CALCULUS 133: TECHNIQUES OF INTEGRATION

The purpose of these techniques is the following: you are given the problem of
finding an antiderivative of a complicated function, and these techniques allow you
to reduce it to finding an antiderivative of a simpler function. Eventually you reduce
the problem to finding an antiderivative of a “standard function”, for instance sin
or cos or e*. A list of standard functions, for which we know the antiderivatives is
given on page 383. I expect you to know 1,2,3,5,6,11, 13 and 14.

1. INTEGRATION BY SUBSTITUTION

This technique involves introducing a new variable v for z, which will hopefully
simplify the integral. We let u = f(x) be some function of z and then du = f'(x) dz.
Then substitute in v and du in your integral. You have to be clever to make sure
all the z’s cancel. Be careful when you integrate definite integrals to change the
bounds.

Example To find [ ﬁ% dx, let u =1+ €” so that du = e” dz. Then

e’ 1 m
/1+6$dx—/adU—ln|u|+C’—ln(l+e )+ C.

Example To find foﬂ/z 1Jf:fn€ —dz, let u = sinx so that du = cosz dr. Then when

2 =0, u=0 and when z = 7/2, u = 1. Therefore,

7\'/2 1 1
[ [,
o 1+sin“z o 1+u

= [tan_l (u)](l)

2 2
= tan"!(1) — tan"1(0) = £ -0= £
2 2
Example To find [tanzdr = [ 222 dz let u = cosw, then du = —sinzdx.

Therefore,

i 1
/smm dx:—/fdu:—ln|u|+C:—ln|cosx|—|—C.
cos T u

2. TRIGONOMETRIC INTEGRALS

To compute [sin”zdz, [cos™xdr or [sin™ xcos™zdx, where m and n are
positive integers, the following ideas are handy. If sin™ (or cos™) appears where n is
odd, then simply let u = cosz (u = sin z). Then use the fact that sin? z = 1—cos?
(cos?z = 1 — sin” ) to write everything in terms of u.

1
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Example To find [ sin® z dz, let u = cosx so that du = —sinz. Then

/sin?’xdx = /(170052x)sinmdx

= —/(1—u2)du

3
u
= ——u+C
3
cos3

= - C.
3 cosT +
Example To find [ cos®z sin? z dz, let u = sinx so that du = cosz dz. Then

/ cosPxsinzdr = / cos? xsin? z cos z dz

/(1 — sin” z) sin” x cos z dx
/(1 —u?)u? du

= /u2—u4du

U3 Us
= ———+4C
3 5 +
.. 3 .5
sm- x s x
= - C.
3 ) +

If only even powers appear, use the identities sin? z = (1 —cos 2z)/2 and cos® z =

(1 + cos2x)/2 to put your integral into an easier form.
Example

1
—(1 — cos2x)(1 + cos 2x) dx

/sin2 zcoslxdr = 1

1 — cos?(2x) dx

—

8 ==

1
/5(1 + cosdx) dx

/ cosdx dx.

ol — oo

w8

Now let u = 4x so that du = 4dz to get

sinzcos?zdr = f,i cosu du
8 32
= 2 Lanutc
= 3 32smu
xr  sindx
= - - C.
8 32 +

Phew!
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Finally to compute integrals of the form [ (sin mz)(sinnz) dz, [(cos mz)(cos nz) dx
and [ (sinma)(cosnz) dx just use the identities at the bottom of page 395.

Example

1 1 1
/(sin 3z)(sinx) dz = /—i(cos dx — cos2zx)dx = 3 / cos 2z dx — 3 / cos 4z dx.
After u substituting in both integrals you should get

1 1
/(Sin 3z)(sinx) dx = 1 sin 2z — 3 sindx 4 C.

3. RATIONALIZING SUBSTITUTIONS

This technique allows you to get rid of n-th roots in your integral. The resulting
integral will hopefully be easier than what you started out with. This technique
tells you that if (ax+b)/™ appears in your integral, let u = (az+b)'/™. If /a2 — 22
appears let = asint so that t = sin~!(z/a); note that t is your new variable!

Sometimes you can just do a usual u-substitution though! Don’t forget about
your previous techniques just because you learn new ones. For instance to find

J22v1 — a2 dz, just let u=1— 22

Example To find [ Wll/?» dz, let u = x'/3 so that u® = z. Then 3u?du = dz so

that )
1 3u U
/x—i—xl/?’ v /u3+u b /u2+1 Y

Now let v = u? + 1 so that dv = 2udu. Then

3/u2+1duf2/Udvf21n\v\+0—21n(u +1)+C’—2ln(x +1)+C.

Example To find f \/1i7 dx, we let x = sint so that dz = costdt and V1 — z2 =

T d sint Lt
——dzr = cos
V1—22 cost

/sintdt

= —cost+C
= —cos(sin™!(z))+C
= —V1-22+0C.

Notice that we could have also solved this using u-substitution.

cost. Then we get

4. INTEGRATION BY PARTS

The formula for integration by parts is

/udvzuv—/vdu.

Usually you should try other methods first and if they don’t work, try integration by
parts, although with more practice you will recognize situations where you should
use integration by parts almost immediately.

To use integration by parts you must write your f(z)dz in the form udv. This
means you must choose u and v. A useful way to do this that will work almost every
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time is to remember LIATE (Log, Inverse trig, Algebra, Trig and Exponential). If
In occurs in your function, you let v = Inx and let the rest be dv. If not then if
an inverse trig function occurs, you let u be that and the rest dv, if not and an
algebra term (like  or #2) occurs then you let u be that and the rest be dv etc.

Example To find [ zcoszdx we notice that by the LIATE method above, we
should let © = = so that du = dz, and dv = cosx dx so that v = sinz. Then we
plug into the formula above to get

/azcosxdm:msinaz—/cosxdxzxsinx—sinx—&—C.

To evaluate definite integrals, just add your bounds:

Example
w/2 w/2
/ :ccos:cd:v:[:csinz]gﬂf/ COSIEdI’:g*[sinm]g/2:ﬂ/2fl.
0 0

Sometimes you have to integrate by parts twice:
Example To find [ z?¢” dz, let u = 2% so that du = 2z dz and dv = e” dz so that

v = e®. Then
/xzex dz = 2% — 2/956”: dx.

Now to deal with the second integral, let u = x so that du = dx, and dv = e” dx
so that v = e”. Then we get

/$2€x dx = x%’”—?/xew dr = 2%e*—2 <xew — /e“ dm) = 22" =26 +2e*+C.
Finally, you may integrate by parts twice and end up with what you started

with. This does not necessarily mean that you have failed (although sometimes it
does mean that).

Example To find [sinze” dx let u = sinz so that du = coszdr and dv = e* dz
so that v = e®. Then integration by parts gives

/sin zedr = e®sinx — /cos ze® dx.

Let’s integrate by parts again, letting u = cosx so that du = —sinxz dx and dv =
e” dx so that v = e” in the second integral. Then

/Sin ze®dr = e sinx — /cos ze® dx
= ¢€"sinzx — (em cosT — /(— sin z)e” da:)
= ¢esinz —e®cosz — /Sin xe® dx.
Now simply bring the [ sinze® dz to the left side to get that

1
/sinxe“" dx = 5 (e”sinz — e cosx) + C.
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5. MISCELLANEOUS TECHNIQUES

Sometimes you will need to manipulate your function algebraically to put it in
a form that is more convenient for integrating. One of the more common ways of
doing this is to complete the square:

Example

/;dx_/;dx
24+2c+2 7 ) (x+1)241
Let u = 2 + 1 so that du = dz. Then

1 1 . .
/mdm:/md“:taﬂ () + C = tan" (@ +1) + C.



