Math 227 Winter 2009
Solutions to HW #3

Exercise 1. Define Xy(w):=2 [ ' FydBs— [ |F,|?ds. Then Z,= f(X,)=eX* and applying It6 gives
0 0 gltog

dZ;
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since the quadratic variation of X, is given by d[X];=4|F;|?>dt. In the integral form this states
t t
Zy— Zo= / 2Z5FSdBS+/ Z, |F,|? ds,
0 0

where the drift term is non-negative, so this is a submartingale (in particular a martingale if F'=0).

Exercise 2. We apply 1t6’s formula (in the integral form) and get

sy sen= [ foceoron+ 29 prixgbace [ o o rio)as

where the curly bracket is exactly L f(X}), so now it is enough to show that the last integral on the right-
hand side is a martingale. By the Properties of It integral, as listed in the notes, this will follow once we
show that f/(X:) € L£2([0,T)).

If we only know that the second derivatives of f are all unformly bounded, we have a mean-value
inequality || f'(z) — f/(0)|| < K|z| for all z € R and some constant K. Thus for some further constants A,

B, C we have
T T
E / IF(X)Pdt | <E / A+ BX,||+C |1 X,|Pdt
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which is finite, because all the moments of B.M. are bounded on [0, T] (and the velocity V' must be Lips-
chitz for the definition (0.5) from the exercise statement to make sense).

[If, on the other hand, we know that the first derivatives of f are all uniformly bounded, we automatically
have f/(X:) € L£2([0,7]) by monotonicty of the expectation.]

Exercise 3. Applying It6’s formula we get
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dY;=\Y;dt — aeMsin(a By) dB; — %azYtdt: ()\ —%)Yt dt — aesin(a By) d By
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so the integral against Bm is a martingale and for {Y;} to be a martingale too suffices for the drift term
to disappear, that is A=a?/2.
For the second part, applying Itd’s formula we get

Notice that for each T'
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For {S;} to be a martingale on [0, 7] we would thus require v and o to satisfy

T
]E(/ e Msin?(a Xy) O’Q(Xt)dt> < 0
0
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()\—%(x))cos(ax)—asin(ax)u(x) =0 forallzeRR.

Exercise 4. To identify the correct BVP we study formula (2.28) from the notes (probabilistic represen-
tation of a general BVP). Observe that taking g(z) = ¢(x) =0 and f(x) = — 1 for all 2 € D the formula

simplifies to
YD
/ ds
0
which is exactly what we are looking for.
Thus we consider the following BVP for v € C?(D))

w(z)=E =E[vbl,

%Av:—l

with v(x) =0 for z € dD. By our initial assumption it has a unique classical solution, call it v. Then it fol-
lows from the notes that indeed v(z) = E[yp] =:w(x). Hence w must solve the above stated BVP.

We should also mention here that in this problem, with D smooth, it can be proved that our assump-
tion holds.

Exercise 5. Consider the function f(x, t) = e u(z, t) and the It6 process defined on [t, T] through
dX,=—pds++2dB,, X;=x. Applying Ito’s formula to f(X;,t) we get
T T
(X7, T)— f(Xy,t) =M p(X7) — eMu(z,t) = / e {us+ AU — g + gy} dt—l—/ V2 eru, dBs.
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where we suppressed the arguments (X, s) of u and its derivatives. The first integrand equals zero by our
assumption on u, while the second integral has expectation equal to zero and we have

u(z,t)= E[eA(T*t) ¢(XT)]

Exercise 6.

i. Let dX;=b(x)dt+ dBy;, Xo=0 and define yp =inf {t > 0: X, e R?"\D}. Then applying the stopped
Itd’s formula to v(X;) we get

V(Xinyp) —v(@) = /OMD {Wfs)-Vv(XsH%Av(Xs)}d“/otMD [Vo(X,)] - dB,

- / " (X)) dB..
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Taking expectations of both sides and using the martingale stopping theorem on the right-hand
side we get

v(z) =Ev(Xinqyp)-

Now since D is smooth and bounded, we have lim; .. yp At=~p a.s. and v bounded on D. Hence
Dominated Convergence Theorem gives us

tli)rgo E’U(Xt/\VD) = EU(X’YD) = Ef(X’YD)'

Thus we have v(z) =E f(X,,) and u(z) =Eg(X,,).

ii. Suppose indeed for some € >0 we have f(x) > g(x)+ 2¢ for some x € 9D. Then by continuity of f
and g there exists a 6 >0 such that for all yeI', I':={y € dD: ||z — y|| <} we have

f(y)>g(y) +e.



Thus by monotonicity of the integral we must have
E[f(Xy5); Xyp €T] 2 E[g(X5,) +63 X5, €T =E[g(X4,,); Xqp €T+ P(X,, €D).
Because Leb(T") >0, we have P(X,, €I') >0 and so
E[f(Xyp); Xyp €T > E[g(X,,); X €T,

Since f > g on T implies that E[f(X,,); X5, € OD\I'] > E[¢g(X,); X, € 0D\I'], adding the two
inequalities we finally get for all x € D
v(a) = Ef(Xyp) > Eg(Xy,) = u(z)

as desired.
Exercise 7. By Feynman-Kac we have

u() =Blu(BO) + o) = [ uly+3) fa(1)4S(0)
8B,.(0)
where {B(t)} is standard Brownian motion, v =inf {t > 0: || B(y)|| >} is a stopping time and fp(,) is the
density of B(7v). Recall that in the last exercise of Homework #2 we showed that the law of the d-dimen-

sional Brownian motion is symmetric with respect to rotations. It follows that B(y) is uniformly dis-
tributed on 0B,(0) and so fp(,)(y) =1/|0B,(0)| =1/|0B,(x)| as required.



