CALCULUS 153: SAMPLE MIDTERM 1 SOLUTIONS

Problem 1 (16 points). Determine the least upper bound and greatest lower bound
of the following sets, or state that they do not exist. You do not need to justify your
answer (4 points each).
(1) (_OO>3] U [47 7)7
(2) {z:2<In(z+1) <4},
(3) {a,} where a, =2'/",
(4) {x€eQ:e<ax <7}
Solution
(1) The lub is 7, the glb does not exist.
(2) The lub is e* — 1, the glb is €? — 1.
(3) Thelub is 2, the glb is 1 (note that the sequence is decreasing and converges
to 1).
(4) The lub is 7 and the glb is e. Note that for any real number a there are
rational numbers arbitrarily close to a; therefore, specifying that £ must be
a rational won’t affect the lub and glb.

Problem 2 (20 points). For each of the following sequences, determine whether
the sequence converges or diverges. If it converges, find its limit. Show your work.
(5 points each).

(1)
_ ()

Qn )

n!

©) 2
b, — (1+%) "

3)

sin(n? + Inn)n!/"
n+1

Cp =

(4)

n
d, = x»+1 where x > 0.

Solution
lim ————— = lim — + lim
The first limit is an important limit; it is equal to 0. To find the second
limit, notice that —1/n! < (=1)"/n! < 1/n!. Therefore, we can use the
squeeze theorem and the fact that 1/n! — 0 to conclude the second limit is

0. Thus,

on 1)
lim L)
n—00 n!

1

=0.
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(2)

lim (1—|—%)2n: lim [(1#—%)”}2: [lim (1—!—%)“}2:(61)2:62”3.

n—oo n—oo n— 00

(3) We'll use the squeeze theorem. Note that —1 < sin(n? 4+ Inn) < 1 and
therefore,

nt/m < sin(n? +Ilnn)n'/m _ npt/n

n+1° n+1 “n+1
Furthermore, since n*/™ — 1 (important limit),
1/n
lim ——— =0
n—oon + 1

Therefore, by the squeeze theorem,

. sin(n?® 4+ Inn)nt/?
lim =

(4) Note that
n n+1-1 1 1

n+1 n+1 n+1"
Therefore,
. n . 11 A
lim z»+T = lim 2°~ »+T =2 - lim T
n—oo n—oo n—00 4 uFT

However, /" — 1 (important limit) and therefore z'/(»+1) — 1. Thus,

. _n__
lim z»+1 = .
n—oo

Problem 3 (20 points). Find the following limits. Show your work (5 points each).

(1)

et _ e~ %
lim ———
z—0 S x
(2)
lim xsinx
z—0t ’
3)
1 T

im ,
z—1x—1 Inzx

(4)
. 14+x—€"
im ——.
z—0 x(e® — 1)
Solution
(1) This is an indeterminate form 0/0, so we can apply L’Hopital’s rule directly:
et —e™* . eere*milJrli

lim ——— = lim
z—0 sinx z—0 COST 1

2.
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(2) This is an indeterminate form 0°. Note that In(z5"%) = sinz In z, and

. . . Inz
lim sinzlnx = lim ———,
z—0+ x—0t 1/(Sln .Z‘)

which is indeterminate co/co. We apply L’Hopital’s rule twice to obtain
. Inz . 1/x . sin’ . 2sinx cosx
lim ——v = lim —F——%—= lim ——— = lim ———— =
e—0+ 1/(sinz)  2z—0+ —cosx/(sinx) @0+ —xCOST 20+ —cOST + xsinx

Therefore,
lim 2517 =¢% = 1.
z—0t1

(3) This is an indeterminate form co — co. Note that

1 x . Inz—xz(x—1)

271 Iz +21 (z-1) e
which is indeterminate 0/0. We apply L’Hopital’s rule to obtain

. Inz—z(x—1) ) /e —2x+1
lim —————— = lim ———————.
z—1 (z—1)lnx s—llnz + (x —1)/x

This is again indeterminate 0/0, so we apply L’Hopital’s rule again to obtain
1/ —2x+1 . —1/z* -2 -3

i ng + (x—1)/x ] x+1/z2 2
(4) This is an indeterminate form 0/0 and so we apply L’Hopital’s rule twice
to get
. 14ax—¢€" . 1—-¢€" —e” -1
lim — = lim ——
z—0 x(e® —1) =—0xze® +e* —1

im— = .
z—0 re® + 2e* 2

Problem 4 (10 points). State the e — K definition of lim,_, o a, = L.

Solution In your notes and in the book. Please state it carefully! A random
jumble of €’s, K’s, ”there exists”, ”for all” and |a,, — L| < € won’t cut it.

Problem 5 (14 points). Prove that if T is a subset of S, then supT < supS.

Solution This is #29 from 11.1. The solution is written up in the ”Solutions to
selected homework problems”.

Problem 6 (20 points). For each of the following give an example, or state that
no example exists (you do not need to justify your answer).

(1) A set S whose least upper bound is not an element of S.

(2) A set of negative numbers whose least upper bound is strictly positive.
(3) A set of rational numbers whose least upper bound is irrational.

(4) A set of irrational numbers whose least upper bound is rational.

(5) A sequence that’s bounded but divergent.

Solution

(1) (0,1).

(2) This is not possible (homework problem #32 from 11.1).
(3) {3,3.1,3.14,3.141,.. ).
(1)

{-m,—7/2,—7/3,...}.
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(5) 0,1,0,1,0,. ...



