
Exercice 1. Construct an isomorphism of topological rings between the ring of
p-adic integers Zp and Z[[x]]/(x −p).

Exercice 2. Let P ∈ Zp [x] be a monic polynomial P = xn +a1xn−1 +·· ·+an such
that P̄ = xn + ā1xn−1+·· · ān ∈ Fp [x], āi being the image of ai in Fp , has a simple
zero ᾱ ∈ Fp . Prove that there exists P has a zero α ∈ Fp of which image in Fp is ᾱ.

Exercice 3. Answer the following questions and justify your answers.

1. Is
∏

p∈P pZp an open subset of Afin? Is it an closed subset? Is it compact?

2. Is Afin∩
∏

p∈P p−1Zp an open subset of Afin? Is is a closed subset? Is is com-
pact?

Exercice 4. Let d be a square free integer and L = Q[x]/(x2 −d). Find a Z-basis
of the ring of integers ZL and calculate the absolute discriminant of L.

Exercice 5. Let p be a prime number. Prove that the polynomialΦp = 1+x+·· ·+
xp−1 ∈ Q[x] is irreducible. Calculate the absolute discriminant of L = Q[x]/Φp .

Exercice 6. Let d be a square free integer, L = Q[x]/(x2 −d). Let p be a prime
number not dividing 2d. Show that pZL is a prime ideal if and only if the con-
gruence x2 ∼= d mod p has no solution.

Exercice 7. Let R = C[x, y]/(x2− y3). Construct a torsion free R-module which is
not locally free.

Exercice 8. Let R be a Dedekind domain and let a be a nonzero ideal. Prove that
A/a is a principal ideal ring. Prove that all ideal of a Dedekind domain can be
generated by two elements.

Exercice 9. Let ρ ∈ C be a solution of the equation ρ2 +ρ + 1 = 0. Define the
Eisenstein integers as the set

Z[ρ] = {a +bρ; a,b ∈ Z}.

Show that Z[ρ] is an euclidean ring, and its group of units is {±1,±ρ,±ρ2}.
Let λ= 1−ρ. Show that (λ) is a maximal ideal. Decompose (3) as product of

maximal ideals in Z[ρ].
Show that if θ ∉ (λ) then θ3 ≡±1 mod λ4. Deduce that if α,β,γ are coprime

to λ then the equation α3 +β3 +γ3 = 0 has no solutions.
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Exercice 10. Prove that for a every number field, there exists a constant HL such
that for every α ∈ L there exists a nonzero integer t with |t | ≤ HL and β ∈ ZL an
integral element of L such that |tα−β| < 1. For Euclidean domain, one can take
HL = 1.

Prove that for every ideal a ⊂ ZL , there exists an ideal b ⊂ OL equivalent to a
in the sens there exists α ∈ L× such that b=αa, satisfying |ZL/b| ≤ HL .

For L = Q[
p−5], prove that one can take HL = (1+p

5)2. Factorize (2), (3), (5)
and (7) as product of maximal ideals in ZL . Calculate the class number of L.

Exercice 11. Let d be a negative square free integer congruent to 1 modulo 4,
K = Q[

p
d ] and R its ring of integers. Let Cl(R) the group of isomorphism classes

invertible modules.
An integral quadratic form is a function q(x, y) = ax2+bx y+c y2 with a,b,c ∈

Z, and its discriminant is b2 − 4ac. The group SL2(Z) acts on the free module
Zx ⊕Zy and thus on the set of quadratic forms; this action preserves ths discrim-
inant. Prove that if d is negative square free integer congruent to 1 modulo 4, the
set of integral quadratic forms of discriminant d modulo SL2(Z)-equivalence is
in bijection with Cl(R).

A integral quadratic form q(x, y) = ax2 +bx y + c y2 of discriminant d < 0 is
said to be reduced if |b| ≤ a ≤ c and if either |b| = a or a = c then b ≥ 0. Then in
each SL2(Z)-equivalence class of quadratic form of discriminant d < 0, there is
exactly on reduced form.

Calculate class number hd = |Cl(R)| for d ≡ 1 mod 4 and −20 < d < 0.

Exercice 12. Let L be a number field of absolute discriminant d. A place v of L
over p is said to be ramified if p is not a prime element in the ring of integers Ov

of Lv . Prove that there is a place v |v ramified if and only if p|d.

Exercice 13. There are only finitely many number field of degree less than r and
of discriminant less than d for given integers r,d ∈ N.
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