Math 227 Winter 2009

Solutions to HW #1

Exercise 1.

i. Following the notes, we can assume the solution is unique and thus given by the integral discussed
in class. Hence for any fixed (x,t):

u(z,t) = /R‘P(w—y,t)g(y)dy
/ By, 1) glz — y)dy
R
/<b<y,t>|\gnmdy
R

||g||oo/ D(y,t)dy
R
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where the inequality follows from the fact that if f:IR —IR™ is a continuous, non-constant function,
then [ f(y)dy > 0. [Can you see that? Since it is not constant, there must exist an a > 0 such

that f(x)=a for some x € R. Then, by continuity, there is a § > 0 such that f(y) >a/2 for y € [x —
§,x+d and so [ f(y)dy=da>0.] We took f(y)=2(y,t){llgllcc — 9(z —y)} =0 here.

ii. Similarly:

HU(t)II%:/R u(z,t)de = /R {/R @(y,t)g(x—y)dy}Zda:
/]R{/Rq)(yl’t)g(x_yl)dyl}{/I[{(I)(yﬁ)g(if—yz)dyz}d:r

/ D(y1,t) P(y2,t) / g(x —y1) g(x — y2)dx dyy dya
R R

< A By, t) D(yart) |gl3dys dys

lgll3

where the inequality follows from an argument similar to that in (i), since by the Cauchy-Schwarz
inequality

f(ylay2):/9(117—yl)g(I—yg)dx—/g(I)Qd:cg()

and moreover f is non-constant and clearly continuous,



iii.

Here

[u®li= [ futeldz = [

< /R/R‘1>(y7t)|g(w—y)ldyd:v

/ B(y. 1) dy gl
R

/ B(y. 1) gle — y)dy |da
R

= lglh

where the inequality follows from that fact that | [ f(z)dz| < [ |f(z)|dz for any f that changes
sign.

Exercise 2. All four sub-problems below require the same approach, namely first expressing derivatives
of v in terms of derivatives of u and then eliminating the latter using the PDE that u satisfies.

i.

ii.

iii.

1v.

Observe that vs(y, s) =dui(yy,ds) and vy, (y, s) = v*uz.(vy,ds), hence
0

2 rx
/y

and this equation is the same as that for v if and only if § =~2.
Here v(z,t) = e w(x, t), vy(x,t) = av(z,t) + e* uy(z, t), and differentiating again
Vez(,t) = v(m,t) + 2 e uy(x,t) + e ug(z,t).
Hence e*® uy(z,t) =v.(z,t) — av(z,t) and putting all of this together gives
ve(x,t) = e uy(w,t) = e uyp(x,t) = vpp(x,t) —a?v(z,t) — 2 [ve(z, t) — av(z,t)],

finally yielding

V= Vgp — 2 Vg + a2 0.
Here vy(x,t) = Bo(x,t) + e luy(x,t) and vy, (2, t) = P uz.(z,t), so

Vg =Vgpz + O0.

We begin by simplifying the PDE

Vg =0 Vpyp + AUz + CU.

Our idea is to somehow reverse the transformations above, i.e. to use (ii) to get rid of v, then (iii)
to eliminate v, and finally (i) to remove the constant, thus reducing this PDE to the heat equation.
First, we set u")(z,t) =e~**v(z,t) for some constant a to be specified soon. Then

ugl)(x,t):e_o‘wv(x,t) = e {0V + Az +cv}
= efo””{U[azv(x,t)+2ae°‘zuil)(x,t)—|—e°‘””u§alm)(x,t)]

+ Aav(z,t) —i—eo‘muil)(x,t)] + cv(:zc,t)}

and we see that if 20 a = — )\, then the first derivative disappears and we are left with
uz(el)(fzv t)= Juggz(x, t)+ (ca?+ Aa+c)uV(z,t),
where o= — %



Second, we let u(z)(x, t)= e‘ﬁtu(l)(ac, t), again for some constant 3, and obtain
uP(z,t) =Pt [ugl)(x, t) — Bu(z, t)} = e Pt {ougz)(:v, t)+ (ca’+Aa+c—B)uV(z, t)}

AZ A2 A2 o
For ﬁzoaQ—l—)\a—i—c:om—E—i—c:c—E the above simplifies to

u,@(:v, t)= ouf)(:v, t).

x

Finally, we let u(z,t) = u®(x, §t). Thus us(z,t) =6 0 Uy, t) and setting § = o~ ! we recover the
heat equation

Ut =Ug -

Working back to express u in terms of the original v gives

u(z,t)=e P72y (x t/0)

and more interestingly
v(z,t) =eltTory(z,0t) = exp{ (c - )\—2> t— ix} u(x,ot).
4o 20
Now, the last step in determing v is to find u, which will have to satisfy
Up = Ug g rzeR, >0
u(z,0)=e"**uv(z,0)=e"*" g(x)

Fortunately, the solution to this is given in the notes as

ue.t)= [ Ba—y. 0 rgl)dy.
leading us to conclude that R

- )\2 A Ay/(20)
v(x,t)-exp{(c—m>t—%$}/R‘1>(33—y,0t)6 9(y)dy.

Exercise 3. The idea here is almost the same as in the previous exercise.

i. Since u =e", differentiating gives

u = e’y
Uy = ey

_ v 2 v
Upy = €V (Vg)°+€"Vsy

Combining these with the heat equation for v and cancelling the exponentials gives v; = v;s + (v5)2
and the initial condition becomes v(x,0)=log (g(x,0)).

ii. Differentiating gives

’U,t(I, t) = ’Ut(ekmv t)
ug(z,t) = Ne Moy (el t)
Urr(2,t) = A2 M0 (e 1) + (N er) 2w, 1),

Combining these and substituting y = e** gives vi(y,t) = A2 yv,(y,t) + (Ay)?vyy(y,t) . The domain
R x RT is mapped onto Rt x RT and thus v satisfies the following initial value problem:

ve=(Ay) vy, + A2y, y>0,t>0

lo
v(y,O)—g< §y70> y>0




Exercise 4. Observe that, by Exercise 2(iii) we have u(x,t)=e~?'v(z,t) where v satsifies

Ve = Vg g x€(0,7),te (0,T]
v(z,0)=sin(z) +3 z €0, 7]
v(0,t) =3 e*t =v(m,t) te0,T]

Notice that v satsifies the maximum principle (as stated in the notes), so in particular it achieves its
minimum on the boundary. Since v is always positive on the boundary (i.e. v(z,0) >0 and v(0, t) = v(m,
t) > 0), it follows that v(x,t) >0 for all z € (0,7),t € (0,7] and the same holds true for u, being a positive
multiple of v. Thus we cannot have u(x,t) =0 in the domain.

Exercise 5.
a) Define v: =u — 1 which thus satisfies
Ve =Vgqp z>0,t>0

v(z,0)=—1 >0

v(0,t)=0 t>0

Thus using the integral representation from the notes for v we can represent it as

1 o0 _le—yl? _letyl?
u(:v,t)zl—\/m/o e ® —e T |dy (1)

b) Although it is not clear how to evaluate the above integral, we can still recognize that

u(:z:,t)—l—]P(X>—%)+]P<X>%> —P<|X|>%>

for a random variable X ~ N(0, 1). [Can you see this? Work out ALL the details, so that you are
completely comfortable switching between the heat kernel and the probabilistic interpretations.|
From this representation we easily show that

z/V2t [ —y?/2
x >:2 e dy< 2 x 1 _C)
V2t Ver V2t V2T Wi

|u(z,t) —1|=1P(|X| <

as required.
It is instructive, however, to see how you can also deduce this straight from the original expres-
sion. Observe that rearranging (1) we get

1 © [ _le—ylz2  _Jztyl?
1—wu(z,t) = m/o e 1 —e At |dy

1 /00 _\z—y@d /0 _\z—y@d
e 4t — e 4t
= /R ®(z—y,t) g(y)dy

where g(y) =1 for y >0 and g(y) = — 1 for y < 0. Since the funtion y+— ®(x — y, t) is symmetric
about y =2 >0, we have

0 0 e’} e’}
/ <I>(I—y,t)g(y)dy:—/ <I>(x—y,t)dy:—/ ‘1>(x—y,t)dy:—/2 O(z —y,t) g(y)dy

—oo —oo 2z

and so




as before.

Exercise 6.

i. Clearly

|f<s>|—' e ayaa

</ Ie”m'fllf(x)ldrc:/ |F(@)dz= £

ii. Looking at the jth component and integrating by parts gives

VTOh= [em80,, fla)da = e ) 205 - [ (=2mig)e?mes fla)ds

r=—00

= 27Ti§j/672”im'5f(3:)d:1::27Ti§jf(33)

where we use the fact that f(z)— 0 as |z| — co. Hence

[ 19s@pac= [ (Fh©rac= [ re i

as desired, where the first equality is an application of the Plancherel identity.

iii. Here

/|f<:c>|2dw=/ Flo)ag /E<R|f(§)l2d§+/E>R|f(§)|2d§

2 ~
/E<R I 71lEdg+ ||22:fg||2 | f(&)7d¢

N

= CuR I+ oz | IV (@)

where we used the fact that from (i) supe | f(€)] < || f]|1-

iv. It follows that
/'Vf(l’”QdCC > 2m{|IfI3R*— CullfIIf B2},

so equating the derivative of the RHS to zero gives

2[[fI3R —(n+2)Cull fITR™ 1 =0
and so
2
o 2llflks .
(n+2)Cn |l £

Evaluating the inequality at this particular R yields

2/n
Vi > @or{ii-cui— UL ) (2l Y
[ wsera > @nr{ing-cant o et (5 ehm
2\ 2/n
= Dl 1)

1717

n —4/n
= DullFIRM ™10



as desired.

Exercise 7.

i. Interchanging the derivative and the integral
2dr = = .
5 dt/ |ul*da= /u@tud:c = /uV (a(z) Vu) dx

/ V- (wa(z) Vu)dz — / Vu-(a(z) Vu) dz

= —/a(:v)|Vu|2d:E

where the last step follows by Divergence Theorem, since both u and Vu vanish at infinity suff-
ciently fast.

ii. Notice that by the Divergence Theorem again

ddt/(xtd:c—/atuxt /V u)dr =0,

hence [ w(x,t)dx cannot depend on ¢.

iii. Applying the result from Exercise 6(iv) to u and using the fact that from (ii) we must have
lu@ll =] [ w@,t)de|=]| [ uo(xz)dz| = |lug|/1 (since ug>0) for all ¢ yields

2(14+2/n —4/n
/ VuPda > Dy r 202 g 74/

Hence since 1 < a(z) <2 we have

Ld < / Vul?de < — Dy 2042/ [l 74"

2 dt

and so
1o/ d _
lall3 ™7 w3 < =2 Dy fluolly

and integrating with respect to t gives

n 2(—=2/n 2(=2/n —4 n

= 5 {Iu® 52 = uoll5*™} <=2 Dy fluolly
so that

2(—2/n) _ 4 —4/n 2/n 4

a1 =™ > = Da fJuolly /™ t + ucll3' msd ~ Dy |luoll; ™t

and

B,
lu(t) I3.< 7 1uol 3,

which after taking square root becomes
B
lu®)ll2 </ 75 lluolls-
iv. Consider the linear operator S(t): Ly — L2 given by wug — u(t). The last inequality of part (iii)

shows that this is a bounded operator between the two spaces, so its adjoint S(¢)*: Ly — L is a
bounded operator as well with the same norm. Now the adjoint satisfies

Juws®rlelds = [l eds= [ut)odz



where ¢ € L?. Since ug € C°(R"™), we can take ¢ = ug from which follows that in fact S(t)*[ug] =
u(t), so that S(t)* is the same operator as S(¢), which is thus bounded as an operator from Ly to
L. Finally

S(t)uo] = S(t/2) [S(t/2)[uo]]
so that
I1SONei—re < 1SE/2) L1, 1SE/2) | 2— Lo

B, B,
s \/ UPRE \/ UPRE
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