|det g |v =µ′.

We can also justify this relation by observing that µ induces on the com-
pact group AV /V an invariant measure with total volume one and so does
µ′. We will denote µL the canonical measure on AL .
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PROPOSITION 3.3. Let L be a number field. For every place u ∈ P̄L , let
µu denote the normalized local measure of Lu . Then the normalized adelic
measure on AL is equal to

(3.2) µL = ⊗
u∈P̄L

µu .

In particular, if for every sequence of positive real numbers c = (cu ;u ∈ P̄L)
with cu = 1 for almost all u, the volume of Bc = {(xu) ∈ AL ;‖xu‖u ≤ cu}
with respect to the normalized adelic measure µL is

(3.3) vol(Bc ,µL) = 2mR (2π)mC√
discrL

∏
u∈P̄L

cu

where discrL is the absolute discriminant of L, mR is the number of real
places and mC the number of complex places of L.

PROOF. Let x = (x1, . . . , xr ) be a Q-basis of L and let
∧r x denote the

vector x1 ∧ ·· · ∧ xr ∈ ∧r V . By construction µL = ⊗v∈P̄ µv,x where µv,x

is the measure on L ⊗Q Qv obtained by identifying it with Qr
v with help

of x1, . . . , xr . If q denote the trace form on L ⊗Q Qv given by q(x, y) =
TrL⊗QQv /Qv (x y) then we have equality between invariant measures on L⊗Q

Qv =∏
u|v Lu

|(∧r q)(
∧r x,

∧r x)|1/2
v µv,x = ∏

u|v
µu .

Now the formula (3.2) derives from the product formula∏
v∈P̄

|(∧r q)(
∧r x,

∧r x)|1/2
v = 1.

The volume of the box Bc with respect to normalized adelic measure
µL can now be calculated locally. It is of course enough to restrict our self
to the case cu = 1 for all u ∈ P̄L . The nonarchimedean places will con-
tribute all together the term discr−1/2

L . A complex place will contribute a
factor 2π and a real place a factor 2. �

COROLLARY 3.4 (Minkowski). Let c = (cu ;u ∈ P̄L) be a sequence of pos-
itive real numbers with cu = 1 for almost all u such that∏

u∈P̄

cu >π−mC discr1/2
L

then Bc ∩L× is not empty.

PROOF. Let c ′ = (c ′u ;u ∈ P̄L) defined as follows c ′u = cu if u is a nonar-
chimedean place, and c ′u = cu/2 is u is an archimedean place. We have∏

u∈P̄

c ′u > 2−m∞π−mC discr1/2
L
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and thus according to (3.3)

vol(Bc ′ ,µL) > 1.

If 1Bc′ denote the characteristic function of Bc ′ , then we will have∫
AL

1Bc′ (x)dµL(x) =
∫

AL/L
AvL(1Bc′ )(x̄)dµ̄L(x̄) > 1.

Since AL/L has total volume one with respect to µ̄L , there exists x̄ ∈ AL/L
such that

AvL(1Bc′ )(x̄) > 1.

It follows that there exists different adèles x1, x2 ∈ Bc ′ such that x1 − x2 ∈
L×. Now for all non archimedean places u, we have ‖x1−x2‖ ≤ c ′u = cu and
and for all archimedean places, we have ‖x1 − x2‖ ≤ 2c ′u = cu . Therefore
x1 −x2 ∈ Bc ∩L×. �

4. Invariant measure on multiplicative groups

We first interprete the positive norms of local fields and of idèles in
terms of the scaling effect on invariant measures. Let Aut(G) denote the
group of automorphisms of a locally compact topological group G . This
group acts on the space of compactly supported functions Cc (G), the
space of Radon measures in preserving the one-dimensional subspace
of invariant measure. For all t ∈ Aut(G), we denote f t (x) = f (t−1x) for all
function f on R and µt ( f ) = µ( f t ) for all Radon measures. There exists
a unique positive constant |t |G ∈ R+ such that I t = ‖t‖G I for all invariant
measures I on G . The positive number ‖t‖G will be called the positive
norm of t .

Let F be a local field either archimedean or nonarchimedean. Each
element t ∈ F× defines an automorphism of F considered as locally com-
pact abelian group. The above discussion on the scaling effect on invari-
ant measure allow us to define a positive real number ‖t‖F . We can check
this is nothing but positive norm defined ?? in Chapter 1. Let L be a num-
ber field. Each idèle t ∈ A×

L defines an automorphism of AL considered
as a locally compact abelian group. The positive real number ‖t‖L de-
fined by the scaling effect on invariant measures coincide with the posi-
tive norm of idèles ‖t‖L =∏

v ‖tv‖v if t = (tv , v ∈ P̄L) ∈ A×
L .

If G is a discrete group, then automorphism does effect on the count-
ing measure; in other words, for all t ∈ Aut(G), ‖t‖G = 1. If G is a compact
group and f = 1G the constant function of value one, we have f t = f . It
follows that we also have ‖t‖G = 1. Thus the positive norm of automor-
phism in discrete or compact group is always equal to one. Let G be a lo-
cally compact commutative group with a discrete cocompact subgroup
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H . If t ∈ Aut(G) such that t (H) = H , then ‖t‖G = 1. It follows from this
observation that for all principal idèles t ∈ L×, ‖t‖L = 1.

For every local field F finite extension of basic local field Qv either
p-adic or real, we have defined a canonical invariant measure µF on F
defined in (3.1) with aid of the trace form (x, y) 7→ TrF /Qv (x y). This allows
us to define an invariant measure µ×

F on F× by the formula∫
F×
ϕ(x)dµ×

F (x) =
∫

F

ϕ(x)

‖x‖F
dµF (x)

that may be abbriated as

dµ×
F (x) = dµF (x)

‖x‖F
.

Let us calculate explicitly the measure µ×
F in archimedean and nonar-

chimedean cases.

• If F = R and K (c1,c2) is the compact subset of R× consisting of
real numbers x ∈ R× such that c1 ≤ |x| ≤ c2 where c1 < c2 are
given positive real numbers, then

vol(K (c1,c2),µ×
R) = 2(log(c2)− log(c1)).

If we identify {±1}×R+ with R× by mapping (ε, y) 7→ εexp(y), then
there the measure µ×

R can be factorized as µ±×µR =µ×
R where µ±

is the counting measure on {±1} and µR is the Lebesgue measure
on R.

• If F = C and K (c1,c2) is the compact subset of C× consisting of
real numbers x ∈ R× such that c1 ≤ ‖x‖ ≤ c2 where c1 < c2 are
given positive real numbers, then

vol(K (c1,c2),µ×
C) = 2π(log(c2)− log(c1)).

If we identify C1 × R with C× by mapping (τ, y) 7→ τexp(y) for
all normed one complex number τ ∈ C1 and y ∈ R then there
the measure µ×

C can be factorized as µC1 ×µR = µ×
C where µC1 is

the invariant measure on C1 assigning to this compact group the
measure 2π and µR is the Lebesgue measure on R.

• If F is a nonarchimedean local field and KF =O×
F is the maximal

compact subgroup of F×, then

vol(KF ,µ×
F ) = (1−q−1)vol(OF ,µF )

where q is the cardinal of the residue field of F .

One observe that the infinite product
∏

p∈P (1−p−1) is convergent to
0, in to order to define an invariant measure on the group of idèles A×

L ,
one needs to renormalize local measures. We set

• If F = R or C, µ∗
F =µ×

F ;
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• If F is nonarchimedean, µ∗
F = (1− q−1)−1µ×

F where q is the the
cardinal of the residue field of F . In particular

(4.1) vol(KF ,µ∗
F ) = vol(OF ,µF )

Let L be a number field. For every nonarchimedean place v , let Kv de-
note the compact open subgroup O×

v in L×
v and let choose positive real

numbers c1,v < c2,v for each archimedean places v of L and set Kv =
K (c1,v ,c2,v ). We normalize the invariant measure µ∗

L on A×
L by assigning

to K =∏
v∈P̄L

Kv the measure

vol(K ,µ∗
L) = ∏

v∈PL

vol(Kv ,µ∗
Lv

).

This infinite product is well defined since almost all of its terms are equal
to one. We can in fact calculate this product explicitly

vol(K ,µ∗
L) = 2mR (2π)mC√

discrL

∏
v∈P

(log(c2,v )− log(c1,v ))

with aid of 3.2.

PROPOSITION 4.1. Recall that the quotient A×
L /A1

Lcan be identified with
R by the map x 7→ log(‖x‖). Let µ1

L be the invariant measure on A1
L nor-

malized so that µ∗
L/µ1

L is the Lebesgue measure µR on R. This measure in-
duces on the compact quotient A1

L/L× an invariant measure with respect
to which A1

L/L× has volume

vol(A1
L/L×,µ1

L) = 2mR (2π)mC hLrL√
discrL wL

where

• mR, mC are respectively the number of real places and complex
places of L;

• discrL is the absolute discriminant of L;
• hL is the class number of L i.e. the order of its ideal class group

Cl(R) where R = ZL is the ring of integers of L
• wL is the order of the group of roots of unit contained in L, in other

words the order of the torsion subgroup R×
tors of R×;

• rL is the regulator of L defined as follows: Let α1, . . . ,αm−1 be a Z-
basis of R×/R×

tors with m = mR +mC the number of archimedean
places of L. Let A denote the m ×m matrix consisting of the (m −
1) rows given by (log‖αi‖v withv ∈ P∞, and one row given by
(1,0, . . . ,0). Then we set

rL = ‖det(A)‖.
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PROOF. We recall the exact sequence (7.4) in Chapter 1:

(4.2) 0 → (
R̂××L1

R

)
/R× → A1

L/L× → Cl(R) → 0

where |Cl(R)| = hL , and therefore it will be sufficient to prove that

vol(
(
R̂××L1

R

)
/R×) = 2mR (2π)mC rL√

discrL wL

.

Let us consider the homomorphism log : R̂× × L×
R → ∏

v∈P∞ R mapping
(xR , x∞) ∈ R̂××L×

R to (yv ; v ∈ P∞) with yv = log(‖x∞‖v ). Its kernel is the
compact group K =∏

v∈P̄L
Kv where Kv =O×

v for v ∈PL , Kv = {±1} if v is a
real place and Kv = C1 if v is a complex place. The measure µ∗

L , restricted
to K is product of the measures µ∗

v assigning to Kv = O∗
v the measure

vol(Ov ,µLv ), according to (4.1) if v is nonarchimedean, to Kv = {±1} the
measure 2 if v is a real place, and to Kv = C1 the measure 2π if v is a
complex place. The measure µ∗

L , restricted to R̂××L×
R can be expressed

as the product of the above measure on K with the Lebesgue measure on∏
v∈P∞ R.

We have an exact sequence

0 → K /(K ∩R×) → (
R̂××L1

R

)
/R× → HR/log(R×) → 0

where HR is the hyperplan in
∏

v∈P∞ R defined by the equation
∑

v∈P∞ yv =
0. We observe that K ∩R× is the group of root of units in L so that |K ∩
R×| = wL , and therefore

vol(K ,µ∗
L) = 2mR (2π)mC√

discrL wL

.

It only remains to prove that

vol(HR/log(R×)) = rL .

But this is essentially how the regulator rL has been defined. �
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