Math 227 Winter 2009

Homework 4

. Define B;(t) = E(BF)), where B, is the standard Brownian motion. Use Ito’s formula and
induction to find an expression for @i for all positive integers k > 1.

. Let X; be an Ito integral
t
X = / v(s,w)dBs,
0

with a bounded function v, that is, [v(t,w)| < M for all t > 0 and all w € Q. Then X, is a
martingale. Give an example of v(¢,w) such that X? is not a martingale. Show that if v is
bounded then

t
M; = X? —/ lv(s,w)|*ds
0
is a martingale.

. (i) Let

t dB,
Y, =t 1—1t
=y [

and show that lim;_,1 Y; = 1 almost surely. Hence, Y; connects Yo =0 and Y; = 1.
(ii) Generalize (i) to construct a process of the same kind that connects Yp = a and Y7 = b
for arbitrary a,b € R.

. Show that the solution u(¢,x) of the initial value problem

ou  [%*x? 0%u ou
gLy v R
ot = 2 o2 Mo ET

with the initial data u(0,z) = f(x) may be written as

u(t,r) = E {f(xeﬁB”(a_BQ/mt} .

. Let b(z), = € R, be a smooth bounded function and define the process X; by
dX; = b(Xy)dt + dBy, Xo = x.

(i) Prove that for all M > 0, x € R and ¢ > 0 we have P(X} > M) > 0. Hint: Girsanov’s
theorem is helpful here. (ii) Assume that b(z) < —1 for all . Show that X7 — —oo as
t — 400 almost surely. Why does this not contradict (i)?

. Let (a,b) be a bounded interval, set
dX; =rXs +aXydB;, Xo=zx € (a, b)

(i) Let 7(z) be the exit time for X} from (a,b). Find an equation for u(z) = E(7(x)).
(ii) Compute P(X,(,) = b). (iii) Let g be a bounded continuous function defined on (a,b).

Find -
w(z)=E /0 g(Xt)dt] .




