A PROOF OF PRICE’S LAW ON SCHWARZSCHILD BLACK HOLE
MANIFOLDS FOR ALL ANGULAR MOMENTA

ROLAND DONNINGER, WILHELM SCHLAG, AND AVY SOFFER

ABSTRACT. Price’s Law states that linear perturbations of a Schwarzschild black hole, depending
on initial conditions, fall off as t~2~3 or ¢72*~2 for ¢ — oo where £ is the angular momentum. We
give a rigorous proof of these decay rates in the form of weighted L' to L* bounds for solutions of
the Regge—Wheeler equation. The proof is based on an integral representation of the solution which
follows from self-adjoint spectral theory. We apply two different perturbative arguments in order
to construct the corresponding spectral measure and the decay bounds are obtained by appropriate
oscillatory integral estimates.

1. INTRODUCTION AND MAIN RESULT

In General Relativity, the dynamics of spacetime is governed by Einstein’s equation which, in
the absence of matter, takes the form

Rw(g) =0

where R, (g) is the Ricci tensor of the Lorentz metric g. Exact solutions (i.e., solutions which
are known in closed form) include the free flat Minkowski spacetime as well as the Schwarzschild
metric and, more generally, the Kerr solution. The Schwarzschild solution is spherically symmetric
and corresponds to a non rotating black hole whereas rotating black holes are described by the
axially symmetric Kerr spacetime. A fundamental mathematical problem in General Relativity is
the understanding of the stability of these solutions. The stability of the flat Minkowski spacetime
under small perturbations was shown in the seminal work of Christodoulou and Klainerman [15] in
the late 1980’s. A simpler proof was later developed by Lindblad and Rodnianski [34]. However,
we are very far from understanding the dynamics near a black hole. Yet, latest experimental
setups are crucially dependent on such an analysis, in order to observe gravitational waves (see
for example [22], [24], [25], [23] and cited ref.). Most efforts are now focused on understanding
the linear dynamics and stability of such solutions, see e.g. [31], [7] and cited ref., as well as [40].
The mathematical aspects of the problem will be discussed below in more detail. We also refer the
reader to the survey [21] which gives an excellent overview of recent developments in the field from
the mathematical perspective.

1.1. Wave evolution on the Schwarzschild manifold. As a first approximation to the linear
stability problem of a non rotating black hole one may consider the wave equation on a fixed
Schwarzschild background. One is then typically interested in decay estimates for the evolution.
To simplify things even more, one restricts the analysis to the exterior region of the black hole which,
however, is physically reasonable: such a model describes a black hole subject to a small external
perturbation by a scalar field — a situation which, with a more realistic matter model, is certainly
relevant in an astrophysical context. In order to formulate the problem we choose coordinates such
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that the exterior region of the black hole can be written as (t,7, (6, ¢)) € R x (2M,c0) x S? with
the metric

g = —F(r)dt* + F(r)"'dr* + r*(d6* + sin® 0d¢*)
where F(r) =1— % and, as usual, M > 0 denotes the mass. We now introduce the well-known
Regge—Wheeler tortoise coordinate r, which (up to an additive constant) is defined by the relation

_dr

Cdry
In this new coordinate system, the outer region is described by (¢,7+, (6,¢)) € R x R x S,
(1) g = —F(r)dt* + F(r)dr? + r*(df? + sin® 0d¢?)

with F' as above and r is now interpreted as a function of r.. Explicitly, r, is computed as
r
=r+2Mlo (——1).
Tx + g oM
Generally, the Laplace-Beltrami operator on a manifold with metric g is given by

1 v
Oy = m@x (\/ | det (g )|g" au)

and thus, for the metric g in (1), we obtain
1 1
Dg = F_l (_atQ + ﬁar* (7“287.*)> + ﬁAsa.

By setting ¢(t,rs, 0, ¢) = r(r*)zﬂ(t,r*,ﬁ,@ and writing = = r,, the wave equation Dglﬁ =0is
equivalent to
FdF

F
—? 20— — —_ 2 =
(2) 8tw+ax1/} r dr¢+ r2 AS ¢ 0.

The mathematically rigorous analysis of this equation has been initiated by Wald [53], however,
the first complete proof of uniform boundedness of solutions is due to Kay and Wald [32]. Recently,
Dafermos and Rodnianski have found a more robust method to prove boundedness of solutions
based on vector field multipliers that capture the so—called red-shift effect [19], see also [21] for
a survey and generalizations of these results. The goal of our present work is to prove L' to L™
decay estimates for Eq. (2). Different types of decay estimates have been proved before. Local
decay estimates, based on multipliers generalizing the Morawetz estimates, were initiated in [8], [9]
and [10]. Later, a similar approach was used in [18], [11], [19], [20] and [35] to prove both local
decay estimates and pointwise decay in time based on conformal type identities. In [39], [38], [50]
and [36] it is shown how to apply such estimates to obtain Strichartz type decay estimates. We also
mention the recent paper [3]. Our results differ from the above in certain respects: the methods
we use are based on constructing the Green’s function and deriving the needed estimates on it.
Previous works in this direction, where some weak form of decay was proved, include mainly the
series of papers [28], [29], [27] for Kerr black holes as well as [33] for Schwarzschild. In our approach,
we freeze the angular momentum / or, in other words, we project onto a spherical harmonic. More
precisely, let Y, be a spherical harmonic (that is, an eigenfunction of the Laplacian on S? with
eigenvalue —¢(£+1)) and insert the ansatz ¢ (¢, z, 0, ¢) = pm(t,2)Y,m (8, ¢) in Eq. (2). This yields
the Regge—Wheeler equation

a?¢£,m - a§¢£,m + w,a (:E)wf,m =0

) (2

with o = 1 where

Viole) = (1



is known as the Regge—Wheeler potential. In the present work, we obtain decay estimates for
solutions of this equation. However, before we explain our results in more detail, we further motivate
the study of the Regge—Wheeler equation by considering more general black hole perturbations.

1.2. Other types of black hole perturbations. The wave equation on the Schwarzschild man-
ifold describes the time evolution of linearized scalar field perturbations of a black hole. Of course,
not all physically relevant situations are covered by this simple model since it ignores the underlying
tensorial structure altogether. Eventually, one is interested in perturbing fields of higher spin, in
particular gravitational perturbations. However, as a remarkable fact, the Regge—Wheeler equation
is also relevant in this context. This follows from a reduction procedure that goes back to Regge
and Wheeler [45] as well as Zerilli [54], see also [52] and [14]. We will briefly sketch how this comes
about. In order to study gravitational perturbations, one considers a perturbed Schwarzschild
metric g of the form

§=—2TW 2 4 20TV (4 — Swdt — Sgadr — Sgzdf)? + e2H2tom2) g2 2(Hatons) g2

where the various coefficients are allowed to depend on ¢,7,6 and e?” = e 242 =1 — %,

eV = rsin @ (we follow the notation of [14]). It can be shown (see [14]) that this ansatz is sufficiently
general. One then requires the metric g to satisfy the linearized Einstein vacuum equations, i.e.,
one linearizes R,,(g) = 0 with respect to the perturbations v, d¢, etc. It turns out that one
has to distinguish between so—called azial (dw,dq2,dq3) and polar (dv, 01, du1,dus) perturbations,
depending on the behavior of the metric under the reflection ¢ — —¢. After a lengthy calculation
and separation of the f#—dependence one arrives at

83w£_8gw+(1_2M)<£(€+1) GM)W:O

r(z) r2(z)  r3(x)

where 1)y is an auxiliary function which completely determines the axial perturbations, see [14]
for details. Thus, v, satisfies the Regge-Wheeler equation with ¢ = —3. In the case of polar
perturbations, Zerilli [54] has derived an analogous equation with a more complicated effective
potential. However, Chandrasekhar [13] (see also [14]) has found a transformation involving differ-
ential operations that relates this equation to the one for axial perturbations. As a consequence,
the Regge-Wheeler equation provides a fairly complete description of gravitational perturbations
with a fixed angular momentum parameter ¢. Moreover, we mention the fact that the Regge—
Wheeler equation with parameter o = 0 appears in the study of electromagnetic perturbations of
Schwarzschild black holes, i.e., if one considers the Einstein—-Maxwell system and linearizes around
the Reissner—Nordstrém solution with zero charge. We do not comment on this further but simply
refer the reader to the literature, see [14] and references therein. As a consequence, the study of the
Regge—Wheeler equation can provide valuable information on the stability of Schwarzschild black
holes under various types of perturbations and it is truly remarkable that such a unified approach
is available.

ers =1,

1.3. Decay estimates for the Regge—Wheeler equation. The most salient feature of the
Regge-Wheeler potential is that it decays exponentially as * — —oo which corresponds to ap-
proaching the black hole, whereas for x — oo, it falls off as 272, It is well-known [26] that this
inverse square decay is in some sense critical for the scattering theory. In order to explain this we
define the Schrédinger operator Hy , by

Hf,of = _f// + ‘/Z,af

and recall that the Jost solutions fi(z,\) are defined by Hy o fx (-, ) = A2 f1 (-, \) and fy(z,\) ~
et as 1 — 4o00. The property Vie € LY(R) is sufficient to guarantee the existence of these
solutions, see [26], but the inverse square decay of V;, is critical in the sense that at this power
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the Jost solutions typically are no longer continuous as A — 0. Nevertheless, following [49], it is
possible to perform a detailed spectral and scattering analysis of the Schrodinger operator Hy ..
However, we emphasize that the present work differs considerably from [49] due to the asymmetric
decay properties of the potential V, ,. Of particular importance is the asymptotic behavior of the
resolvent ((A+i0) —Hy,) ! (and thus, of the Jost solutions and their Wronskian) as A — 0. This is
a common feature in dispersive estimates, see [47]. In particular, we are faced with the possibility
of a zero energy resonance. However, it was already observed earlier [45], [16], [41], [52] that in
the physically relevant cases such a zero energy resonance does not occur (see also Lemma 6.3
below). Our approach is detailed enough to show rigorously, for the first time, the decay estimates
depending on the angular momentum of the initial data. In his seminal work [41], [42], see also
[30], Price heuristically derived the decay rate in time at a fixed point in space, and concluded that,
depending on initial conditions, the decay rate is either t~2¢=3 or t=2=2 where £ is the angular
momentum. This result is now referred to as Price’s Law. In the present paper we give the first
proof of exactly this rate. To be more precise, we show that

!
(3) |wa cos(ty/Heo) fll oo @) < Crat)™ Hf + H
We Ll(R) Weq Ll(R)
in(t/Hpo
(4) waMf SCe,a<t>_a+1 i
Heo L>(R) Wall L1 ()

for all t > 0 where wq(z) := (z)~® is a polynomial weight and, as usual, (z) := (1 4 |z[2)'/2.

Here one has to require 1 < o < 2¢ + 3 and one needs to exclude ! (¢, ) € {(0,0), (0, -3), (1, —3)}
which are exactly those cases where zero energy resonances do occur — however, they are physically
irrelevant due to a gauge freedom, cf. [14]. Observe that for « = 2¢ 4+ 3 we obtain precisely the
bounds that are suggested by Price’s Law.

The proof of (3) and (4) is based on representing the solution as an oscillatory integral in the
energy variable A\, schematically one may write

P(t,x) = /U(t, MIm [Geo (2, 2", N)] f(2') da’dX

where U(t, A) is a combination of cos(tA) and sin(t\) terms and Gy (z,2’, A) is the kernel (Green’s
function) of the resolvent of the operator Hy,. Gyo(z,2’,\) is constructed in terms of the Jost
solutions and we obtain these functions in various domains of the (z,\) plane by perturbative
arguments: for |xA| small we perturb in A around A = 0, whereas for |zA| large we perturb off of
Hankel functions. This is done in such a way that there remains a small window where the two
different perturbative solutions can be glued together. One of the main technical difficulties of the
proof lies with the fact that we need good estimates for arbitrary derivatives of the perturbative
solutions. This is necessary in order to control the oscillatory integrals. The most important
contributions come from A ~ 0 and we therefore need to derive the exact asymptotics of the
Green’s function and its derivatives in the limit A — 0. For instance, we prove that

Im [Gy (0,0, )] = AP,(A?) + O(\*H)

as A — 0+ where P, is a polynomial of degree £ — 1 (we set Py = 0) and the O—term satisfies
OF) (N2H1Y = O(N2F1-F) for all k € Ng. Our approach therefore yields further information on the
Green’s function and the fundamental solution of the wave equation on the Schwarzschild manifold.

n fact, (¢,0) = (0,0) can be included since for these parameter values the Regge—Wheeler equation reduces to
the free wave equation on the line.
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1.4. Interpretation of the result and further comments. For the relevant parameter val-
ues, ie., (¢,0) & {(0,0),(0,-3),(1,—-3)}, the Regge-Wheeler potential V;, is positive, decays as
described above, and has a unique non—degenerate maximum at r = 3M which is known as the
photon sphere. As a helpful analogy, consider a Newtonian particle placed at r = 3M with vanishing
kinetic energy but potential energy Vj ,|,—3ns. It will remain at rest, but every slight perturbation
will make it lose potential energy and gain kinetic energy; the larger ¢ is, the faster this will occur
which reflects itself in the /-dependent decay rates. In the context of the Schwarzschild geometry,
the flow of null geodesics near r = 3M is unstable and the dispersion provides a mechanism that
spreads out the wave away from the photon sphere. Moreover, the higher the angular momentum
£, the faster the geodesics will pull away leading to the accelerated decay provided by Price’s Law.
Note carefully, however, that this is counteracted by what can be viewed as a stabilizing effect of
large £. Technically speaking, this reflects itself in the constant Cy,: the larger this constant is,
the longer one has to wait before the decay estimates become effective. It is important to note that
our approach is essentially blind to the local geometry, that is, the fine structure of the potential is
irrelevant — only positivity, the decay properties and the non—existence of a zero energy resonance
are used. This is in contrast to the methods based on Morawetz type estimates. In particular,
the phenomenon of trapping does not play a role at this level — it simply enlarges the constants.
However, eventually one is interested in the overall decay which is obtained by summing the in-
dividual contributions over all ¢ and at this stage, of course, trapping becomes relevant since the
f{—dependence of the constants is crucial for the summation. Determining the asymptotic behavior
of these constants appears to be subtle and we do not enter into a systematic study of them here.
Let it suffice to say that our proof produces a constant which grows super—exponentially in . On
the other hand, we conjecture that for fized o one has in fact a power-like bound C;, < C 08
for some absolute constant 3. This may be seen by a detailed semiclassical WKB-type asymptotic
analysis (cf. [17]) where the role of the semiclassical parameter A is played by £~! (simply divide
He o by ¢%). In particular, such an analysis requires a careful study of the spectral measure near
the maximum of V;, and it is exactly at this point where the instability of null geodesics at the
photon sphere becomes crucial. Indeed, such a power—law would then yield a dispersive bound for
general data with a loss of a finite number of angular derivatives. We also mention that there are
various formal approaches in the physics literature to find the /—dependence of the constants, see
in particular [4]. In fact, one expects the overall decay to be modified by next to leading order
terms which involve logt¢ contributions [31].

Despite the difficulties that arise when summing up over ¢, decay estimates like (3) and (4) play
an important role in the current theoretical and numerical analysis of black holes. For instance,
they serve as a way to verify various numerical schemes for solving the Einstein equations in the
presence of black holes, see e.g. [43], [2], [44], [30], [6], [5], [7], [12], [4], [22], [24], [25], [23] and cited
ref. For other recent theoretical implications of the angular behavior see for example [4], [6] and
[37].

1.5. Notations and conventions. For a given smooth function f we denote by O(f(x)) a generic
real-valued function that satisfies |O(f(z))| < |f(x)| in a specified range of = which follows from
the context. We write Oc(f(z)) if the function attains complex values. The symbol f(z) ~ g(z)

for © — a, where g is smooth, means lim,_,, % = 1. Furthermore, the letter C' (possibly with
indices) denotes a generic positive constant. We say that O(z?), v € R, behaves like a symbol, is
of symbol type, or has symbol character, if O®)(z7) = O(z7~*). As usual, we use the abbreviation
(x) := /1 + |z|? and the symbol A < B means that there exists a C' > 0 such that A < CB. We
also note that all of the functions we are going to construct will depend on the parameters £ and
o, however, in order to increase readability of the equations, we will omit this dependence in the
notation most of the time. The same comment applies to all implicit and explicit constants.
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2. SOLUTIONS OF THE REGGE—WHEELER EQUATION

2.1. Asymptotics of the potential. As explained in the introduction, linear perturbations of
the Schwarzschild spacetime are described by the Regge—Wheeler equation

Yig — Yz + Voo(x)p =0

where Vp , is the Regge-Wheeler potential and x is the tortoise coordinate which is related to the
standard r—coordinate by

r
—r+2M1 (— - 1) .

(5) r=r+ g (577

Vi o is given by

2M L+ 1 2M
Vio(w) = (1- (¢+1) o
’ r(z) ) \ (@) ri(z)
where r(z) is implicitly defined by Eq. (5). The valid range of the parameters is ¢ € Ny and
o = —3,0,1. We start by obtaining the asymptotics of the potential V¢ .

Lemma 2.1. The function x + r(x) has the asymptotic behavior r(x) = x(1 + O(z~'+)) for
x — oo and r(x) = 2M + O(e*/ M) for & — —oo where € € (0,1) is arbitrary and the O—term in
the expression for x — oo behaves like a symbol.

2M
r(x) — oo as © — oo. This implies x ~ r(x) and hence, r(x) ~ x as x — oo. We infer that

x —r(x) = 2Mlog (% - 1) ~ 2M10g% ~ 2Mlog 57; and this shows z — r(z) = O(2%). For

Proof. The function r(z) is implicitly defined by x = r(x) 4+ 2M log <T(x) — 1) and thus, we have

the symbol behavior note that %(T) =(1- %)_1 which implies that r'(z) =1 — E(J\f) The claim

now follows by induction.

For the case x — —oo we have %/ (M) = er(x)/(zM)(%—l) ~ e(g(xM) —1) which shows r(z)—2M ~

2Me*/2CM)=1 anq this implies the claim. ([l

Corollary 2.1. The Regge—Wheeler potential Vi, has the asymptotic behavior

Vi) = Y04 o)

2

for x — 0o and Vi o (z) = O(e®/ M) for x — —oco where ¢ € (0,1) is arbitrary and the O—term in
the expression for x — oo behaves like a symbol.

Proof. Just insert the asymptotic expansions from Lemma 2.1 in the expression for V,,. For the
symbol behavior apply the Leibniz rule and Lemma A.1. O

2.2. Hilbert space formulation. We define the Schrodinger operator Hy , on L?(R) with domain
D(Mes) == H*(R) by

Hf,af = _f” + w,o'f-
From the decay properties of V;, it follows that Hy, is self-adjoint (see e.g. [51]). Furthermore,
integration by parts shows

(Heof1 ) 2@y = Voo f1f) 2w >0

since Vy » > 0 for all £ € Ny if 0 = 0, 1. For gravitational perturbations (¢ = —3) we have to assume
¢ > 2 to obtain V;, > 0 which we shall do from now on. We conclude that the spectrum of H, ,
is purely absolutely continuous and we have o(Hy,) = 0ac(He,s) = [0,00) (see [51]) provided that
(4,0) ¢ {(0,—3),(1,—3)}. An operator formulation of the Regge-Wheeler equation is given by

d2
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where ¥ : R — L2(R). Applying the functional calculus for self-adjoint operators, the solution W
with initial data ¥(0) = f and ‘Z—%’(O) = g is given by
sin(ty/He,»)
Heo 7
Thus, in order to obtain decay estimates for the solution, we have to understand the operators

sin(ty/He,o)
COS(t HZ’O—) and W .

2.3. The spectral measure. Recall that the spectral theorem for self-adjoint operators asserts
the existence of finite complex—valued Borel measures (i, , such that, for u,v € D(Hy,,), we have

(Hooulv) 2gg) = /0 At o(N).

U(t) = cos(ty/Hee)f +

The solution operator cos(ty/Hy ) is then given by
tHu|v) = / £/ N)dpt, (A
(cos( Heo)ulv - ; cos(tVA)dp» (N)

for u,v € L?(R) and analogous for the sine evolution. The point is that the spectral measure can
be calculated in terms of the resolvent Ry,  (2) = (z — Hy o) ' of Hyo. Indeed, for u € L*(R) set

Fule) i= (o (el oy = [ i)

where i, = iy, and Imz > 0. F, is the Borel transform of the measure p,, and, since the measure
1y is purely absolutely continuous, we have

1
dpy,(N) = - Eli%gr Im(F, (X +ig))dA,

see [51] for the underlying theory of this. The measure i, , can be reconstructed from g, by the
polarization identity, i.e., iy, = %(uuﬂ, — Py—v F ty—iv — ifutiv). Furthermore, the resolvent is
given by

RH“ /Ggazvx Vz2)u(z')da'

where Gy, is the Green’s function (we always choose the branch of the square root with Imy/z > 0
if Imz > 0) and thus, we have

dy(N) = —= lim //Im Gga (z, 2, VX +ig)u(z )u (:n)] dx'dxd.

T e—0+

It is known (and, for the convenience of the reader, will be shown below) that the limit
Goo(z, 2, V) = li%1+ Goo(x, 2, VA +ie)
e—

exists and satisfies sup, ,eg [Geo(7,2', )| S 1 for all A > Ag where Ao > 0 is arbitrary. Thus, if
u € LY(R) N L?(R), we have

1 -
dpy(N) = —/ / Im [G&U(a:,x', \A)u(m’)u(m)] dx'dwd\
TJRJR
by Lebesgue’s theorem on dominated convergence and polarization yields

dptn (V) = —% /R /R Im [Gg,g(x,x’, \FA)] u(a)o(z)de dzdA
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for all u,v € L'(R) N L2(R) since Gy, (x, 2, v/A) is symmetric in x and 2’ for A > 0 as follows from
the explicit form (see below).

2.4. Pointwise decay estimates. As follows from the discussion above, the functional calculus
for self-adjoint operators yields the representation

(cos(t Hio f’ :—/ //)\cos tANIm [Gyo(z, 2, N)] f(2")d2'v(x)dzd\

for f,v € S(R) (the Schwartz space), where we have changed variables in the integration with
respect to A. Our intention is to obtain an expression for [cos(ty/He,»)f] (z) and thus, we have to
change the order of integration. However, note carefully that a simple argument based on Fubini’s
theorem does not apply here since the integrals cannot be expected to converge absolutely. In order
to circumvent this difficulty first observe that, for any N € N, we have

/12:[ /]R/]R ‘)\cos(t)\)lm [Gﬁ,g(l',l'/, )x)] f(m’)@‘ de'dzd) < Cy

1

which follows immediately from sup, ,cg |Gro(z,2',A)] < Cy for all X > 5, see Corollary 3.1

below. Thus, Fubini’s theorem yields at least

(cos(t He o f‘ )LQ(R = A}E)noo/ / //N)\COS (tNIm [Gyo(z, 2", N)] f(2")dNdz'v(z)dz.
Next, we distinguish between high and low energies by introducing a smooth cut—off ys satisfying
Xé()\) =1 for A € [0,3] and x(\) = 0 for A > & where § > 0 is sufficiently small. In Sec. 8 below
we prove the estimate

(6) sup

z,x’ €R

/000 Acos(tA)Im [Gy o (z, 2, N)] (2) 7 (") " *xs(N)dA| < (6) ™

where o € N and « < 2¢ 4+ 3. This bound is sufficient to conclude

N—oo Jr JrR J1

N —
lim / / //N Acos(tN)Im [Gy o (2,2, )] xs(A) f(2")dAda'v(z)dx
N B
= /RJ\}Enoo/R Un Acos(tA)Im [Gyq(z, 7', N)] x5(A) f(2")dAdz"v(z)d

by dominated convergence since f,v € S(R). For the large energy part we show in Sec. 9 that, for
any « € Ny,

(7) sup
zeR

N
lim / //N Acos(tA)Im [Gy o (z, 2, N)] (z) " (2") " “¢(2")[1 — x5(N)]dAda’

N—oo RJ1

S [ (6] + o) o

which, by dominated convergence, implies

N —
lim / / //N Acos(tA)Im [Gyq(z, 2, N)] [1 — xs(V)] f (2")dAdz'v(z)dx

N—oo Jr JR J1

N _
_ / Jim / / | Acosltim (G2’ ] [1 = xs(N)]F(2')dAda"v(@)d.

R N—oo Jr /1
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By adding up the two contributions and using the density of S(R) in L%(R), we arrive at the
representation

[cos(t Hg,g)f} (z) = —= lim ///NACOS tAIm [Gro(z, 2", N)] dA f(2)da’

T N—oo
H Lt R))

for 1 < a < 20+ 3 where wq(z) := (). An analogous derlvatlon applies to the sine evolution
and therefore, the proof of our result reduces to oscillatory estimates of the type (6) and (7).

for f € S(R) and the estimates (6), (7) imply the bound

i cos(tr /o) fll o) < (H

2.5. The main theorem. The main result proved in this work is the following.

Theorem 2.1. Let (¢,0) ¢ {(0,0),(0,-3),(1,-3)}, « € N and 1 < o < 2+ 3. Then the solution
operators for the Regge—Wheeler equation satisfy the estimates

|wa cos(tv/Heo) flleo®) < Cralt) (H + Hf >
We 1 R)
and
in(t\/Hy
waMf < Cralt)™ ! .
\/7770 Lo°(R) Hellm

for allt > 0 where wy(x) := (x)~“.

3. BASIC PROPERTIES OF THE GREEN’S FUNCTION

For the convenience of the reader we discuss some well-known properties of the Green’s function
(cf. [26], [51]).

3.1. The Jost solutions. Recall that the Green’s function is constructed with the help of the
Jost solutions fy(-,z) which are defined by Hy o fr(-,2) = 22f+ (-, 2) and the asymptotic behavior
fr(z,2) ~ eF*® as  — 4oo. First we prove that the Jost solutions exist and that they are
continuous with respect to z in C;\{0} where C, := {z € C : Imz > 0}.

Lemma 3.1. For every z € C\{0} there exist smooth functions f+(-,z) satisfying
Hoof2(2) = 22 f2(:, 2)

and fi(x,2) ~ e for & — *oo. Furthermore, for every x € R, the functions fi(z,-) and
fi(z,-) are continuous in C1\{0}.

Proof. We only prove the assertion for fi since the proof for f_ is completely analogous. The
variation of constants formula shows that m, (x, z) := e "% f, (x, z), if it exists, satisfies the integral
equation

(8) m+(x,z) =1+ /OO K((B,y, Z)m+(y7 Z)dy

where K(x,y,z) = 1. ( 2iz(y—x) _ 1) Vio(y). Conversely, if we can show that Eq. (8) has a smooth

21z
solution, we obtain existence of the Jost solution. However, Eq. (8) is a Volterra integral equation

with a kernel satisfying

/ wpmm%w@sc,/ sup |0,K (2,9, )|dy < 1
a z€(ay) ‘Z| a xz€(ay)
9



for all 2 € C;\{0} and any fixed a € R (see Corollary 2.1) and thus, Lemma B.1 implies the
existence of a unique solution m (-, 2) satisfying [|m (-, 2)|l 1 (4,00) < eC/?l. Furthermore, for
fixed z € C\{0}, we have

/ sup |95 K (2, y, 2)|dy < Cy

z€(ay)
for all k£ € Ng and thus, Lemma B.2 shows that m. (-, z) is smooth. For the continuity of m (z,)
fix x € (a,00), z € C4\{0} and note that

Mo,z ) = ma(0,2) = go(,2) + [ T Kz + W)y, 2+ h) —me (g, 2)ldy

where ~
n(e2) = [z 4+ h) — K (g2 0. ).

Now observe that |[gn(-,2)||L=(a,00) — 0 as h — 0 since [[m4(,2)| po(a,00) < /17l and hence,
Lemma B.1 implies

|m+(x7 z+ h‘) - er(xa Z)| < ||gh('a Z)HLOO(a,oo)eC/'Z‘ — 0 for h —0

which shows continuity of m(z,-) in C;\{0} as claimed. For the continuity of m/ (x,-) simply
observe that

', (2,2) = / 0o K (2, 2)ms (3, 2)dy

and the right—hand side of this equation is obviously continuous in z. ([l

3.2. The Wronskian W (f_(-,1/z), f+(-,1/z)). Having established existence of the Jost solutions
we can now construct the Green’s function and the standard procedure yields

/ _ f*(l‘c \/E)er(l‘, \/E)@(l’ B .TC/) + f*(x7 \/E)f+($/7 \/2)@(]3/ B 33‘)
G[’O—(QT,J? 7\/2) -
W(f—(': \/5)7 f+('7 \/E))
for Imz > 0 where O denotes the Heaviside function. Clearly, W(f_(-,v/2), f+(:,v/2)) # 0 if
Imz > 0 since otherwise f_(+,1/2z) would be an eigenfunction with eigenvalue z contradicting the
self-adjointness of H,,. However, it is not a priori clear whether the limit Gy, (z,2’,/2) for
Imy/z — 0+ exists. The following observation shows that problems can only occur at z = 0.

Lemma 3.2. Let A > 0. Then the limit

W) == lim W(f_(-,VA+ie), fr (-, VA +ie))

e—0+

exists and is nonzero.
Proof. For brevity we write W(f_, f1+)(z) instead of W (f_(,+/2), f+(+,v/#)) and likewise for other
Wronskians. By Lemma 3.1 we know that W (f_, f1) is continuous in C;\{0} and hence, W (v/})

exists for any A > 0. Observe that f)(z, V) ~ +ivAet V2 for z — +oo which follows imme-
diately from the integral representation in the proof of Lemma 3.1. Thus, W (fy, f1)(\) = 2iv/A
which shows that fi (-,v/\) and fi(-,v/A) are linearly independent for A > 0. Hence, there exist
A(X) and B()) such that f(z,vVX) = A\) fo (2, VA) + B(\) f+ (2, V). We conclude
2iVA=W(f-, [O)(\) = W(Afy + Bfy, Afy + Bfy)(N) = =2iVA AN + 2ivVAIBOV)[?
which implies | B(A\)|? > 1. However, we have
W) =W(f, fr)\) = W(Af + Bfy, f+)(A) = 2iVAB(\)

and thus, [WW(v/A)| > 2v/A which finishes the proof. O
10



Corollary 3.1. The limit
Gro(z, ', V) = 111(1)1+ Goo(z,a', VA +ie)
E—

exists and satisfies

sup |G€,O'(:L‘a$/a \/X)| < C

z,x’ ER
for all A > Ao where Ao > 0 is arbitrary.

Proof. From Lemma 3.2 and the asymptotic behavior of the Jost solutions we immediately conclude

f-(@" V) fi (2, VN
sup S
z'<0,2>0 W(f—(7 \/X)a f+('7 \/X))
for all A > A\g > 0. For the remaining cases use reflection and transmission coefficients A(\), B(\)

(see the proof of Lemma 3.2) to express fi in terms of f+ and E The asymptotic behavior of
A(X) and B()) for A — oo is well-known (see Egs. (22), (20) below) and the claim follows. O

4. PERTURBATIVE SOLUTIONS FOR |z\A| SMALL

In this section we obtain approximations to solutions of Hy , f = A2 f for |zA| small. The solutions
are constructed by perturbation in A around A = 0. We closely follow [49].

4.1. Zero energy solutions. We first consider zero energy solutions, i.e., solutions of Hy,f = 0.
By setting v(r) := f(z(r)), the eigenvalue problem Hy, f = A%f is equivalent to

-1
(9) —<1—W>v”—25\24v’+<€(€+1)+2Ma>v—/\2<1—2]\4> v

r r2 73 r

and it turns out that for A = 0 this equation can be solved by special functions which will be useful
later on. However, the following result describes a fundamental system for H,,f = 0 without
making use of explicit solutions.

Lemma 4.1. There ewxist smooth functions u; satisfying Hesu; = 0 for j = 0,1 with the bounds
up(z) = (204+ 1)1 1+ O0(27179)) and ui (x) = 2 (1 +O0(x~1+%)) for allz > 1 where e € (0,1)
is arbitrary and the O—terms are of symbol type. The Wronskian is W (ug,u1) = —1.

Proof. Suppose for the moment that the solution u; exists and define the function a by ui(z) =
2741+ a(z)). Then Hy,uy = 0 is equivalent to

(10) d'(@) - ZLal(z) = [w,g@:) -

X

dCns 1)] (1+ a(z)).

Viewing this equation as an inhomogeneous equation for a’, applying the variation of constants
formula and integrating by parts, we obtain the integral equation

) e =gty [0 v - A  ata

Therefore, if we can show that Eq. (11) has a smooth solution, we obtain existence of u;. However,
Eq. (11) is a Volterra integral equation of the form

oo o0
otw) = [ K@iy + [ Kooy
€T xr
with a kernel K satisfying [0F0! K (z,y)| < Cray~ 275! for 1 <z <y and an arbitrary ¢ € (0, 1)

(cf. Corollary 2.1). Therefore, Lemma B.2 implies the existence of a unique smooth solution
11

xT




a € L*®(1,00) and Eq. (11) shows that in fact |a(x)| < 271 for # > 1. Furthermore, the first
derivative of a is given by

d(z) = / " 0,K (2, 5)(1 + a(y))dy

and this implies |a/(z)| < 272%¢ for z > 1. The estimates for the higher derivatives follow from
Eq. (10), the Leibniz rule and a simple induction.
For the second solution ug we use the Wronskian condition

which yields

where 1 > 0 is chosen so large that uj(z) > 0 for all > ;. Note that u;?(z) = 22¢(1 + b(z)) for
a suitable b satisfying [b%*)(z)| < Cy(x)~'+*~* (apply the Leibniz rule and Lemma A.1). Inserting
the asymptotic expansion for u; yields ug(z) = (2¢ + 1)~ 'z (1 + O(z~1*%)) where the O-term
behaves like a symbol. O

We construct another pair vg, v; of zero energy solutions with specific asymptotic behavior as
x — —oo. This is considerably easier than the above construction for the solutions u; due to the
exponential decay of the Regge-Wheeler potential V; ,(z) as z — —oo.

Lemma 4.2. There exist smooth functions v; for j = 0,1 satisfying Heov; = 0 and vo(x) =
z(1+0(z71)) as well as vi(z) = 1+ O(x™1) for all x < —1 where the O—terms behave like symbols
under differentiation.

Proof. For x < —1 consider the Volterra equations

and

which have smooth solutions according to Lemma B.2 since the potential V; ,(y) decays exponen-
tially as y — —oo (see Corollary 2.1). Obviously, we have the asymptotic behavior vo(z) ~ =z,
vi(z) ~ 1 as © — —o0, v; behave like symbols under differentiation and satisfy H,,v; = 0, as a
straightforward calculation shows. O

Corollary 4.1. The solutions u; for 7 = 0,1 can be uniquely extended to all of R and we have
uj(z) = O(x) as © — —oo where the O—term is of symbol type.

Proof. Since the potential V;, is smooth on R, the solutions u;, orginally defined on [1, c0) only, can
be uniquely extended to all of R by solving appropriate initial value problems. Since the solution
pair v, v; forms a fundamental system for the equation H,,f = 0, u; can be written as a linear
combination of vy, v; on (—oo, —1] and everything follows from Lemma 4.2. O

12



4.2. Construction of the perturbative solutions. Next, by perturbing in A around A = 0, we
obtain useful approximations to solutions of Hy, f = A2f for |zA| small.

Lemma 4.3. There exist constants xo, Ao, 0 > 0 and smooth functions u;(-, \) satisfying
Heoui(-, ) = Nuj(-, A)
for j =0,1 and W(ug(-, A),u1(-, X)) = —1 such that uw;(z,\) = u;j(z)(1+ a;(z,\)) where
Jaj (@, M| S 2°A°

for all X € (0,\) and = € [x9,6A\"1] provided that £ > 1. In the case £ = 0 we have the weaker
bounds

lag(xz, \)] < 2202 and lag(xz, \)] < A

in the above ranges of x and A.

Proof. Let xo > 0 be so large that up(x) > 0 for all x > zy. A straightforward calculation shows
that, if the function h solves the integral equation

(12) ) =13 [ [Uo(y)ul(y) —wd()

o
then ug(z,\) = ug(z)h(x, \) satisfies Hyouo(-,A) = Nug(-,A). Eq. (12) is a Volterra integral
equation

z ui(x)

UO(.I)

h(y, \)dy,

N =1+ [ Koy b Ny
xo
where the kernel is of the form

K(l‘,y,)\) — )2 [y(l + O(y—l—i—e)) . x—2€—1y2£+2(1 + O($_1+8) + O(y—l-f—a))]

for x,y > ¢ and the O-terms are of symbol type (see Lemma 4.1). This shows |8I;8§/K(a:, Y, A)| <

Ck,lyl_k_l)\Q for zg < y < x and hence,

)\—1
[ s K<
zo {mzo<y<z}

for A € (0, \o) and all £ € Ny where A\g > 0 is arbitrary. Thus, Lemma B.2 shows that Eq. (12) has
a unique smooth solution h(-, A) satisfying [|h(-, A)||gec(zo,0-1) < C for all A € (0,Ag). Therefore,
Eq. (12) implies |h(x, A) — 1] < 22)2 for A € (0, \g) and 79 < x < A7 L.

Now choose § > 0 and Ag > 0 so small that |h(z,A) —1| <  for all A € (0, Ao) and = € [zg, SA™].
We use the Wronskian condition

L= Wl Al = (20 ) 4

to construct the second solution wu;(x, \), i.e.,

AL
wi(,A) = o (x, A) / uz (g, \)dy

xX
which implies

uo () o -2 ~
(13) o) = 20 Wk aow ) [ )1+ oy )y 1




where ag(y, \) := (1 + ag(y,A))~2 — 1 inherits the bound of ag. Now, by inserting the asymptotics
of ug from Lemma 4.1, we obtain

for x — oo and this shows

since uy is uniquely determined by the asymptotic behavior u;(x) ~ 27¢ for £ — oo (cf. Lemma
4.1). Using this, Eq. (13) and the asymptotics of ag, @, we obtain

un(z 9] SAL
(e ) = 22 (— | iy + ) [ u52<y>dy)
N SATL
PO ) [ty
— O(l,2£+1) |:O()\2€+1) + O(xQ)\Q)(O(/\MH) + O(mfﬂfl)) + O(x72ﬂfl)0(‘r2)\2)]
= O(2?X?) + O((x\)* )
which implies the claim. (|

4.3. Estimates on the derivatives. Next, we study derivatives of the above constructed solu-
tions.

Proposition 4.1. The functions a; for j = 0,1 from Lemma 4.3 are of symbol type, i.e.,
10500 a;(x,\)| < Ok ma? FAZ™

for k,m € Ny and X € (0, ), € [x9,0A"1] provided that £ > 1 where xg, \o,d > 0 are constants.
In the case £ = 0 we have the weaker bounds

FoTag(x, N)| < Clma® FN2™ and 10807 a1 (2, \)| < Cp ! TFALIT™
zYA s zY\ )
in the above ranges of x and A.

Proof. We use the notations from the proof of Lemma 4.3 and proceed by induction. We have to
consider mixed derivatives and therefore, we order the set Ny x Ny according to

(0,0),(1,0),(0,1),(2,0),(1,1),(0,2),...

which defines a bijection n : Ny x N9 — Ny by n(0,0) = 0,n(1,0) = 1,n(0,1) = 2, etc. Now
fix (k,m) € Ny x Ny and assume that laiﬁi(h(x,k) —1)] < ;2% IA\%7 holds for all (I,5) with
n(l,7) < n(k,m) and A € (0, o), « € [x9, A\~']. We have to show that this implies |9% 97" h(x, \)| <
Ot e 2® ¥ X2~ swhere n(k',m’) = n(k,m) + 1. There are two possibilities: Either (k',m’) =
(m+1,0) (if k =0) or (K,m') = (k—1,m + 1). In the former case we have with r;(z,\) :=
K (2,9, \)|y=s = O(x7'A\?) (cf. Lemma B.2),

O h(z, ) = > o [ﬁl(m,A)h(x,/\)]+/ OV (2, y, N h(y, \)dy.

1=0 o
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Now observe that by assumption |97~ [k (2, Mh(z, )] | < 22~ m+HDA2 for X € (0,)o) and z €
[0, A™1] and hence, |07 h(z, \)| < 22~ (MFTDX2, In the latter case we have, provided k > 2,

k—2 T
O30 A = | D 85O [, ARl )] + / o5 |05 K (2, My, V)| dy
1=0 o

5 l,?—(k;—l))\?—(m—f—l)

by assumption. If £ =1 we have

min{m+1,2} r .
O h(z, ) = > <m;rl )/ HK (z,y, O h(y, \)dy
o

j=1
+ /x K (2,9, )oY h(y, \)dy
o
and thus, by assumption, the derivative a;““h(:c, A) satisfies a Volterra equation of the form
O h(z, \) = O(x? A2~ (m D) / Kz, OV h(y, N dy
o
and the basic estimate from Lemma B.1 yields |8§\”+1h(:6, )| < 222 2D for all A € (0, \) and

T € [, A1)
For the second solution we use the representation

un(z 00 sAt
(1) arle ) =200 (— | s+ ooty | u02<y>dy)
oAt
+ kaale ) [ a0l iy

from the proof of Lemma 4.3 where, as before, dg(z,A) := (1 + ag(z,)))"2 — 1. Lemma A.1 and
the Leibniz rule show that o inherits the bounds of ag, i.e., |00 ao(x,\)| < Ckma? kA2~™ for
all k,m € Ny and X € (0, \), @ € [x9, A\~!]. Thus, all functions on the right-hand side of Eq. (14)
behave like symbols under differentiation with respect to = and A. Therefore, as in the proof of
Lemma 4.3, we have

ai(w, ) = O(x*A?) + O((x1)**)
where the O—terms are of symbol type which finishes the proof. O
4.4. Refined bounds for A—derivatives. As a next step we prove a refinement of the estimates

for the solution wuy which shows that we can effectively trade A\~! for z in the bounds for the
A—derivatives of ag.

Lemma 4.4. The function ag(-, \), defined by ug(z, A) = ug(z)(1+ap(xz, N)), satisfies the estimates
103" ag(z, \)| < Crp®™ and |07 ag(v, \)| < Crpa®™ A
for all X € [0, o], = € [z0,\"1] and m € Ng where \g > 0 is a sufficiently small constant.

Proof. We use the notations from the proof of Proposition 4.1 and proceed by induction. The case

m = 0 has already been proved in Proposition 4.1. Now fix m € N and assume that |8§j (h(xz,\) —
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1)| < Cj2% and |8§j+1(h(x, M) —1)] < C;z%+2) for j < m in the above range of A and z. According
to the proof of Proposition 4.1, we have

3>2\mh($,/\) = ( Q;n )/ 8>2\K(x,y,/\)8>2\m_2h(y,)\)dy+2m/ 8>\K(x,y,/\)8§m_lh(y,)\)dy
y) xo

K (2, y, \)0Y™h(y, \)dy

x0

:/ O(y)O(y*™~ 2dy+/ O(y\)O(y 2mAdy+/ K(2,y, \)03™h(y, \)dy
zo
=0

(22 + / K (2,5, N h(y, N)dy
zo

by assumption and the estimate in Lemma B.1 implies [83™h(x,\)| < 2*™ for A € [0, )] and
x € [z9,A\7!]. For the odd derivatives we proceed analogously and obtain

92+, A) = ( 2m+1 >/ K (,y, N2 h(y, \)dy
T+ @m+1) / ONK (2, 9, \OZ™ h(y, N)dy + / K (2,9, O™ h(y, A)dy
/ OW)O(P™ N dy + / OWNOW>™)dy + / K (s N2 h(y, Ndy
o o
= O(z*™12)) +/ K(z,y, )05 h(y, \)dy
zo

by assumption and again, Lemma B.1 yields the claim. O

Note that, by construction, we have ug(xo, A) = uo(zo) and ug(xo, ) = ugy(zo) (see the proof
of Lemma 4.3) which shows in particular that ug(xo,A) and wug(zg, A) are smooth functions of .
Next, we prove similar bounds for the function a; but unfortunately, the situation here is a bit
more complicated.

Lemma 4.5. Let ui(z,A\) = ui(z)(1+ ai(z, \)) and xo, Ao, > 0 be as in Lemma 4.3. Then, for
all X € (0, \g) and all x € 1o, 6A"], we have the estimates

103™ a1 (2, \)| < Crp®™ and |07 ag (2, \)| < Crpe®™ 20
provided that m < ¢ — 1. Furthermore, for higher derivatives we have the bounds
|8§£+ma1 (2, \)] < Cppz®A™™
for m € Ny in the above ranges of x and \.
Proof. The function aq(z, \) is given by
At

ar(z,\) = to() (1 + ao(z, )\))/ ug2(y) (1 + doly, \)dy — 1

u1 (‘73 T

~—

with @o(z,\) = (1 + ag(z,\)) "2 — 1, see Eq. (13). Thus, in view of Lemma 4.4 it suffices to prove
the claimed bounds for

SA1
[ wa iy -1
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For k € N we have

k—1 :
up(x d’ _ _ 11— N _
O, N) =~ S L (020N . W)y 103 ?)
=0
uo ()

SA1L
ul(x)/ ug > (y)OX (1 + ao(y, \))dy

and, by using the symbol behavior of ag, we infer
k—1

@ _ B L ) ) )
UO(m; Z AN (uo 2(5>\ 1)8]; ! ](1 + ao(y, )\))|y:5)\—1(5)\ 2) = O(x2€+1)0()\2€+1 k)
j=0

up(z

If k = 2m we have O(z**1)O(\**t1=F) = O(2*™) provided that m < ¢. If k = 2m + 1 we obtain
O(x2£+1)0(>\2€+1—k) _ O<x25+1—2é+2m+1)\) _ O(x2m+2/\)

provided that m < £ — 1. In order to estimate the integral term note that ag inherits the bounds
of ag from Lemma 4.4 as a consequence of the Leibniz rule and Lemma A.1. For even derivatives
we therefore have

SAt

up(z) [
u?g$; /m an(y)aim(l + do(y, )\))dy — O($2Z—H)/z O(y—2€—2+2m)dy

— O($2Z+1)(O()\2Z+l—2m) + O($—2€—1+2m>)

and, provided that m < ¢, we obtain O(2T1)O(\**+172m) = O(2?™) as before. For odd derivatives
we use 07" ag(y, \) = O(y*™+2)\) and infer

SAT1L SAL
Uo(T - m ~ —20—2+2m
o [ e (L auln )y = O [T 0y

_ O(x2é+1)(0()\2£—2m> + O(x—2€—1+2m+2)\))

and O(z21)O(X272m) = O(2?™+2)\) provided that m < £—1. The claim for the higher derivatives
follows directly from the symbol behavior of the above O—terms. g

At this point it is convenient to introduce a new notation.

Definition 4.1. For N € Ny we write f(z) = Oan(1) if, for a constant a > 0,
(1) f:(0,a) — R is smooth,
(2) |f®)(x)] < Oy for k < 2N and all z € (0,a),
(3) |fCNHR) ()| < Cpa™ for all k € Ny and z € (0, a),
(4) limg oy f*D(z)=0forall 1 <k < N.
Similarly, we write f(x) = Oan41(z) if, for a constant a > 0,
(1) f:(0,a) — R is smooth,
(2) |f®)(x)] < Oy for k < 2N +1 and all z € (0,a),
(3) |fENFIHE) ()] < Chra* for all k € Ny and z € (0,a),
(4) lim, oy fP¥)(z) =0 forall 0 <k < N.
We also use the symbols Osx 41 and Ogn to denote generic real-valued functions with the respective
properties.

Corollary 4.2. Let ui(x, \) and xo, Ao > 0 be as in Lemma 4.3. Then we have uy(xg, \) = Og¢(1)
and uf (xo, \) = Og¢(1) for all X € (0, \o).
17



Proof. The first assertion uj(zg, A) = Og(1) follows immediatly from Lemma 4.5. For the second

one note that ug(zg) # 0 and by construction we have —1 = ug(xo)u}(xo, \) — ugy(zo)u(zo, A) which

implies

ug(zo)ui (zo, X) —
UO(.T())

by the first part. O

1
uy (20, \) = = O9(1)

4.5. Extension of u;(z,\) to negative values of x. Finally, we extend the solutions u;(z, \) to
negative values of x and prove appropriate estimates.

Lemma 4.6. The functions uj(x,\), j = 0,1, from Lemma 4.3 can be smoothly extended to
x € [=A71, 20] for A € (0,\9) where X\g > 0 is a constant. Furthermore, in the above ranges of x
and X, the function ug satisfies the bounds

|0 o (w, N)| < Cpn )™,
m € Ny, whereas for u; we have the estimates
|08 ur (2, N)] < Con ()™

if m <20 and
|a§£+mul($’ )\)| < Cm<$>2£+1>\—m

for m € Ny.

Proof. The coefficients of the equation H,,f = A?f are smooth on R and thus, any solution of
Hopof = A2f can be smoothly extended to all of R by solving an appropriate initial value problem.
Applying the variation of constants formula and noting that ug(xo, A) = ug(zo), uf(xo, A) = ug(zo)
shows that the solution ug(-, A) satisfies the integral equation

o

wo(2, N) = up(x) + N2 / [wo()or () — vo(y)vn ()] uo(y, Ny,

x
see also Corollary 4.1, where vy, v1 are the smooth extensions to (—oo, zp] of the functions con-
structed in Lemma 4.2. This is a Volterra equation with a kernel K(z,y,\) := A%(vo(z)v1(y) —
vo(y)v1(x)). According to Lemma 4.2 we have the bound |K (z,y, \)| < A2({(x) + (y)) which implies

o
/ sup  |K(z,y,\)|dy <1
AL ze(—A"1,z0)
and hence, Lemma B.1 and Corollary 4.1 show that |ug(xz,\)| < (z) for all A € (0,X¢) and z €
[~A71, 20] where Ao > 0 is the constant from Lemma 4.3. We proceed by induction. Fix m € Ny
and assume that we have |94ug(z, \)| < Cj{z)!*! for all I < m in the above range of A and z. This
implies
min{m+1,2} z
m m+1 0 mel—
oy Huo(x,)\) = ; ( I > /m 8£\K(93,y,)\)8)\ +1 luo(y, A)dy

zo
+/ K (z,y,\) 07 ug(y, A)dy
min{m+1,2}

= ) o)) O((m) T /xOK(x,y,A)ﬁi”“uo(y,A)dy
=1 M z

O((=)")

and the estimate from Lemma B.1 yields |07 ug(z, \)| < (2)™*? as claimed.
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For the second assertion we proceed similarly and note that a straightforward calculation as well
as the variation of constants formula show that u;(-, \) satisfies the Volterra equation

ur(wo, A)vy (o) — uy(wo, Mvi(zo) (2) - ua (o, A)vp(wo) — ui (o, Mvo(zo) (z)
W(’Uo,’l)l) 0 W(’Uo,'l}l) !

o
+ / K(x,y, Nui(y, \)dy.
According to Corollary 4.2 we have
o
Uy (JZ‘, )‘) - 025(1)7}0('%') + O%(l)vl(x) + / K(xa Y, )‘)ul(yv )‘)dy

and, since vj(z) = O((z)), we obtain |uj(z,\)| < (z) for all z € [-A"1, 2] and X € (0, ) by
Lemma B.1. Again, we proceed by induction and first we consider the case m < 2¢. If £ = 0 there
is nothing left to prove, so we restrict ourselves to £ > 1. Assuming that |9\u; (z,\)| < (z)"*! holds
for all { < m and a fixed m < 2¢ — 1, we infer

ui(z,A) =

min{m+1,2}
. 1Y [ .
ogtue =0l + S (") [ AR 0t )y
= OO ({5)™)

xo
+/ K(z,y, \)0y" g (y, \)dy

o
= O((z)™2) + / K (2,9, NP un (3, \dy

and Lemma B.1 yields |07 uy (2, )| < (2)™*2 for all € [A\™!, 0] and A € (0, A\g). The claim for
the higher derivatives follows by a similar induction. U

5. PERTURBATIVE SOLUTIONS FOR |zA| LARGE

The solutions u;(-, ) obtained by perturbing in energy cannot directly be matched with the
Jost solution fi (-, A) since the approximations in Lemma 4.3 are valid for |zA| small whereas the
behavior of fy(x,\) is known only for fixed A and # — oo. Thus, we construct another set of
solutions to Hy, f = A*f by perturbing the potential.

5.1. Construction of the perturbative solutions. To do so, we first rescale the equation
Heof = Af by introducing a new independent variable z := Az. Setting f(z) = f(A\712),
the equation Hy, f = A% f is equivalent to

5 +1)\ = .
(15) o (1= 1) et
where Uy o () := V) () — E(i%l). Now observe that the equation
- e+1)\ »
f” + (1 - 22 ) f = O

has the fundamental system {v/zJyi1/2(2),/2Ye41/2(2)} where Jyi /9 and Yy /o are the Bessel
functions [1]. Thus, for a small right—hand side of Eq. (15) we expect to obtain solutions of Eq. (15)
by perturbing the Bessel functions. According to Corollary 2.1, the right-hand side satisfies the
estimate A72Up »(A712) S A72(A712) 73 = A 72273%¢ for & — oco. Thus, our approximation is
expected to be good if A=2273%¢ is small. Smallness can be achieved by fixing A > 0 and letting
x — oo which is required for the matching with the Jost solution f,. However, we can also enforce
smallness by setting x = A~!*¢ (for a small € > 0) and letting A — 0. By choosing ¢ > 0 sufficiently
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small, we have |z\| < 0 and the matching with the solutions u;(-,A) can be done as well. As a
result, we obtain a good approximation to the Jost solution fi(z, ) at a finite z for A — 0.

Lemma 5.1. There ezists a smooth solution ¢¢(-, \) of Eq. (15) such that
(b@(za A) = ﬁﬂ\/gHg—il/g(z)(l + bg(Z, )‘))
where HZFI/2 = Jyp1/2 + 1Yoyq)2 is the Hankel function and (B := z'\/gewg. The function by
satisfies
|b[(z, )\)| < C<Z>72+€)\175(2€+3)

for all X € (0,1) and all z € [\°,00) where ¢ € (0, ﬁ) is arbitrary.

Proof. Set yy(z) = ﬂg\/EH;H/Q(z) and observe that |pg(z)| > 0 for all z > 0. Furthermore, we

have W (py, pg) = —2i which follows by noting that ¢y(2) ~ € and ¢)(z) ~ ie* for z — co. A
straightforward calculation shows that, if A satisfies the integral equation

(16) h(z,A)=1— 212/:0 [w(y)w(y) — 07 (y) eul(2)

A2Uro (A y)h(y, Ny,

pu(2)
then ¢p(z, ) := r(z)h(z, \) is a solution to Eq. (15). Eq. (16) is of the form

h(z,A\) =1+ /OO K(z,y,\)h(y, \)dy.

Recall the asymptotic behavior py(z) = 18,21 (1 4+ O(2)) + icaBez~%(1 4+ O(2)) for z — 0 where
c1,co are nonzero real constants and the O-terms are smooth (cf. [1]). Furthermore, we have
wi(z) ~ € as z — 0o and (AN 2Ur,(A"12)] S A17€2737€ for all A, 2z > 0 with, say, A1z > 1 (see
Corollary 2.1). This shows that, for k € Ny,

2\ (k)
Pe
— z
()"
for all z > 0 and hence, |0¥K (z,y,\)| < M fy=3+6(1 + y2¢) for all A € (0,1) and all y, z with
A < z <y. Thus, we have

11(N) r:/ sup K (z,y,\)|dy < A1)
A¢ ze(A%y)

<,

for all A € (0,1) and hence, p := supy¢(g,1) #(A) < 0o provided that e < TL?,' Applying Lemma B.2
we conclude that Eq. (16) has a unique smooth solution h(-, ) satisfying [|h(-, )| zee(re,00) < €
for all A € (0,1). Thus, Eq. (16) implies

(e 2) = 1S [ 1K (e ldy S () 2 Hext-=ee

for all A € (0,1) and all z € [\¢, 00). O
5.2. Estimates for the derivatives.

Lemma 5.2. For all A € (0,1) and m,k € Ny, the function by, from Lemma 5.1 satisfies the
estimates

0505 (2, A)| < Chpz FAIECEFE) =
for all z € [A°,1] and

0503 be(2, A)| < Clmz 2T F AT
for all z € [1,00) where ¢ € (O, ﬁ) is arbitrary.
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Proof. The function h := 1 + by satisfies the equation
M) =1+ [ Ky by

where

1

K(z,y,)) = —— [w(y)w(y) - w?(y)W(z)

pe(2)
and @g(z) := ﬁg\/EHZrl/Z(z), see the proof of Lemma 5.1. Recall the asymptotic behavior py(z) =

—2 —1
2 A UE,O’(A y)

e*(1 + O¢(z71)) for z — oo where the Oc—term is of symbol type. On the other hand, we
have @y(2) = 18211 + O(2)) + icoBez=*(1 + O(2)) for z — 0 where c1,cy are nonzero real
constants and the O-terms are smooth (see [1]). Thus, by the Leibniz rule and Lemma A.1, we have
K(z,9,\) = (1 = e¥W=2)Oc(y=3+eA17¢) for all 1 < 2z < y and K(z,,\) = Oc(y 3-2+enl=¢) =
Oc(y~ "N =2H3)) for \* < z < y < 1 where all O-terms are of symbol type. Let n : Ny x Ng — Ny
denote the bijection from the proof of Proposition 4.1. As before, we proceed by induction. Fix
(k,m) € Ny x Ny and suppose we have [0.3} (h(z, A) — 1)| < Cj ;27 A1=CH3=7 for all (1, 5) with
n(l,j) < n(k,m)and X € (0,1), z € [A\*,1]. We have to show that this implies |95 95" (h(z,\)—1)| <
Ot gz F N2 =m" where n(K,m') = n(k,m) + 1. If k = 0 we have (k',m’) = (m + 1,0) and,
with (2, A) == LK (2,9, \)|y=2,
O () = = S 07 bz V(e )] + [ 08y il Vi
1=0 #

see Lemma B.2. By assumption we have |07~ [i5;(z, A\)h(z, A)]| S 2~ (MHUAL=2CE43) for X € (0, 1),
z € [A%,1] and this implies |07 h(z, \)| < 2z~ (MHDNI=e@H3) If k> 1 we have (K, m') = (k —
1,m+1) and

k—2 0o
(17) OO h(, A) = = > OO [mu(z, Mh(z, M)+ / ot [a,’:‘lK(z,y, Mh(y, \) | dy.
1=0 z

If k > 2, Eq. (17) and the assumption shows that [0y 0F"1h(z, \)| S 2~ k=DAL=e@E3)=(m+1) for
A€ (0,1), z € [N, 1]. If k =1, Eq. (17) is of the form

IR (2,\) = Oc(N =) =(mHL)y 4 / K (2,9, )oY h(y, \)dy

by assumption and therefore, Lemma B.1 yields [0y h(z, \)| < A1=5@H+3)=(m+1) for X € (0,1) and
z € [A%,1]. This proves the first estimate.
For the second estimate we proceed by an analogous induction and write

/ K (25, Mh(y, Ndy = / K(zn+ 2 Mh(n + 2, \)dy
z 0

N / (1= e*O0c((n+2)">TEAT9)h(n + 2, N)dn
0
for z > 1 where the Oc—term is of symbol type. Thus, the assumption yields
O h(z, \) = Og(z2e(mHD1=e) 4 / K (2,5, )0y h(y, \)dy

and Lemma B.1 implies |07 h(z, \)| < 272+ (m+D)1=¢ for A € (0,1) and z > 1. Analogously,
we obtain

OO Rz, A) = Oc (2o () plmem(mtl)y 4 / K (2,5, Ny oy hy, Ny
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and again, Lemma B.1 yields [0¥ 107" T h(z, \)| < z72Fe-(k=Dal==(m+D) for X € (0,1) and 2z > 1
which finishes the proof. O

6. MATCHING WITH THE JOST SOLUTIONS

In this section we match the Jost functions fi(-,A) with the solutions u;(-, A) which allows us
to calculate the asymptotic behavior of fi(-,\) and W(f_(-,A), f+(-, A)) in the limit A — 0+.

6.1. Matching with f.(-,\). Note that the solution ¢, constructed in Lemma 5.1 has the as-
ymptotic behavior ¢(z, \) ~ €% for z — oo which shows that f, (z,\) = ¢¢(Az, \). Thus, we have
found a representation of the Jost solution fi(z,A) which is valid for all A € (0,1) and all x with
A~1*e < 2 < co. By choosing ¢ sufficiently small, we can always accomplish A~17¢ < §A~! for any
given § > 0 and all A € (0,1). Thus, at z = A~'*¢ for \ sufficiently close to 0, we can match the
solutions f4 (-, A) and u;(-, \) (see Lemma 4.3).

Lemma 6.1. The Wronskians cj()\) = W(fr(-,N),u;i(-,N)) for j = 0,1 have the asymptotic
behavior
el (N) = iapB A~ (1 + O(XF) +i0(NEH2)))
and
f () = a1 A (1 + O(X) +i0(A7%%))
as A — 0+ for a sufficiently small € > 0 where a; are real nonzero constants and all O-terms are
of symbol type.

Proof. We have fi(z,\) = B¢V )\mHZ_I/Q(/\x)(l—i—bg()\:c, A)) by Lemma 5.1. Note that d,bp(Az, \) =

A0;bg(Az, N) as well as Ozbp(Ax, \) = x0,bp(Ax, \) + Oxbe(Az, ) and hence, by Lemma 5.2 and the
chain rule, we infer

|O80F be (A, A)| < Cl ™ FAI SRS =m
for all k,m € Ny. By the same reasoning we obtain the symbol character (with respect to differen-
tiation in x and \) of the O—terms in

BV AxH [ ) (A\x) = a1 Be(Az) (1 + O(\x)) + icpBe(Ax) (1 + O(\x))
where ag, a1 are nonzero real constants. This shows that
Fo(@, ) = (@1Be2a) ! +iagB(Aa) ™) (1+ Oc N =) (1 + O(\a))

where the O—terms are of symbol type and the representation is valid for all A € (0,1) and all
x € [\ A71]. Differentiating this expression with respect to 2 and using the symbol character
of the O—terms we obtain

P A) = ((£+ DarBA ()" = itaoBAOD) 1) (14 Oc(N )1 4 O(Aa)).
Evaluation at x = A~ yields
e ) = (alﬁw““) n moﬁgxd) (1 FON) + z’O(Al—a(%?’)))
and
FLae ) = ((e +1)ag Bl — ifaoﬁg)\l_e(“l)) (1 +OO) + iO(Al—f@”?’)))
for € > 0 sufficiently small. Furthermore, by Lemma 4.3, we have
uo(x, \) = uo(z)(1 + O(2*X?)) , ufh(z, \) = up(2)(1 + O(2*1?))

and
uy(z, A) = ur(z)(1+ O(xN)) , uy (2, \) = uy(z)(1+ O(z)))
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for all A € (0,)\) and all = € [x,6A"1] where \g,d > 0 are sufficiently small and zg > 0 is
sufficiently large. Thus, by choosing € and A sufficiently close to 0, we obtain A='*¢ € [zg,0A7}]
and we can evaluate the above expressions at z = A™'*¢ which yields

ug(ATIEA) = (204 1) TIATE D (1 4 O(N%F)),
up(ATEN) = (C+ 1)(20+ 1) TIATE (1 + 0(0F)),
w (A7) = X (1 4+ 0(X)),

WA ) = _e/\é-i-l—a(é-i-l)(l +0(N))

by Lemma 4.1 and all O—terms are of symbol type. The claim now follows from a straightforward
computation. ]

6.2. The Jost solution f_(-,A) in the limit A — 0+. The Jost solution f_(-,\) satisfies the
Volterra integral equation

. T osin(AMy —x

fotany = e [ A=y ) 2y
—00

as can be seen from the definition and the variation of constants formula. The decay properties of

the potential V;, are crucial for the behavior of fi. Since V;, decays exponentially as x — —oo

(Corollary 2.1), the situation for f_ is much simpler. In fact, f_ behaves essentially as in the free

case Vp, = 0.

Lemma 6.2. Let a € R and \g > 0. Then the Jost solution f_(x,\) = e~ *m_(x,\) exists for
all X € [=Xo, Xo] and we have the bounds |0V'm_(x,\)| < Cy, as well as [0y'm!_(z, \)| < Cy, for all
x € (—o0,a] and all X € [—)Xg, Ao].

Proof. According to Lemma 3.1, the function m_ (z, \) = e f_ (x, \) satisfies the Volterra equation
X
(18) m_(zx,\) =1 —l—/ K(z,y, \)m_(y, \)dy
—00

where K (z,y,\) = 55 (e**#=2) — 1)V, ,(y). Note the bound
O K (2., \)| < Crnly — 2™ Vo (v)]

and thus, Lemma B.3 shows that the solution of Eq. (18) satisfies [|05'm (-, )| oo (—o0,a) < Cm for
all A € [—Ag, Ao] since Vi, (y) decays exponentially as y — —oo (Corollary 2.1). The estimate for the
derivative m’_(z, \) follows by differentiating Eq. (18) and using the bounds for 0y'm_(z,X). O

6.3. Zero energy resonances. Next we discuss the occurrence of resonances. First we give the
precise definition of a zero energy resonance.

Definition 6.1. We say that the operator H, , has a zero energy resonance if there exists a function
f € L*(R) such that Hy,f = 0.

Recall that the equation H,,f = 0 is equivalent to

_(1_2M> U,,_¥U,+ <£(e+1) +2MJ>UZO
T

, r2 r3

where v(r) = f(x(r)) (see Eq. (9)). As already mentioned, solutions of this equation can be given in
terms of special functions and therefore, we even know the behavior of f_(z,0) for  — oco. This is
crucial to see whether the operator Hy , has a zero energy resonance or not. As the following lemma
shows, no resonances occur for scalar perturbations. However, in the case of electromagnetical or
gravitational perturbations one has to require £ > 1 or ¢ > 2, respectively, in order to avoid

resonances.
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Lemma 6.3. Let (¢,0) € Ny x {—3,0,1}\{(0,0),(0,—3),(1,—3)}. Then the zero energy Jost
solution has the asymptotic behavior f_(z,0) ~ cx'™! for x — oo where ¢ is a nonzero constant.
In particular, there does not exist a function f € L>®(R) that satisfies He,f = 0.

Proof. As already mentioned, the equation H,,f = 0 is equivalent to

2M 2M 1 2M
(1= o — o+ 0l + )_|_ o —
r 72 72 r3

where v(r) := f(z(r)). Set u(z) := 2~ (**)y(2Mz) where s := /T — o (note that s is the spin of
the perturbing field, i.e., s € {0,1,2}). Then the above equation is equivalent to
z(1=2)u" +c—(a+b+1)z]u' — abu =0

where a = —¢ + s, b=/¢+ 1+ s and ¢ = 1 4+ 2s. This is the hypergeometric differential equation
and we have the solution u(z) = oF1(a,b;c;2) = oF1(—¢ + s,£ + 1 + s;1 + 2s; z) which reduces to
a polynomial of order ¢ — s provided that ¢ — s € Ny (see [1]) and this is equivalent to (¢,0) ¢
{(0,0), (0,—3), (1, —3)}. The Frobenius indices for the hypergeometric differential equation at the
regular singular point z = 1 (which corresponds to r = 2M and hence, z — —o0) are (0,c—a—b) =
(0,0) (see [1]) which shows that u(1) # 0 and hence, there exists a nonzero constant ¢y such that

f-(z,0) = cor(x)““su(%). Since u is a polynomial of order £ — s, we obtain f_(x,0) ~ c;z**! for
x — oo by Lemma 2.1 where ¢ is a nonzero constant. (]

Remark 6.1. Note that Lemma 6.3 is sharp in the sense that the operator H,, does indeed have
zero energy resonances if (¢,0) € {(0,0),(0,—-3),(1,—3)}. The resonance functions f;, are given

by foo(z) =1, fo—3(z) =1-— % and fi _3(x) = Tlx) as can be checked immediately.

Remark 6.2. In the scalar case (0 = 1), the hypergeometric function in the proof of Lemma 6.3
reduces to the Legendre polynomial P, and we have

f@.0)="0p, (7“](\4’”) - ) .

6.4. Matching with f_(-,\). The above results are sufficient to match the Jost solution f_(-,\)
to the solutions u;(-, A) obtained in Lemma 4.3 by perturbing in energy. In what follows we will
always assume that we are in the nonresonant regime, i.e.,

(gv U) ¢ {(03 0)’ (O’ *3)’ (17 *3)}'
Lemma 6.4. The Wronskians c; (A) := W (f-(,A),u;(-,A)) for j = 0,1 are of the form 2

CJ_(A) = 02@(1) + 7;02@+1()\)

for A € (0, \g) where Ao > 0 is a constant. Furthermore, we have c; (0) # 0.

Proof. According to Lemma 6.2, f_(x, \) is smooth in A around A = 0 and by definition we have
f=(z,A) = f_(x,—A) for A € R. In particular, this implies Ref_(zg, \) = O2(1) and Im f_(xg, A) =
Ogr4+1(A) where zp > 0 is the constant from Lemma 4.3. Repeating these arguments for the
derivative f’ (x,\), we similarly obtain Ref’ (29, \) = Og(1) and Imf’ (zo,\) = Ogr+1(N). By
construction (cf. Lemma 4.3), we have ug(xo,A) = uo(xo), ug(xo, ) = ug(xo). Combining this
with Corollary 4.2 we obtain u;(xo, ) = O2(1) and u};(zo, A) = Og(1) for j = 0, 1. This shows

¢; (A) = 02(1)(O2¢(1) +iO2¢41(A)) = O2¢(1) + iO2p+1(N).

Suppose ¢; (0) = W(f-(-,0),u1(-)) = 0. This is equivalent to f_(-,0) and u; being linearly depen-
dent which implies that f_(z,0) = O(z~%) for 2 — oo, a contradiction to Lemma 6.3. O

2See Definition 4.1.
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7. THE SPECTRAL MEASURE AT ZERO ENERGY

Recall that we are interested in estimating the integral
/ Acos(tA)Im [Gy o (z, 2, N)] (z) " (") ~“dA
0

and thus, we have to study the expressions

f—(x,7 )\)f+(56, >‘)
W(f—(‘v >‘)’ f+('7 )‘)) .
In this section we obtain estimates for A — 04 and, as will be clear afterwards, the decay properties
for solutions of the Regge—Wheeler equation are completely determined by this asymptotic behavior.
In view of this, the following lemma is in fact the central result of our work.

We have to consider different ranges of x, 2’ and X\ separately and we start with estimates for
|A|, |zA] and |2’A] small which turns out to be the most important case. For all A € (0, \g) with a
sufficiently small constant Ay > 0, we have the representation

fe(z,\) = —cE(Nuo(x, \) + & (Nu (2, \)
+

where 3 ¢ (A) = W(fe,u;)(A) (see Lemmas 6.1 and 6.4). Note carefully the slightly inconvenient

fact that ¢F () is the coefficient of u; (-, A) and not ug(-, A)! It follows that
W (= 1)) = e Neg () = cg (Ve (V).

Im

We abbreviate
g (N (V)

c1 (MNeg (A) = g (Mef (V)
and, since u;(-, \) are real-valued, we have to study expressions of the form
Ago(Nug (x, Nug (2, N), Aro(MNuo(z, Nui (2, ), ete.

A]k()\) :=Im

Lemma 7.1. The function Ajj is of the form
Apo(A) = Ogpp1(N) and Ajp(N) = ON* ) if j+ k> 1
for A € (0, \g) where N\g > 0 is a sufficiently small constant and the O—term behaves like a symbol.

Proof. We have to distinguish four cases.
(1) For Agy we write

AOO()\) = Im_i

According to Lemma 6.4 we have
“ (y) = cg Ner (A) _ O(1) + 0241 (N)
¢ ey (M)? ler (MI?
and, since |e] (A\)|2 = Og(1) 4+ Ogp12(A2?) = Og(1) as well as |c; (0)| # 0, we infer @()\) =
ol
O2¢(1) 4909441 (N\) with the help of Lemma A.1. Furthermore, Lemma 6.1 and Lemma A.1

yield
+
1 _ Mo e . —20e\y _ 20+1—2Le . 2041
cg' (N zao)\ (1+O(X°) +i0(A )) = O(A ) +10(A )

3From now on we write W (f,u;)()\) instead of W (fx (-, A), u;(-, \)).
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where the O—terms are of symbol type. Applying Lemma A.1 again, we conclude

(O26(1) + 0041 (N)) (1 + O(N*H172) +iO(N*H))
1+ O(\20H1-26=)

A00(>\) =Im
= Ogeq1(A) + O
for a sufficiently small € and the O—term is of symbol type.

(2) For Ajp we use the representation

1 1
10( ) ml B ii()\) ml 4 O()\2£+1—2£a) + Z'O()\2£+1)

€1 S
1 +O()\%+1_2€5) +Z~O()\2Z+1)

= Im 1+ O(\2+1-2)

— O()\2€+1)

where all O—terms are of symbol type (use Lemma A.1).
(3) In order to estimate Ag; first note that

W (= )N = e Neg (V) = g (Ner (A) = iaoBeed™ (1 + O(X) +i0 (A2

as follows straightforward from Lemmas 6.1 and 6.4 where ¢ is a nonzero real constant and
all O—terms are of symbol type. However, this implies
LN (O(1) +i0(N)) (1 + O(A) +iO(A~29))
A01 ()\) =Im 0 -
1+ O(Xe) +i0(\e(26+2))
i2LNHLO(1) + O(N®) +10(A728)) (1 + O(N°) + i0(A=24+2)))
= Im-2
1+0(X)

O(}\QZJrl)

= oy O

where all O—terms are of symbol type (see Lemma A.1).
(4) Finally, for Aj; we proceed exactly as above and obtain

ILLNHL(O(1) +i0(N)) (1 + O(NF) +i0(A~2€))
A1 (A) =Im T O0F) + 00 — O(\2+)

where the O—term behaves like a symbol.
O

Remark 7.1. The fact that Agp(A) is somewhat exceptional is a direct consequence of the asymmetric
decay properties of the Regge—Wheeler potential. This phenomenon is not present in [48] or [49].

8. OSCILLATORY INTEGRAL ESTIMATES FOR SMALL ENERGIES

In this section we obtain bounds for the oscillatory integrals that describe the time evolution
of solutions to the Regge—Wheeler equation. We distinguish different regimes, depending on the
ranges of z, #’ and A and in this section we only consider the case |A| small. As already mentioned,
the most important contribution comes from the regime |zA| and |2’\| small which yields the decay
rates stated in Theorem 2.1. The remaining cases can be treated very similar to [49], however, for
the sake of completeness we give explicit proofs for all of the following statements.
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8.1. Estimates for |z)\| and |2'A| small. We will need the following result on oscillatory integrals.

Lemma 8.1. For an N € Ny let w(\) = Oan+1(A) and suppose there exists a constant Ao > 0 such
that w(X) = 0 for all A\ > Xg. Then we have the estimates

/OO /\cos(t/\)w(/\)d)\‘ < C(w)(t)y~N+3)
0

/ sin(t)\)w()\)d)\‘ < C(w)(t)~@N+2)
0
for allt > 0 where C(w) can be estimated as
C(w) < Cmax{HwHLoo(opo), sup [Nw@NHHD ()] : j = 1,273}
A>0

for an absolute constant C > 0.

Proof. We only prove the sine estimate since the proof for the cosine estimate is completely analo-
gous. It suffices to consider t > 1. (2N + 2)—fold integration by parts yields

/ sin(t)\)w(A)d)\‘: ! / sin(tA)w(2N+2)()\)d)\‘
0 0

2N 12
since the boundary terms vanish thanks to w(®™ (0) = 0 for m < N and the fact that w(\) = 0 for
all A > X\g. Thus, it suffices to show that

/ sin(t)\)w@N*Z)()\)d/\‘ <C
0

for a constant C' independent of t. Let x be a smooth cut—off satisfying x(A) =1 for 0 < A <
and x(A) =0 for A > 2. Then we have
o0
<
<),

00 .
: n dn sin(n
/O sin()w @) (1) () (o)

for all ¢ > 1. Furthermore, by an additional integration by parts we obtain

Ui

/ - sin(t/\)w(2N+2)()\)X(t)\)d)\' -
0

dn <1
" " x(n)’ UBS

<

/ h sin(tA)w N2 () [1 — x(EA)]dA
0

% /0 ~ cos(tN )WV ()1 — X(t)\)]dA‘

+ ‘1 / cos(t)\)w@NH)(A)tx’(t)\)d)\‘
0

where the boundary term vanishes thanks to the cut-off and w®N+2()\) = 0 for all A > Ao.
However, we have

H /OOO cos(EN W@V ()1 — x(tk)]d)\‘ = ‘1 /Ooo cos(n)wN+3) (g) - X(n)]dtn’
~ tlz OOO COS(n)f;[l - x(n)]’ dn <1

as well as

‘1/ cos(t/\)w(2N+2)tX/(t)\)d)\' =
0

(o9}
SJ/
0

since supp(x’) C [3,2]. O
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Now we are ready to prove the first oscillatory integral estimate, valid for small A and |zA| <6,
|2’A] < 6 where § > 0 is sufficiently small. In what follows we denote by xs a smooth cut—off
function supported in a d—neighborhood of the origin, i.e.,

_ [ riffe[ < g
X‘S(x)_{ 0 if |z > &

Lemma 8.2. Let « > 20+ 1 and 6 > 0 be sufficiently small. Then we have the estimates

5 <t> —(2¢0+3)

[ rcostontn | AR ey s s

w,S;}ER W(f—(7)‘)7f+(7)‘))
and
su Oosin - f-(@ N f (@, ) )" ) " Z —(2¢+2)
sup | [T snteayim | TR o) et £ 0
for all t > 0.

Proof. We set w(z,z’, \) := Ago(N)u(x, Nug (', N){x)~(x") " %xs(N)xs(z\)xs(z'N). According to
Lemmas 7.1 and 4.5, we have w(z,2’,\) = Ogp11(\) for fixed z,2’. Combining Lemmas 4.3, 4.5
and 4.6, we obtain |92 uy (2, \)| < Chy (2)2FIA"™ for m € Ny, A € (0,6) and € [-0A~1, 011,
This implies

|8)2\€+2w(l’,l',,)\)| S <$>2€+1—a<x1>2€+1—a>\—1’
and, analogously,

033 (o W] S ()21 (21002,

B (e, !, W] S (@) (a2

for all A > 0 and z,2’ € R. Finally, w(\) = 0 for A > §. Thus, Lemma 8.1 yields

sup
z,x’' €R

/ Acos(tN)w(z, 2/, N)dA| < ()3 and  sup
0

z,x’ €R

/ sin(t\)w(z, ', \)dA| < ()73
0

for all ¢ > 0. For the remaining cases assume j + k > 1 and set
w(x, x, A) = Ajp(Nuj (2, N)ugy (m’, )\)<1‘>7a<.’El>7aX5()\)X§($)\)X5(.’EI)\).

According to Lemmas 7.1 and 4.3, we have w(z,2’,A) = O\2TH)O((x)*1)O((2')**!) where the
O-terms behave like symbols (use Proposition 4.1 and Lemma 4.6). In particular, w(x,a’,\) =
Og¢41(N) for fixed z, 2" and

022, 2! N)| S () ) e,

as well as
B (e, 2!, V]| S ()10 ) A2,
|8/2\€+4 [w(w, .13,, )\)” 5 <x>£+1—a <x/>é+1—a)\—3
for all A > 0 and z,2’ € R. Thus, as before, applying Lemma 8.1 yields the claim. ]

Remark 8.1. Obviously, by performing fewer integrations by parts (cf. the proof of Lemma 8.1), one
may obtain weaker decay bounds (in ¢). By doing so, however, one can relax the decay requirements
(in z) of the data, that is, the index « in Lemma 8.2 can be chosen smaller. To be more precise,
one obtains the additional bounds, valid for « € N, a < 2¢ + 1,

sup
z,x' €R

o f—($/7>‘)f (.’E,/\) -/, \—« / —a—
/0 A cos(tA)Im [W(f_(-, A),;+('7A)) ()" " xs (M) xs (@ X)) xs (@' N)dA| < (t) 2
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and

sup
z,z'€R

for all t > 0.

o . f*(xlv)‘)f (l‘,)\) —Q I\ —a / ——
/0 sin(t\)Im [W(f(-,k),;+(-, V) ()~ 2"y " s (AN)xs(xN)xs (' N)dA| < (t) 1

8.2. Estimates for |z\| and |2'\| large. For the remaining small energy contributions it is useful
to note that, for A € R, fi(z,—A) = fi(z,\) by definition of the Jost solutions. This implies
Gro(x, o', —X) = Gyo(x,2',\) and hence, the real part Re [Gy,(x,2’,A)] is an even function of A
whereas the imaginary part Im [G/,(z,2’, )] is odd. Thus, we have

/ Acos(tA)Tm [Gpg (2, 2/, N)] dA = % / N cos(tN) G (2, o, A)dA
0 R

and similarly for the sine evolution. This shows that we can replace the imaginary part of
Gio(x, 2", \) by Gy o(x, 2, \) itself in the oscillatory integrals and change the domain of integration
from A > 0 to A € R. Furthermore, recall

(19) W (f=, f)N) = e Neg (V) = g (Nef (A) = eA™ (1 + 0c(X))

for a nonzero constant ¢ where the O—term is of symbol type. This has been shown in the proof of
Lemma 7.1.
In order to deal with terms that involve f_(z/,\) for 2/ > 0 and fi(z,\) for x < 0 we have to

consider reflection and transmission coefficients. For A # 0, the functions fi(-,\) and fy(-,\) are
linearly independent which shows that there exist coefficients a(\) and b(A) such that f_(z,\) =
a(N) f1(z, \)+b(\) fi(z, ). This representation implies [b(\)|>—|a(A)|? = 1 (cf. the proof of Lemma
3.2) and thus, fi(z,\) = —a(A)f-(z,A) + b(A)f-(z,A). Furthermore, we have W(f_, f1)(A) =
b(MW (fi, f+)(A) = 2iAb(A) which is equivalent to

b(A) 1
W(f- fr)()  2ix
Similarly, we obtain W(f_, f1)(\) = —2iAa(\) and therefore,

a) WD

However, from Lemma 6.1 and W (f_, f+)(A) = ¢ (N)eg (A) — ¢g (A\)ef (A) it follows that

(20)

W(f-, fr)(N)
—— L =4 Oc(\°
WU FO) )
where ¢ is a nonzero constant and the O—term is of symbol type and hence,
a(A)

(21) = A1 4 Oc(N9)).

W(f*a er)()‘)

Lemma 8.3. Let o € Ny and 6 > 0 sufficiently small. Then we have the estimates

f*(x,7)‘>f+(l‘a)‘) —a/, \—a o T o z —a
s | [ rcosen S ) ) s 000 — e (1 = )| £ )

and

. (@' N) fo (2, ) —a/ N\ —a ’ —a
sup | [ SR ) e s ()1 = xsaN) 1 = xsla )A€ (7

for allt > 0.
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Proof. Let [\ <8, x>0, 2’ <0 and |\z|,|A\2’| > §. We set my (2, \) := eF% fy (2, \). According
to Lemma 6.2, we have the bound [9}'m_(z,\)| < Cp, for all z < 0 and m € Ng. Furthermore,
since A is small, we have

my (2, ) = e" oAz, \) = (1 4+ Oc((Az) 1) (1 + be(Az, \))

by Lemma 5.1 and the asymptotics of the Hankel function where the O—term is of symbol type.
By Lemma 5.2 and the chain rule, we have the estimate |97'b;(Az, \)| < Cp(x)™ since [A|7! < ()
and this implies |0y'm (2, A)| < Cpp(x)™ for all m € Ny. Set

m—(x', \)m4(z, \)

w(z, ', \) == X W(f-, f+)(\)

Xs(A) (1 = xs5(zA)(1 = xs(2'N)).

Then we have
0V w(z, 2", \)| S ()™ (2")™

for all m € Ng since W (f_, f+)(A) is of symbol type (cf. Eq. (19)). We have to estimate the integral

/ ei)\(:tt+x—x’)w(x’ $/, )\)<l‘>_a<$/>_ad)\.
R

If|+t4+x—2|> %t we integrate by parts a—times to obtain

/ G+ ) (gl ,\)<33>—a<x/>—ad)\‘ Stttz —2|7*< )
R

and, if | £ ¢ + 2 — /| < 3¢, we have (z)~%(2/)~* < (t)~® as t — oo and thus,

~

/ ez‘A(:I:t-‘rac—x’)w(x,x’,A)(:U)_a(x/)_ad)\' S
R

If 2/ > 0 or z < 0 we use the representations m_(2/,\) = a(\)e2 m(z/, ) + b(N)m (', \)
or my(z,\) = —a(N)e 2 m_(x,\) + b(A\)m_(z,\) and with the help of Eqs. (20) and (21) the
corresponding integrals can be estimated as above.

For the sine evolution note that we are missing one A and thus, for instance, if

a(MN)m (', \)my (2, \)

w(z,z',\) == s M) (1 = xs5(zN) (1 = xs(2'X
(v, 3) = AR 001 = s (o) (1~ xs()
we have |w(z,z', \)| < [A! (cf. Eq. (19)) which, in the case £ = 0, only yields the weaker bound
|05 w(z, 2, A)| S (o)™ )™, .

8.3. Estimates for |z)\| small and |2'\| large. The next regime to be considered is |z \| < § and
|2/ A\| > %. We distinguish the two cases 2/ < 0 and 2’ > 0.

Lemma 8.4. Let o € N and 6 > 0 sufficiently small. Then we have the estimates
(2, X A
sup /)\COS(t)\)f (‘Ta )f+(.’L', )

R

(@) @) " xs (Nxs (@A) (1 — X&(w’k))dk‘ SRS

z€R,z/<0 W(f=, f+)(N)
and
su sin f_($/,)\)f+($,)\) ) x/ —« T - Jfl —a+1
s | [sinen SR ) )1~ x| £ ()
for allt > 0.
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Proof. Let z € R, 2/ < 0, [\ < 6, [\x| < 6 and |\2’| > $. As before, we write fi(z,)\) =
eTA%m (2, \) and recall the bound |9%'m_ (', \)| < Cy, for all m € Ny (Lemma 6.2). For m. we
use the representation

(2, ) = e (= (Mo (e, A) + f (Vur (2, 1))

where we extend C;F(A) and u;j(z,\) to negative A according to c;r(—)\) = cj()\) and uj(z,—\) =

uj(x,A). Applying Proposition 4.1 and Lemmas 4.6, 6.1, we obtain the bounds
|08 e (Mo (2, A)| S () AT S (@) AT S (@)™ A
and
|08 e (Vua (@, V)] S ()| A < (@)™ A
for m € Np which implies [07'm (2, A)| < (@/)™|A|77L We also have |[0%'xs(z\)| < (z)™
[IA|7™ < (2/)™ and, putting all this together, we arrive at
O w(@, 2", A)| S ()™

A

Where
m}ﬁ(faé}_}\);i;gi; A) Xs(A)xs(zA) (1 — xs(2'N)),

see also Eq. (19). Thus, the claim follows by appropriate integration by parts as in the proof of
Lemma 8.3. The proof for the sine evolution goes along the same lines but one loses one power of
A 0

w(x, 2’ \) =\

Lemma 8.5. Let o € N and § > 0 sufficiently small. Then we have the estimates

f—(gclv )‘)f-i-(xv )‘) <x>fa<x’>*axé()\)xg(x)\)(l — X&(eTI)\))d/\‘ f, <t>7a

R CI ey
and
in f_(x’,)\)f+(x,)\) AT AN z _ 2 —a+1
s | [ IS ey s ten s - v < @)
for allt > 0.

Proof. Let # € R, 2’ > 0, [A| < 4, [zA| < 6 and |2'A| > $. As always, we write fi(z,)\) =
eTmy (2, ). Again, by Lemmas 4.3, 6.1, 4.6 and the representation
m(x,\) = e (—c (Nug(z, \) + ef (Nua (2, )
we obtain the bound
[ (2, M) S (@) FHAL + (@) A7 S ()|~
and, by using the symbol behavior of the involved terms (see Proposition 4.1 and Lemma 6.1), this
implies
(B8 m (2, )] S (@) AT S () ()™ A7
For m_(2',\) we use reflection and transmission coefficients, i.e.,
m_(z',\) = a(N\)e* mo (2, \) + b(A\)m (27, \)
and, from the proof of Lemma 8.3, we have |0y'm. (z/, \)| < («/)™. Hence, Egs. (21) and (20) show
that
|5 m (2, )] S AT @A S @)
Setting
m_ (@', N (2, ))

W(f-, f+)(\)
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Xs(Mxs (@A) (1 — xs(2'N))



the above estimates and Eq. (19) imply |0y'w(z, 2, A)| < (x)(2/)™ and the cosine estimate follows
by appropriate integration by parts as in the proof of Lemma 8.3. For the sine estimate we set

m_(z', \)my(z, \)
W(f*a er)()‘)

and we only have the weaker bound |0y'w(z, 2/, \)| < () (z/)™ A7t < (z)(z/)™ 1. O

w(x, 2’ \) =

xs(A)xs(zA) (1 — xs(2'N))

8.4. Estimates for [2')\| small and |zA| large. Due to the asymmetric decay of the Regge-
Wheeler potential, this case is slightly different from the above considered |xA| small and |z')|
large. Thus, it has to be studied separately and does not follow from symmetry arguments as in
[49]. Similar as above, we distinguish > 0 and = < 0.

Lemma 8.6. Let « € N and § > 0 sufficiently small. Then we have the estimates
f— (xlv )\)f+(.’17, )‘)

sup / Acos(tA) ()" (") " *xs(A) (1 — Xé(ﬂf)\))Xé(x/)‘)d/\‘ S
R

>0,2/€R W(f-, f+)(N)
and
su sin f—($/7)‘)f+(x7)‘> ) ZE/ -« _ z CL', —a+1
s | [ IS e )0 = xsle) st N £ 1)
for all t > 0.

Proof. Let > 0, 2’ € R, |\| <6, |2/A| < and |zA| > . As in the proof of Lemma 8.3, we have
the bounds |9y'm4 (z, A)| < (z)™. For m_(a’, \) we use the representation

m- (2, \) = € (=¢; (Muo (2, X) + ¢5 (Nur (2, 1)
since |2’ is small. Lemmas 4.3, 4.6 and 6.4 imply the bound
m-(2', )] S (@) + (@) S A

and, by using the symbol behavior (see Proposition 4.1 and Lemmas 4.4, 6.4) and (') < |A|7!, we
infer

(B m— (@', )] S AT S ()™ A

We set
—(2', N)my(x, N
w(z, ', A =\ (@, B s (AL = xs(zA) s (2
(@.0',0) = NS G- D))
and the above bounds as well as Eq. (19) imply the estimate |0y'w(x,2',\)| < (z)™. Thus, as
before, the claim follows by appropriate integration by parts. ]

Lemma 8.7. Let a € N and 6 > 0 sufficiently small. Then we have the estimates

f— (55/7 )‘)f-i-(xv )‘)

sup / Acos(tA) ()~ (@) x5 (A (1 — xam))xa(w)dx\ S
R

x<0,z’€R W(f—af-i-)()‘)
and
su sin f—(‘r/7)‘)f+(x7)‘) A .’L‘/ —« o z J}/ —a+1
| [ IS ey o)1 - xslenst N £ )
for allt > 0.

32



Proof. Let <0, 2’ € R, |A| <6, |2/A| <& and |2A| > $. Like in the proof of Lemma 8.7 we have
|5 m— (2, A S (@) FHAT™ S @A
for all m € Ny. Since z < 0 we use reflection and transmission coefficients to obtain the represen-
tation
my (2, ) = —a(N)e 2 m_ (2, \) + b(N\)m_(z, \)

which immediately implies the bound |m (x, \)| < |A|~! by Egs. (21), (20) and Lemma 6.2. Thus,
from the symbol behavior of a(X), b(\) and |0y'm_(x, \)| < Cy, (Lemma 6.2), we infer

|08 m (2, )] S ()™ A7
for all m € Ny since [A|7! < (z). Thus, Eq. (19) implies

08 w(z, 2, )| S ()™ (2)
for all m € Ny where
m_(z', \)my(z, \)

W(f-, f+)(A)

As a consequence, by appropriate integration by parts (cf. the proof of Lemma 8.3), we obtain

w(z, 2, A) = A Xs(A) (1= xs(2A) x5 (2 N).

[ Aol N ) S )7
R

provided that a > 1. For the sine evolution we set
m_ (', )m ()
W(f-, f+)(N)

w(@,a’,A) = Xs(A) (1 = xs(xA))xs(2'A)

and use the bounds
(8 m (2, )] S )™ A7 S (o)™
to obtain
R w(w, 2, A)| S (o)™ )
for all m € Ny. Hence, as before, the claim follows from

/ eik(:l:t—l—z—:n')(“)(3:,’m/7 )\) <$>—a<m/>—ad>\ S <t>—a+1
R
which can be obtained by appropriate integration by parts similar to the proof of Lemma 8.3. [

9. OSCILLATORY INTEGRAL ESTIMATES FOR LARGE ENERGIES

9.1. The Jost solutions at large energies. In order to estimate the contributions from large
energies, we need the behavior of the Jost solutions for A — co. As usual, we write my(x, \) =
eTAT L4 (2, ).

Lemma 9.1. Let Ao > 0. Then, for k,m € Ny, the function my (-, \) satisfies the estimates
0508 (g (2, X) = 1)] < Crym ()~ FATTT™
for all X > X\g and all x > 0. The same bounds hold for m_(z,\) if z < 0.

Proof. As already discussed (see Lemma 3.1), the function m, (-, ) satisfies the Volterra equation

1 0 .
ma(@, ) =14+ o [ (207 = 1) Vi (y)me (y, Ndy
g [T e noyme ()
1 —i—/o (e 1) | Vieo ()\ —i—:r:) Y dn

33



and thus, the Lemma is obviously true for k. = m = 0. Let n : Ng x Ny — Njy denote the
bijection from Proposition 4.1. Fix (k,m) € Ny x Ny and suppose the assertion is true for all
(7,0) with n(j,1) < n(k,m). We need to show that this implies the claim for (k¥',m’) where
n(k',m’) = n(k,m) + 1. There are two possibilities: Either (k¥',m’) = (m + 1,0) (if £ = 0) or
(k';m') = (k—1,m+1). In the former case we have

m 1 - m+1 > 7 m+1—j n j n
8“3+1m+(x’/\):2i)\2;< p )/0 (6277_1)8x+1 Jwya<x+m>8§,m+<x+x,)\)dn

+ 2@'1)\2 /OOO (e* - 1)V, (g + :c) ot lm,, (g + x, A) dn

—1—(m — 1 o 7 —x M
= Oc(fa) 1N i [ (A0 1) )0 s 3 Ny

2i\

by assumption and thus, the estimate from Lemma B.1 yields |07 my (x, \)] < (z) =1 (m+D -1,
For the latter case observe that

i ($408) 5 (e} ot (s ot (a0

and, more generally 4,

Lag . (1 <M NIy N N
8,\(9xm+(/\+:1:,>\>~<>\+x> )\l)\ + +<>\+x> A N<)\+x> A
for all (j,1) with n(j,1) <n(k,m) and (j,1) # (0,0) by assumption. This shows that
O my (2, \)
_ m—+1 /OO ( 2in 1) 8k_1 6m+1_] W,O' (X + CC) ajm (ﬂ g )\) d/r]
=\ 0 A 232 AT
o0 Vie (3 +2)
2in k-1 | V4o (,\ m+1 n
+/o (e =1)0; gy N <)\ H“)] o
_ Oc(<l'>_1_(k_l))\_1_(m+l))
1 & I\ (0 — “1am
+ o (ezzA(y z) 1) Vg,o—(y)ag Lo+ (y, N)dy
and Lemma B.1 yields the claim. The proof for m_ is (mutatis mutandis) identical. O

Corollary 9.1. Let Ao > 0. Then the Wronskian W (f_, f+)(\) has the behavior

1 _ 1 B
W ) 2 H0e)

for all A > Ao where the O—term behaves like a symbol.
Proof. With m4(z,\) = eT% £, (2, \) we have
W(f-, f+)(A) = 2idm_ (0, \)m4.(0,A) + Oc(A™") = 2iA(1 + Oc(A™))
by Lemma 9.1 where the O—term is of symbol type. Thus, the claim follows from Lemma A.1. [
40ne may apply Faa di Bruno’s formula (cf. Lemma A.1) to obtain a completely explicit expression for the higher

A—derivatives.
34



Before proceeding to the final oscillatory integral estimate, we need the large A behavior of the
reflection and transmission coefficients, i.e., the coefficients a(A) and b(\) satisfying f_(z,\) =
a(\) f+(x, A) + b(A\) f+(x,\). The behavior of b is given by Eq. (20). By Lemma 9.1 we have

W(f=, f+)(X) = m_(0, \)m, (0, ) = m’_(0,\)m(0,) = Oc(A™")
where the O—term behaves like a symbol and therefore,
(22) a()‘) o W(f*7f+)()‘) — O(C()\_3>

W(— fON) — 20W (-, fr)()
We also remark that, by symmetry, the above considerations extend to large negative A. Now we
are ready to prove the final oscillatory integral estimate.

9.2. The cosine estimate. We distinguish between the cosine and the sine estimate since in the
former case we obtain a bound involving the derivative of the data.

Proposition 9.1. Let o € Ny and § > 0 sufficiently small. Then we have the estimate
N

tim [ [ A G o A1 = xs(N) )0l
—-N

N—oo R
< /R (I6/@)] + |6(a")]) da’

sup
zeR

for allt > 0 and any ¢ € S(R).
Proof. We split the integral according to

N T N 0o N
// ...d)\dx’:/ / ...d)\da:’—i—/ / . .dMd2!
RJ—-N —o0 J—=N T -N

and only consider the first summand since the proof for the second one is completely analogous. In
the domain z’ < x, which we study now, the Green’s function is given by

f—(‘rlv )\)f.;,.(ﬂj, /\)
W(f—7 f—‘r)()‘) .

We distinguish between x < 0 and z > 0 and start with x < 0. Using reflection and transmission
coefficients we obtain

@ N fr@,A) = e m (@A) [~a()eP m- (@, A) + b(\)e ™ m (2, )]
= —e @G (N (2, NYm_ (2, A) + eAETb(Nym_ (2, Nym_(z, ),

and consider each term separately. We define
Ab(A) (1 = x5(A))
(f*a er) (A)
and by Lemma 9.1 and Corollary 9.1 as well as Egs. (20), (22), we obtain the estimates
0N w(@, 2", )| < Crm| AT
for all |A| > § and 2,2’ < 0 (recall that x5(\) = 1 for |A| > §). Note that, by Fubini, we can freely
interchange the order of integration and thus, integration by parts with respect to x’ yields

Grol(z, x, A) =

w(z, ', \) == m_(z', \)m_(x, \)

N e:ti)\t

/ [ P, ) o ! = g [

N A

x N gid(Ft+z—a’)
[0 0w (e V)] dnde
—00 J—N {2

w(z, x, N\)d\



We first claim that

(24) sup
z<0

/eﬂ)‘t)\_lw(x,m,/\)d)\ < 1.
R

Indeed, set

b(A) (A = xs(V)

Oz, ) = A w(z,z,\) = m_(x, \)m_(z, \)

W(f= f+)(A)
and observe that w(a: A) = 555 (14 Oc(J]A| ™)) for [A| = oo by Eq. (20) and Lemma 9.1. This shows
that &(x, —\) = —0(x, A) + Oc(|]A|72). Thus, we have

:|:Z)\t ) 6:':i>\tUNJ(.ZU, _)\)i| d\

/R FNG (x, )\)d)\‘:

/S e:l:i)\tOC(’)\|—2)d)\

2

[e.9]

+151

,S/ sin(At)w(x, \)dA| +

< sin(A)(A™1 4+ O¢ (A 72))dA

for all z < 0 and this proves Eq. (24). Therefore, for N — oo, we can estimate the first term in
Eq. (23) as

¢(x)(x) 72 [ AN w(a, 2, \)dA| S () suplo(@)] S ()7 | (1¢'(2)] + |o(2')]) da’
R rzeR R

for all ¢ > 0 by a—fold integration by parts and Sobolev embedding. For the second term we
similarly claim that
/ei)\(:l:t-l-:c—x’)/\—l
R

(25) sup /_OO ()"0 [w(z, 2, \)(2') dz'
< (o) /R @'y (|¢/(@)] + |6(a')]) da’

“Yp(2')] dX

Indeed, we have

i ei/\(it”’_m,))\_l(:E}‘a@x/w(:n,w',A)(m’)‘aqﬁ(w')d/\‘ < @)™ [ N o’ Vo) dy
S (2) 7 (2!) "% g(a)]

for all z < 0 since [N\ "10yw(z,2', \)| < |A|72 by Lemma 9.1. Moreover,

[ A el ) )00 () )] dA] < () )0 (19 + o))

for all x < 0 which can be shown by exploiting exactly the same cancellation that led to Eq. (24).
This proves Eq. (25). Note in particular that Eq. (25) implies

AEt+z—2")
lim / / —————(#) YOy [w(z, 2, N) (@) " ¢(z)] dAdz

N—o0

6 AMEt+z—a
:/ / T )20 [l @’ N !} 0(a)] dd
o
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by dominated convergence. Now we distinguish two cases. If | +¢+ 2z — 2/| > %t, we integrate by
parts a—times to obtain

/a: / ei)\(:l:t+clf—gg’))\_1<x>—aax/ [M(JE,.T/, )\)<$l>—a¢(wl>] d\dz'
—oo JR

Stxtea—o [* [ [0 000 [l o V)00 [dri
s [ [ e e o (@) ew)] | i
S /R (16/@)] + |6(')]) da’

for all t > 0 and all 2 < 0. If | ¢+ 2 —2/| < 3¢, we have (z)"%(2/)~* < (t)™® as t — oo and
Eq. (25) implies

[
< <t>_a/R (16'@)] + |6(c)]) de'.

for all ¢ > 0. The remaining cases are treated in a completely analogous fashion. Note that the
terms involving the coefficient a(\) are even simpler (one does not need the integration by parts
with respect to ') due to the stronger decay given by Eq. (22). For terms that contain no reflection
and transmission coefficients, use Corollary 9.1 for the cancellation argument. U

/ ez‘>\(:|:t+m—a:’))\—1<x>—aax, [w(x,m', by <x'>_o‘¢(x/)] d\| da’
R

9.3. The sine estimate. The sine estimate is slightly stronger since it does not require derivatives
of the data.

Corollary 9.2. Let o € Ny and 6 > 0 sufficiently small. Then we have the estimate

N
: +itA / _ 2NN (2 dx
lim /R / G (@2, N1 =) ) @) " la')d dx\

N—oo

sup
zeR

o7 [ jota)iar
for allt > 0 and any ¢ € S(R).

Proof. Just repeat the arguments from the proof of Proposition 9.1. However, note that we are
lacking one factor of A compared to Proposition 9.1 which makes the integration by parts with
respect to 2’ unnecessary. This explains why no term containing ¢’ appears on the right—hand side
of the estimate. O

APPENDIX A. SYMBOL BEHAVIOR

Lemma A.1. Let I C R and suppose f is smooth on I and satisfies |f(z)] < C <1 for allx € I.
Then, for all x € I, we have the estimate

(1if>(k) (@)

m;

k
<o I |9
j=1

for all k € N where the sum runs over all possible k—tupels (m1,mo,...,my) € ng satisfying
k.
> j—1dmj=k.
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Proof. This follows from the identity

L \® L\ b
(1_|_f) = Z Amy ,ma,...,my <1_|_f> H <f(])>

Sy dmy=k i=1
which is known as Faad di Bruno’s formula (see e.g. [46], the explicit form of the coefficients
Amy ms.....m,, 18 irrelevant for our purposes) and the fact that |[(1+ f)~!| <1 on 1. O

APPENDIX B. VOLTERRA INTEGRAL EQUATIONS

In this section we establish some well-known facts about Volterra integral equations which are
frequently used throughout this work.

Lemma B.1. Let a € R, g € L*>(a,00) and suppose the integral kernel K satisfies

u:/ sup |K(x,y)ldy < oo.
a x€(ayy)

+ [ K@ )y

HfHL”(a,oo) < eMHgHL‘x’(a,oo)'

Proof. See e.g. [26] or [48]. O

Then the Volterra equation

has a unique solution f satisfying

The next lemma states differentiability properties of solutions of Volterra integral equations.

Lemma B.2. If, in addition to the assumptions of Lemma B.1, g € C*(a,0) and the kernel K
is smooth in both variables on (a,00) and satisfies

/ 108K (2, )| dy < o

a

for any x > a and all k € N then the solution f is smooth on (a,00). Furthermore, the derivatives
can be calculated by formal differentiation, i.e.,

k-1

FO(@) = W (@) = 3k, )51 () / OF K (2,) f(y)dy

=0
where kj(x) = &%K(x,y)b:x.

Proof. The claim follows from a straightforward application of Lebesgue’s theorem on dominated
convergence and an induction. O

The next lemma shows how the dependence of the kernel K on a parameter A carries over to the
solution of the corresponding Volterra equation.

Lemma B.3. Let I C R be open and suppose

[ sw oKy Ny < oc
a z€(a,y)

as well as OV'g(-, \) € L*=(a,00) for all m € Ng and X\ € I. Then the Volterra equation

fe ) = gl X) + [ K0 (0 )y
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has a unique solution f(x,\) for all x > a and X\ € I which is smooth in A. Furthermore, we have
OV f(-,A) € L>®(a,00) for all m € Ny and the derivatives are given by

o £ ) = ae ) + Y () [T O 2T N

Jj=0

Proof. According to Lemma B.1, the solution f exists, is unique and satisfies || f(-, A)|| 100 (4,00) < 00
Now consider the integral equation

(26) h(x, A) = Ong(x, A) + h(z, \) + /OO K(z,y,\)h(y, \)dy

where

h(z, ) :== /OO WK (z,y,\) f(y, N)dy.

We have ||A(., M| Lo (a,00) < 00 and thus, by Lemma B.1, Eq. (26) has a unique solution h(-,\) €
L*°(a, 00) for all A € I. However, by dominated convergence we conclude

f(:E,)\—FV)—f(ZC,)\)

v

lim =0
v—0

— h(z,\)

and hence, 0y f exists and equals h. Existence of the higher derivatives follows by the Leibniz rule
and an induction. 0

We finally remark that all of the above Lemmas have counterparts for Volterra equations of the
form

£ ) = e ) + [ Kl )0 0y

with almost identical proofs.
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