Class notes for Ma 142
Winter/Spring 2003
01/07

Let’s first study the free Schrodinger equation:
iV + AV =0
v|,_, ="

Throughout these notes we will use the following convention for the Fourier transform (FT)
and its inverse:

) = / € (o)de

f@) = (@) / € f(€) de |

After applying the FT, the equation becomes

i0,9(1,€) — 5lEPU(t,€) =0
W(0,6) = Do (€) ,

which can be solved as W(t, £) = e~ 2P (¢).
Applying the inverse FT,

Wt ) = (27) / 4 (€ d

Obviously, for t > 0, we have the property that || U(¢,-) |lo=|| Yo |2 (use the FT).
Denote H? = W72 with the norm

I f = ( / (1+ \s}“')vif(ofdg) " , 7€R.

The corresponding homogeneous norm is

o 1/2
| £ = ( JAGRIG] df) .

Upon scaling, f(z) — f(A\z), (&) — A" f(A7LE),

1100 1y = ( [ 16 tiiobfae)

Rd
= (AN f g,
=N il



Lemma.

1 W(E, ) e =]l Yo l[a
19, ) g =l Yo llg-

Proof.

LWt ) 1%, = / €] e HIER B ()2 de
Rd

- / P (6 de
Rd

=Il Yo I3
and the same is true for the inhomogeneous norm after replacing |£[* by (1 4 |£[*)".

Let us study some special solutions (for ¢t > 0).
(1) Gaussians

Wo(a) = P2

\ilO(f) _ /eiz-§ 67\x|2/2 dr

Rd

_ / olaHi€2/2 g e/
Rd

:/ olal/2 g | P2
Rd

(shift the contour)
_ (2m)i2eleP 2

U(t,x) = (27) 42 / (iwe—S1e?) —le/2 ge
R4
— (27T)—d/2/6—(1+it)|§|2/2 JRERS d¢

R4
= (1+it)~%? e~ zl?/2(1+it)

(U(t,2)[2 = (1 + 12) 42 el 04t
(2) Modulated gaussians

\Ifg(llﬁ) — 6—|:c|2/2 61’1}-1}

B(€) = (2m)2 e7l6



Ut z) = (2W)d/2/ei(m'§§t|§2) e de

Ra
_ (2m) /2 / i (atero)=Stlero) —ie/2 ge
R4
_ eixAv e—§t|v2(27r)—d/2/ ei(:c—tv)-f e—(l+it)|£\2/2 dg

Rd
— 6ix~v 6—%t|v\2(1 —I—z’t)_d/2 €—|m—tv|2/2(1+it)

(3) Fundamental solution. Let us derive it from scaling considerations. By translation
invariance, we must have

W(t.0) = [ Ko~ y)W(y)dy
R4
In addition, K(0,x) = dy(z). Consider the scaling

Uo(x) — Uo(A\z) , W(t,z) — U\t ).
Then

U\t \x) = /K(t,x —y)¥o(Ay) dy
U(t,z) = /)\_dK()\_2t, Az =) Wo(y) dy

= K(t,x —y) = )\_dK()\_zt, A — y))
or K(t,x —y) = NK (Nt \x) .
It is reasonable to look for MK (\%t,\z) = t*d/zi)(%z) and let w = x?/t. Since
10K + %AK = 0, the equation for ® is
d _a

1
—ig 721 (u) — it 20 (u) - % +3 72 div, (2 % @’(u)) -0

d
= —i B O (u) — iud'(u) + d®'(u) + 2ud”(u) =0

4(®'(u) - %@(u)) +2u % ('(u) - %@(u)) —0.

This at least admits the solution ®(u) = e2¥, i.c., K(t,x) =t %2 ¢
We could have guessed this result from

K(t,z) = (2m) [ eloe 40 gg

Rd

‘1‘2

to.

[SIEY

_ (27T)7d lim+ eix~€€f(5+it)\§|2/2|§‘2 d¢
—0
€ g,



= lim (e + it)_d/Q(gﬂ)—d/Q o2 /2(e+it)

e—0t

= (27?2'15)761/2 e~ lzl?/2it

No problem with the definition of this quantity, take the branch cut on the negative
real t-axis. Therefore

_Jz—y|?

(1) U(t,2) = (2mit) Y / G (y) dy

R4

Theorem 1. Let ¥y € S(R?). Then there exists a solution to

iU, + LAD =0,
Ulmo = ¥y,

unique on S(R?), and given by (1).

We have obtained the a priori estimate || U(t,-) |2 =|| Yo ||2, for ¥ € S and ¢ > 0. This
indicates that a natural setting is the space L‘X’((O, 00), Li)

We can combine it with the dispersive estimate || U(¢, ) ||oo < |27t|7%2 || Uq ||1, to obtain
by interpolation

(1 _1
19t ) ey < Cld )G =) | Wy e -

valid for 1 <p <2andt > 0.
In the sequel, we will consider the inhomogeneous Schrodinger equation

i\Ijt + %A\Ij - F ; F € St,x
\Ij|t:0:‘llo y lIIOES.

Its solution is explicitly given by the Duhamel formula

t
U(t) = e2 A, — z/ e =R p(s) ds .

0

The notation e3*2 W, should be understood as (e_%t‘ﬂQ\flo)v.

01,09

Theorem 2. (Strichartz estimates for the inhomogeneous Schrédinger equation)
19 1y o S 0 lzzcen + 1 F g e
forp =2+4/d.

Remark 3. This value of p is the only possible one, and it is necessary to have conjugate
exponents p’, p on the lhs and rhs respectively. This can be seen from the following scaling
argument:



\Ijo(l’) — \Ijo<)\$)
U(t,r) — (Nt \z)
F(t,x) — XN2F(\*t, \r)
19y, = AN

| Wo ||z — A2 || W |12
d—l—2 d
4 2

andp:( ) 2d—|—4

Put ¢ the exponent to consider in || F' || s (gxge). Then

r_oyd
=1 d

| F g, — XA | F g,

L, dF2_ d_ 2444
¢ 2 97 dxa

Lemma 1. Let U(t) = e2"®W,. Then

:p'

1) ey S 1) 00 ey
forall1 < qg<2.

Lemma 2. (Fractional integration, Hardy-Littlewood-Sobolev).
Let0<a <1, ge SRY, and

o0

@M@=ﬂ%ﬂ%@%

Then || Tag o@w < C Il 9 llr)
where 1 + éza—l—%, l<p<g< .
[Note: one gains reqularity by fractional integration. We could not expect p = 1 above
because the kernel would not be in LY(R), only in weak —LI(R)].

Proof. Strichartz (T' — T argument)
Put Uf = e2!2f, then U : L2(R?) — L°(L?). Then the adjoint is given by
U™ Li(Ly) = Ly,

<f7 U*G>L§ = <Uf7 G>L2

—//(e mfl)( VG(t, ) dt dz
/ fz / (e5"2G(t, -))(x) dt dx




= U G(r) = / (e 456 (s)) (x) ds

(this indeed belongs to L2 by the assumptions on G).

e}

(VUG (t, 7) = / (392G (s)) () ds

such that UU* : L} (L2) — L°(L2).
Let us show that || UU*G ||, < C- || G |1r.

* Lt—s)A
[UU'G lly < [ 109366 |y ds
0

<c- [le=s G 60 Iy ds

by lemma 1.
By lemma 2, we get precisely || UU*G ||papy< C- || G ||r_ for g that satisfies

1 1 1 4
1+——d(———)+—:>q—2+——p’
P d

(and we check that 0 < o = d(% —3) <1).
Let us show Strichartz for F' = 0:

| UG |3, = (UU°G,G)
< UUG ll,y | G s,

<C- G
so that ULy, — L2 boundedly,
therefore U:L>— L‘Z; boundedly,

| U [l < C- [ W 2z -
When F £ 0,

HLgl ds HLi)l

t
| ¥ ”Lflx <C- || P [z + / I eé(tfs)AF(s)
0

<C W ot | [ 1= s G | FG) g ds



by lemma 1
<C- (Yo lla+ [l F

Li,z) by lemma 2
O

Remark 3. The (free) Strichartz estimate can also be derived from the Stein-Tomas re-
striction theorem. Let S C R™ n = d + 1, by a hypersurface with nonvanishing gaussian
curvature, and o4 be the corresponding surface measure. Let ¢ be compactly supported on
S. Then the Stein-Tomas theorem says that

” ol ||Lr(Rn)§ C- “ o HLQ(Us)

2n+2

when r =
n—1

In our case, ¥U(t,z) = [ €’ (¢~ 30ir?] Wo(€) d€ and S is the paraboloid
1
S = {(577—) ST = _5‘5’2 ) ’S € Rd}

so that  U(t,z) = (¢0,)" (¢, )

(&) = Wo(€)
oy(d€, dr) = (2m)® d¢

Indeed,
U(t,z) = (27r)_d/ei($'§+t7)¢(§,7')as(d§,dT)
_ /ei(l‘-fétélz)@o(g) d¢
(¢ is the “lift” of U, to the paraboloid)
Then we have || (¢05)" [[Lr@n< C. || ¢ || r2(0,)
o W g < O 0 = - W
This is valid for ¥, such that supp ¥ C B(0,1), or by scaling in B(0, R) for arbitrarily large

R (the constant C'is independent of R). We conclude by density of the compactly supported
functions.

Theorem 4. (Kato §-smoothing estimate)
For d > 2, the x > 0 a smooth cutoff function such that x is compactly supported. Then

| x(@) (1= A)ied®f [l <C || f |z -

Remark 5. We gain 1/2 derivative provided we cut off by x in space. We can integrate in
time because the cutoff y implies decay in time. It does not matter whether the spatial
cutoff is done before or after taking the derivatives, as long as it is smooth.

Proof. Take n € S(R) so that supp 17 C (—1,1). After passing to the limit e — 0, the Lh.s.
is



[ [ etz

Rd R

= /[ Intet) [ st -

o A)1/4€%tAf> (:L'

&)L+ Jg) e (e

)[Zdt da

dg\ dé dt

(by Plancherel in z — §)

~JI\fre=oral=

T—T

f(e de’ dr’

) arier s - 3le

2

d¢ dr

(by Plancherel in ¢ — )

-J|xe=oia(=
<{/-(

T2 o epyege)
()
e-erma(T—2ET)

2
d¢ dr

<HWW@MW&)%&

(by Cauchy-Schwarz in &)

The domains of integration are limited by

—e<T—3|¢P<e

€ —¢f<1

{

(2) implies that |||

and also that [|¢]” —

—1¢l]
€'

(1)
(2)

= liel - 1¢1]-
= 0(1 +[¢])

(1€l + 1€

Since 7 = O(|¢'|?), the range of values for 7 is O(1 + |€]).
(1) implies that |/2]7] — [¢'|| = O T )

the range of values taken on by ¢ is O
We bound ® by
1

C/ (E 1+|§|) <_

€

1+\£| ’

€

1+ ¢]

) and on the other hand ¢ € B(&, 1), therefore

the volume of the shaded area in the figure.

)O+MW”G+WW®F

SG/U@V%IGHH@

This estimate is uniform as € — 0.

Corollary 6. For d > 2, for every e > 0,

(L fa]) ™27

(—A) ez f |1 <



9

Proof. Think of y as 1p(0.1), the indicator of the unit ball. Let us consider (—A)'/* instead of
(1—A)Y* in the previous estimate, in order to get a homogeneous behavior under rescaling.

| Y@ (—A) S s leta — 2a
= 209297 || - ((—A)V (3% )) (291, 272) |z,
= 2927 | x - (=A) (2B )27, 20)) |z,
= 29290/ || - (—A)VA (e AF(20 ) (8, ) || 2,
S C - PPBPR ) <O - 2P| f s
The homogeneous Kato smoothing estimate would therefore remain valid if we replaced x(z)
by the dyadic superposition
> o-i(4+¢) x(277z)
Jj=0
which is essentially (1 4 |z|)"2=. O

Theorem 7. (1 — D Kato smoothing estimate).
Ford=1,

sup || (=A) e 2 f || < O || f Iz

Proof. When € — 0, the Lh.s. is

o0

In(et) [ et A ) e I
00 C1yep2 A
o = [| [ et T2 i) aef ar

The integration in ¢ is limited by —e < 7 — %52 <e
= € —V2r < ZE— ~ =

VireE = Vo
3
or [€ — 27| < =

Ase — 0,

| 7(#(@»2 ) |f<—mr2) .

>C
N V2T V2T
>C- | fl5 uniformly in z.

01/14
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The Kato smoothing estimate is sharp, as can be seen on the example of a modulated
gaussian. Consider f(t,z) = (e2'2 fo)(x) where fo(z) = e 1*F"/2e~#v Intuitively, the time
spent in B(0,1) is O(ﬁ) so that the L? norm yields a factor O(| T /2> This compensates

1/2

the factor [v|'/? coming from the half-derivative.

Lemma. For every § > 0,
| (=) a5 (5 ) |~
i =2
and sup | x(~2)!/ e (e e )i, = o

x,t

Proof. Take supp y C B(0,1).

[ [ Ix@nen(-a e o] do a

R R4

-/ / R(E — Qe e ¥ () fo(e) de ae' ar
—//\/>2(£/—§>|£|1/2§n(—7_f|€|2)e—|€—v2/2 dgf d¢'dn®

1
—e<7—§|£|2<e

=|l¢l - var| <

Again,

2e
€]+ V27

o=c- [ [| [ xg-germen 2o o) e ar

R Re /27§d—1

Ase — 0,

The range of values for £ is O(1) (the (d — 1)-measure of the shell fragment corresponding to
the shaded area is O(1)). The range of values for ¢ is O(1) = |supp x|. The range of values
for 7 is

1 1
Sllol =1 ST e+ glol+1]°

=27 — ]| S |v] -

1/2
@0/‘

=0(1) uniformly in v.

Consequently,

1
dr=C - — / dr
|v]
[27—|v[2 <ol

Had we considered (—A) 11 instead, the above 1/|v| would become 1/|v]'~% and the estimate
would not be uniform in |v| anymore. O
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Consider now

Wy + AV + V(t,z)T =0
U|_g = Uy € H'(RY) .

Lemma. Let Uy € H?(R?), then
30, € C°(R, H'(RY)) N C* (R, H'"(RY))
Proof.
| e2' 4w — e22 0 |3,

= || e2t=2, — Ty |3,

:/<1+|§\2>| 27 1 (€) [ de

Since Wy € HY we can apply Lebesque’s dominated convergence theorem to conclude that
the integral goes to zero as t —2 — 0.
On the other hand,
|| AB%tA\IJO — AG%SA\IIO ||H'y—2
S || E%A\PO — 6%8Aqfo ”Hv
O
Theorem 8. Assume Viea, sup, || 05V (t,-) ||ree< Co and || 05V (t,-) — 05V (s,-) |lLee— 0

as s — t for every multiindex o. Then for every k > 0, if ¥g € HF(RY), there exists
U e C°(R, H*) N CY(R, H*2) such that

t
(DH) W(t) = 2™y + 4 / e2=IAY () (s) ds
0

(the integral is a vector-valued Riemann integral). There is exvactly one ¥ € C°(R, H*) that
satisfies (DH), Moreover,

1) [lar@ay< Cry (L + [t
Proof.
(1) Local solvability on [0,7]. The operator

t

(Ap)(t) = e, - / SEDAY (5)6(s) ds

0
maps X = C°[(0,T], H*) to itself, with the estimate

1A lx = sup || Ag(t) [

< o Jlav + / | V(s)6(s) [l ds
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Ci- Y 19°(V(s)9(9)) II7

|o¢\<k

<|| o [le +Crar / | 6(s) Iy ds

<[] Wo || g» +Cv,kT | ¢ llx

Take R =2 || ¥q || g+ and Cy,T = 1/2, so that A: Bx(OR) O.

U given by (DH) belongs to X in the first place because

e of the lemma for the first term

e t in the upper bound of the integral yields a continuous dependence

e Fourier transform and apply Lebesque’s dominated convergence for the depen-

dence on t of the 1ntegrand (ez(t )A)
So we get || Ap — A ||x< 3o ¢ |lx, a contraction. By the fixed point theorem,
we conclude that there exists U € C°([0,77], H*) so that (DH) holds for 0 <t < T.
(2) Extension to a global solution.
Take W(T') as initial condition and solve for 7' < ¢ < 27T,

t
U(t) = exEDAY(T) +4 / TV (5)U(s) ds
T

(we can apply local solvability because Cy does not depend on the initial condition).
Then it is easy to see that (DH) can be composed, and that (), T <t < 2T given
by the above expression actually satisfies

t
U(t) = ey + i / e%(t_s)AV(s)\I/(s) ds
0

for T' <t <2T.
(3) Uniqueness
Recall the Gronwall inequality. For f (t) > 0 and K(T) > 0 such that f(t)a

Jy K (s)f(s) ds, then f(t) < aexp(fy K(s) ds).
Apply this to

t
|00 = ¥0) < [ € [ 005) = U6 e s
0
so that | U(t) — U(t) |;+< 0, U(t) = V().
(4) Note that Gronwall would imply a bound on || ¥ ||+ growing exponentially in time.
For Vea, we actually get a bound polynomial in time, as we show next.

w1 = ), v
w0, w10

- 2Re<%A\I/(t) V()W) \If(t)>
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1
= 2Re i(/—§|V\IJ|2(t,I) dr + /V(t,x)|\11(t,x)|2 dx)
=0
Formally, let ¢ = 0,;¥(¢,z), so that

iy + %Agzﬁ LV = —(0V)
o(t) = U(t,0)0; W + i / Ut $)(0,V)(s)U(s) ds .

0
where U(t, s) is the full evolution operator.

t
| 6(8) o<1 0,%0 |2 + / 10,V (s) llsll o [l2 ds

Adding this to || U(t) |l2=|| Yo ||2, we get (£ > 0)
W) < Cv(L+1) || Bo lar -
Inductively, by similar arguments,
1) < Con(L+ )" || Yo [l
O

Remark 9. The growth of the H*¥ norm comes from the fact that V forces ¥ to acquire higher
momenta.

Theorem 10. (Bourgain). For d > 3, Ve, assume sup, || 05V (t,z) ||pe< C,, and
SUP|;_¢o(<1 |V (8, 2)| compactly supported in x, with the diameter of the support not depending
on to (sliding potential). Then, for ¥ from the previous theorem,

@) [ @ey< Ce(L+ )7 | Yo [l
for every e > 0.

Proof. Put [|| f [ = inf{|| f1 [l2 + || fo llc: f = f1 + f2}
Consider the splitting

t—A
0V (t) =92 AWy + i / ezlt=9)8p0 (V(s)¥(s)) ds

0
t

+1 / e%(t_s)Aﬁa(V(s)\If(s)) ds
t—A
The first and third terms will be the L? piece and the second term will be the L> piece of
the combined |||- ||| norm.
A
0w (@) (I < 0°Wo lla +C - | [t =5[] 0*(V(s)W(s)) [l1x ds

t—
0
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(dispersive estimate)

<e*%(t*S)A¢ ,0%(V(s)W(s)) >‘ ds

t
—l—sup/

lll2=1
t—A

(note that |t — s|%? is not integrable at s = ¢, hence the cutoff t — A).

<[] 9%y ||a +C - Al—d/2 OS<ug I 8“(‘/(3)‘11(5)) Iz
<s<t

t

+ sup / <(1 — A)l/‘lxe%w_smgzﬁ ,(1— A)_1/48a (V(s)\lf(s))> ds

ll¢ll2=1
t—A

(take x =1 on supp V)
<[ 0 [l + C - A2 sup || 97V (5)0* () [y

0<B<a
0<s<t

t ' 1/2
T sup ( [ 0=y g ds)

¢ll2=1
1l A

t 1/2
([ ra- sy o) g ds)
A
(apply Cauchy-Schwarz once in x, once in s)
<[ 9o ]2 +C - AT sup (07 () ||

0<s<t
(1 - 2 and 1 — oo because we have a uniform control over

the size of the support of V')
+(C - VA) (by Kato,invariant by translation)
t—t—s

VA sup sup | (- )0 (V()(s)) 2 -

0<s<t |a|lm=k
By Sobolev interpolation, there exists § = §(k) > 0 such that || f || gr-12< Cg
f I3 So
sup || (1 —2)"719(V(s)¥(s)) |12

< G- [1V(s)U(s) 3 - sup 107V (s)W(s) [l

< Cupa- | Woll - sup [[107%(s) [
1I<k

(as before, localization by V' allows us to use ||| - |||). Therefore,

llow() (Il <l 9°Ws ||o + C A2 S lo7® (s) [l
T)Ssgt

A
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+OA| Wl sup [07W(s) ||
oL

Young’s inequality reads z'~°y° < Lz + fy, and we will use (5ﬁx)1_6 : (5_1/5y)5 <

1
eI-3 e—1/6

T+ =Y
sup [[|0°%(s) ||| <[| Yo [|lgx +C - A - e || Wy |2

| <k
0<s<t
+C(A% 4+ AeTs) sup [[0°W(s) ||

la|<k

We can take ¢ so small and ¢, A so large that C(A'~%2 4 Asﬁ) < %, hence
sup [[0°W(s) [ < Cvi- || Yo [lan

0<s<t

As a result,
t
W) < o [l e +/ [V (s)W(s) |l ds

0

with
IV (s)¥(s) lx < Ci sup 1 0%V (s)¥(s) |2
al<
< G sup [[|07W(s) |

o<k

(as we have seen, localization by V' enables control by both || - |2 and || - ||o0). So

V@) e <[l Yo [z (14 Cvist) -

Ma 142 01/16

Take V = V(x), real. H=3iA+V

U ="My,
Spectral theory of H = —A +V on L?(R%).
Dom(H) = W>?(R%), Ve L°(RY)

Hf =—-Af+Vf e L*(RY)
f,9 € Domi : {H{,g) = / (—Af)gde + / Vi da
=/f—A_gdx+/ng=<f,Hg>

Definition.
(1) a densely defined operator A on H Hilbert is symmetric if

(Af,g) = (f,Ag)  Vf,g € Dom(A).
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(2) A* is defined as follows:
Dom(A*) ={f e H-3h: (Ao, f)
= (¢, h)V¢ € DomA}
Set A*f = h.
(3) Ais closed provided the graph of A is closed as a subset of H x H i.e., if

zjszn : 5}:f€DomAandAf:g

Lemma.
(1) A symmetric = Dom A* O Dom A (= A* densely defined) and all egv of A are real
(2) for any A, A* is closed
(3) (ker A)t = RanA* and (ker A*)* = RanA
(4) If A= A*, then Spec(A) :=C\{z € C: (A—2)""! emists as a bdd operator} C R and
I(A=2)7"[|< [Im 2|

Proof.

(1) Because if in Dom A one can integrate by parts.
(2) fn € Dom A*, f, — f

A fn — g
<A¢£ fn) = (o f‘ffn) V¢ € Dom A
(Ad, f) = (¢,9)

so f € Dom A* and g = A* f.
(3)
(Ap, f) =0 V¢ € Dom A
I

(¢,0) = fe€Dom A*and A*f =0
(4) A= A

(A= (@+i)f.f)
= (A =21 f)=in( )| =yl 1 1 1B
~—

————
real real

<[ FI- A =2)f i
= (A=2)fIZ [l I kerisO.

Ran(A — z) = (ker(4" — 2) *

= (ker(A — 2))L =H
but still have to show Ran(A — z) closed
(A=2)fa—9g

[ (A=2)fa=(A=2)full 21yl || fo = fu |l
fns fm Cauchy = f, — f.
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and A = A* is closed
= A — z closed
= feDomAand Af =g
= Ran (A — 2) closed.

(one-to-one, onto, bound OK). O

Example
2

A= _dd_w? on L*0,1].
Dom A = {f € W>*([0,1]) :f(0) = f(1) =0
f1(0) = f'(1) =0} .
symmetric, not self-adjoint.
Dom A* = W??
Spectral Theorem Let A be self-adjoint on H. Then 3 resolution of the identity:
E: B(R) — B(H,H)

| |
Borel sets bdd ops

) E(I) is an orthogonal projection for each I C R interval
D) E(R) = Idy, E(®) =0

) E(I)E(J)=E(INJ)VI,J

) EUL) =3 E(I))

A= / AE(d))

in the following sense

DomA={feH: /A2<E(d>\)f, f) < oo}

and (Af,g) :/)\<E(d)\)f,g)

Def. if f € Cp(R), define f(A) = [ f(AE(dN)
Example 1.

(1) H =R", A hermitian matrix

E(I)= ) Py,
g el
where \; < --- < )\ are e.v. without multiplicity and eigenspaces Ly, --- , Ly

E(dX) =) 6X;(d\) Py,

J
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(2) e = [e™E(d))
letis P = [ e E@ns, [ e B
_ / / OB (du) E(d)) £, f) -

———
p must be = A

0QN =

- / (BN f) = (. ) =I| f P — isometxy.

eztAezsAf — ez(t+s)Af
e—ztAeztA — ]d'H
e s unitary, and (e”A)* = (e”A)’1 = A

(3) H = L*(X, u), p positive probability measure.

A=M, : Af =¢f wheregp: X — R.
DomA = {f e L?=¢f € L*} dense in H

because ¢ locally finite
p(|o| > M) —-0as M — oo .

A=A", ¢isreal
A C A" OK.
(Af,9) = ({f.h)

/ o fgu(dr) = / §(2)39(x)uldz)

— [ shta)naz)
¢pg=hecL* sogecDomA.
A*C A OK.

E(I)f = X[¢>el]f

(4) A= —A on L*(RY)
Dom A = W22(RR9).

(=Af,9)={f.h,) no [ by parts.
p=-Ag eS| ) <C| flz2 withC =| A2

Hahn-Banach, u extends to a co. fnl on L?



e 1<l n 12
AgeL?, ge W*?

= Dom A* C Dom A
+ symmetric

} = self-ad].

Af =€)
FT(A)(FT)™' = Mg, . (A unit eq. to mult. £2)
FT:L? — Lz unitary
FTE A(FT) ™' = Eg

A

E_A(I)f = (xjzenf)”
= eﬂ‘?f = eitSQf(f)
—

defined
via spec. thm.

(5) H=-A+V,VeL>
Claim: H = H* on W??(R?).
H symmetric H C H*

(Af+ V] g)=(fh)
(=AL gl <[ ha T+ 11V ll2) I f 12
<[V flooll g [l2

Hahn-Banach.
(Ag € &' satisfies an L? bound = Ag € L?).

Theorem. IfV € L™ then
Sup Ve flla< CHLf

Sup I V2™ f lla< Col f a2

Proof.
H+C>1d.
(H+O)f £y >| f1?  (int. by parts, positive)
C=1+ V|«
(H+C) ™' L — W??2
I (H+C) 7 f lwz2< O £ 2
| f llwze SIH +C)f 2
| e f w2z SII(H +C)e™ f || 2

19
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=l e(H + OV f 2SI f llwee

Calculation of (—A — (A + ia))_l ind=1,d=3.

T, f(i)
(-A—(A+ie)) f= £ T
zx{f
(Ro(X\ +ig) f) / )\—He de .

d=3.  Ry(\+ie)()

- 27r3/§2— (A +ig) d -

irx- wd d
T o2 / / 052w (/\ + ig) :

™

/emw@g’ dogz(w) = 27T/eia°”Sin(’sin8 do

52 0
1
, sina
=21 | "“ du=4m
a
el
® 2
1 sin(r|z| r

= — d
27T2 rlz| 1?2 — (X +ie) "

/ sin(r|z|) - d
-
27T|x| r2 — (X +ig)

a 4m\

1

1
zr|a}| zr\x| .
167r\:c] / (r—\/)\—i—is "+ VAt e

_ 1 z|x\\/>\+ze
47T|ZL“|

=——, —00<A<L
dnfa] o

J/ 1s principal branch.

)
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B fl()\ + i{f,l’)fg()\ + ’i{f,y)

d=1. Ro(\ + ie)(z,y) = WA+ i) oA+ 9)] ifex<y
otherwise reverse.
Green’s fn
Grriz(z,9)

Lemma.

d2
(—— — (A + ia))GHiE =1Id.

dx?

il +ig,x) = e WAtiee

fo A +ie,y) = etiVAtiey } exp decaying!

!/
Wi £ = [} = —2iva+E
h,—/ 2f2
const. in x
RN v =
= Ry(A+ic) = ————=——=— andlimase — 0

20V A + e
Finer properties of the spectral measure.

Lemma. A is selfadjoint on H

H = Hae ® Hoe D Hyp

ac = absolutely continuous
Hac ={f €H:(E(-)f, f)is sc = singular continuous
PP pp = pure point (atomic)
Proof.
(i) If f,g9 € Hae, |S] =0.
(ES)(f+9).f+a=IESfI>? }=0
+1ES) P }=0
+(E(S)f.9) +(E(S)g, [) =0
=0

because f, g are in a.c.

!
E(S)f = Hg is a closed subspace.

(i) f,9 € Hee
Sy support f;
S, Sy st |Sf| =015 =0
E(S7)f=0,
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E(S)f=0.

E({A))f=0
E({A\})g=0
Sp+g = SpUS,

/—L
E(S,,)(f +9) = E(S5) E(S;)g
+E(SS)E(SS)f=0.
——

0

E({A)(f+g9)=0.
anHsc_)f Unan = Sf
E(S5)fu = 0 — E(S5)f = 0

closed subspace, too.
(iii) exercise

(B(A)f, [) =(E(Sac N A)f. )
+(E(Sse MA)f, )
+(E(S N A )

S..NS,. =0 etc.

(CLC) 1 (SC and pp) : .f € Hac 9 € Hsing
g=FE(Sy)g

(f9)=(E(Sy) f,9)=0
~—

=0
Ma 142 01/21

Definition E,. = F o P,
Ex.
(1) Mg =f=0f.
¢:R—R.
E,, : plateaux of ¢
(E(D)f)(x) = xpenf(2).
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(2) —A = FTMaFT?

¢(§) =&
purely a.c. because
Borel Ao ‘
a1 = [ f©rd=0 il -o.
[2€1]
B) H=-A-XV, Vel,,, V=0 V#O0.

fes,<Hf,f>=/|Vf12—A/V|f\2d:c<o
—_—

£0
for some f € S and X large.
= spec(H) N (—o0,0) # 0.
Fact: ess spec (H) = (0,00)
:=sp(H) \ {# € C|z is an isolated egv of finite multiplicity}.
(4) B f =B f if Hf = Ef no time decay.

Theorem. (d=1). Take H = —-%, +V

T da?

assume [(1+ |z])*|V(z)| dv < co and V generic. Then
| e Pac(HDf lloo< CHH72 1 £ I

(contrast with bound states, here Py = 1 — Prouna )

states

Lemma. If A is self-adjoint on H, then for almost every A

(EueldN) f.g) =< !

%(R(A +i0) — R(X —i0)) f, g> d\

Proof. Absolutely c. measure in d\, identify the densities = a.e.

<i {(A COtie) o (A- (A is))_l} f,g>

20

- [ - o s

=/%W<E(dt>ﬁg>

forace. A {EueldN)f.9)
dA

ase — 04

Lemma. High-energy part. Let x € C(R,),
x@)=1ifA>2\. Vel
and x(\) =0 if X < Xo (for some large but fized Ny). (Then same estimate, but)
I e X(H) Poc(H) f o< CJHY2 1 f s
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emx()\)%«}%\/()\ +i0) — Ry (A —i0)) f, g> X

I
S — g

e—0t dx?

= lim (Ho — (A +ie) + V)™

e—0t

— Ro(A +1i0) — Ro(A 4 i0)V Ro(A + i0) + - - -

2 -1
Ry (A +1i0) = lim (—d— +V -+ 25)) not L? op

= Z Ro(A +1i0)(=VRo(X + zO))n = Born series
n=0

-1

Neumann series for (Ho — A)™ (1 + V(Ho — \)7")

Ro(\ + i0)(z) = —=1= VAl
ol Z (@) fzﬁfﬁ‘ | } NB: positive and expo decaying
Ro(A —i0)(z) = 55 eV
Convergence: pick A large enough.
Claim .
(Ry(A+i0)f,9) = > _(=1)"{(Ro(A +i0) (V Ro(A +i0))" . 9)
n=0
VA > Ag, f,g €S
Proof.
[(Ro(A + i) (VRy(A + i€))" £, 9)|
1
</ /rzmw V) V(w)ldn
|f (o)l |9(@ni1)| dwo dapsi
1 n+1
< —= VT uniform in €
<(55) 1VEIShAgN
uniform in e, Conv. of the series: take 2VA  >|  V
Ao = || 14 H%

. <e“Hx<H>Pac<H>f,g>‘ < é ‘% 7@%@ .

- ((Ro(A+10) (VRo((A+10))" ., )

— (Ro(A+i0) (VEo(A +0))" . g)) d/\’

(B



[e.o]

The general term is / e" Y(A\)(Ro(A +i0) (VRo(A +10))" f, g>) d\

= [[ st [ [vie

el A o —2j-al)

(—2i\)nHL

[e.e]

[e.9]

/e”’\ 22x (A

0

d\

/eitAX(A)<R0()\ +1i0) (VRo(A +140))" f, g) dX

— [] t@gtens) [ [V

then A — —\ and fooo — fooo

[e%S) 0
- f[) +f—oo

conclusion |(—)| <

[e.9]

e o eI
/e @2

0

= 1
— | d dx, n
> or [ @ [ sl latea)
R2

/.../dml...dxn\V(xl)---V(%) :

n+1

2 Z |Ij — Ij,1|
0o
=1

J/

itA2 2, ¢
sup / " Ax(A%) — d/\‘
T 5 e Trfl (2i) o
claim: g%(then done)
Expression between |—.

/ A% +al) fn(N) dX (stationary phase).

—00

| SO

(disp.est.)
(A?)

2T

i\n+1 0
where i, (z) = () /X

—00

P c(

1
2\

)

- e—i/\x d\

dA

25
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O

Lemma. (low energy) Assume V' as in theorem. Let x(\) be a smooth cutoff around 0.

Then
| €™ X(H) Pacf o< CJt172 | £ [I1

First steps of the proof

(e o]

A 1 2
(I H)Pacf.9) = 5 [ €200
0

<(RV(>\2 1i0) — Ry(\2 — Z'O))f,g> X

RV()\Q +i0)(z,y) = fAy) f-(\ 2) e o) f-(\y)

(Vgeneric = denom @ 0 is nonzero) where fi(A,-) are the Jost solutions, i.e.,

—JL Ve = N s

Ifr(\2) —e?®| -0 asz— oo

If-(\z)—e ™ -0 asz — —o0

f-i-(_)‘ay)f—(_)‘ax)
W[f+(_/\7')7f—(_)‘=')}

Ry (A —i0)(z,y) = y >

Conclusion:

(e \(H)P.(H)[. )

0o N \ o
:%//ezt/\ /\X(/\Q)f+( ) )f ( wT) d\ f(;p)g(y) X[x<y]d$ dy

Yy
W

1 i i\ ) )\, - )\’
+E_//ez>\ /\X(/\ )f+( VT/)(J;)( y) d\ f(x)g(y) X[x>y]dx dy

+ terms for R,(\* — i0)

then show [ d\ < C.|t|7'/2 independent of z,y.
— show L' bddness of %
Existence of fi (var. of const. = Duhamel)

—fl+ Vi =2f, Imz >0

filza) = e + / G, )V (1) fo (2 ) dy

solves free equation, with inhom. 6(z — y).
G.(z,z)=0.
0,G,(z,x) = —1
(—% —22)G.(z,y) =0 ifz<y.

WO 7-00) WO, 70 ) o
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sin(z(z — y))

Solve  f(z,7) = €7 + / wwg)mz,w dy

T

my(z,2) = e fi(z,1)

eQiz(yfz) -1
® my(z, ) :1+/—

522 V(y)my(z,y) dy .

T

Lemma. Suppose V € LY(R). Then for every Saz > 0, z # 0, there exists one and only
one my(z,-) that satisfies ®. Moreover, |my(z,z) — 1| = 0 as x — oo.
Proof.

T 2iz(y—a) _
(Am)(z) :1+/e !

x

5,V Wmly) dy
A: X 0O X:{feC([x7m>):
| f 1z (2,00 < 00} -

1 o0
| Am ||x < 1+g/|v<y>rdy I m lx

1

H Vv ||L1(:r1,OO)

<1+ |m|x=:R.
2]

—_———

<1 if z; large enough.

A:B(0,R)— B(0,R) .

V (1,00 -
I A — i s L2

—_———
contraction.

Therefore there exists one and only one m in Br(X) that satisfies ® for = > x;.
To extend to z < x1, we can write

e*(y — )

(Asd)(w) =1+ [

1

- =2 V) dy

21z

my(z,y)V(y) dy

on some [xq, x| this is a contraction:
Choose z3 s.t é f;; V()] dt < 1/2. (L' = sufficiently small on uniform intervals.)
Extend to 0. O
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Ma 142 01/23

Low energy lemma

<6itHPaC(H)Xsmall(H>fu g)

— / dX - 226" Xoman (A2)
0

(i (RO 4 i0) = R = 10) 1.9

T
frOn @) f- () FrOuy) f- (A, @)
WO, -] W\, -]

Lemma. (1) LetImz >0, 2#0, V € L', then Im_(z,-) s.t.

RV<>\2 + 7'0) = X[y<z + Xly>z]

62iz(yfx) -1
mi(z,-) =1+ / TV(y)m+(Z,y) dy .

(2) If Sz >0, Ve L ={feL'(R): [(1+|z])|V(z)| dz < 0o} then I'm,(z,z) s.t.

®  milmz) =1+ / Dy — 2)V(y)me(2.y) dy

where D,(y —x) = / e*#t dt when X > 0.
0

Corollary. Set fi(z,x) = ¢*m(z, 1)
Imz >0, then fi(z,-) satisfies

o0

oo ol =err [Py ay

x

|fi(z,7) — €| =0 asx— oo.
F1(z) — 2] 0
fi(z,) € {f e C'R): ' € ACioc ,
f"€ L, }
and — f{'(z,z) + V() f+ (2, z)

=22 f (2, 2)a.e., —x .

Proof.



i 3 2€Im z(y—x)
Folenn) =] < [ Z VO sl dy

x
o0

elmz(y x) (m2)
S/mer‘e “Im(,0)] dy
—rlmz
/|V )| dy sup|m+(z y)|
_,_/
~ ~———~——" uniform boundedness
— 0.

®my(z,x) =1+ /Dz(y —z)V(y)my(z,y) dy

— 1+7Dz(y1 — )V (y) dy+77Dz(y—x)Dz(y2—y1)

V(y1)V(y2) dyr dyo

1
Dz(?J_x) < T
| <%
1
my(z,z) <1+ EQ V() - Vyn)| dyr - - - dyn
Yn>Yn—1>">T
117
=ttt ([ V)

SeXp( | ‘Z|II1>.

Smoothness: Prove f'(z,z) = ize™™ — [ cos(z(y — 2))V (y) f+(z,y) dy

/ cos - - continuous in A

z+h
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because int. in L'

because the exp cancel each other.

then ‘h /sm—/sm —/COS <

z+h
x+h
‘ / / (Sln_81n+cos> Vf+‘
hz
z+h -
O(elm zy)
(1) \q,_/

0(1)
and  f7(z,2) = — 2% + V(z) f(2,7)

s Y=y, .00

x

=—22f (z,2) + Vfi(z,2) only ae.

f-(\x) =
ei)\x e—i/\af .
W) = WA -] = | e _ipe-ive | = =200

vanishes at 0. (exceptional case).

fr\ o) = e ifx>1

O<z<l: —f"+ f=)\f
f'(x) = (1= 2 f(x)
f(z) = a(\)eV Ve
+ BN VI

matching = «,
x<0: fr(\x) =a(N\)e + b(\)e



31

matching = a, b.
a(N)e?® + 0 a(N)ire + 0

r<0: W)= i e
= —2iXa(\)
W(0)=--=-2(a(0) — 5(0)) #0.
A=0: my(0,z) = fi(0,2)
=a+br b#0.
(=1 =0)
W(O):‘ fl* 8 =-b#0.

but remains bdd to the right (x > 0) so that’s why we had to y < z, y > « before (W (0) # 0).
Lemma. Im z > 0 and [(1+ |z||V(z)| dz < oco. Then |m4(z,z)| < K (1 + max(0, —z)).
Proof. © >0

m+(z,x):1++ / Dz(yl_x)"'Dz(yn_yn—l)

z<y1<<yn

V() V(yn) dyr - - - dyn

Im(2,2)| < 1+---+//(y1—x)“-(yn—SC)IV(yl)---V(yn)I dyy -+ - dyn .

o0

< exp</<y — V) dy) OK when z > 0.

T
o

exp(/y|V(y)| dy) for x > 0.
0

o0

r<0:  |my(za) < 1+/<y—x>\v<y>|\m+<z,y>|dy

T

IN

e}

<1+ / y[V ()| [me (2, 9)| dy

0
00

+ [V ) dy

xT

<140 / V@) +z| [ V@) mae(z) dy

N—— —
K
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M, (z,2) = (Ki(1+ [2])) " ma(z,2)]
<1+ / V)1 + [y M (2, 3)) dy

has a uniformly bdd solution because Volterra

o0

sup M, (2,2) < exp( [a+lhivw) dy) |

Conclusion Imy(z,2)] < Ki(1+ |z])e OFDV@Idy

Back to fi, f- A #0.

Reflexion transmission coefficient

f—l—()‘?x) - oz+()\)f_()\,x) + 64—()‘)]0—(_)‘71‘)
Fva) = a () () + B F4 (A, )

W) = W[V, f-N)] = BN [f-(=A), [-(N)]

ei}\ZE Z‘)\ei)\m
as T — 00, = 5+()‘) lim e—AT )i

= —2iA\3,(A\), same for [3.
Br(A) = B-(A) = B(A)
W f+ (V) f-(=N)] = as W [f-(N), f-(=N)]
= 2ida (N)
W), £(=3)] = ~2ida_()

S\ z) = o (N) (e (W) fr (A z) + BN fr (=X, 2))
+5+()\>( (= /\)f+(—)\7$)+ﬁ(—)\)f+()\ax))

1= ar(Na_(\) + OB
2A3(=A) = W(=A) = ( )—22')\6@)
and — 2i oy (A) = 2ida_(x)

L= —lay ()" + [B(V)]
AN£0=|BN)] > 1
Conclusion W () # 0 if A # 0 for every general V(x).

Lemma. =% +V, VelL*n
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Then VA # 0, and A = 0, W(0) # 0 (definition of generic)
(Ry (A +1i0)¢,v) = lim L (Ry (A +i€)o, 1)
/ f(A y )\ , ) YRY

¢(x)Y(y) dv dy

ﬁxx Ay)
/

Proof.
frA+ie, y) f- (A +ie, x)

FLh—ie, ) (A +ie,y)
+ WL+ ie) Xle>y)]

= show <G(/\ + i€)o, (H — (A — ia))¢>- = (¢, V)Vo, ¢ € S
G is L? via Schur’s lemma:
| GO i) [|poye < Sup/ G + ie)(x, y)|dx
y

Y

eImz:c
< CE— dzx - —Im zy
—S‘ip/ W +ie)] ©

—00

<C.

because || my || < exp(é |V Hl)

1 | |
m //f+(>\ +ig,y) f- (A +ie,x)p(x) dx dy
(=" + Vi — (A2 +ie)P) (y) .

/ : boundary term at x.
y

the other term, fy cancels the first fy. What remains is 177 then DCT, use linear growth
bound. O

Ma 142 01/28
Low-energy lemma. H = de + V(x).

Lemma. x(A\) = 1 if [\ < X, x(A) = 0 if X > 2X. Assume V € L' N L™,
2.1+ |2)*V(z)] de < oo and V is generic (W[fi(0,-),f-(0,:)] # 0) then ||
M Poc(H)X(H) 1< C.Jt]712
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Proof. f,g € S(R)

(e o fg|—‘/’” (Bl f,9)

(Stone) ‘/ewz)\x(v)%«Rv(AQ+z’0)) — (Ry (\? _io))f’g>‘

| Resolvent = Green function

! / /] 7 ) EISR 110 gt d dy

//‘/ 07y 22y LA y){ )( )dA‘ 1£(@)] |9(y)| dz dy

Case : y<0<zx

T itA? iX(z— )\X A2
|/€tA - y)ﬁmﬂk,x}m—()‘ﬂ) 2\

disp. est. for free eq.

o om- )] )

<O I Nl

twice diff. on compact — decays like 1/77

<cpue |

0 Y-

Oy =14 [ [ @ dsvigm. ) dy

0o Y—x

hmy (N, x) //2@562’8)‘ ds VINmi(\y) dy

/D)\ —x)V(y)ohmy (N, y) dy

OO

x>0, |O\mi (A x) / — )|V (y |dysup|m+()\ y)|
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o

+ [w= DVl sm. )] dy

T

wp | s Kexp(/|y| V() dy)
N 0

Similarly, sup,-q |03m4 (A, )| < const. since [(1 + |y|)*V(y)| dy < oco. Next, check that
|[W”(A\)] < C on the supp. of x()\?)

_ | (XN 0) fL(A0) A
AW = 57 (noy 7 (n0) ’*‘ f-(\0) dzdxf- (X,

fo(h2) = emy (X, 2)
O fr(A\0) =0 my (N 0) — OK, 2 moments.
fi, f are bdd in A
Onfr(A,0) =idmy (A, 0) + d,m, (N, 0)
OO0z f+ (X, 0) = im4 (X, 0) + i\ Oam (A, 0) +0x,0,m (A, 0)
NS AN g i)

OK on

OK supp x

OK

o0

Dy (M) = / Dy — )V (y)ma (A y) dy

e}

OOemy (N, x) = —/Qi(y — 1)V (y)ymy (N, y) dy

T
o0

. /€2i)\(yx)V(y>a)\m+(>\7y) dy :

sup |0x0:m4 (N, )| < o0 .
x>0
second der. — use third moment.
Case 2: y<x <0
— linear growth of f, in x.

J+(Az) = ar(N) f-(A\, z) + B4 (N) f-(—Az) and use asympt.

/ eitAQAX(A2)f+<)‘7‘;:)(.f):)(A7 y) A\ — / eit)\zefik(ery)
Ax(A)
: mmr()\)m,()\,x)m,()\,y) dA

itA2 JiX(z— y)AX( ) “\m
+/ Ty B m- (= 2y, 9) i

—00
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use  2iA\G.(A) =W (N)
2iday (N) = W[f-l—()\),f_(—)\)]
Ay (N W), (=) |
p— h ‘ ‘
W) 2iW (N) as second der. in A
need uniform bound of second der. in z,y, etc. O

if V' is not generic, you lose 1 moment. (expand W (\) about 0).

Wiener algebra: f, f in L!
stable under multiplication.

Remark 1. If |V (z)] < C.(1 + |z])7*7° in 1-D.
e Then J only finitely many negative eigv.
e spec(H) N (0, 00) is purely abs. cont.

N
Pe=1-Y Py where Ay <--- <X\ <X<0
j=1
V()| < (1+]a])7'7
N — oo
(Cluster about the origin)
Hf=FEf, FE>07 no.
Remark 2. Supp. H = —% + V does not have any egv. Then P,. = Id.

= e [hoaoS [t

. iU — P+ VU =F
Cl . z

alm { \I’|t:0 :f
then | g SIF llyos + 1 £ sz -

proof: identical (interp., T7™)

replace e*® by eH

Remark 3. If V is singular, what matters is whether H is self-adjoint. Properties of egf
depends on long time — decay.

Def. and lemma A: ' H — 'H TFAE

(1) A takes bdd sets to rel. comp. sts.

(2) A takes bdd sets to sets that have finite e— nets for every € > 0.

(3) if {u,} is a bdd sequence in H, then Au, has a strongly conv. subsequence.
(4) A takes weakly conv. seq. to strongly conv. seq.

= A compact.
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Theorem 4. Spectral thm for compact s.a. operators. Let A : H — H be compact and
A= A*. Then 3 ONB {9}, of H s.t.

Ap, = N\,  where N\, € R

and they can only accumulate at zero. (no ac., no sc.).

Thm: Weyl’s criterion. Let A, B be s.a. and bdd below. Assume (A+M)'—(B+M)™ ! =
K is compact for some numerical constant M. Then ess spec.(A) = ess spec(B)

ess spec(A) = spec(A)\{isolated egv with finite mult}

Proof. X\ € ess spec(A), € > 0.
claim:d oo-dim subspace £ C H so that

HA+M)T = +M) 7 f <e | £l

VfeL.
Because
2
1 1
“1p_ —1p 2 _ _
A+ 2717 = e B = [ |2 = | (Bl
< | fIP
take £ = Ran E(A — d, A +0)
P

Since A € ess specA = dim £ = oo, (otherwise purely atomic in the interval).

| PK?Pg ||l<&*| g forallge £LC L, dimL = oo

compact
& s.a.

(use spectral theorem )
| Kg|P*= (PK*Pg,g) <<* | g|*¥g € L
VgeL=| Kgl<ellg| onL
switch to || (B+ M) 'g— A+ M) 'g|<2| gl VgeL

ExampleA = —-A, B=-A+V
(“A+M)' = (-A+V + M)

Z A+ M) (=V(-A+ M))n op. conv. in L? if M large

1

—A FM)T < —
(S8 +M) s 5
_ Vs
V(=217 o< 1L

If V— 0 at oo, the V(—A + M)~ is compact — then the series is compact, as is shown
below.

Theorem. V € L*® IfV — 0 at oo, then V(—=A + 1)~ =: K is compact.
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Proof. B C L*(R™) bdd
show Ve > 0, K(B) has a finite e-net.

[ V(A+ D) u—V(=A+1) v, u,v € By
\< 2 || Vv ”Lo"(R"\BRL—i_ H V\(—A —+ 1)_1u — V(—A + 1)‘1 v ||L2(BR)

~
<e/2 find finite collection
(take R large) of v’s s.t. small.
use V—0 as z—o0

<PV ool (A + 1) u = (A + 1) 710 || 2,
(Arzela-Ascoli later).
W = {w =(-A+1)" ‘ | v ||2< 1}
We = Xe * W

[ we(x) — w(@) 225, = /X?(y) (w(z —y) —w(@))” dy

Br

= /dy X?(y)(/1 Vuw(z — ty)y dt)’

Br
< [y 2ol sup Vula ~ 1)

~
<IVwl 2<C .

< (Ce good approximants
— work with mollified family, does it admit e-net? W, = {x. x wjlw € W}.

bddness |w.(z)| = |(xe x w)(z)] < C-e™? || w |,< C.e™/?

equicontinuity [ (x) — w.(y)| = | / (e = 2) = xelly = 2))lz) |

< Ce ™27z —y
Hence W, unif. bdd. and equico.
Arzela Ascoli = W, is rel. comp. in C'(Bg).
— L™ e-net

— L2%c-net

Ma 142 01/30
H=-A+V, VelL® V(z)—0as|z|] — oc.
spec(H) looks like
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Lemma. Suppose V(x) — 0 as v — co. TFAE
(1) IN<0eigof H=-A+V
(2) If e W2 st. (Hf, f) <0.

Proof.
(1) = (2), take f the egf

(2) = (1), spec must extend below zero (by spectral theorem), but another theorem says
this must be an egv.

O
Theorem. Birman-Schwinger. Let V C R? satisfy

V(@) [V~ (y)] 2
dr dy < (4m)* .
/ |z —y? )

R3R3
Then —A + V does not have any negative egv.
Proof. Assume 3\ < 0 egv = (lemma) 3f € W22 st. (Hf, f) <0. Since V=V*+V~,

(=A+V)f, f,) <0 (only makes it worse)
lemma = H = —A + V= has negative bound state.
(—A4+ V7)o =X for some ¢ # 0.
(A —=Nop=-V¢ecL?
———

positive
invertible

R A R I
VIV = VIVII(A =N VIV VIV

~ N —
A #£0

Ahasegv 1, sa. =| A|>1

1/2
but ||A] <[ A ||Hg:(// kernel(A)[*dz dy)

R3 R3

-( / V-1 =30V ) e

fz\f\ac yl 1/2
= (/ V=( dx dy) <1.
(47T|x —y|)

Theorem (B-S) actually says
#{\j|A; <0 is an egv of H}
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V= (@)[V- ()l
dz d
- 167r2/ |z — y|? v

Lemma. Suppose V(z) € L*(R) and assume [°._ V(z) dz < 0. Then H = —% +V has a
negative bound state (in 1-D!!).

Proof. Find f s.t. (Hf, f) <0. Take f(z) = ¢(cx) where

(Hf, ) =2 / 6/ (c2)? dar + / V(z)p(er)? d

look into Reed-Simon, IV.

=c| ¢ |3 +/V(m)¢(5x)2 dr <0 fore—0

~
—[V<0

NB: unitary equivalence of —A and —A + V for V small, i.e.,

Viz)||V(y
/’ 7 H?JP dxdy<(47r)2.

1/2
NB: |V HRoumk (/ w) upper bound for

VIVIR,(MV|V] - (Hilbert-Schmidt norm).

Theorem.
Suppose || V || k= sup/ dy <Am
zeR? ‘
Then || €2 (Pue) imoo< CJt 722
Proof.

. : ; il
(€ P f, g) = ng20<6 tHx(z) Pacf, 9>

~lim [ ety (%) %«RV(/\ +i0) — Ry(A—i0)) £, g) dA

L—oo
0

Formally, Ry (\+ 1i0) Z Ro(A +i0) (—=V Ro(X —i0))"
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eiiﬁ |z—y|

Ro(A £ 10)(z,y) = m

<(RV(/\+1'0)) ~Ry(A—i0)f,q) = / dz / A1
sin(VA 05 oy — 24)

™ [137 (4rx; — 254))
n

H (wj)dwy -+ - dan f(20)g(Tni1)

/2)\61-75)\2)((%2) sin(A Z?:1 |z — 1) d)\'
0

H47r|xj - ijfl‘

I]ZH/ )| 1 @)l [9(@ns)] dao dzper

integrate by parts. gen Z |—| stationary phase or interpret as solution of the 1 — D free eq.
check init data has FT in L*

00 n+1

IV (x;

SC-Z//t_g/QZ‘xj_xj—ﬂ V()]
j=1

"o [4r|z; — 251

]RG RSn
|f(l’0)‘ |9(5’7n+1>’ dzg - dr,
n=0  OK<[|flillglh

=1 [ o=l oy — ) ) )

—9131| |1171

<2V gl f g 1l

[V (o) [V (21)]
n=2 T T
/ ‘372 _ $3’ ‘xo — x1’|f( 0)| |g< 3)'
<3NV IENFIilglh
take sup x3
take sup g
(free z3)
<Ot i(n—k 1) IV )" | fllillglli (exercise) .
- ~ 47

Conv. of Born series? Does if Rollnik norm < oc.
If Rollnik < 47, unit. eq — can remove P,
Schlag-Bourgain. Scale invariance of the theory

fr(z) = f(Rz)

((A+V)fr)(x) = =R*(Af)(Rx) + (V(2) f(Rx)
R*(=Af+ R V(R ") f)(Rx)
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all conditions of the previous theorem must be invariant under V' — R72V(R™!), e.g., Kato
and Rollnik is OK. L?? is OK and close to these conditions.

Remark 1.
| R2V(R™Y) ||io(en)
=RPR |V w  p=n/2
e.g, | VI [r< C- || V|| 1s/2gsy when V < 0 or V > 0.

Proof.
(TV)(y) = / % dy T : P — L7 provided
R3
1 1 2
14+-=>+=
qg p 3

V>0,V I|Z=(TV,V) L[¥-IL°
<OV 2

Theorem. Perturbation argument (Schlag-Bourgain):

{ww+§Aw+V@¢:o
¢‘t:0 = ¢0

Assume sup(|| V() 1 + || V(t) [|«) <€ .
¢
Then || (1) lrzosr2< C - ()2 | 9(0) [[1re

Here (t) = (1 4 t*)'/2
IS lperree = inf{]] fullze + 11 fo lloot f = o+ fo}
Proof. Duhamel
| ¥ |l2400 < free part OK (use L? and dispersive)
{2 || o lhe

t—1
+n/éWMV@w@wmn
0

|| ex 92V (s)y(s) ds ||z
J

a t—1 (1)

<O b e+ [ Cte=s) V) 1 ds
0




n / | Vs)b(s) 2 ds (2)

J() = ()2 || ¥(t) ||l2+0o  show bdd by const.
1V (s)¥(s) ly= (Iv(s) lzy + 1 V) Il )) O e

1 2 1
2 e} 2
t—1

(1) < /C-<t =) s) T2 (s) dssup(|| V(s) l + 1 V(5) |h)

(2) < /(S)”/QJ(S) dssup(|| V() ll2 + 11 V() lloc)

=1
sup J(t) < C- || ¢o ||1n2 + sup J(s) - €
0<t<T 0<s<T

Agmon bound
(—A+ V)¢ =E¢
veW? E<0.

Theorem. Assume V € C(R"), and V(z) — 0 as |z| — oco. Then

/e‘”x']zﬂ(m)]Q dr < 0o . for some o > 0

R’I’L
If, in addition, sup || 0"V ||e< 00, then | (x)| < C.e~ 3!
n+1
<
= —
Some motivation. —" +V(z)p = Ey .

b(z) = exp(— / Jw - B, dy)

V(@) = =V (@) = B b()
v = (V@) — B)oe) = V() (Vi) = B)

J/

~
equation small

Proof. Define Agmon metric

1

Pee) = it [\ (v6) - £) ol a

v: 0=z
0

43
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Long excursions of the curve — makes [ big.

IVPg(z)] <4/ (V(z) - E)+ (steepest descent)

and  Pp(z) < (| V [l +E) 2]
introd. w(z) = exp[min[2(1 — &) Pp(z), N|]
Let ¢ € C* s.t. ¢ =1 for large = and supp ¢ C {z: V(z) — E > 0} O

Claim:

/ (@) () Pd(2) di < Conp | 0 |2

Ma 142 02/04

Theorem. (Agmon). Let V. € L*(R") N C°(R")V(x) — 0 as |z|] — oo. Suppose ¢ €
W22 —AYp+Vyp=FEyp, E<O0. Then 3a >0, [ell|y(x)? dv < co. Moreover, if
V e Whee(R"™) where k > %, then

ih(z)| < Ceelel/? Vr e R™.

Proof. (1-D). Agmon’s metric.
1/2
Pp(z) = inf / <V(7(t)) —E) 4(t)| dt  Lipschitz
v:0=x +
1/2

VPy(z)] < (V(z) - E)? ae.

1/2

Let N > 0, set Py (x) = min(Pp(x), N) — still have [VPLY (2)| < (V(z) — E)

Take ¢ € C, ¢(x) = 1 if z large. supp ¢ C {z : V(x) — E > 0}.
V(z) — E > § on supp ¢ cfr § later.
Fix e > 0.

w(z) = exp(2(1 — 5)P]EJN)(JU)) :
Claim.
Iy = /w(x)\w(x)\ng(x)z dx < C independent of N .

Remark 2. Can take a < 2¢/—FE (dist. from bound state to origin).

[ J/
v~

Ay
<~ [ IVoPul)s? da

+2(1=2) [ IVOlloy/ V@) = Ba) ds
+2 [ 1901 [0lwe| V| do

d>0. 0y < / (V(z) — E)Y(z) w(z)ve® dx



and use estimate on |V Pgl.

- [ IVePu(a) ) ds

+(1-) [ I90Puln) (@) da

+ (1 —s)/|¢|2(V(:c) — E)w(z)¢*(z) dz  cfr. Lh.s!
+e/\w\2w¢2(x) dx

41/ [ 1WPulVe ds

Cond. 0l, e < — /|w ]V(b( )|? da

bdd bdd
dep on N  comp. supp.

1
< - / e?veleljy(2)|? dz < oo independent of N
€
|z|<Rs,v,E

0, ¢ fixed small, so the claim holds true.
Claim = concl. because w(z) grows as z — oo.
Pointwise bound: elliptic regularity.

(—A+ V) = Evy € W2
~ [1vepvivr = [Eup<o.

/ VoPds <V [l [ 1o

A(0at)) + 0a(Vp) = E0yp
/ VouuP dr < / 0a(V)] 1000 de

Inductively, / VO < C |V [l - [ |2

k= 1|v]|
So / e ()P di ~ el / (@) de
Br(xo) Br(zo)

majorize [¢(20)|* by fppo)|¢(2)? dz. Sobolev embedding.

Localize /(—Aw + V) (z)h(x)d?* (z — y) do

—E [ [o@)Pé(y - 2) ds



"
= [ IVoP @) - y) do
- / Vi(2)26(x — y)Vé(z - y) de
+ [VP@ee -y do

3 [ IVeP@e -y dr <4 [1o@HTot - )P ds
IV e [P @ ) do
+E [ [Pe)o (e - y) do
[ IVe@Pde< (Ve HEI+ ) [ 0t ds

|lz—y|<1 lz—y|<2

more generally, / (VO™ y(2)]* dz < Co(| V || wiato +|E] + 1)

lz—y[<1
[ (2)[* da
lz—y|<2
To finish Agmon, use Sobolev embedding
swp (@)<Y [ v dy
|Z_y|S1 <k
1<k 5y <1
Sobolev embedding is false for L>°, you end up in BMO.
k>n/2 : WP — L1
1 1 o] 1 1 o
P q n 2 o0 n
<Covs [ W dy
lz—y|<2
<Covp / el ()2 dy e=20e1-2
lz—y|<2

<e . Covp | ¥ |3

Short-range scattering theory

Basic object Q¢ = s-limy 4 e e 0
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HO — —A

He= AtV | eniiof ety .
s-lim means Vf € L2 ,3°g € L? s.t. || etHe o f — g ||,— 07
Theorem. sup, |V (z)|(1 + |z])'™° < oo, then Q+ exist and are isometries and Q_e~"*Ho =
e Q) (intertwining property).

QO_Hof =HQ_f Vfew??
Ho PRanQ_ = QfHOQ*_ on W2’2
Haoe = L2, (H) D Ran)_

Proof. (Cook’s Method)
Let’s show [ | LeifeitHof ||, dt < oo . (%)

V£ in a dense subspace of L2,
A A . A rd A
Then Ok&y: elSHe—lSHof . ethe—thof — / d_em'He—zTHof dr
T
t

S
H eisHefisHof o ez'tHefitHof HQE / H dieiTHeiTHof H2 dT
T
t

Cauchy seq.

— 0 — 0 as s,t — 00

dense subset — L? since sup, || e®tHe 0 ||, =1
d | B
()= I <|l " (H — Hy)e ™™ f ||
= Ve,

C={feS®"): f(§)=0 if[¢<a
or |[£] > b for some a, b} is dense.
if f €C, then (7 f)(z) = [ e T f(€) de
Stationary phase:
Critical point is: 2t + 2 =0, { = —5;
Rapid decay if critical point ¢ [a, b].

e~ f ()| < Cflt|™""?
Moreover, |e~ o f(z)| < Cy¢|™N if || < 4|t or > 4b]¢|. (non-stat. phase).
-~ Ve_itHOf 2 <|| Ve_itHOf ||Lg(%t<|x\<4bt)
+ || VeiitHof ||L2(|x\>4bt or |z|<5t)

<O TEERT 2 Cllat) PN 4 O L

volume shell
X size inL®®
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< Ct7'° integrable.

e Isometries. v/ (OK V¢, take s-lim).
° Q_efitHof — OL2 (5) + 615H6715H067itH0f

— e—itHei(s+t)H€—i(s+t)Hof + OL2 (8)
— e MO f 4 Opa(e)

Or2 not increased because unitary.
e Laplace transform

Q_/e_”HOe_tgdt = /e_tse_“H dtQ)_
0 0
Q (iHy+e) ' = (iH+e) ' Q.
~————
bdd from
L? to W22

QW2 w22
O* - W2,2 N WQ,Q

apply (iH +¢e)Q_(iHy+¢)' =Q_ on L?
(iH+¢e)Q =Q (iHy+¢e)  on W??

o Ho Prg — Q_HyQ* on W22

Since )_ is an isometry,
Q =00 = IdL2 ) Q_QF = PRanQ,
Q=0Q=0
(@QF. ) =l Q-f IP=Il f II’= (/. /)

l
spectral
theorem
P=Q_O"
PP=Q Q'Q_Q* =P P*=P>0.
——

=1
P is an orthog. proj.

— an identify on its range

— Ker P = (RanP)*

Ker P ={f:(Pf, f) =0}
={f 1 Qf |I*= 0} = Ker Q"
= P is proj. onto Ran€Q_. (There is nothing more in KerP than KerQ2_).
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then take Q2_Hyf = HQ)_ f and mult right by Q* .

E(d\) Prana. = Q0 Eo(d\)Q"
/—/I¥\
Prano. E(dN) Prana. = Q- Q" QO By(d)\)Q*
alwa;'s a.c.

= PfeL? rel. to H

2/6,/2003

Last time we showed under SR (short range condition)
V)< 1+ ) (SR)

that Q_ = s-lim;_ e e exists and RanQ)_ C L2 (R")

Q:When is Ran Q_ = L2 (R")?

Prop: Assume n >3, (SR) || V ||z2@n< 00, || €™ Poe(H) ||1-00S [t}7"/% Then Ran Q- =
L.

Proof. Q = s-lim efoe=1 doesn’t exist. So define Q = s — lim eoe~* P, (H). By Cook’s
method, it suffices to show

T d . .
/ I ae”HOe_”HPaC(H)f |2 dt < o0
1 NS J/

~
||VeinHPa6(H)fH2

(for f € L' N L?).

/MWM%WﬁMﬁgﬂWMWM%WﬁMﬁ
1 1

o0

<V [ett £ dt<oc

1

So Q0 exists. Then Q_Qf =etHe Q) f 4 0/2(1) VYVt >T.
Hence Q_Qf = et e~ithogithoe=thp 1 f + 0r2(1) = Poe(H) f + 012(1)
So Q Qf = P(H)f Vf € L = RanQ_ = Ran P,.(H) = L2, O

Remark 1. Instead of V € L? take V € LP so that
—1 —i 1 1 1
H Ve tHPaC(H)f ||2 S” V Hp H € tHPaC(H)f ”q B = }_) +§

S

1
<Ct i if 14e=—(=--=
2\¢ ¢
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1

(becanse || ¥ P () f ;< Ol 28 | f
soife=0=n=p,ie, V € L™ is enough. But (SR) C L"™ = don’t need V € L.

Remark 2. When does the Proposition apply? We did case n = 3, |V (z) < Co(1 + |z|)727¢

and ¢y small so that sup, [., “ny;“ dy < 4m.

2/6/2003
Last time we showed under SR (short range condition)
V(@) S 1+ o) (SR)
that Q_ = s-lim;_, o, e e7"H0 exists and Ran Q_ C L2 (R").

Question:When is Ran Q_ = L2 (R")?

Proposition. Assume n >3, (SR), | V |l2@n< o0, || € T Pp(H) [l1-0S [t]7"2. Then
RanQ_ = L2,

Proof. Q = s-lim o= doesn’t exist. So define Q = s-lim eoe~*# P, (H). By Cook’s
method, it suffices to show (for f € L' N L?)

Tod
/|| Ee’tHOe ’tHPac(H)f |2 dt < oo
1 N J/

~
||Ve_ltHPaC(H)fH2

/M@W%Wﬁhﬁg/wmemeﬂmﬁ
1 1

[e.9]

<V [t dt <o

1
So  exists. Then Q_Qf = etHe Q) f 4+ 0(1)  Vt>T.

Hence Q_Qf = e ¢ittoe= 1 f 4 012(1) = Poo(H) f + Or2(1)

SoQ Qf =P,.(H)f for all f € [?= RanQ)_ = RanP,.(H) = L2,. O

Remark 1. Instead of V € L? take V € L? so that

—1 —i 1 1 1
|| Ve tHPaC(H)f “2 SH vV ”p H € tHPaC(H)f Hq ) = 5 + 5

1 1
<ore it 1+g:_(_,__)
2\¢ ¢

3

1

(because || B (H)F < Ol H @ 0) ) £ )
soife=0=n=p,ie, V € L™ is enough. But (SR) C L"™ = don’t need V € L.
Remark 2. When does the Proposition apply? We did case n = 3, [V (z)| < Co(1 + |z|)~27¢

and Cp small so that sup, [qs |“;£y;|‘ dy < 4.
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Classical (SR) scattering: = = ¢
£E=—-VV(x)

2= {(wm) € B V) + gl > 0and T [r(tsy,n)] = oo}
Note: %(V(w(t)) + %]f(zﬁ)P) =VV(z(t)) - £€—&-VVa(t) =0

Escat - 2+ ﬂ E_.

Lemma. Assume |[VV(z)] < Co(1 + |z])71¢ and V(x) — 0 as |z| — oo. Then: (y,n) €
> e limy o &(ty,n) ewists and is # 0.

Note This is long-range.
If limy o0 &(t; y,m) exists and # 0, then |x(t;y,n)| — oo.
By conservation of energy V (z(t)) + 3|n|* > 0.
Conversely, suppose (y,n) € >, . Want to show |z(t)| > at for some a > 0.

If so, done: [£(t) — &(s)| < [T |VV (x(7))]|dr < [ Coa™' =577 7%dr — 0 as s — oo.
t >ty = particle stays inside the cone

Claim |z(t)| > max(%, Cyi(t — to)), (Cy not depending on R)

Proof. Assume the above formula holds on ¢ € [ty, 7] and show we can extend it

to—&-%

R\ ¢ i L
<0 =&l = / CO(E) dt + / Co(Cr(t —to)) ™~ dt
fo to+%
253‘8 CoCr' ™ ( R\ _ Gy 1
<G < 90914 g
< Cp + . (201> <& ( + )
x(to) /5 2(to) + (t — t0)&(to) /5 "
CO ol+e
> 2 t — t t - - q
) > VR + 0)2&(to)|? — o R dr
to
because a > 90°
- 14
IV SO JPRPRTE

N Y L o=



52

Y

2 016

~
less than C7, by choosing small C; and then huge R

21+6
ax(%, (t — to)( M — @_R—s )) = can extend beyond T

N

O

Proposition: Assume (SR): [VV(2)] < (1+ |z])7*¢ and |D?*V(2)| < (1 + |z|)"*7. Then
Y(y,n) € > ., 3(a,p) € R?", p # 0 so that for t — oo

la+tp—a(t;y,n)| — 0
lp—&(ty,m)| — 0 (and conversely)

Proof. (y,m) € >, = lim_o §(t) = p # 0 (we know)

x(t) :y+/£s ds:y+tp+/(£(s)—p) ds

0

—y—l—tp+//VV ) dr ds

=y+itp+ //VV x(7)) dr ds—//VV(x(T)) dr ds because (SR)

0 s t
N 7 N
~ ~~

=a—y —0

J/

Conversely: z(t) = a + tp + Az(t)—want to find «

(e e} o

a—l—tp+Ax(t):a—|—tp—/ ds/ drVV(a+7p+ V(1))

t s
Contract in the unit ball in C([T, c0), R")
—/ ds/ dr VV(a+1p+ 2(7))
t s

1
la+tp+2(7)| > la+tp| — 1> —t|p[ if t > T large

So |Az(t)] < // |p|7id7ds<C’|p|25T_5<1

[Ax(t) — Azl |<c// ) e 2 drds <Clpl 2T 22

So A is a contraction and such an z exists. O
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QY e = {(a,p) e R p# 0} — 3 {(y, )]}

Hence, € is one-to-one and onto
Moreover, V(1) = QV,(t), since
V(s)V(HQap) =V(s+1)Qa,p)  — (07

p
I

V(s)QVo(t)(a,p) =V(s)Qa+tp,p) — (75™)

p
2/11/2003

Easy propagation facts

Lemma. Let A € B(H). Then A is compact < Ve > 03A of finite rank such that | A— A ||<
€.

Proof. By definition A is compact < Ve > 0 A(B) has a finite e-net where B = unit ball in
H

< A(B) C and A(B) bounded = A(B) compact =

RanA
—

finite dimensional
subspace of H

A(B)has a finite e-net
But || A—A|<e
= Let {¢;} be an orthonormal basis in H. Let Py be the projection on span {¢1, ¢a, ... , ¢, }
ie, Py:H—H, Pyf=31 (f )0
Obviously, Py A is of finite rank.
It suffices to prove that Ve > 0, || A — PyA ||< ¢ if N is large. Since A is compact, it
suffices to prove that VK C ‘H, K compact we have

} = A(B) has a finite 2¢ net

sup || f — Pnf |[< €if N is large
fek

This follows from the fact that we can consider a finite 5-net for K and N large enough

such that || f — Py f ||< §Vf in the § net. O
Lemma. Let H=—A+V. Then forVf € L2,
I Xazme ™ f lla— O as t — oo .
Proof. Tt suffices to check this for f = (H +14)~'g so show
| Xgej<ry (H +49)"'e™ g [lo— 0@ (or (H +p)7")
By the previous lemma, it suffices to show that
| Ce ™™g |l,— 0ast — oo

C has finite rank, without loss of generality, we can assume rank C' =1

® becomes || 1(e™ g, v2) 2= w1 || (e g, ) =

= 1 || / e (E(d)\)g, U3) == 0 by Riemann-Lebesgue

a.C. measure
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RAGE (Ruelle, Amrein, Georgescu, Enss) Theorem For any f € L2 . = L2, & L%:
1 —itH ¢ 1|2
T || X”x‘gme f ||2 dt—>0asT—>oo
Proof. As before, let f = (H + p)~'g. Then, it suffices to show that
T T
1 . oo 1 . oo
5w a = 0 e o [ laaoPa "0
Apply Wiener’s theorem
—/mm P dt =2 g (7))
TER
O

Theorem. (Wiener) Let € M(R). Then
T

1

o [ 1A dt =3 |u({rh) [

7 TER

Proof.

(4 v)(B) = [ w(E =t d Lot wh(E) = i(=E) so that i (€) = i@
E < R(usual)

ot ({0}) = / p({=t)utd) = >0 u({=0) -t ({=1}) = D |u({})]’

—t atom t atom

R of p of p
1 T 1 T oo o 1
o itT o —it(s—T) FUb““ _ o —
5T /e / / e ) dt / 2TDT(5 T)p(ds)dt
T —T —c0 —00
% 1 .
= [ gDl = Dliutds) — p(r)Siey(ds)] di + ur) "=

(where Dr is the Dirichlet kernel).
Apply for p* p#, 7 =0 and get 57

A" — Y [n({r)| O

Theorem. (Enss) Let V be a SR potential (i.e., |V (z)| < (1 + |z|)7'7¢). Then we have
asymptotic completeness, i.e.,

-T

ran Q= = L2, and L2, = {0} .

Corollary. If V is SR, then ¥ f € L*(R") 3{f;}}_, € L? such that Hf; = \; f; for j > 1.
A\ <0 and e f = e~tHo fo 4 ijl e i fi + Op2(1) as t — oo.
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Proof of the corollary. From the theorem L* = L2 + L2 =
N
:>f=g+ij gGch:ranQ_ f; GLIQJP
j=1
By Kato there cannot be positive eigenvalues. Thus Hf; = A;f;, A; < 0. Furthermore,
9o =2 fo
N
67itHf _ €7itHQ,f0 + Z efit)\j fj
j=1

Since || e Q. fo — e~ £y [|,"=3° 0 we are done. O

Proof of Enss’s Theorem.
I. Heuristic sketch: Take ¥ € L2 and ¥ L ranQ)_. Want to prove that ¥ = 0
Pick 7,, — oo increasing, such that e W gets far away from the origin.

” X[Imlén}e_iTnH\I/ H2 — 0
Wi = Xja|<n) U + U + WL
Let x;:x;(&) +x;(=&) =1if0<a<|{<b

Xial>n n = > XjnTn = > Xi(0)Xin¥n + D X5(=P)Xjn ¥
i i

A

i) f = (u@©f)"

o | (0 — I)\IJSLO‘”) |lo — 0 as n — oo (therefore || (Q4 — I)\I/gn) |2 — 0)
®

¥ d . )
H (Q_ . I)\Ilglout) H2 S / || Eethefth\Ingout) H dt =
0

= / | Ve ®tHogew) || gt — 0asn — oo
0

S(n+t)y e

o (U gy = (Wi e~ ) 1 0p(1)

T see ®
= (e"™HQ U W) + Op2(1) = (U™ 01 ,) +0;2(1)
0,2(1)

II. Rigorous proof. Let ¥ € L2 . U | ran Q_

cont?

| & — T ||y so that U = x (a5 (H)T
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||nX[|y\§200"]eiiTnH\IJ la—0

By RAGE, pick 7,, — oo increasing such that / I Xllel< ]e—i(t+rn)H\I, o dt — 0

Let W, := e ™) &, = y(up) (Ho) ¥y
Claim || ¥,, — ®,, ||2=]| [X( ) (H) = X(ab) (Ho)}‘l’n 2

Lemma. Let ¢ € L'(R). Then || (gb(H) — ¢(Hg)) U, [|2 — 0.

Proof.
|| / $a) (5 — ) ) W,
/ o] | o =10, o dot [ o) de-2 0, |
|z|>n
/|¢ /|| Ve W W, |y dy|dz + O(1) as n — oo
<oV I / | Xzt ™ | dt
16l [ 1V e 4116 1 +0() =0()
O
2/16/2003
We are in the middle of the proof of Enss’s theorem:
If Vis SR (e, [V|(z)] S (1+]|z|)~'¢), then ran Q_ = L2, (in particular, ran Q_ = L2
L3, = {0}).
Proof. Let W € L2 W L ran Q_.
Pick W:

Now switch to U € L?

cont

and X(ap)(H)¥ = V. Define ¥,, via RAGE:

H X[|z|§2con](H)‘6_iTanJ, H2_> 0
Uy



and

/ | Xal<ny (e DT ||, dt — 0.

We let (I)n = X(a,b) (Ho)qfk

Lemma. From last time =|| ®,, — ¥, [[2— 0 as n — 0.

supp @, C {€ € RYv200a < [£] < b—a} .
Phase space decomposition:
Pick {€;}7_, € 8! (we are in R?).
Fines decomposition: p € S, p >0, [p=1, suppp C {£ | |¢| < a}

1= Z X[o,1)¢(- +v)

vezd

=2 xoael + ) *p

veZd

Xv=>0

supp X» C {¢] — [§] < a} .

So (I)n = Z qu)n + i Z qu)n

UEZd\UjC]',n j=1 I/GC]'ynﬂZd
T T
= E Xuq)n + § E X (p>XV(I)n + E E Xj(_p)XV(I)n
veZN\U;Cjn J=1veC; N7 J=1veC; N7
q)sltrash)

A\

== Y XD+ + B0
veZN\U;Cj p
p=—iV
i(0)f = (0(©1€)"

We need x; (&) + x;(—¢) =1 for
(V200 —1a<[¢|<(b—a)+a
and supp x; C {12a < [¢] < 2b}

We need z - £ > —1|z| |¢] for Va € C,;, V€ € supp x;. (cos <(z:§) > —3).

First observation:

> xu<1>n||2§\|< > x[o,ud(-JrV)*p)@nHzS

VGZd\U;—zlcj,n VEZd\U;-:lem

o(1)

A\

SH |q)n|(X(lm\§con+\d|) *p) H2§ “ (I)nX{lw\SQCon} H2
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N Xtalzeon+ian * P lloc + | Pn ll2 | X(aj<con+va) “r 2o g 2em)

<1 @1l o(1)

= —0asn — o

Claim:
” X(|z|<n+at)€ thOq) (out) H2< Cab(n+t) - VN .
Side calculation:
Take: ved(C;, ,E&e€suppy;
Then [v+t]* = [v? +[E]* +2tv - £ = [P + € — t[v || ]
(> +21E)
(v +tlgh?

(AVARAVS

1 1
v —v—t€] = (v +te]) — 2] = S (] + te]) —n —at

Z—| |——+6at—at> |V|+5at

|| ZtHOXj(p)XV n HL2(|X\§n+at)

i( a:s -3t o

_” (z— V)§+y X](S)XVq)n(g) dé ||L2(\X|§n+at: (1)

Introduce

Ve = L(e(@638) = ¢illeem3t)
Then
1) =|| /I(L*)ij(f)(xy%)(u + Y ONE | L2 (x| <nsat

< Cnaallv|+1)” Z | 0"x;(E)x, P ( +)() HL% (h+1)

[t|I<N

d
2

N

< Oy (V] + 1) (Z | 9 Bu(v + )(E) ||ig>

[vI<N

1 Leibnitz & Schwartz
d
< Ownaap(V[+8)7F2 || 1+ |z = v)Vx @y, 122

~
|| lloo <const. indep. ofv,n

— d
< Cwvapap(lV]+8)72 | o 22
—————

<INl .2

~N+4
To get claim, sum in [v| >n: 37, (] +6) 7.



Important consequence:

000 %(eitHe—itHo) dt

—N
IO G o1 el |

S/” Ve_itHOq)%out) H2 dt
0

< / | V Xl <msage OB ||, dt
0

[ IV Asnsae o [y
0

<V /(n )2t || O ||y /(n b at) " dt > 0as - 00
0 0
Dually:
| Qp — 1O ||,— 0as n — oo
(CI)SH), U,) = <Q+<I>,gn), U,)+o(l)asn — oo
I
e_iT"H\IJ
= (™Rl 1) +o(1)
= Xlolsntare” IO L 0)+
I [2—0, by siI;;lar arg to “Claim”.
:'_<X(|x\2n+a7n)eiTnH0q)Sn) 791\112 +O(1) = 0(1)
e HOBE™ o+ (4> ntarn) % Pll2—0as n — oo
(O, W) =[] Wy |[2 +o(1)
(4 ) 1 (00w, + (007, ,)
—o1) + (2B, W)
= o(1) + (Q_e™ o § — ¥)  (as U L Ran Q).
= || U, P<o()+ | W] - || ¥ -V |< e for large n.
I
2k
=V l<vVEt+eSVE.
Thus ¥ = 0.

Long range case:
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V()] < O+ |z])~*
(no longer require a > 1) and :
0°V (2)] < C(L + |z])==
for all |y[ < k.
Theorem 3. (Buslaev-Matveev). Assume (LR)y, for k= [2] +2 and o > 1. Then

t

W_(H,Hy) = - lim e# exp(—it Hy —i/V(pT)dT)
0

exists : modified wave operator

Remarks

) exp( Zfo (pr)dT)f(&) = exp( Zfo (§r)dr) f 5)
(2) If > 1; then W_ (HlHo) Q_(H,Hy) exp( Zfo (pT)dr) where the final operator
is Well—deﬁned:

[e.e]

Z>5T“ /(Iﬂ)

(3) Clearly: || W_(H1Ho)f |l2=] f |l2
t+s
= U W_(H,Hy) = s-lim I oxp(—i(t + s)Hy — i / V(pr)dr) -

0

t+s
: exp(+isH0+i/V(pT)dT)
t
Clearly:
t+s
INWO/V@ﬂWU—fMZ
t
=l (e v —1)£(€) ||l2— 0 by Dominate conv. theorem

= e“f{VV’(]¥i}JQ) W_(Hy Hy)e'"

2/20,/2003

Last time: long range potentials
(L=R)  [0V(2)| <C,(1+ |z~
O0<y[<k
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Theorem 4. (Buslaev-Matveev)
Assume (L — R)y, for large enough k depending on the dimension d, and o > 1/2 Then

the modified wave operators

W_(H,Hy) = s-lim ¢"H ¢~ tHo~1 Jo V(rp)dr

t—o00

—itH —1tHp

exists. Morever, they are isometries and have the intertwining property for e and e

Remarks

(1) if @ > 1 nothing new here.
(2) motivation, classically

1 1
Hy = 5]92 + V() = 5]92 + V(tp) x = 1p

1
U(t) _ ei(—%At—i-fot V (rp)dr)
_ iltHo+ [Ev(rp)dr)

(3) Why a > 1?7 Take V(z) = (1 + |z|)~
0<a<l1

=&

§=—-VV(x)

) =n+ [ -9V (alr))dr

J

=1 - 7vv(x(7))d7 + 7vv(x(7))d7

o(t—«)
x(t) = té +o(t' ™)
= t&(t) + o(t' ™)
V() = V(t&) = ot )t = o(t™*)

this is integrable if a > 1/2
(4) More generally: What if o < 3?7 Ansatz:

W_(H,H,) = st—lim eitH g=iWtp) is isometry
W(t, &) eR
eisHW_ (Hl Ho)e—isHo — s-lim 6i(s+t)H6—iW(t+s,p)ei[W(t—i—s,p)—W(t,p)—sé]

t—o0

= W_(HyHy) provided we have
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tlim W(t+s

62

&) = W(t§) =55 =0

2

How to choose the function W7

Cook’s method /

d . , ?
I %e’tHe_lW(t’p)f |2 dt < o0

/ | (V@) = W (t.p)) e P f ||z dt

_ / H / £SO (1 ()
1 R

stationary phase should

vanish at critical point: z — VW (t,£) =0

leads to: Hamilton-Jacobi equation

L.y
3¢

Characteristic ODE: [

first approx: W

WO, &) =wO(t,€) + / V(VwW O (r,¢)) at

+ V(VW(t,€)) — oW (t,6) =0

T =E
§=—VV(x)

Ot €) = % +¢&°

t

0 T€

We are working with the W®) approx.

(5) Let @« = 1, V(z) =

s-limy_,_ o e HHoeitH p

Proof. Let M(t) = e—iloVrp)d

(1 + |z|)~'.  Assume W_(H;H,) exists.

does not exist.

7. Assume (x) exists.

g = PacA < itH —th0M< )f, g>

= < ( )f7 dtHO@iitHPacQ)
—————

st 1
strongly,

= (M(t)f,h) +o(1)as t — o0
= [erivean fohe) ag

-/ exp( M)ﬂ&)ﬁ(é) ¢

€]

— 0

W(t,) f(€)dE |1z dt

Then (%)



claim

It suffices to check that:

Jesn( 50D ) g0y e

T

for ¢ € C3°(0, 00)

; logt\ e ' 1
= /exp (—z’&) e exp (—i log(l + —>¢(T) dr
T T tT
0

this term tends to 0, using 7 — % and integration by parts.

Proof. of Theorem: Apply Cook’s method
| t
B(t,2,6) =x-¢ - 516 = [ Vire)dr
0

We need to check that:

t

m>/n/WWme—/wwwV@%mpﬁ
R4 0

1

Here f € S, , supp f C {0 < a < || < b}
Classically forbidden region.

Note:
t

Ve =2 —t€ - /VV(T{)T dr
0

a
1 < =t
1) ol <

t
Ved(to,€)| = at = 5t [ [V ()l dr
0

t

> gt - C’/(l +7a) 7 dr
0
at C I—o
>t it (£ V)

63
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integrate by parts N times =
diff. operator

—iVd
L¢ = :
< wep Ve

t

/ez‘@(t,m,f) (V(z) - /V(Tﬁ)dT)f(S)df‘

Rd
Z Ct_Ntl_a
Side remark
t
t/VVﬁ@Tw'Sﬂ”
0
t
32 / VV(ré)Tdr| < e
0
L chosen in such a way:
Le?® = ¢
Aside. Go back to
[ -«
H . HL2(|m|<%t),S t2t N+1

You need N > [4] + 2
Forbidden region (2) |x| > 2bt

1
Vot 2,8 = |o| —th—Ct™™* = Ja
t

‘ [ereow - [ V(f))f(f)df]

t

< [ |wrvew- [veoase

a<|€|<b

> (1 + |z|) Nt

1
3
[ ‘|L2(\z|>2bt) S t1a< / (1+ |£L‘|)2Nd:c)
||>2bt

t_l_a
5 tl_at_N+g< t_%—a

Note:

d 4 1 2if even
— | = 2
N b}+2<§+2—%ﬁmm



(Classically allowed region (3) important case

oo

/H /ez‘fb(t,m,g

1

R4

Intuition critical point &y(¢, x)

x—t&— | VV(r&)Tdr =0
/

t

V(z) - /V(Tgo)cm <2

0

stationary phase = /tgtgtzadt < 00
1

Aside: Stationary phase:

we are in a non-linear
case/never mind

where & is the critical point.
Pick a smooth characteristic function ¢ around 0

oo

Rd

5 — 50(t7 ‘r)

0

) < 14 la(t,60)

€9

)w(aj,t,f) d§+/e“’ (1 —¢<

Rd

Justify the existence of the critical point:

x—tf—/VV(Tf)T dr =0
0

solve this for fixed t, |z| ~ ¢
r—t)(t§) =0fora <[] <b

§)d§‘ <

(=6t )

J

(V) - / V(r€)dr) f()dE || 2 (afmry di

)

65
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PDE (Schlag) 02/25/03
From last time we need to prove that

S [esesa(vie) - vieas) g e <
1

we did the “classically forbidden” region
(1) |z <%
(2) |x| > 20t
fecsupfel{e:0<]a < Cb}
Wehad L = =252 .V, L-¢®weo = ¢®¢e0 then do integral by part.

V@2
o [ Ve
L*=id :
' N(W@P)

(3) critical point in & < |z] < 2bt

Ved =0 &=t — t'|25|2 —/V(gr)dr

0

¢
Ve =a —t€ — /VV(gT)T dr =0
0

¢
DE(ID = —tl; — /D2V(§7')7'2 dr
0

t fixed as large number.
B; = radius independent on ¢.
Consider the rescaled map



t

%:§+ %/vv(&)t dr = 4(§)

0
7

v~

O(Lta-1-ot)=0(1-=)
cover the annulus with ball B;
D*W,(€) = I+ O(t™)
Upshot: Va5 < [o] < 20
3Eo(t, )5tV D(t,2,&) =0

/ e (V(x) = V(1)) f(€)dg
= /ez’<1> <X<%@’x>> + (1 - X(%W)) (V(z) — V(tg))f(g)) d¢
=T+

X is smooth cut of B(0,t2)

write § = ¢~3

< [ e -veeiel f -

|E—&ol<26

S 5. t—l—a(tl—a + té) S t—% . t—2a + t—% _ t—a—%
\VV
<t . pma—3

note x —t&=x—t&+t(& — &)
_ / YV (r60)7 dr + t(& — €)

|z —t&] <t 4t

s | \ L i - veopie (1-x(52) ) e
oD . N
- Zcoeff [V [2N+2m ’

1| + — -+ vvtem| + 8] = 2N +2m
0<m<N
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Proof.
0: P AD 0;®-0;g 0: D0 d
N=1 0 J = J JI 9 Ut - 0;®
](sz) vop? T wep T vep 9
6=0 m=1 g=1
m=0  B=0 m =0

2=2 1+2+1=4 1+1=2

by induction

ajq) NP ... IN+2m P 5
9; 2 2N+2m 9
V| |V P[2N+

A 28(13816138,(1) oo ... 0'*N+2m(b
— . J J aﬁg
V|2 Vo[ [V O[2N+2m
ajq) oN+esd ... a’YN+2m(I)aﬂg
V|2 |V [2N+2m
n ajq) oNnd ... PIN+2m P ﬁ+lg
Vo2 |V [2N+2m
3j<1> 371gb cee JINH2M . 81(138]2@
|vq)|2 |V(I)’2N+2(m+1)
check the [01| + -+ + [ynqom| + 8] = 2N +2m
Let A\=#{1 <j < N+2m=|v|:1}
then A\ +2(N +2m —\) + |G| <2N +2m =2m+ 5] < A
First case =0 x—t&=x—t&+t(& — &)

tN+2m—)\ . )
| Tt - ) de
|€—&ol>0
N+2m=A -« N ot
S / tN+2m=X|& — £o|2N+2m—A~1 dg St -t )
|€—&ol<o
St_N5d5_2N+1 B A t—gt—a—%

%y

similar for other term
Commutator methods
Proposition
F(z) = Z aex?  polynomial
la|<N

Then

= F(z + tp)
Proof. Suffice to consider dim d =1
it it ity itg2 _.t52
e Z2AJI?1 . Jfgdel?A —e 1281x?16281€ i505 ..



2 2
6_7'7831'2‘1 . 6%83 .

(za-Htpa)*d
= m(x; +tp;)™

(%) = (e‘iéAF(x)ei%Af) ()

// el Ty
2t u y U
—2mit) % ) (27T2t)d

= (2m) et [ [ P du et p(y) dy
)

if F(x) =af" - 2" =2

F(&) = (2m)"(idg)" o

t_dR[F(Q) Yy dy ZR[F(?J - %)w@y) dy
= (2)" / 5 (y = %) ((=itd,)*) )
= (2m)"(tp)*(x)

—i|z)|?

So (x) = (e = F(tp)e’i%f) (x)

Check: ,
e a2 u? = (1 + tp)
Induction: A =0 +/

- 2 dr
_AA=T) A2 a1 d
= 5 (x 4+ tp)* = 4+ Mz + tp) o
zi(fyhs) d —(z+tp) T+ (2 + tp)i(:c +tp) R (Ftp) N
dt dx dx

d
@(l‘ +tp)" =m(x +tp)" " + (z + tp)"—

By induction

d il d m
%(x +tp)" T = (zt(:zc +tp) da;) (x + tp)

d
=(z+tp)" +m(x+tp)™ + (z + tp)mH%

dx

69
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0
Plug in
d IA—1 _ . d
z%(rhs) _ U 5 )(w+tp)l 24z +tp)? 1%
Corollary
A
| |z —tple’=*e 3= |xl¢ |3
Proof.
(lz = tpPe"% ¢, €2 6) = (|26 , 9)
O
Corollary
(1) Suppose (1 + |x|)1y € L? and Vi), € L?
then .
| (1 |2])e= 2 [la< (14 |2])
(2) Suppose -, 5<m 220%y ||a< o0
then ‘
I el e %4 (|25 (1 + [t)™
2/27/2003
Last time: Pseudo-conformal identity
(|lz —tp|*(t), ¥ (t)) = const
= (|2[*¥(0),%(0))
1
Corollary.
(1) Suppose (1+ |z|)y € L* and p € H'. Then
I (1 + [a])ez 2 (|2 (14 [¢]) -
(i) Suppose 3, 1 51<m | 0P ||a< 0o. Then
| [2lme2 29 b (14 [¢)™
Proof.
| a5 flo =|| e 52 % |
=[ (= + tp)*¢ |2
SO 12) LN SO (et P
1B+l
0

Proposition Suppose z%¢ € L? V|a| < k. Then dove~28¢ € L2 for V|a| < k and t # 0.
(Gain of derivatives, cfr. comp. supp. init. cond. becomes analytic when ¢ > 0).



71
Proof.

e “Aw egA —i|z\2/2t(tp)aei|x|2t/2t

00 > 20 |12 =| eZ%Ae-Z%up)%%e—% I2

|| (tp)ee 5 e 5 |

=[| 07520 |h< oo if t £ 0, 8] <k

Now H =—3A+V.
Make operators commute through the evolution.

t

Ae—itH — e—itHA_f_Z'/e—i(t—s)H [H, A} e—isH ds .

N

~ \V/
globally 0 infinitesimally
(Lie Group)

(Lie Algebra)

d . .
Because Ee”HAe_”H =e"i(HA — AH)e "
— itH[H A] —itH

T
= eiTHAe—iTH / itH H A —itH dt .
0

Lemma. Suppose V € L*°, H = —%A +V

(1) If 1+ |z|)p € L? and ¢ € H" then
| (1 + [z)e ¢ [l (1 + [¢]).

() If 3 o<z | 1°0%Y ||o< oo, then
(1 + |=])%e™ 0 [l (1 + [¢])*.

Proof.
t
(4) xje_ithS = e_itHajjng +1 / e—i(t—S)H[H7 xj]e—z‘sH(b ds
0

with [H, z;] = [_%A+ ‘fj?xj] = [_%Aa%’] = —0,

t
(1) | wje™ 6 [l2<|| 256 ||z +/ | 95¢ ¢ || ds

Take M large enough, || 8;(H + M)~z ||5_s< 0o because obviously || A(H + M)~ [|5s< o0
(resolvent — gains 2 derivatives) then apply complex interpolation: we have

sup || (=A)"(H + M) ™7 ||z < Cu
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sup || (=A)(H + M) |jma < Cir .

Proof.
I (=A)°  (=A)H+ M) (H+ M) [l
—— ~ P
bdd from 2-2 OK bdd from 22
(multipliers) (multipliers)

<l (~A)H + M) 5 p< 00
then T, = (—A)*(H + M)~ * T, : L* — L%

2

t
() < fele |l +/ | 05(H + M) |lasl| e (H + M)26 |2 ds
0

<|| fa]¢ ll2 +Ct. || ¢ ||

(i) |o| =2 [H,z%] = [——A,xa]

t
e I <I [of?6 1+ [ 11611 ds
0
t
+C’melmx/ | z; 075 ¢ |2 ds
-]7
0

Use || [(H + M)2, 2] [lo—a< 00

I1{0e; 5] ll2—2< 00

N

because [(H + M)z, z;] =7

2 dA

(H+ M) 2 = C/(H+M+>\)1—

S

(integr. at zero) (\%\) and at co (A"2)

T X
_C//T+M+AE(dT)ﬁ
0

_M
2
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because || V' ||oo< 00, take M large

:707 Ld\ B s

L+ AV VT + M
\“/
take C s.t.=1
, i L d
Now [(H+ M)z,2;] =C [ [(H+M)(H+M+\) " 2] —
/ VA
— (H+ M)3[(H + M)~%,z;](H + M)?
—(H + M)2C - 7 H+ M+ )\~ }@-(HJrM)%
VA
0
LT  d .
H+M20/H+M+>\ LH+M+A xj (H+ M+ )~ ﬁ(H+M)2
0

— aj

| [(H + M)™2, )] (H + M)7% o

1 d\

(D2)3) | (H+M+A)72 [a —= <o0.
see h M \/X

for ggg‘rll(ietion Sﬁ

<C

Then I 8exje’i8H¢ o <C-| (H+ M)%xje’“ngS IP:
< C- || e (H+M)2¢ ||s +C || (H + M)ze =g ||,
<C-(1+]sD{ A+ [2))(H +M)2¢ o + | V(H +M)2¢ |5}

(from part I) +C-|| (H+ M)%qb |2
<C-(L+1s) Y [12%9% |
o] +[B]<2
= || 2% o< (L4 [t) D 12999 |
o] +[8]<2

Lemma. (Viriel identity)

& [t ora =2 i) 13

where 10 + %Aw =0.
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Proof.
d? 2 2 d? 2 _LtA LA
a2 |z|* |9 (t, o) "de = @Oxl ez g, ez ¢0>
&? A2 LA
= (e et 2y, )
d 1 _;t i
= 2 (=5 ) eTHA 2] - e 0, vo)
7\ 2 9
(1) = (—3) (A (A o)) o, o)
but A, 2] = A(lz*) + 2V (|z]*) - V
=2d+4 z-V
generator

of dilations
(AL A 2] = 4]A, 2 - V]
—8V(z-V) -V =8A.

(1) = =2{A¢p,¢) =2 || V¥ |3 0
Semilinear equations:
{ wlt:oo = ¢0
i+ AU + Vb + f([9) =0
Questions:

e well posedness: existence, uniqueness, continuous dependence on initial data? (H®
spaces)

e local vs. global well-posedness

e conservation laws (symmetries of the equation) (e.g., ¥ — %))

e blow up

e special solutions—solitons and stability around special solutions

Conservation laws and symmetries
d
1) prll KON Ealt
d o
Z(0(0), 0(t)) = e i(—ity, V)
1
= 2Rei( AV + Vi + F(V ), )

= 2Rei<%A1/1,w> =0 (V real)

2) 1) = [ [3IV00)f = VIR - F(op)] ds

where F'(u) = f(u).

Then 4 H(t) = 0.
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F1(t) = 2Re [ (3090 = Vi - f(10P)d) da
= 2Re [ (580 = Vi = (o) do =0

V_
— iy

3) X = /;cw dx// )? dx center of mass
NX = /x]1/)|2 dx N = charge
NX = 2Re/x¢t¢)
—2Rei [ o300+ Vot F(10F)0)0 do
= 2Rei / s AYn) dx
= Rei/a:div(vw-w) dx
——Rei [ Vo b do= (puv) = P

where p = —iV s.a.

NX = P .without potential we will have P=0

3/4/2003
Last time we started doing some formal calculations concerning properties of solution of
semilinear Schrodinger equation

{ W) + 5A0 + VY + f([]P) =0,
V=0 = Yo ,

where V and f are real.
(1) L? conservation:

& [wr=o.

(2) Let H(t) = /EWW —VIy]* - F(|¢|2)} (t) dz, where F' = f.
It holds H(t) = 0.
(3) Nz = /x|¢|2 dx.

NX = / 2 dx + / 2y, dz = 2Re / 2y d
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= 2Rei/x(—z’z/1t)1; dx

=

= 2Re z/x(%Aw+V~¢+f(|¢|2)¢>7/_J\ dx

—_—
eRrR

= Re z/a:A@/n/) dx

= Re i/xdiv(vww) dx

— Re z/w - dx = Re(py), ) = (Y, ¥) J2r (Y, ¥)

P=r (p, )y =: P, the linear momentum.

Is P preserved?

P= (P, ¥) + (P, ¢r) = 2Re(pie, ¥) = 2Re 1(p(—ithy), 1)
= 2Re i{ 50+ Vi + (100

= Re i (AY, pi)) +2Re i(V), pi)) +2Re i{f(|1)*), pu)
€RrR
~9Re(Vi, VY) ~2Re [ (Ve
Vo,V = (Ve Vo) — [ () @i+ V)
Iyl
(VV = V), ) - [ (Eqer)

Hence, NX = B = (VV)i, ).
Side remark:
If f =0, then ¥(t) = "4y, where H = A +V and

%<A¢,¢> — (AiHY, ) + (Ag, iH)

In particular, if A = —iV, then i|—iV,3A + V] =0+ [V,V]+ (VV).
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(4) Angular momentum (we will be in R?)

Mz%i/fX(i/}Vib—@/}V@/})dx

_%/m:ﬁxwdwr%/wwchzx.

If we put g =¥ x V, then M = Re(y, pib).

Clearly, p* = j (by integration by parts: [ iz;0.40¢ = [izy 8....). So, M =
(p), 1)) and we have

linear contribution nonlinear contribution

N = i[p, ]y, )+ 2Re il f([¥]2)0, pi)
Rei [ F(10F)0i(d x )y da

3
—Re [ f(uP)0 3 Sundfu? da

k=1

1 3
=5 [ 100P) 3 cmdlu? da

k=1

_ % / S ciuandi(F(10)%)) da

k=1

_ %/F(|¢|2)gjkk dz = 0

where ¢ is the Levi-Civita symbol.
N |

Since [(Z x s Alg = Z &kt (2kOmm f — Omm (2£0,f))

k,l,m
€jkit€1k=0
= - E 5jklaklf = 0,
k,l

we have [p, H¢ = i((Z x V)V) f and M = —{((Z x V)V )1, ).
(5) Scaling
Let V =0 and f(u) = u.
If Oyp + AP + [|*7¢ = 0, (%)
then ¢ (t,2) := A\z)(\%, Az) and satisfies ().

1igy_d ?
[ A() [l = A7 A A2 = A"
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1 2

O critical = = .
—s -+ %l d—2s

Subcritical case (0 < Ouitical) — well understood

critical case — many open questions

supercritical case — young person gets Fields medal for solving.
(6) Galilei invariance

|v RN . e -
gz'f,y(t) — e 13t e iT-U ez(y—l—tv) P
T 7
we will see: translation in translation in

momentum space physical space

Operator €7, where @ € R™ (and j= —V) is well defined and is unitary.

Let U(s) = e%%7.

Then U(0) = id and Z(Uls|f)(x) = (U(s)id - pf) ().

So, 8,9 —a- Vg =0, g(O x) = f(x ) where we denoted g(s,z) = U(s)f(x).
It follows that g(s,z) = f(x + sd), i.e., | Pf(x) = f(z +a)|.
Another way of seeing this:

[P f(€) = e f(€), so (7P f)(x) = f(z + d)

What does this tell us?
Take f € &.

L= ‘2 —iZ-v
giy(t)f =e"2 flx+y+tv).
classically: z +— x —y — tv.
And what happens in momentum space?

a5y () FINE) = e e f (o 1y + 1)) (€)
lv|2

= T f(x + y + )] (€ + D)

|'U| t

— +e (y-&-tv)(f“‘v)f(é“ + U)

sop—p—1uU
Finally, we will prove

by proving (e’“%g@y(t)e“%)' =
A A
= ay(t) i80,(0)5 15 80,(0) = 0 (3

(1 G (1) = —i°5-8a,(8) + 17 g 1
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_ ol

(gﬁ,y(t)f(x) - ZTQi,y(t)f(x)

i, . =
251 (-5 Vg, (1)/ )
(2) + goy () Af(2)
Summing (1) and (2) gives (x).
Local well posedness in H! of
O+ A% + F(¥) =0
¥(0) = ¢ € H'(R?)
with F € C'(R?,R?), F(0) =0, |[F'(2)] < C|z[P~"if |2] < 1, where 1 <p < 2 if d > 3 and
l<p<oxifd=1,2.
Theorem. (Kato, '87)
(1) If ¢ € H, then there exists T > 0 and a unique

Y e C([0,T),H) N CH([0,T), H™") solving (xx)
Moreover, 1 depends continuously on ¢ in H*.

t

P(t) = 289 +i/eit25AF(w(s)) ds . (%)
0
We will prove that this is meaningful.

regularity: if p € H* ,then ¢ € C([0,T),H*) n C"([0,T], L?)
and one has continuous dependence in H* norm.

Remarks:
Let F(2) = |z]*z.
Then 28 = o(22)"'22 + (22)” and %&£ = 0(22)7"'2? are continuous at z = 0 provided
o> 0.
What about subcriticality?
1 <d +2 1) 2

d+
20=p—1<—=0<-(—>—
o P g d—9

d—2 2
We will need more general Strichartz estimates:
Lemma. (Strichartz estimates):
Let Go(t) = €2 and
t
(Go)(t) = / -3 () ds .
0
Then
(i) Go : L* — Lj(L2) provided 2 —|—§ =2 and 2 < r < oo. (Note: this includes r = 0,
g =Q; r=21is also okay, but we won’t prove it.)
(1) G = L{(LY) — L;(L%) and
G: LV(LY) — Ly(LY).
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(iid) G : Lj' (LY) — LI (LY2).

Proof. Necessary conditions on r and ¢ we get by scaling:
A _a
If ¢ (t) == (A% N;), where w(t ) = (e 59(0,)) (@), then || ¥ pus= A FATT |
O lepagy and | 92(0,2) 2= A% || (0, 2) |2

Hence —2—4— —d

Itholds '
(Gv)(x) = /(eigAv(s))(x) dx ,so

(GoGyo)(t,z) = /ei(t_s)gv(s) and

( / (1 GoGio)(0) lss)’ dze)i <

:
i
|
V]IS0
U=
|
2=
<
A
\_/
S
»Q
\_/
-
~
N———
e

Now, if 1 + % = g(? — %) + 77, and 0 < 5(; — 5), then apply fractional integration and
complete the proof as we did when we first proved Strichartz estimates.
We have

t

(Go,w) = / ( / I (s)ds, wit) ) di

é
G*r

Ve

- /<U(5)7X/X[O<s<t]€i(tS)g’w(t) d5> dt

and the claim follows. O

PDE (Schlag) 03/06/03

1
(SE) i) + 5 A+ F(y) =0
F is C*(R* R?)

oF OF

— . — exist and are continuous

0z’ 0z
F(O) =0

oF oF
/ = < p—1 >
F(2)] = |5 + |52 (2)] < Mlap for 2] = 1

Growth condition
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Range of possible p, 1 < p < % ®
If F(z) = |2*z, then ® & 0 < %5

t

(D) ult) = e+ i [ EFAP(0() ds
0
= (Gotho)(t) +1GF(¢)
Lemma.
(i) Go: L> - Li(L%) 2+2=9¢ 2<r <o

d
r 2
which includes L* — [(ft‘x’(Li)
(11) G : L}(L2) — Li(LY) — includes L (L) — L°(L2)
Ly (Lg) — L(L3)
(i5i) G : LY (L?) — Li(L9)
REMARK: These are homogeneous estimates (scaling invariant) thus you can’t improve
the constant by localizing 0 <t < T

Lemma. With F as above, one has F' = F; + F}

where |F{| < M |Fo(2) — Fo(w)| < M (2P~ + |[w]P~) ]2 — wl
|Fi(2) — Fi(w)| < M|z — wl
Proof. Fy = xF, F5(1 — x)F, where x is smooth cut-off of radius ~ 1. O

Idea of proof of H' well-posedness.

Formally 0u(t) = Godv + Z'G(F/(w) : 31#)
F) = [$* = 4|79
O;F2(1h) = oy [*" (000 + ¢ - D) + |7 050
= (0 + DI 0 + o[y 20 D9pd;

OF oF eof 1
| Pl tew) = —(Hwt (2w LR () w
O(t) = GOy + G (F' (1) - )
show sup || 0(t) Il <I| 9o [ + sup || G(F()- 00)(1) |
0<t<T 0<i<T

<[ 0o [l2 +C || F'(4) - O [l 13 (12)
If F" were bounded, then
0% oo r,e2) <N 0o [l2 +C || F” lloo T || 0% [[Loo(1,22)
Since F” isn’t bounded, do the following
| Fi () - 09 ||L1(1,Lg) ST oy ||Loo(1,Lg)
1 E50) - 00 Nl o gy S I T I - 1 00(E) e

k3k

L (1)
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Guess proper value of ¢':

| 1Pl < ( [ 15100 g dx)
() (o)’

U=

lol — / — 1 1 1
Choose 15 ,q _>q_+u:_+_:1
(p—1)d's=q q q s s
pd _ p
—=——=1=|¢g=p+1|>2
PR
T R
By Sobolev, (**)<H¢||LOOILL] | O HLT’(I,Lg) H'— L 5_528
2d d+ 2
<||@/)||Loo1H1) | 0% (I 1,9y P+1_€1<m p<m
<H¢H IH1 T7_7 ” oY L7(I,L%) Note: ' <2 <r

Similarly, one obtains
| 0% [|poor,r2) + 11 0% || - (2,12

<[ 0o ll2 +T | 0% lloerzz) +CT7 7 | 15 gyl 0% Nl a1y

Define LHS = p
Then

1 S| 0o ll2 +T, + CTp
= w(T) < C| 0o |2
assuming L* conservation and j continuous provided T' < T* = T>(|| ¥ || 1)
Careful Proof We'll show the following
Theorem. The equation 1) = Godg + iGF(¢) for every ¢o € H' has a unique solution
e C([0,T],H)nC'([0,T],H™")
with T'="T(|| ¢o [[1) > 0.

Moreover, the solution depends continuously on ¢o in the H' norm.

Setq:p—|—1,<d27d2_ %+§=g,sor>2, (Sinceq<%)

X, = L*®(I,L*N L)
Set = L>(I,L3)nL(I,LY)
X o= L)+ L1, L)
= O, L) NL'(I,L?
Lemma.

G01L2—>X
G: X' —-X
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Moreover: Go:L* > X and G: X' - X

Proof. First two statements are just Lemma 1.

| 37— R f =] (7S~ 1) 7€) 29— 0
by Dominated Convergence theorem as t — s — 0 U
Lemma. F': X, — X' continuously and boundedly.
Moreover | Fi(v) = Fi(w) [12 ST || v — w ||co2

| F(v) = Fa(w) [lg STl 0I5, + [ w [5,) I v = w [l

where o = %

>0,

1
On a ball Bgr(Xy), F' is Lipschitz: Xy — X/ (and constant may be made small for fixed
Ry and small T').

Proof. F = F| + F,
|F1(v) = Fa(w)| (2, 1) < [v(z, 1) — w(z, )]

/||F1 (t,z)) — Fi(w(t,z)) |22 dt</||vxt w(z,t) ||z dt

S r [0 =w [Loeqr.22)

By (v(, t) — Fy(w(z, )| S (Jo(, )" + Jwlz, )" ) |o(z, t) — w(z, )]

| Fav) = Fale) e S ([ (1o 15"+ o) 1551 1 o®) = wie) 15y de)”

Holder ¢ = p+ 17
S ol + 1w )T o —w e
O

Corollary. GF : X, — X, and on each ball Bgr(Xo), GF is a contraction in X norm for
small T

Ma 142 03/11/04

I=10,T],q=p+1
Xo=L>®(I,L2N LY)
X =L, LN L (I, L%
X =C(, LN L(I,L%
X' =LMI, L%+ L"(I,L7)
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(SE) i@w+%Aw+F@0:0

Vli—o =10 € H'
F(0)=0, F e C'(R*R?) ,

OF OF
— — < p-1 >
)|+ |G| < Mp, a2
1< <w
P=a=2
(DH) Y= Go Yo+ iGF({)

Lt A
e'2

jwﬂ%wmw

— strong solution of SE?
YveC,HYNnCYI,H™Y)
remark : F: Xy — X’
C(I,H") — X, by Sobolev embedding
(H1<—>Lq:Lp+1 l_l<l)
’ 2 qg — d
X' < LV(I,HY)
(H' — L2N LY, L2+ L7 — H™Y)
Lemma. GF : Xg — X continuously and boundedly. On each ball Br(Xo), GF is a con-
traction, with T suff. small (dep. on R). In fact, Yu,v € Brxy) : || GF(u) — GF(v)||x <
C(T+TRF)|lo —ul x.
Corollary. Suppose v € X is a weak solution of (DH) (check meaningful). Then 1 is
unique.

Proof.
Given 1y € L?, supposet) = Gothy + iGF (1)
) = Goyo + iGF ()

Y- =i GF() — i GF(Y)
1 = ¥llx < dll —¢[lx Dby contraction
= ¢ =1 on [0,Ty] (Tp chosen so small that § < 3)
Repeat [Ty, 27p] but:
Remark: not clear we can talk about ¥(Tp) and ¢(Tp). However, ¢ and ¢ € C(I, H™?)
because of (DH) : Gyt € C(I, L*) and

t

/ 0% F(i(s)) ds € O(1,H ™)
0

€LV (I,H-1)
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So talk about 1(Tp), 4 (Ty) € H™'. Since
U, € L¥(1,L?)
= (Ty) and ¢(Tp) € L?

|(¥(Tp), 9)| = thm |(¥(t;), ¢ )| for some seq t;

< [0llpee(,z2) - (|9l
Q: need to check that

Y(To+ h) = eit%@b(To) +14 / e(To+h—s)

OK because

To

NB: T; depends only on R(¢) € Xo,1) € X,)

Or: extend from a point between % and Ty where ¢ and v agree.

NB: Because of R, cannot prove existence immediately.

Y={veX,dwveX} LI H
Y={veX,0,veX}CCU,H"
V={ve X, dve X'}

Sobolev embedding:
}f C XO ’
YcX, YCX, Y CX.

Lemma.

Gy:H' —Y
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G:Y =Y
Proof.
v E L2 s HGOUHLOO(I,LQ) = HeétA'UHLoo(LLQ)
= [lvllz2
2 d d
(249 =) IGwllrgan < Clols
So Gy: L? — X. - -
Since dGy = G0, we see that Gy = H' - Y and X' — X and 0G = GO, we have
G:Y =Y. O

Lemma. F:Y — Y’ continuously and boundedly and |F(v)|y < C (T +T[[v|%") [[v]y-
Proof.
IF()][xr < C(T +Tloll3,Hllvllx
<C(T+TolF) llvlly -
(n)(z) = f(x + h) (dunno F € C")

1
1) Fy(v) < O (= Do
H |h| LV(I,L2) Al LHEI%)
< CT|0v|| poo(r,22) (fundamental)
[(F1(v), 09)| < CT|[0]| oo 1,2)
means [|0F(v)||p1 1,2y < CT||0v] x
1O ()l 1 gy < ClIVP 00 o 1oy

<|| [P || o+ Ok because pg' =q=p+1= q)

o ([ o)’

< CHUHPOO([,Lq)TaHaUHL’“(I,LZ)
< CT o[y [|0v]|x

e

O
Proof. Let ¢y € H'. Then there exists T = T'(||[¢]|g1) > 0 so that there exists a unique
u € Y ([0,T]), with u = Goyp + iGF (u). O

Proof. Let ®(u) = Gotby + iGF(u)
® = Br(Y) O provided R = C|[vbo|| a2
where C; = big abs. const.

1@ (w)lly < Cliolla +C (T +Tulf) Jully



< Cldollws + C(T + TR R

S—— ~
<R/2 <1/2
<R
Let E = {Bgr(Y),| - |lx}. Control in stronger norm, contract in weaker norm.

[®(u) — ()|, < CT+TR)||u—2v|,

1
< M=

Fixed point is in Y.
Is Y complete with respect to H . H <!

Suppose Hun — um”X — 0 as n,m — oo.

{un} C Br(Y)

II-llx
n

(Oun(t), (1)) = —(un(tl), 99(1))
—(u(t), 9¢(t))

has estimate uniform on n, not involving d¢.

Lemma. Let u = uy, be the solution from the previous proposition.
a continuous map from H' — Y in the following sense.
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g

Then g — Uy, 18
Given vy € H', there exists

T = T(1ho) > 0 so that for every e > 0,35 > 0, if p; € Hl,Hwo —1/}1HH1 <0 =>u=
uy, and v = vy, ezists in Y (0,T) and ||u — UHY <e.

Proof. Tt is clear that there exists T' = T'(1y),
P(w) = Py, (w) = Gotho + iGF(w)

uw = lim (IDzO

n—0oo

Inductively:

[Py (0) =

127, (o) —

(iterate)

[Ju — U (Vo)|lx <" (not the same § as above)
lo — @ (1)||x < 8"
lu— o] < 26"+ [|®}, () — B, (1)1 x

Dy, (V1)|lx < ||G(Fio — o) || + |Go(to — 1)l x
< Cllgg — |z + C(T + TR ||eho — ¢n | x
< Clltbo — Y1ll2 + Clvoo — ¥ul|

o7, (¥1)lx < Clibo — tillz + C(T + TR )| Dyq (10) — Py, (101)]]x
< ? Yo =l +  Cy | o — 1 l2 -

|
g(rigv?ls fgl?tn Cr=Co+dCh

(but does not
matter anyway)
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Ma 142 03/11/2003

Recall I =10,T]
Xo=L®(I;LiNL?)
X = L®(I; L*) N L"(I; LY)
X =C(; LN L (I; LY)
X' = LML L% + L"(I; L)

O+ LAY + F(¥) =0
Y)i—o = 1o € H'
(SE) F(O)—O F e C1(R?%; R?),
1) + |55 ()] < Mzt Jz[ > 1
1<p< d+2

Y = Goyg +iGF(¢)
—— ——

(DH) :
¢ [ IR
0

We're trying to show that there exists a unique strong solution of (SE)
YpeC,HYNCHI; H™Y)

Remark: F': Xy — X’
C(I; H') — X, by Sobolev embedding

(Hl SN Lq LP+1 :

N |
< | =
VAN
S
N~

X' LY (IHY)

<H1 r2ape, Wy pe gd o, g )
Last time we did:

Lemma. GF : X, — X continuous and bounded and on each ball Br(Xo),GF is a contrac-
tion with T sufficiently small (depending on R):

IGF(u) = GF(v)|lx < C(T + T*RP)[lu —v||x
VU,U € BR(X())

Corollary. Suppose ¢ € Xy is a weak solution of (DH). Then 1 is unique.
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Proof. Given 1)y € L? suppose
¥ = Goho +iGFY
b = Gotho + i GF
= =¥ =iG(F(¥) - F(1))
= Y —¥l|x < || — || x ; provided T is small
= ) = 1; on [0, 7] (with Ty so that § < %)

To extend to any existence interval, repeat. Careful: It is not clear we can talk about 1(7p)
or ¥(Ty). However 9,1 € C(I; H™') since clearly Gy € C(I; L?) and
t
/ei(t_s)% F(y(s)) ds€ C(I; H™)

N——
0 €LY (I;H1)

So we can talk about ¥(Ty), ¥ (Ty) € H™'. But since v, ¢ € L=(I; L?) N W(Ty), ¥(Ty) € L?!

[(4(To), 9)| = Ty (W(t), o) < Yooz 9]l

t—>()|

Question:
To+h
O(Ty+ h) = e 89(T) + / ST P () ds
To
To+h

To+h

W(Ty +h) = ez 24p(0) 4 / ez T+h=9)A () ds
0

To
_ eéhAe%Tko(O) +€igAi/eé(To_s)AF(¢(s)) ds
0

To+h

+i / ez ToTh==)8 1 (4(s)) ds

To
To+h

= 2" (Ty) + i / 2 TTh=R P (4 (s)) ds .

To

New spaces:
Y ={ve X oveX}
Y={veX,oweX}
V={ve X, dwve X'}
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Comments
Y C L*(I; H')
Y c C(I; HY)
Note
Y C Xy (by Sobolev embedding)
YCcX
YCcX
Y'c X'
Lemma.
Go: H' — 3:/
G:Y' —Y
Proof.
it A
veEL = HGOUHLOO(I,L2) - ||e : UHLoo(I;L2> - HUHL2
HGOU Lr(I;LY) = OHUHH
2 N d d
rooq 2
GO : L2 — X . Y =
% (Go.8:] = 0 }jGO'H—”
. G: X' — X o -
Since G.0,] =0 }=>G.Y —Y

Lemma. F': Y — Y’ continuously and boundedly and
|F@)y < (T+T el lolly
Proof.
[P <o (T+Tolli ) ol
o —1
C(T+Tlly) flolly

7 IN

Sobolev embedding
Let (mn.f)(z) = f(z + h)

H%(m —1)E () (7 — L)

vary A
< CTHanHLoo(I;N)

= [(Fi(v),00)| < CT0v] ..
Thus HaFl(v)”Ll(I;LQ) < CTHaUHX

LV(I;L?)

I;12)



HaFQ(U) ||Lr-/(I;L§g')
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< c| Pt

L (1;LY)

1
7

SC(/(Hv(t) P loe)],)” dt)’
< C”U”IZ;I(I;LQ) T°(|0zv Lr(I;L9)

< crefoli ovl
0

Proposition Let 1)y € H'. Then there exists T' =T (||t 1) > 0 so that there is a unique
u e Y ([0,T]) with u = Gotby + iGF,.

Proof. Let ®(u) = Gotbg + iGF(u).
Then ® : Br(Y') O provided R = C||¢o]| g1, C1 > 1, absolute constant.

[#lly < Cllea]l o+ (T +7ully ) ull,
<C|wol|,p +C(T+T*R')R<R

I

<3
for R = 2C||¢0]|,,, and T = T(R) < 1.
Let E={Br(Y),| - ||}

19() = @(0)][
Suppose ||ty — tum||, — and (u,) C Br(Y)

n,Mm—00

- 1
<C@+ TR u-oll, < Sl

i |
(Oun(t), (1)) = —(un(t), 96(t)) — —(u(t), 9o(t))
= U € BR<Y)

Thus E' is complete.
So by contraction argument we are done. U

Lemma. Let u = uy, be the solution from the previous Proposition. Then H' 3 1)y —
uy, €Y is continuous in the following sense:

Given vy € H', there exists T = T(¢g) > 0 so that Ve > 0,36 > 0 such that if ¢, €
H*, ||vo — leHl <0 = u=uy, and v =y, ezists in Y ([0,T]) and ||u— v||Y <e.

Proof. Tt is clear that we have T = T ({|1)|]).

(I)(’LU) = (I)iﬁo (U)) = Gowo +1 GFw
= u = lim &7 (¢o)

lu = @ (o) < 0"
lo = %, (1)l < 0"
= Jlu— vl < 26" + |2, (Wo) = @, (¥0)]
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Induction:

@4, (%0) = @y (¥1)[| ¢ < [|GF(W0) = GF ()| + [1Go (o = W) |
< Clfvro = |2 + C (T + TR [[tbo = tn|
< Cl|vho — 1| 1o + C||vbo — 1|1
because ®,(¢)) € Br(Y)

||®io(¢0) - CI)TQM (¢1)}|X < CH% - ¢1H2 +C (T + TaRp_l) Hq)¢0<¢0) - %1 wﬂ)HX
<...

= (by induction)
ol <
(To be continued)
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Last time: we showed that for every v, € H*

(DH) u=Gopg+1i GF(u)
has a unique solution
uEY:{UEY: 8U6X}CC(I,H1)
I=1[0,T7, T:T(”%Hm)
e continuity in the following sense:

if 4b, < ¢ then for some T = T ([¢bo]| 0
solutions of (DH) with g, ¥ respectively.

) > ( one has ||un — uHX — 0 where u,,,u are

Further observation: can take X, instead of X

lun(t) = ] ey < C flua(®) = u®)[l7 [|9un(t) = dut)]],"
for some 0 < 6 < 1 provided ¢q < d%

) — )] — 0
Also : { Haun(t) — 8u(t)||2;9 < HaUH

1-6
Loo(I,L2

1-0

y T Hau”HLOO(I,Lz)

Thus Hun — uHLOO(I;Lq) — 0

For future reference note that ||un — 0 for small € > 0.

- uHLoo([,Lq+€)
Claim: ||un — uHY —s0asn— o

du — du, = Go(Obg — OYy,) + iG (F'(u)0u — F'(uy,)Ouy,)

= Go(Og — O,,) +iG | F' (uy,) (Ou — 8un)} +1iG [ (F'(u) — F'(uy)) Ou

1Go(@o = 3n)|| . < C[040 = B[, — 0
HF'(un)(ﬁu - aun)Hxl = HF{(un)(au - au")||L1(I;L2)

+ || F3(un) (Ou — Ouy, =A+D

) ||L’“’ (I1;L8)
Repeat the contraction argument:
A< CT|ou - au"HLOO(I,LQ)
Also, for B: B < C’T"oHun‘ I;(_OlH@u — Ouy,

Lr(],Lg)

= A+ B <6 |0u—du|,

®  |[(Fl(w) = F{(u)0ul| 12 g 1 i)
®® | (F(u) — Fé(un))auHLr,(I;Lq,) — 0
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For ®,

!(Fl'(u) — Fl'(un))(t,x) . 8u(t,x)| < C‘@u(t,x)‘ € L>(I; L?)
It suffices to show that:
| (Fitw) — Fl(u))0u(t)] 5 — 0
for a.e. t € 1.

Assume that

un(t, ") — ult,") a.e. = (Fi(un)) — Fi(u)(t) - Ou(t)

And it has a positive L:-majorant.

Fix “a.e.” t. Then w,,(t,-) — u(t,-) a.e. Therefore:
| (F(un,) = F(w) (£)(Qu)(#)]], — 0.

+e
un () " ()

Given ¢, there exists p(t) > 0 s.t.
b [[[an (o) F 4O agey )] <

(F2 ) = ) 000,y < Clua®l,

Bp(t)
+{[u(t HchB DNou®] ., < e |ou®], ® ®®

It suffices to show that

a.e.t
/—)O

[ (F5 () — F(w)) (£)Du(t)

¢1

Since [hs < C (H%(t)”;’_l + Hu(t)HZ*) |0u(t)||,,
< C R ou(t)||,, € L"(I) = L"(I) .
By ® ® ® it suffices to show that

/ ‘(FQ/ <u"(t’x)> — I (u(t,x)))au@?w)‘q, dr — 0

|lz|<p(t)

1 1
S1.00 = {|:E\ <p(t) : |un(t,z) —ul(t,z)] <91, |ua(t,x)| < 5—2, lu(t, z)| < 5—2}

B, \56\< 7 a0 —u(®) 3+ 38 (un I + [en]I2)
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So
HFQ' (un(t, x)) — F (un(t,x))} Ou(t,x)‘q/ dx
|X]< p(t)
< [ oute,) dr+ ( [ Joutay d:c) (Hun(t)HZ(p_l) n Hu(t)HZ(p_l)) .
S61762 ~ Bp(t)\561’62 4\ <C ur:i,f. inn .
<e
Therefore

H8<un —u ||X < CHw" wOHHl + 5“a(un -

Conclusion: Hun — tu — 0.

u)HX—i-O(l) as n — 0o .
Lemma. v € C(I,H') = F(v) € C(I, H")
Proof.

JF(00) = AW, < Clow - o), — dass —

|R(00) = Bo(w)lle < (@I +1el™) - [w0) = ()]

— 0 as s—t
by Sobolev embedding

We have shown F(¢)) € C (I; L+ L7) — L (I, H™") by duality (since H' — L2+ L7, L*+
LY — H™) O

Corollary. Let ¢ be the unique local solution of v = Gobg +iGF()py € H' which is given
by the previous construction.

Then 0w € C(I; H™) and i0p) + %Aw + F(v) = 0 pointwise in t € I as an identity in
H-L.

Proof.
W(t) = €22, +i/ e’ (t_s)%F(@/)(s))ds :
0
Lt + 1)~ (D) = H(e54 — ey + i (e - 1)
h h *Th
t t+h
. /ei(t_s)g F(¥(s))ds +i % / eiltHh—9)% F(w(s)) ds +1 %
0 t
GF(?ZSEHl
t+h
[ R R () - F(u0)] d
We prove
Hl(eng—I)f—iAf — 0 as h — [ for every f € H!

h 2 o
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because

because

FEOP (1+ef) de =0

s

<Clg* umf in h.

2% / piltth—s)% [F(w(s)) — F(w(t))}ds —0in H ',

t

h 2

/ 7,h5 U—l

0

LDCT

(1+ €)1 Fe) e 22

Corollary. Suppose g € H' | ¢ € C(I; H))YNC (I; HY)

Then 1y

Proof.

{Zatw—i- LAY+ F(y) =0
w‘t 0_on

= Goto +1 GF ().

Salem-Salem 99
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Ma 142  04/01

Theorem.
1) Let 0 < 0 < 7%5. For every iy € H'
AT, >0 (maz. time of existence), T, = Ti(||1o| 1) so that I € C([0,T,), H) N
CH([0,T), H7Y),

1 o L
i@tw+§A+)\‘w‘2 =0 (pointwise in H™') .

Moreover, 1 depends continuously on g (w.r.t. H™1).
9) If o € H?, then v € C([0,T.), H?) N C'([0,T,), L?).

Remark

1) If T. < oo, then lim [[¢(#)][ . = oo.

M

< 00, then take ty < T, so close to T, that you can

(because if llm H@/J HHl

continue beyond T ).
2) You can include a potential term V' (¢, z) in part 1) of the theorem, provided

sgp[ d/2+Hv V(t,x HL°°+Ld/2] < 00.

Back to contraction argument for Kato s theorem.
F(t,z,u) =V (t,z)u+ F(u)
‘ 2
Alul?7u

we needed
F:Xy— X

F:Y Y
Xo=L®(;L*NLY) qg=20+2< 2L
X'=LYI; L2) + L™ (I, L7)
Put F=0and V(t,z) = \il(t7 ) + \/lg (t,x)

Lo L,d/2

Vit )¢l 2 2y < OT [l gy 1)

T 1/r
It ¥l = | f D
1/r'
< / [Vate. My 5y N, at
= H%HLw(R,Lq’(f/)l) ;];i: “w‘L’"(LLq)
from

r to r’
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q qg—1 q 1 2

m = = = —=1--<1-—==

qg—1 ¢—2 q—2 m q

d
oo>m>§ so ok.

Conserved quantities. Let 1y, be as in the theorem.
Then

(9) le®ll, = [[voll,

() Hivto)] = [ {59000 - W b=
Proof.

(i) (100, 9) + 5 (D9, 9) + M99, 9) = 0

r;ﬂ
£<at¢> > +1 <w7 atw> =0
i (W, )(t)

(i4) (i) + %Aw F AP =0, 9) =0

need 1) € H? and then pass to the limit.

ZHathQ Awaatw> <W|201/178t1/1> =0
—~(V,8:VY)
(add conjugate)

Hltbo] -

~5 (V9,0099) — S(079, V) + A1, 0) + @l 7)) = 0

- 2042
0=—5glIvell + +1dt/w| du

1t " 5 gy = 9™ — g in € ((0,72), HY) n C* ([0,

then
H [ E )] =H[w™].

| (Sobolev embedding)
H[p(1)] = Hliho]

Theorem. (Global existence) Let A < 0 (good) and o <
Then T, = oo, V 1y € H?

Proof.

d2’

T.),H™)

07’)\>Oanda<f—i.
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1) sup; - 3| H2 < H[h] = T, = 0.
2) For A > 0, we need Gagliardo-Nirenberg-Sobolev:
0 —0
lull, < € [Vull]lull,
2d

d 2<g<2" = ——
nee <qg< 73

u(z) — u(pa)
o~ ~d0/2 ,=d(1-0)/2

ul],. SC’HVUH2, Yu e S
(endpoint is sharp Sobolev emb.)
(other endpoint is Hu”2 < Hu||2), then interpolation

?
< O|[vll,

[ (o)

— need the multiplier —— £ to take L2 — L*" .

58

2*

compare to mg(§) = %" Tho(z) = le%’
fractional integration, takes LP — L", 1 < r < o0

) 1 1 1 1 1 1
with 1+-="4+—-— = _==_"-
r p -1 d D r
1 1
and 3:5 works

To go from mg to
= ()= (),
(!5|2 =1 1€l ) i
and ]%j is bounded from L? to L? and L% to L*

then /—yw (o) dv < Hlo] + /|¢]2‘”2

H[io] +—H " Jewlly "

.

need 0 (20+2)<2

!
(4-1)

S
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1 1 2
d| - — 2 2 2 - OK.
(2 20+2>(0+)< ,o—<dO

When o = 2, Ok when small L* data.
Remark (small data global existence)

1) o= % and ||1/10H2 <e=¢(\o,d) =T, =0

2) §<U<ﬁand ||w0||H1<€:>T*:oo

Proof.
1) —HW s < Sl O]
<% ok.
2) —HW M, < Hlgol + —— IIW 1l looll,
do—2 204+2—do
UHHW Ol
S - ||V1/}||2

v ol

(4H wo) Hon2a+2_da
need < }L . "TH then proceed “inductively.”

NB: A < 0 = defocussing
A > 0 = focussing
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Theorem. (Glassey) Let A >0 and 2 <o < 25

If v € HY, w1pg € L* and H[1h] < 0.
=T, < oo.

Proof. We need to show that

2\
dt2/’$‘ [W(t, z)Pdr = 4H[tho) — —— d0—2 /\WU” (t,r) dv

(nonlinear Viriel identity)
then

dt2/|x| [ (t, z)Pdz < 0

/ must become < 0 at some point, blowup (focusing at x = 0, L*> also blows up) [J
Prop Let ¢ € C ([0,T%), H') nC* ([0, T%), H') be a solution of
. 1 20
¢‘ =1y € H'.
t=0

Suppose zy € L? = xip(t,x) € L? for all 0 < ¢ < T, and ¢t — [ |z|*|¢(¢, x)|* dz is C? and
Viriel holds. Moreover, one has the pseudoconformal identity

I —1,) \\2_22_/|¢ DT d

= ol + 220 = //w )72 du dr.

Proof. € > 0

2dtll e~ |z (t, )13
= Re (e 21122y, )
= Re i(e 27 22, i 1b,)
= —Reie P o, A+ AW )
_ %Rew(e%'xﬂx\%), V)
— Rei(e 2P|z . 4, Vo)
— 2Re (X1 ex|z| 2, Vi)
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Gronwall uniformly in e.

1
sl lzhu e, 2)|f; < [lleloll;

+/ =4 (7)o V()

2
+2 / e~ el e~ 20 7)1 [ V47,
——
bdd OK OK because
unif. in e H' solutions

away from T

< llzftoll3 +  sup [V (r)]l2(1 + 2Co)

0<7<T<Tx

/ e () |2 dr
0

t
< [[[ltholl3 + K(T)* +T/ e ey ()5 dr
0

— expo growth, sup He’sm2 (7|2 < o0 .
e>0

Vo< 7<T,
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4/1/2004
Last term we proved most of the following:

Theorem.
1) 0 < o < $245. Then for every vy € H' 30 < T, < oo (maz time of existence).

T. = T(||¢o]lan), so that 3 € C(0,7.); H') N C*(10, T.], H")
. 100 + A% + Ny|* 9 =0
with ¢|t:0 :21p0

Moreover, 1) depends continuously on vy € H'.
2) If o € H?, theny € C([0,T]; H*)n C* ([0, T7]; L?).

Remarks:
1) If T, < oo, then lim;_7, ||¢(t)||g: = oo (obvious from) Ty = Ti(||vo|| z1)-
2) We can include a potential V(t,z) in part (1) of theorem to treat idy) + $Aw +
V(t,2)y + N[>y =0
Assumption: sup,[||[V (¢, 2)[| peetparz + | VoV (#,2) || ooy par2] < 00
We need to go back to contraction argument of Kato’s Theorem.

ﬁ?(t,x;u) =V(t,x)u+ F(u) = V(t,z)u+ A|ul?4)

F: Xo— X', F:Y-=Y!

Xo=L®(,L*NLY), X' =LY ;L9 + L7 (I;LY) , qg=20+2< 2L
Set F=0 and V(t,z) =Vi(t,z) + Va(t, x)

H‘/1<t7x)wHLl(1;L2 = CT||77Z’||L°°1L2

T
IVatt, 2l sy = /Mwwowzwt /ﬂw My 1
0

f”%hm@ﬂxvanwmhm

Withm—q/(2> :L>C—iand0z:l—1.
q q—2 2 roor
Conserved quantities: Let 1y, be as in Theorem. Then:
(@) @)l = H%Hi \
. _ 2 2 20+2 _
(i) Hivw] = [ {57008 - Sl de=Hiv
R4
Proof. (1) We have
i 1
{00, 0) + 5 (A6, ) + M|, ) =0

real

WO, ) +1 (¢, 0pp) = 0
g (. 9) =0
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(it) (Fq,0) =0  so for ¢05H2 :

if| o] + Aw B) + M| ¢[7 0, 8y = 0

—(V4,0: Vi)

0=— =(V¥,8, V) — —<6W¢ V) + A((|9*70, 0) + (Db, |9]*79))

. 1d 20’+2
0=l vell+ o [ 1

Now if 1y € H!, take ™ — ¢ in H' = ™ — o in C([0,T.];H') N

l\.’)lr—t

Cl ([OaT*]aH_l)
Hence
HW™ ()] =R
! !
Hlp@)]  Hlvo]
U
Theorem. (Global existence) Let A <0 and 0 < 725, or A >0 and 0 < 2.
Then T, = co Vi, € H?
Proof.
1
A<0 = sup | VY()l; < K] = Ti = oo
t<T, 2
A > 0— we need Gagliardo-Nirenberg-Sobolev:
oy 111-6
lell, = ClIVell,ul,
2d 1 1 1
g<g<yr =2 2 _ - _=C
S s R TR
1 1
0=d <— — —) by scaling
2 q
Proof of G-N-S: ||ullo+ < C||Vu|2Yu € S (then extend to H')(plus Holder for 2 < q < 2%)
\
u(§) = =5 Vu() , so want ‘ <%VU(£)) < C|Vul2
€] €] 2
So want to bound the multiplier 73(¢) = # on L? — L*
Let mq(§) :é ,mo(x)zm% is kernel P — L" with 1 < r < oo and 1+%=%+d%d1=
1+i-hewb=t-L(=1-2)
d d
‘ 1
e () - (1)
€12/ =1 €1/ j-1
with R; - Riesz transf. (in Fourier space f% = %)
]. *
since — : L> — L* and R; : L? — L? (1 < p < o), done

€]
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/—|V@/}(t z)|* dz < H[wo) + —/Wo (t,2)[* 2 dx

gnww—a“uv SO el (20 +2)
N——
[

1 1 i 2
Need 6(20 +2) <2, sod<§— 20+1> (20 4+2) <2, ie,0< pi
U
Remark: (small data global existence for A > 0)
1) 0 =2 and HwOHQ<8—€(A o,d) = T*:oo
2) 2 <0< and [[Yo|lm <e=T. =
A
Proof. 1) V()13 < Hlwo] + 152" INEUIGIE: (see previous proof)
Siédone
2) 31Vl < Hwo] + A5V ol 7 (do = (20 +2))
Wite [V = | V2[4 2 Vo3 and need (,—Huku%”-%|wo|\%+2-d0 <1
So assume [|V|3 < 8H[¢y] and take € s.t. 25 (8H[¢) ]) |37+ < 1
Then get HVI/)H? < 4H[bo] up to that T usmg /ﬁ can extend past T’
U

Glassey’s Theorem: Let A > 0,2 < o < 2. If ¢y € H',z¢yy € L?, and H[ty] < 0,
then 7T, < oco.

Proof.

Virial identity 2)\

dt2/|X‘ [Y(z,t)|* do = [%]—: (do —2) /]w (t, 2)[?7 2 do < 4H[ho] <

Proposition: Let ¢ € C([0,T.]; H') N C*([0,T.]; H') be a solution if
{ 10 + LAy + Nw|[*Typ =
w|too - wU < Hl

Suppose z1hy € L* = zyp(t,x) € L* for all 0 < ¢t < T, and t — [ |z]*|¢(¢, z)* do is C? and
Virial identity holds. Moreover, one has the pseudo-conformal identity.

| () (0) 26—~ / a0 = el / / ) de dr
Proof.
e > 02 Li1emP gt )2 = Re i1 w2, inh)
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1
::_Reua%Mﬂﬂ%m§Aw+AWf%m

::%Reuvgf%wﬁxfwgv¢>
= Re i<6_2€|x‘2xw, Vi) — 2Re i<6_28|x‘2€x\3:]2w, Vi)

So undo derivative:
t
Lo e|x|? —elz|?
§||€ el g3 < |HSE|¢0H§+/H€ (7, 2) 2|V (7, 2) |12 dr
0

t
* 2/ e~ o [le™ 2 (7) 12| V4 (7)o dr
—_——

0 <C unif. in ¢

< letbolE+ sup IV(r)a(1 +2Cy) / e e (r) | dr
< 0

0<T<T<T.
<K(T)
t
<lelwnlg+ K@) [ e Fou)f ar
0
So sup.g e P zp(7)]y <00 VO <t < T, (by Gronwall) = z¢(r,z) € L. O
Ma 142
4/8/2003 Version 2
H' critical equation i9;¢ + tAY — [p|* =0in R® (0 = 5, s =1,d =3)

2

Major open problem to prove global existence —easy to show local existence for o = 5=,

d > 3.
Main difference: T, = T. (1) but do not know if T, = T.(|| o || a1)
Ideas: Strichartz and Sobolev.

Theorem. (Cazenave-Weissler)
Letd >3, 0 = ﬁ. For every 1y € H*, there exists

Y eC(0,T,H)nC'([0,T.], H ),

T. = T.(¢) = 0
o { 100 + A0 + Ny = 0.
2Mtz() = wO :

This solution belongs to L} ([0, T%), W), where v = v(d), p = p(d) are a particular pair
of Strichartz exponents
2 d d
(— +-= —> and

v p 2
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Y is unique in L7, ([0,T), HY) N L],

loc

([O,T*), Wl’p). Finally, there is L* and energy cons.

Idea:
u? 0<u<n
set fo(u) = A4 smooth n <u<4n
(2n)”  w>4n.
st lfu ()] < Cful”™
i0,0™ 4+ LA™ (n)]2q)(n) —
Solve { Za(tnq)ﬁ + 2A¢ + fn(W} | 77Z} 0
@D ‘t:O = wo
— globally in H!' because nonlinearity bounded.  Thus find a priori bounds on

L7([0,T%), W'*) and (determine T.).
Call (r,q) admissible if 2 —|— d=42<r<oo

Lemma. Let (r,q) be admissible and v = 2—_d and p = m Let r > d%‘l? Then

sup || V[fu([ 1)) o SC I N oy | VA [lzeqroey
< C A VY ooy | VY oo

2 1 1
where —U ==
b ¢
2 1 1
20 +—=— and (a,b) satisfies
~ a r
2 +d d
a b 2

Note: (v, p) det as follows: take b = ¢, a = r, then actually b=qg=p,a=r=1.
Proof.
VL] < (0] P79
H AP VY] < Clo VYl

I WPV e <
! /
1 <m < oo with mq/—/b . N 20¢ =1
20¢'m’ =p b p*

TP IV 1oy <09 1 1oyl VO g
207"V =~ } 20 1 1
/ = —+-=-
r'v=a

v oq 7
Check (a, b) is admissible: (still check a > 2 afterwards).
2 d 1 2 1 2
_+_:2(_,__0)+d<_/__0>
a b oy q p

2= (ad)-m(Ee )

1 <v<oos.t.

.
o)
*
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d 4 /2 d
—oqd-2_ 2 (249 19
Ty d—2<7+p>+7
d
2
d 4 d 4
—24d-2_ ¢
R R B 5 S
d 4 /d d
_o 2= (2_\ =&
3 d—2<2 2

rzdig = bounds on m, v
= a>2

Recall

t
(R0 = [ I8 (s) ds
0
Lemma.
I G llerao< C- Nl F v ey
for any admissible (r,q), (v, q)

Proof.
G:LY(I,L?*) — L"(I,L%) (a)
G:L"(I,LY) — L"(I, L9) (b)
G:L'(I,LY) — L>*(I,L? (c)
NB:
2 n d_d {2 <r<oo
roq 212<¢q< dQ—_dQ
(a),(b) ¢ <p <2, 2<p<gq
Interp. B, (c) 2<q<p.

Corollary. YV admissible (r,q), take (v, p) as before

(1) I VG (£ul[01P0) Nor0< C I VY 15T 1oy
(2) | G(fulle9) = G(fal|010) | ez Loy
<C(I Ve Iy + I VO 00)
|4 = p Lo

(will be applied with (r,p) = (v, p)).

Proof. Combine lemmas 1 and 2.
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Proof of Theorem. Switch to Duhamel.
Y™ = Gy + iGFo (™)
Fu(¥) = fullV)
(equivalent to strong version for H' solution).
I V™ N, <l GoVibo | zver,iey +Co- || VOO 1258 1)
We need sup,, || Vo™ || 121,00 < 00
— take || GoVYo |1y, < 0 <[ Vbo |2

then sup || V™ || 2.0y < 20 if 20(8)* < 1

Det T, so that < 0 <|| Vg ||2 (or small initial data)
Use H' existence = Vi)y € L? but what guarantees Viy € L’? need to show that
|| V@/)(n) ||L7(I,LP)< 0.

Kato = Vy € L'(I,L9), § =25 +2.
where ¢ is artibrary subcritical
. 2
o< m
p=20+2,
18

d=3. 7:25+2<6.

Conclusion: Uniform boundedness in n.

NB: we also have || V™) | Loo(r,22)
<|| GoVebo [l +C | VO™ (1358 1)

(by the corollary before).

< C- || Vo [l2 +C - (20)* || Vbo |2
<O Vo |2

and also |sup || Vi | Lr 1,00y < 00 .

Estimates on
<

——
19 N0y <N Gotbo laar,zpy +C - (28)% - | ™ [l (1,00)

(NI

sup || " || (1,00 < 00 .

n

Pass to a limit

9 = 5 [l 0= | GEL) = GE™) 7010
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< || GIF. (™) = B ™ )] || 17 (1,20)

(assume n > m)

+ 1 GIF(™) = F@™) o r.0)
+IGIFa (™) = F(™) |

S(ﬂ vy H%ZY(I,LP) + || V™ H%Z(I,LQ) | ™ = U™ || 1,0y

v~

§(26)20
+2 | Vg™ |1 Xt 5™ lz(2,0)
<(20)2 (2-p) 2% %
<n 7 (Ivum ol " )

because <|| F,(x™) — F (™) 1 (1,17), Holder and apply Sobolev emb. to get V.

(because || Xw(m>|>m]¢(m) 17, < m~ 2 =r) / ]@D(m) Y de
<m @0 I V™) %*2)
Cauchy seq. — strong limit that still satisfies the bounds.
Ma 142
4/10/2003 Version 2
Conclusion: Provided || GoV)o || 17(1,00)< 6 small then
(a) sup || Vw(”) |27 (1,0) < 26
(b) sup || Vo || pr (1 10y < 00 (r,q) admissible
(c) sup || ¢(n) ||Lr(1,Lq)< o0
and then | ™ — ™ || Ly r.Ly— 0 as n,m — oo.

™ — o in LY(I, LP)
and ¢ still satisfies (a), (b), (¢)
(because e.g., Vi € L>(1, L?),

[ (1), Vx(1))] = lim [ (" (1), V(1))
= lim [(Vo™(t), x(1))]
<sup | VOO (t) (|2 - || x(t) |2

/ (), Vx(O)] dt < sup | Vo [z - | X lorze)
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Then check eq. satisfied
P = Qb+ iGF, (™) in L(I, LF)
———
|

¥
in L(1, L?) GIF, (@/)(") Fo(0)]| +GF.(¢) = F(9)] + GF()

—>O

because < (| Vi |7 + || 79 [2) || 6 = ¢ |

and G[F,(¢Y) — F(¢)] — 0 because

| GF.(¢) = GF () ||,y
< || Fu(y) = F(¥) HL'Y’(I,LP')
< | Full1)e = FADI)E 1,00
S |w‘20¢X[|w|2>n] HL“/(I,LP')
S vy Hm I,Lr) | Yﬂg([\w\%n] ”Lv’(I,LP’)

J/

—0

Also, ¢ € C(I, H") is easy.
Uniqueness in L(1, H') N LY(I, Wh*).

Y = Gothg + iGF ()

)
r—f\—
| VU vy < GoVibo || zr(r,Le)
20 1
take 2C((26)% < 1

(these estimates derived directly from eq.)

=| Vi HL’Y(LLP) <20 .

| =& e <[ GF(W) = GF(9) |l12(1,10)
<CU VY, + VeI T =l

=Y =20

Conservation laws
(4) 4" (@) [l2 =l o [l2

19 = | e g 12y <|| GEL(0™) = GF(9™) [loc.2

<o <[l =gt =0

for almost every t, 3 subseq s.t.
P — ¢ in L2
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for a.e. t, || ¥(t) ||2=|| %o ||2 since ¥(t) is co. in time, OK.

(40) Haltfy] = Hnltho]

= /[%W%P - Gn(%)] dzx

where G,,(u) = [' F,(v) dv

0

Rl (0] = [ [5IV0000) G (9 (1,2))]

J/

g

weak convergence only — one-sided control by semi-continuity.

4 2d
L(w)] < Olul>+2 o+2=— f2=-—""" =2
?
2*—)0

| ) -

(not from || ™ — ™) || o7 )< - -+ — 0 because r = 2, ¢ = 2* is a forbidden endpoint.)

Yes, | ™ () — ™ (2)
< C || V™ (t) — Vet |8

1™ () =™ (1) I3

3 subseq, for a.e. t, || V —V || bdd,
|9t = ™) |- 0.

/ ”)tx dw—>/

hm H[1ho] = Ko
= lim H,[1)™)]

n—:o0

= lim H,[¢™)]

n—o0

> H[p(1)]
Concl. Htbo] > H[(t)]
Time-reversal, previous result do not depend on it (though equation changes)
to=0<t<ty
¢(t) = ¥(t1 — 1)
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t

w(t) = e i [ 0

0

A
2

F(y(s)) ds .

Claim: ¢ satisfies

t

o) L) i [ IR (o(s) ds

0

(~i0ab + 500 + F(6) = 0)

t1

o(t) = e {3y +i/ei(tlf)%F(¢(T>)dT}

0
t1
—q / e_i(t_t1+s)%F(w(s)) ds = ei(tl_t)%wo
t1—t
t1—t A
TieTit2 /ei(tl_t)gF(w(T)) dr

(so Backwards Duhamel is satisfied)
Check CY(I, H™Y)
1
O+ A+ X [T =0.
2 gy
co. in H—1
d=3 o=2, [4[*y.
t—eC(,H).
H' < LS(R®), L5 < H!
t— [o|' € C(I,LF)
and € C(I,H™)

the rest is okay.
Look at idy1) + 3 A1 — [¢]*) = 0.

s =1 subcritical for s > %
s = % critical for s = %
2 2 1
Cartill = 1 = =3 00 Ty
Claim: We have all the methods to prove local existence
1 1
dee , boths>§, 525
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b = Gotbg + MG (|2

(V)% vz =1 (L4 1€7)29) [l
l SH GO<V>S¢0 H%q
(1-A)> + C- | (VY [0%Y ||arr
< {(V)*%o |l
+OT (| Y 1Zrirpey - I (V)" [loos2
« > 0 because subcritical
Ma 142
4/15/2003
Last time:
) 1
i) + 5 A — [ = 0
Ylimo = o € H'

We proved global well-posedness, energy conservation, L? conservation. Moreover, we have
regularity in H? (Kato’s paper.)
We proved pseudo-conformal identity:

I (= tp)ep(#) I3 +£ | w(t) [li=Il a0 II2 —/T F(t) I3 dr
0

which implies

Y

oo i< L2 b
4>
t2
which implies that there are no solitons.

Where can we expect well-posedness (local)?

2
Ocrit = 77 >
YT d—2s

1
d= =—.
3,8 5

If s > %, we can prove local well-posedness:

We have real formulation ¥ = Gy + G| [*¢ and
1Y e < C V)Y |2 +C [ V)11 || ot 1,100,
If (V) would be an ordinary V, we would have, by Leibnitz,
(V) ([0 FP) Ny SV (ol [0 Il

We need to control the nonlinear term by means of || (V)% ||
b<6= d% (the endpoint for Strichartz) and by Sobolev embedding 1 — 5 < £, i.e.,

Y
b—2 3

s> % So we have to have s > %

1
7

T
(90l 10 e+ ([ 192000 1B (@0 15 at)*
0

S o s + (VY% [Feqrizey T (V) e (I=[0,17).
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By admissibility, 2+ 2 =2, sob<6<a>2,s01—2>0.

Set r = 00, g = 2, and let 11:=] (V)4 [lao + | (V54 [las

So, 1t < Co || Yo ||i= +C1T % ® and, for T small enough, 1 < 2o || Yo |
For s = %, we can still prove the well-posedness.
EXERCISE: Prove it.

As for global well-posedness, we don’t know about it for every s > % (at the moment we

know for s > 2).
Prove local and global well-posedness of i0;1) + %Aw + A[¥|?7¢ = 0 when do < 2.
Now we want to prove Leibnitz for (V)* s > 0, i.e.,

V(9 SIS Mol 9 e + 1D llps | S Ml s

Wherel<p<oo,]lj=p%+p%=i3+p4>p1 p2,P3,p1 € (1,00).
|

(Note that the estimate || (V)*(|¢|2¢) [lv<I (V)% [lo]] |4 |4 follows from Leibnitz for

(V)* applied to the product 1))
. s V _ £
The question is: is ™ = anent

The idea of the proof of Leibnitz for (V)? is as follows:

F=) 0, 9= Ng.

J=20 k>0

HS

a bounded multiplier?

(V) (f9) s =l Y (V) A5 Axg |l

,k>0
s — A
=l Z Z (V)" fBkg o Fourier support here is of size ~ 27
J k<j—10
1D D VA gl < B
k j<k—10
1D (VrAfAgll, = C
lj—k|<10

A should behave like this:

A< (Z 2% A, f|?| Z Al ) ‘/th1s is called the paraproduct

j=0 k<j—10
1
is 2
I (D2 221a0f1) Mg |,
J<0
1
AS §
SIS 221857 ) Nl Mg
§>0

SIS llwsen || g | p2

the same for B
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We expect
CSl D0 2112l Iy
li—k|<10
< (> 22jSIAjf|2)§(Z 24g1?) " Iy
J
S (218 ) (Z\Akg\) loa SIS reon | g I
J
Lemma.

(i) Let {fi}eso be some functions with suppf, C {ce2F < |€| < Co2%}, for k > 1, and
suppfo € {I¢] < Co}.

Then | (9 S0 fe Il (S20212) 1
The reverse holds if fr = Ayf.
(i1) Let {fi}rso be such that suppfi, C B(0, Cy2k).

Then || (V) T2 fe 151 (520 217) 1l

Exercise:
Clean up A,B,C by the lemma.
(In part C, don’t do C — S.

Comment:

I (9 kgl SIS 221811 Akg)

li—k|<10

sJ %
<l (322215 812) Mg lly I f w1 9 [ )

J=20

Proof of the lemma. Pick v is large that dist (supp fx, supp fk+y) ~ 2% Vk (So, ¢p2" > Cp)

kaHp<ZH v D Sl

k>0 k=j(mod v)

= Z I Z(WST}CS% « 2% fi |l
= Z I ( msy ) My s

where Fj =37, 2% f and

myg(€) = Y (14 [€%)3275 ¢ (€)
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If vy, is obtained by scaling, m, ; is a Mikhlin multiplier and we have

| (mg; F: vIIpSJZHF Hp,SZH Z22k3|f| )2 |
7=0
Nl (Z22kslfk| )7 Iy -

k>0

—_

v—

i
o

Ma 142
4/17/2003

Lemma from last time
(i) {fi}r=o so that supp fi C {Co2F < [¢] < Co2*} if k> 1 and supp fo C {|¢] < Co}-

Then )
V) Y Sl SI (30224 1A0) s

k>0 k>0
if 1 <p < oo and s € R. Conversely, if fr, = Ax(f) (= Littlewood-Paley projection),

then the converse holds. R
(ii) If {fx}x>o0 are such that supp fr C {|£] < Cp2F} for k > 0, then

VS e S (3221 AE)

k>0 k>0

ifs>0and 1< p< .
Proof (continuation): The converse

(S 2HaR) =l (X248 F) 1

k>0 k>0

- where A(f)(€) = P2 )T (©) A
(1/; =1 on supp ¢ and 1 does not pile up: >k \1;(5)\2 < 3.

V(&) = p(27k¢)
SIS 2%+ f |,

k>0
T
by LP
= (240 + ) 3@t + 6973 7©) 1,
k>0
ma(©)

with || ms || and [0%ms(§)] < Co(1 + |§|)_|a‘ because, for example,

Vmo(©)] £ 31+ [EP) 3 {0 + e "2 w2 )|
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+ 2% 2F(vy)(27he) )

~(LHIED (V) (2 k¢

So my is a Mikhlin multiplier.

S+ 1ED2F©)) o= £ llwes

Remark for (i7), what about s = 07

?
p=2s=0, > fllBS D Il fill
k k

would be true only if there was some orthogonality, not in general. (e.g., take fk
?
X[0,1] ,N? < N, no.)

Proof of (ii). Use fact that weight (1 + |£|?)2 is bigger at the endpoints of the interval
[—Cy2%, Cy2*] in 1-D.

From (i),

s 2 4
1" i s SIS 22 A ) M
k>0 1>0 k>l

2\ L
_ o5(1=k) )y s 95k ‘)2
IS 2P 2 g )
Wy,

>0 k>l

? 1

SIS 2 1AE) D
k>0

[wg |2

is the statement

?

| T ({wi o) ez S {wnteso l|lze@2)

T({wk}kzo) ={ Z 2°0F)apy x Wi }1>0
k>1>0

— vector-valued singular integral.
By Hilbert space-valued Calderon-Zygmund theory;,

a) T:L*(1%) — L?(I?) bounded

) kernel matrix element K, = 25U=k)q .
| K (@) o< Bla]

7) N VE(@) [lizep< Bz~

why 7) is needed? 1/|z| * f does not make sense.
CZ-theorem: «), B), v) = T ||zr@2)—rr@2)< CapB,

l<p<oo



Show «)

I T whsn e = [ (2] 2 Kkl*wk])

>0 k>1>0

3 ) SELLMEROENG

>0 k>l

2

dg

/ZW} lg ZQQSZ k) Z|wk |2 df

l>0 k>l k>l

/ \\
g g

<c <C(s)
< O(s) | {wrtrso 722

Show [3): Schur’s test

sup Z | K ()] < Blz|™
k>l

sup Z | Ky (x ]<B]x\ —d

k>1>0

) D2 P(e)

k>l
C(s)l(@)| = C(s)2p(2'x)|
< Cn(s)2"(1 +22[)™ N big.

||~ for 2'z| < 1
U= 2| =N < |z|~¢ for 2z| > 1.

2) D, 20 Pi@) < On Y 2P+ 2N

k>1>0 k>1>0
s(l—k) old s(l—k) old(ol|,.[\—N
DI AGPAET WP Al Pt
k>1>0 <1 k>1>0 <1
2l|z|<1 - aljz|>1 T
take N =d+1,
Sl =4

N J/
g

—1
Slef=a=1 (Ja 1) =Ja|

Show 7) idem, 2! becomes 2/@+1) etc.

Note: Vector-valued C'Z theory trivially follows from scalar C2 theory.

119
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Standing Waves and Calculus of Variations

_ 1
i+ S0 + (V) = 0
Try solutions of the form (¢, z) = e%tqﬁ(x)

o .02 2,1 22
0= _?gbez?t + €Z7t§A¢—|— f(|¢)|2)¢627t

a? 1 9 . .
0= —?gb + §Agb + f(|ol%)¢ (time indep.)

Comments: f(u) = \u?, o > 0.
If A = —1 (defocussing), it follows from the pseudo-conformal identity that

() 32t
= You can’t have standing waves for A < 0. Furthermore, you want ¢ to decay nicely at
00. The nonlinear term is higher-order = negligible at co. Look at the linear part, solutions

look like ¢(z) ~ e~*l okay. (a? > 0 ensures we are above/below the spectrum of —A/A).
Moreover

2
1
0= /—%W - 5\%12 + A|p* 7t dx = X >0

Side note: 19y + AV + Vi + f(|¢*) =0

) = [ {596 = VIvP - o)} ds
= (v

Next time: non-uniqueness of solutions to

—Au = mu — |u*u
u=20 on 0}

1
Ll = /{§|Vu|2 — F(u)} de
Q
i.e., non-uniqueness of the minimizers (local minima).

1r71f max Ly(t)] .
is here a saddle point.

Ma 142 4/22/2003

Please look through Exercises 4)-11) within this coming week (most important 4)-9)).
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Last time we started with standing wave. Solutions to

0 + 320 + () =0
Y(t,2) = €% g(x)
= 506+ ZAG+ [(6)0 =0

Continuing formally

classically: rT—r—y—tu

Define ¢(t) = Gz, ()1 (t) for ¢ a solution.
Then

O(t) = Gy (D{e320(0) +i | €% f(|u(s)P)e(s) ds

S —

t

= e#86(0) + i / ¢I% Goy (5)F (W (s) ) (s) ds

-~

0 fle(s)1*)o(s)

o {12040 slof) =0
¢|t:0 = Qﬁ,y(o)%

So, again for standing waves
i iy L(a2—|v?)t iy ix-T -
Gy, (t)[e 7 ] = e2 eV p(x — y — tv)
depends on (a,~,y, v) € R?*2,

Solve: Let m > 0

—Au+mu = f(u) in Q C R? bdd.
u=20 on 0N2

Llu] = /{é|Vu|2 + %uz — F(u)}(x) dx
u € ggo(Q)

ue(r) = u(z) + e (x)
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0= ’s O‘C us Vu ’ v¢ + mu¢ - f(u)¢)(x) dx

:a\

Vo
= /(—Au ¢+ mug — f(u)g)(z) do

=Au—mu+ f(u) =

Abstract machinery for finding critical points

‘H = Hilbert space

I e Cl(HlR)

I[u+ w] = I[u] + (I'[u], w) + O(]| w [|*)

I' : ' H — H* locally-Lipschitz

Afu € H|Iu] < c}

Kf{u € H|Iu] = ¢, I'[u] = 0}

Palais-Smale condition (PS):

if {ug}se_, in H s.t. {I[ug]}x is bounded and I'[ug] — 0, then {uy}x precompact in H.
Remark:

For F(u) = |ul*, H = H}]
MP Theorem Let [ be as above and (PS). Assume I[0] = 0, Ir,a > 0 with I[u] > a if
|ul|=rand JveH, | v|>r I(v) <0. Let

C = inf max][ )], I'={y:(0,1) = H:~7(0)=0; v(1) = v}
yel' 0<t<

Then C'is a critical value.
Deformation Theorem [ satisfies (PS) and K. = 0. Then 3¢ > 6 > 0 and

n:[0,1] x H — H with

() mo(u) = u,

(i7) n(t,u) = u, ¥t € [0,1], Vu with I[u] and (¢ —e,c+¢)
(122) 71 (Acts) C Acs;
() I[ny(w)] < Tu|, Vu € H, Vt € [0,1]

Proof. Idea is to solve:

{ n(t) = —1'[n]

n(0) =u

d ! . / 2
STl = (i) = — 1| ) |

modify this flow to move only those u with I[u] close to ¢!
Claim: do,e¢ > 0 so that

inf || I'[u] ||>e>0.

w:|I[u]—c|<e
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If not:
H
U — Uso
L'lu] =01 ps I'us] =0
Iup] — C Iuse] = ¢
= Uy € K, = 0 : contradiction
So solve:
n(t) =—I'"[nlg(n) d )12
S =— || I
{ 1(0) = u = ol == [ "] I 9(n)
Define

A={ueH:Iul € (c=9dc+0)}
B={ueH:Iul ¢ (c—¢cc+e)}

i B
_ dlst(u,') ~ h=0on B
dist(u, B) + dist(u, A) h=1on A

g(n) = h(n)

h(u)

So solve on t € [0, 1];
If I[ne(u)] < ¢ —§ for some ¢ and u = okay.

WLOG: c+ 0> In(u)] >c—6forevery 0 <t <1
= I[n(u)] <c+ 68— 0 <c— 6 (contradiction for § < 1).

Proof of MP. Suppose K. = ). Pick ¢, > 0 like in Deformation Theorem and

max Ify(t) <c+4d

Define 5(t) = mi[v(1)]
el ,mw)=0, ni(v)=v
as 0=1(0)¢ (c—e,c+¢)
0>1(v)¢ (c—e,c+e)
max /[¥(t)] < c— 6 : contradiction

0<t<1

Remark Existence of solution to (*) on [0, 1]):
Define T' = sup{t : In}

T <o [ Flnte) | o(nft)) dt = oo

= 3Ty < Ts.t.In(Ty)] < ¢ — 10°

s [ 170 P gt dt = oc
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=Vt <T,| I'(n) || g(n) =0 : contradiction
1
Iu] :/{§|VU|2+%UQ—F(U)} dr, m>0.
Q

Theorem. Suppose f is such that

()] < C(L+127)

d+ 2

F(Z):/f(u) du with 0 < F(z) <~vzf(2), 7<%

VzeR.

and F(z) > >01if|z| > R
Then 3 a non-zero weak solution u € H} () of —Au+ mu = f(u)., i.e.,

/Vu-Vv+muv:Q/f(u)v

Q
Yo € Hy(Q)

ol g1
(Hp(Q) = Cg= ™)
Let H = H}
Lemma. [ € C'(H;R), I' € Lipy,. and

(I'[u],w) = /{Vu -Vw + muw — f(uw)w} do

Proof.

1 ) w)

A

Iu + w) :I[u]—l—/{Vu-Vw+muw—f(u)w} dx

+/<%|Vw|2+ %uﬂ) dx+/(—F(U+w) + fw)w + F(u)) dz

(. J/ \ 4

=0([|wll3,) R

Now || = fi, IVul?

— R - \/(F(u )~ F(u) — f(u)u) do
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/ (1 —3)|f"(u + sw)||w|? ds)

0

S [ A Jul ™+ P w]? de

\b\

/(1 + |ul + ]w[) > (/ \w\p“) (by Sobolev Embedding)

Q
——

0(llwliZ,)

S

— 2

| I'fua] = I'[ug] (== sup [(I'[ua] = I'[us], v)]

lloll# <1

S sup { [ (IV(u1 = w)l[ Vol + mluy — us||v]) dl“+/|f(ul) — f(uz)|[v] d}

o
v H<1
Q

Sl ur —ug % + sup /(1 + Jua [P+ Jug P Juy — us|v|

lvll#<1

b—
Sl = s e+ sup ( f L fun P+ ™) = e 0
—_—

llvll#<1_

~ 7 [
UL —Ug
Cr "

Ma 142 4/24/2003

We are solving
—Au+mu= f(u) in Q
u=20 on Jf2

conditions:

m >0, [f(z)] < C(1+]zP)
f'(2)] < C(1+ 2P~

( t: p+1l< 2d 2*)
in -— =
pPo P d B

z

P(z) = [ fw) du, 02 P) £ 926()

1
0< < =
T35
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M= @), | = [ 1VaP
Q

Q) C R? bounded, nice boundary.

Lemma. Let
Iu] = / dm<%|Vu|2 + %mu2 - F(u))
Q
Then I € C*(H,R), I' € Lip,.

(I'[u],v) = /(Vqu + muv — f(u)v) dz
Q
Lemma. [ satisfies Palais-Smale condition
Proof. {u} € H, I[uy] bounded and
I'lug] — 0

|RIEE
(I [u), un)| < e || we [

1
_C< /§|wky2 + 2~ ) <
Q

1 m 1
—e || ug < /§|VUk|2 + 5“2 - §f(uk)uk < | u ||n
0

c ) / w f () < / & Fus)un — Flug) < C e [ [

-7
v

I

| Fow

1 1
= 5 N lBem [ 51Vl < 0 77 (C ot e e )
sup || ug ||x< oo
k

= Upj — Uso 0 H () — LITHQ) , Hy(Q) — WrPHe
| =Auy, +muy, — f(ug) [l2=— 0
Exp of non-compact embedding H}(Q2) — L*

lo(5)07% Il

U, — Us in LPTH(Q)
| wrs — wgr |2— 0 =] gy — wig ||
= sup |<U1cg — Ugi, U>L2|

0 <LH furg) = flug) [l L2 v || (£2)




= sup [(f(ur;) — f(ux;),v)| <|| ur; — ua [|2]] v |2
Hv”Hé(g)
<1 Thus
H Uk; — Ukl ’H*_’ 0

S f(ug) = flum) || pss
S+ Jurg P71+ Jua P [urg — ug e
S+ g+ Jawal 51| g — wna [lpyr— O

0 —| —Aug; + Auy |

H*

/|V(uk] — ukl|2 <e || Uy — Ukl HH

— 5(/ |V (ug; — Ukl)|2>

[NIE

Comment on last lecture:

Use/Solve:
']

—mg(ﬁt)

e =

Theorem. Assume in addition that

Fz)=0>01if|z| >R .

Then 3 a weak solution u # 0 of

—Au+mu = f(u) in
0

Proof.

u = on 0S)
u € Hy ()
7[0] =0
check these 3¢ Iu] >a >0 if [[ul|lg=7>0
eH, ||v|n>T1, Iv]<0
(1) F(0)=0

2 Mazg e~ [ Felde- [ (P

{2 |ul>6} {2 lu| <6}

1
>3 =G [~ [ uf ds
Q Q

1
><§ - Cf’oincare) H u H?—( -C H u ”%Jrl Sobolev embed.

2 -+
T T

127
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[ 1 < Cruene |19,
(3) (z_“F(z))/ =2 " (2F' — pF(2))

zzz‘”4<%-—u>FYZ)>>ﬁ<%-—u)z‘”4

R_/J‘ Z_/J'

2 *F(z) — R*F(R) > 5(% — 1) <T - 7) if z>R

= z > 200R implies

PR Clud ) P
24
F(z) > a12" — A, Vz

(Mountain pass in Rabinowitz)

I[tv] < Cot® + A|Q] — ay /t“]v|“ dx
Q
— —o0 for t — o0

By MP Ju # 0 with (I'[u],v) =0 Yv € H
= /Vqu—i—muv —flwv=0  Vove Hi(Q)

this is a weak solution

— Regularity;
— Is the weak sol. a classical solution?
— Positivity of solutions? B
— Is it true that the solution € C'*(Q)?
Regularity:
—Au=fel? (Q)=uecW>Q)

loc

x comp. supp — A(xu) = —xf —2VxVu —uVy

—Au = f(u) € L*?
[ 1uroc
1 11 1_2 . d
2 o d p d'P 73
_d d+2
P9 P=y

Theorem. Let f be as at the start at this lecture
—Au = f(u) weak solution in )

= u € Wl(Q)
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Q' 4+ he, @

1 -
7 (u(z + heéy) — u(x))

N %(f(u(x + hé3)) — f(U(x)))

sup || vn || < 00
|h|<e

vp(z) =

/Vth(¢2yh) = /%(f(u(qu hé)) — f(u(x))>¢2vh dz
[olvul <2 [ 69ellulvu,

+ C/(l + |u(z + he) P + |u(x)]p_1)|vh(x)|2q§2 dz

/cb |wh|2+2/|v¢| o+

=3
L 1
([ ute b))+ @) ) (([lomPr)” = x
2m < 2*
(p— 1)m! < 2°
27 d
m’—d
2
d ? 2d
S <2t S
=135 <2 =7
4
e —
P=i=0
d+2
p 1—2 vi
0<9<1

/|¢v ) < ([ 19mR) ([ 1onk)"
/\vh| dw<C/|Vu\2 dx

Q Q

sup / (Vup|? do < oo

|h|<e
Ql
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Ma 142 5/1/2003

Sogge’s Estimate:

1_2 2 ,2d
| Hef Nl sinS COL+ B f llagsiy = =
th
k=
(Hj, = orthogonal projection onto k™ spherical harmonics, k& > 0)
(—Aga1Yy =k(k+d—2)Yy)
Carleman:
. r 2d 2d
[MEZET ||Lg’(Rd)§ Cs || |z[7"Au ”L‘I(Rd) 4= dr2’ q = d—9

d—2
> i -
T2>0, d1st(r,Z+ 5 )>6>O
ue 0 (RN{0})

comp

Proof. (Using Sogge)

r=e, —co<t<oo, wesS?

d—1 1 1 1
A:af+—ar+—2Asd—l 5 0T:—8t, 872,:—2
r r r r

A=e 0} +(d—2)0 + Agar] , dz = e dt dw

1
2

0% — =0,

-7 _ ,t.,-d‘# _ —tT %t
[MEZET HLq’(dx) =|l e U HL‘I'(dt dw)_H e €z u HLq’(dt dw)
_ 442,
I o7 Au [[rogay =l e = e Qu [pa@awy Q=0 + (d—2)0, + Aga
_(r—a=2 ? 4 d—2
le |,y <Clle ™ FQu L,
: —tlr—452) () Ur—452)
lullyy <ClIQully, where @ =e Qe
W ’

supp u(-, w) is compact, so (there u suddenly becomes f):

inL? Fourier and inv. Fourier (basically 8,_, = ¢(t=5))
|
ftw) = (Hef(t,") =5 / /Z Hyf (s, ) (w)e™" =P ds dn
k>0 o k>0
—t 7—_7 tin+71— ms
(@-D)(tw) = 5- //Z T EIQY(Hef (5. ) (w)e 17T s dy
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+ (d —2) <in +7— %))ka(s, w)e " ds dn

/ / Z (in+7)° (k + %)2)ka(s,w)ein(t—s)d8 dn

k>0

—00 —00

Q7' Nt w) = (T,f)(t, w)
/ / Z in+7+k+ d_> -1 (z’m —k— %)1%(3, W)= ds dn

o o k20

Need to show || 7. f HLq/ <O fllee,

| T £ ||qu</2|mwtsr||ka< Y,y d

k>0
Sogge
< /mes WA+ k)3 || £(s,) llg ds  where

k>0

_'”7(t s) dn

my(7,t,s) = L (note: ‘Tﬂ: (k + %)‘ > 0)

2w/<zn+7+k+%><m+7—k—%

— 00

so [mi(7,t,8)| S (14 k) Pexp(—|t — s| — |7 £ k + &2) by a residue calculation. So

d 2
I T27() D < c/z (4K F exp(— e = sl|r k£ S| | £Gs) g, ds
k>0
¢ [ cstt=sl 4 150
<Cs || fllee, by fract. integration
[
Derrick-Pohozaev Identity:
We have
d+ 2
—Au+mu = f(u) = [uf’tu, m >0 1<p<d—+2 (%)

Proceed formally in R?
1
Tu) = /{;w? + Sl = Fu)} da

has crit. point at «
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d
%I[UT] ‘7‘:1 = 0

1
Iu,] = rd/{§r2|Vu|2 + %\UP — F(u)} dx

ur(z) = u(rx) , so

d d-2 , d [ - o
o TZl[[ur] =——3 /|Vu| ~ 3 /mu +d/F(u) =0 ( = Derrick Pohozaev)
Also, we have [ |Vul? + [mu? — [ |uP™* =0 (integrate (x) by parts). So
d d+2
0—(m—— /|Vu|2 ——§>m/u2 (<Oifp>dj20rm: )
So if

m>0 & p> &2
P = a= =>Uu =

m>0 & p> 2

Now, what about in a bdd domain €7
Proposition: Let Q be bdd domain in R¢, star-shaped w.r.t. some interior point. Let
u € C?(). Solve

{ —Au+mu = |[ulPlu in Q

u=0 on Jf2
pr>3+§,m>0 orp>9 d+2 ,m >0, then u = 0.
Proof.
/(—Au + mu)z,;0;u = / [u[P~ ux;0,u ®
| summed over [, j
0 0
/—Auxj(?ju = / 82%8 u+ /(8ju)2 + Oiuz ;05w % =v-Vu
Q o9 Q
v = outer norm
S S N S 2
OuxjOju= [ x; -—|Vu| 5|7 Z|Vul® — 5 |Vu|
Q Q o9 Q
ou <
/— / 7| Vul?
on
o9 o9
So

/— u:v]au_——/ 7| Vu|?* + /|VU| 2d
Q
. d
/uxj@ju:/ 0; u —/$-V§u2—§/u2:—§/u2
Q Q

o0 Q Q
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—+1
/|UIp_1um8-u: /x.a <|UIP _ /MPH
V) 77 p_|_ 1 p+1
Q Q

So ® is
2 4 2, md p+1
/qu] /:EV|VU|+2/ p—|—1/||
and
/|Vu]2+m/u2:/|u|p+l
d—2
(——— /|Vu|2+m 1>/u2§0
Q
because £ -7 > 0 if 0 is the “star” pomt O
Variational approach (for p < d+2).
d+2
—Au+mu = |uff'u inQ p < ﬁ
u = 0 on 0N N

Bl = [ 5IVul + Za

p+1/|u|p+1

Step 1: inf{E[u]lu € Hj(Q?) , Glu] = 1} is attained. Let {u;} be a minimizing sequence
in H}(Q) = uj — ueo in Hy(Q). So uj — Uy in LPTH(Q) (since p+ 1 < 2%) = Gluw) = 1,

Elus] < inf Efuj]. So us is a minimizer.

Step 2: u. = (uy + €U)(h(€))_1 where (h(s))p+1 = Gluwo + €v]. Then Glu.] =1 and

0= di€ s:oE[ue] - dig szoh(5)72E[uoo + ev]
= —2h/(0)1(0) Efttoo] + (E' [t v)
(G’[uoo], 'U> /
_ _QPTE[UOO] + (E'[use), )

So

2
/VUOOVU + Mo = —— Etg] / oo [P oo
p+1
—_————

S0 U4 is a weak solution of

—Au+mu = AuPlu in Q
u = 0 on 0f)
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Step 3:

1
u=A"uy for f=———= —Aut+mu = |uf'u inQ

p—1 u = 0 on 02
Suppose Uy, = ul, —u,, where ul # 0, ug #Z 0.

1= Gluy) = aTIG[%] + o/iHG[@] (a’s s.t. the G’s are 1)

(O o

Flus) = oﬁE[%] + QZ_E[%} > (o + a?)Eluc)

(Uso is minimizer)
oy a_

Here 1 = o4 + o and 0 < ax < 1= a2 + a2 < 1 = contradiction.

Now ul, =0 or u, =0 (assume uq, > 0)
Assume p > 2 = uy, € C*(Q)

—Algo + Mg > 0
By strong max principle: uy, > 0 in €2
Evans — Ch. 9 = u, radial

So we have a solution u., > 0, radial (same for u).

Ma 142 5/13/2003

Solve —Au + mu = g(u) in R?.
m >0 ¢ nondegenerate (g # 0) subcritical (Derrick-Pohozaev)

d+ 2
/()] S 1+ Jufr? l<p<i”

d—2
G(u) = /g(v)dv
0
G(u) > %mzﬁ for some u > 0

G(u) = 0(u?) as u +— 0

] = %/|Vu|2

1
Viu] = /(G(u) — §mu2> dr  functionals on H'.
|G(u)] < eu? + Co|ulPt? by Gagliardo —N — S

We know that || u ||, 1< C || Vu |[37°| w || for some 0 < 6 < 1.
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Theorem. A = {u € HY(R?) : V(u) = 1} # 0 and I = inf,eqI[u] is attained at
some uy € A which is radial, non-increasing and non-negative. Moreover, I\ > 0, s.t.

—Au = \[g(ug) — mug) in the weak sense.

Corollary. d = 3 ® has a classical solution (€ C*(R%)) which is positive, radial, and non-

INCTEasing.
Proof. u(z) = ug(A\"22)
—Au = —)\’I(Auo)()\’%x) = (g(uo) — muo)()\’%x)
= g(u) —mu = f(u)

Recall interior regularity theory = u € HZ (R%).
Idea: —Adju = f'(u)0ju

/V(‘)ju - V(2%0; - u) = /f’(u)(?ju.xQ(? u

[evou <2 [xvadvosull + [ |7w) o
——

14|ulp—1

1 p—1
< Z/Xzyvajuﬁ+4/|va:|2\ajuy2+c(/(1+ a5 ) B

/IXa ) &

~
S,HUHHl

Schauder estimates = u € O

loc
[A%0]o < C[Ag]a if ¢ € CF
T AN
In harmonic analysis compactly supported
last year
In order to get rid of the compact support assumption — extra technical complications.

We know u is a radial, non-increasing & u > 0.

Suppose u(xg) = 0 for some xy = u(x) if |z| > .
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_Au—f—mu:q(m)\zi/ q(z) = ()
—Au>0 I -
(" —q u

If u =0 anywhere = u =0
Proof of theorem

1) A # ¢ we know pp = G(w) — 3mw? > 0 for some fixed w > 0.

(z) = wif [z < R
7Y wR+1—|z))y of |z| > R

V[u] > CypsR* — CR¥™' > 0 if R large
Viu(e)] =0 WV (u) =1
2) Pick a minimizing sequence {u,,}
Iup] \ Iso Vu,] =1

make u,, radial and decreasing. More precisely, let v, = |u,|*

[Digression: decreasing rearrangements, wedding cake principle . ..

Viun] = Vlun|] = V[]un|]

2

| Rz
/|wn| :/\wunu = /}V|un|*

Lemma. If f € H'(R?) = |f|* € H and [ |V|f|* ? < [|Vf]?

Proof. (Lieb)

fig1h > 0 measureable = //f(x)g(x —y)h(y)dx dy
Rd RA
< //f*(x)g*(x —y)h*(y)dz dy

Rd Rd

g(x) = e T g(€) =™
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fo € L2Llg) = / o = [ @)Wtz ~ y)da dy}

/|¢| L) de

<7'rt§2
If fe H!
LifT = L]
e l? DCT | | Fatou
aofivie o f1vrr
]

WLOG Uy = Up sup || up [[g1< o0

2 1 2

L* part 1+§/mun < /G(un)

§5/ui+CE/|un|2*§5/ui+CE/|Vun|2

WLOG Uy — Us 0 H?

Uy — Uoo 1N Lo forany 1 <q¢<p+1

Up — U A.C.

Ius] < lim Iu,] = I

/Gun H/Guoo

Need to prevent the bulk of U, to dmsh off to oo.

Lemma. Let f € H'(RY)d > 3 and radial. Then 3R = R(d) > 0 and a continuous function
F(x) s.t.
F(x) = f(z) for a.e. |z| > R and |F|x|‘ < C’d|x| || fllm

=0

e

lim | / (G() - Gl)| < lim [ 166w - Gl

[*|<R

w21 [ (G4 [ [Glu)

|z|>R |z|>R

<esup || uy [3<eC
n
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1 = lim V[u,] _hm/ () ——mu /G Uso) — —mhm/

< V)
If Ve >1  Vuse(o)] = 07V ]us] = 1

Tuso(0)] = o@D - Tuge] < I
Vit =1, us € A Iuse) = Io

Ma 142 5/15/2003

—Au+mu = g(u) inRY d>3. ®
m > 0, g odd, g € C*(R).

=['g 0 ) dv satisfies

1
G(w) > §mw2 for some w > 0.

G(u) = o(u?) asu— 0.
] = /%\vuﬁ, Viu] = /G(u) _ %muz.

Theorem. (Bereslycki-Lions, ~ 80)

Let A = {u € HYR?Y) ; Vu] = 1}. Then inf,cqIu] is attained at some u,, € A
where uy, s radial, decreasing, nonnegative, and AN > 0 s.t. uy is a weak solution of
—Au = A(g(u) — mu).

Proof. We found the minimizer wu,, as a weak limit in H! of the symmetric, nonincreasing,

rearrangement of some other sequence of minimizers. [[uq] = I, too > 0.
V[(uso +€0)(0(e))] =1 =0(e) "V ]us + 0]

dia‘ s:OI[(uOO + €(Z)) (0’(5))} =0

Viw+ ev] = Viw] + e(V'[w],v) + o(e) .
———

/G(w +ev) — %m(w + ev)?

= Vw] + /(G(w + ev) — G(w)) — emwv + O(e?) .
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= V[w] + 6<V,[U{]_’v> +/(G(w +ev) — G(w)) — eg(w)v) + O(?)

J(g(w)v—mwv)
with

‘/G(w +ev) — G(w) — eg(w)v|

\// Glw + etv)dt — eg(w)o]
< / [latw+ o) = g(w)lefolds de

ORd

///]g (w + etsv)|e*t|v|*dx dt ds

0 Rd

< e /(1 P £ o) f2 < Ce?

R4
v,w € H' — LPTHRY)
— L**(R?) — L*(RY)

For |w|P~!|v|?, interpolate by Gagliardo - N-S.

0= Ll +20)((0))]

= %{600(5)2_‘1[[1000 + &g
o’(0) exists because — do’(0) + (V'[us], ¢) = 0
wn.{ 70 (0) + (V'fusc) 9
= (2= d)o"(0)] [uco] + {I'[ucc], §)
= (l'ux) @)= A (V'ux], )

I
422 Tuoo]>0 .

And then rescale

— Atog = A g(tioo) — Mte)
to get — Au+mu = g(u)

Decay lemma for radial H' functions.
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Let f € HY(RY),d > 3, be radial. Then f(z) = F(z) a.e., where F is continuous away
from 0 (Jacobian factor, f is actually Holder sth along rays by Sobolev embedding), and
[F(@)] < Clae 3" || f |l for 2] > R(d).

Proof. Assume first that f € C§°. m = %
d
dr

(rm f(r) £ (r)

(rmf(r)* =2
(G F0)) + ()

IA

T

Integrate / :

0

2

(1) < [ {50 ] do
+ / p*" f(p)*dp

0
r r A

_ 2m r/ 2m—1 ¢/
—/ptﬂm@+my/p 7o) Fodp
0

0

+m? / P2 f(p)? dp + / P f(p)dp
0 B 0 ,
<IfI1%,4
r 1 , 9 _1 " 2m—1
A:/PQm_1§<(f(P))2> - /p2m_2f(p)2dp+r 7/
0 0

(no contrib. at 0 because 2m —1=d—2 > 1).

@wwﬁscwm;+@tum—mﬁ/WHﬁ@+WMﬂmf

=m—-m?2<0 0

P (1= )R <O S I

Approximate H! radial by C*° radial. U

Recall the main corollary: ® has a C? solution u which is radial, nonincreasing and

positive. Moreover, u decays exponentially, Ve > 3C. : |u(z)| < C.el-vm=olzl,
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Proof.

Recall Schauder estimates, 0 < o < 1
[D?gla < CaalAgla Vg€ CF
= [D%u), < o0
—Au = f(u) a.e.
Observe that 0;u is a weak solution of
—A(@u) = f'(u)Ou
N

S

HI(RY)
(an

loc

because u € { and decays by the lemma
————

€L2(RY)

= Oju € HA(RY) = u € H3(RY) & ote
In order to apply Schauder, mollify,
Us = UK T
—Au. = f(u) *n.
—A(xue) = X(f(u) * 775) — Axu. — 2V xVu,
[D%(xue)la < Clx - (f(w) xn:)], +C - [Axucla + C[VX Vo -
Note that

sup [x - f(u) 7], < oo
1>e>0
sup [AX - u]a < 00
O<e<1
sup [VX . Vus]a < 00
0<e<1

= sup [DQ(XUE)L < 00
0<e<1

xu € H? |D?(xue)(x) — D*(xue)(y)| < Cle —y|*
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D (@)~ f DA(xuy) dy < O(1L -+ o)

B(0,1)
NS >y
vV

1le—0

f D?(xu)(y) dyby LDCT.

B(0,1)
{D?(xu.)}eso is locally uniformly bdd
and equicontinuous

D*(xue,) ﬁDQ(XU) a.e.
= is C?
Actually D?*u € C%°

Decay: —Au — U=
g(u(x))
V) =4 " u() if u(z) #0
0 else.
g(u)

Hu = —-Au——=

Apply Agmon. V is continuous and V(x) — 0 as |z| — oo, and
lim sup |[V(z)] =0.
R—oo |z|>R
(use u radial and g(u) = o(u) at the origin).
/ e2VT=2)lal ()12 < (L

R4

Back to NLS: |
00 + 500 + (WP = 0

¥ =0 on 02 x [0, 00)
Yv=u,t=0.

(1) = e u(a)
N _TQQU—I—%AU—F]C(Ug)UZO
u = 0 on 0f2

e.g., f(u?) = |u|*, focusing case,

O<o< 4
O‘ [
d—2
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Stability of solitons.
L a? )
D(t, ) = u(@) (1 + er(t, ) + O(e?) ) ' T Hresta)+0(E)

(Heuristics here)

i 2

. 2 sa“t
= (u+¢eru +ei su +0(e?))e?

w v

— Find estimates of boundedness on v, w when initially of size O(1).
Answer: stable for od < 2, unstable for od > 2.

Ma 142 5/20/2003

0+ S+ WY =0 (orwith F(WP) o<

Y(t,x) = eia;tu(x;a)

042

1
—Gut §Au +u* =0 (or with f(u*)u)

u < 0, radial, etc. (in d = 3)

(a+1)i

; (0 <o <o) solves on R:
coshv (o)

d=1 &f(u) =u = ¢(z) =

¢ =6+ 676 =0

Heuristic discussion of stability:

a2
Y(t,x) = u(z, a) (1 +er(t,x) + 0(82))el(THa/B(t’wHO(Ez))
o2
~ (u+¢e ur +ic uf )e'z!
2

1
0 =i(ew + icv) + Q(Au + eAw +ieAv) + f(|u + ew + iev]?) (u + ew + icv) — %(u + cw + iev)

~ [f(u?) + f(u?)2euw](u + cw + iev)

CKQ

1
0=—-0+ §Aw + fuH)w + 2 (u?)uPw — S
2

1
O:w+§Av+f(u2)v—%v



So:
w 0 L w . o
( 0 ) - ( Lo ) ( v ) with Ly = (=38 + % ) = f(u?)
Ly = (—3A+5) = f(u?) = 2f'(«?)
or
ﬂ}:—LOLlw
Q'JZ—LlLQ’U

Lou = 0 = wu is e-func. of L.

o(Ly) = [%2, o0) U {e-vals belowa;} (since f(u?) is rapidly decaying).

Ground state of Ly is simple and positive (and orthogonal to u if different from w). Since
u> 0= info(Lg) = 0 and u is the ground state.

Theorem. H = —A+V and V(z) — 0 as |x| — oo. Assume (Hf, f) < 0 for some
f € Dom(H) = H?. Then 1|nf (Hf, f) is attained at some fo > 0, || fo |o= 1 and

1£112
feH?

(H fo, fo) = Ao < 0 is a simple e-val.
Proof. (Sketch):

(H fa; fa) "\ Ao &N falle=1) yepm

[Ivnl v =10 L s | o< o
So

fn—>foo& fn loc }(Fatou)/f2 <1& / Vf2—> / Vf2
& - S lz|>R |z|>R
Unit in n. -
Claim:
lim sup / f2—0
! |z[>R

Proof. Let

7oy In(@)x(@/Rn)

folx) = ——h /f>5>0forsomen—>oo

|z|>Rn

1) 2 17 [{I90Pe () = CRALE= IV ot 1} ete
Actually
| foo len< Lm || fy [
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Since A\g < 0 =|| fx |]2=1 and f is the minimizer. So

Lo >0 & Li0,u = —au (from 0,(Lou(-; ) = 0)

Exercise: Show that A is self-adjoint with Dom(A) = H*
Lév — Cycos(VAt) gy + C sin(VAL)

If 0(A) C [0,00), then “stability.” If not, then “instability.”

h

1 1
ol (LSg | LEg) _ . (BILh)
gett (glg) — oert  {glg) neriz (bl L' |h)

Since Ly > 0, the question is (h|L1|h) § 0 for all h € H% h L .
Ly(0;u) = 0;(Lou) = 0 = 0;u is e-func of Ly with e-val 0.
In d =1, we have ¢’ having 1 node = there exists unique negative e-val.
In all d expect KerL; = [0,u, ... ,04u] and there exists unique and negative e-val.

Solve variational problem }1LIL1f (h|Li|h) (minimizer hy and (ho|Ly|ho) = f.
Iifla=1

So Lihg = au+ Bhy or (L1 — B)he = au

We know [ > g (= negative e-val of L;). Assume (3 < 0.

First: 3 # uo (otherwise h is unique “positive” ground state of L1 = u L hy ==<)
So: 0> 3> g = a # 0 (because we claim o(L1) N (1o, 0) = 0).

ho = L(Ly — ) 'u
0= (ul(Ly — B) " u)

Let w(A\) = (u](Ly — \) " Hu) =
w(A) — —o0 as A | po (because u > 0 and ground state of L is > 0).

W(N) = (ul(Ly = \)2Ju) >0

| L10qu = —au
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_ 1
w(0) = (| ) = — (. 000) = 5 |3
w(0) > 0 = instability

w(0) < 0 = stability

1
u(z;1) = g solves — g + §Ag F g2t =

1 m _ 9xm /(9 204+1\ 2<amg> m _\20+1 _ 1
2A(a g(az)) = (2—9 )—a 5 — (a™g) if m=

Q

So

u(z, o) = v glaz)
0 s 0 2y s | >0 if 2>do (= (<0
5o o) B=gmad= o8 { 20 £ 320 2550

Ma 142 5/22/2003

Last time H = —A+V (Hf, f) <0

{fad 1 falle= 1 (H fo, fr) N\ Ao <0

fo = foo i HY fio = foo Lie || foo 251
Claim 1%5%0 S?Lp |f2]? = 0 otherwise then

|z| >R

In /' R,/ / Ifu?>6>0

|z|>Rn

- &)
) e T

supyx C B(Qg)

17 = [ 3I9RP+ 5V

IN

1 (1., 1 1
- [z - N=— 7
s [ BIVAE SV OW) = 1)

Ao
1—-90
Theorem. (Weinstein '86) do < 2

g(-a) the ground state, i.e., —%Ag + %29 — gt =0

=

<A <0

g > 0 radial

e>0 36>0 s.t

Vip € H st || ¢ — 9 +9) || jn< §
then sup, 17n§ | () — 90 ) || < e
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where
{ W0 + AU+ Y27 =0
w‘t:O =¢

Proof.
O ={e"f(-+y):7€R yeR}
p(0),0,) = nf{|| T — €7Vg(-+y) 5 +a? | & — gl +4) [3)
O

Exercise: Check that 3y = ~(t) y = y(¢) continuous such that at those values. inf is

attained.
w(/t,)
eyt —y(t)) = g +ult,-) +iv(t,-)
min(a”, 1) || w(t) [ < p((t), 09) < max(e®, 1) | w(t) |5

action U= [ 5I957+ 5 = P e
Fact 1) ('lg] =0

) Clo(®) = clo) = M) + 5 [ 1w

(¢'lg], h) = /%QVQ -Vh + %229h —2¢*h =0
3) 3¢[0] = ¢[¢] = Clg] = ¢[e™"Vo(- — y(0))] —¢lg] < &
6¢w] = Clg +w(®] = ¢lg] > Coll WE) i —CU W () 2 1 W HI%)
RAIW ()l 1)

= [|W(t) [[m<e

Clg +w] = ¢lg]
|g|*+?

1 2 a? 2 1 2042 1 0, 0%
—/E\V(g+w)| + g+l —U—H|9+w| —/§|V9| + gl T or1

greal w=u+1w

1 0[2 20+
= §2VgVu + 72911 — 297" u dr+
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o =1 non-linear term
lg +wl* — |g|* — 4g°u
= g+ ul* +v* +2(g +u)?® - ¢* —45°u
Y Y [ 9
= 6¢%u? + 4gu® + ut + 2¢%0* + dguv® + 2u0? + o?

1 2 o’ 2 ) 1 2 o 2 29 3 4
= [ GIVuP + S = 32) + [ (GIVul+ So? — g??) 1O w I Hhwld)
(Lyuu) (Lov,v)

(Lyu,u) + (Lov,v) = C( w 130 + | w lI31)
A o A a?

Lo=—24% o L =—2 4% (142)"
0 2+2 g 1 2+2 (1+20)g

Find the constraint on ~v(t)y(t)
| Vi —e"Vg(-+y) I3+ | ¥ —eg(-+y) I3
=V ls+lel3+1Vals+e® gl
— 2Re[(V, €7V g(- +y)) + a* (1, e7g(- + y))]

%Re[ ] =0=Im[(Ve,e"Vg(- +y)) + (¥, e"g(- +y))]

— Im[(Vg + Vw , Vg) +a?(g +w,g)]
= (V0,Vg) +a*(v,9) = (v,—vg + a’g)

~ 20,71
0 dg
Re[--]=0= [ ¢* =% -u=0
Ay o) /g % !
Lemma. Yv L ¢***t = (Lyv,v) > Cy || v ||3n Co>0

Proof.
(Lov,v) >0 Vv e H?

fien}fl(Lofa f)=08>0

| fllo=1fLg*" fn minimizer sequence(Lo fn, fn) \ Bo
if Bo=0 Vn > 0 small

1 2 o 2 2 2
[ 31902+ SR < [ @10+
R f— fu L2 ac / fool? < 00

(0%
:>—</92“\foo\2+n:$foo%0



Fo_ foo
e =TT

1 920-1-1

<L0f~oo;f~oo§0 = <L0fm7fm>zo

foo € kerLy = span{g} =< = fo, L g%*!

= (Lov,v) = Co || v ||§

positive function

(Lov,v) = (1 — 0)(Lov,v) + 5/ Vol* + /\0\2 /92"]1)\2

0 small 197+ | oo - 5<—1—

> Cé/|Vv|2+5 /|v|2

Ma 142 5/27/2003

Weinstein’s orbital stability theorem (~ 86)
Let g = g(x; ) be the ground state of

2

1 o
—589+59-9

20+1 — O
2
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a2
Suppose do < 2. Then the soliton Wy(t,z) = e 2tg(x; ) is orbitally stable: i.e., Ve > 0,

30 > 0 s.t.
if ® : 1nf | e?é(-+y) — g ||lm< &, then
yERd
P / I Ut +y) =g llm<e
R
yeR?
where
iU 4 AV + [U270 =0
\11|t:0: ¢
Proof.

r={e"f(-+y)|y €Ry e R}

p(¥(t), g) == iglj{l! OVU(t,-+y) — Vg |2 +a? || €20(t, - +y)

-gl3}-
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Check: Since ¢ — U(t) is H'-continuous, Jy(t), 6(t) cont. so that p(¥(t),g) is attained at
y(t) and 0(t).
Let

ew(t)\ll(t, A+ y(t) = g +w(t) = g+ u(t) +iv(t)
:>/g2"+1vdx:0,/g%(%qudx=0,VlSlﬁd-

Action

<m:/{1|Vf|2 - —

- +—/|f|2

|f|2”+2}d:v

= ([¥(1)] = ¢[¥(0)] = (o
Ce)] = ¢le”u(t,- + y(t))}
= (g +w(®)]
6¢[w(t)] = ¢[¥(t)] - ¢lg] = Clg +w(®)] = ¢lg]
¢ (0)]
small

2 Crllw® 5 =Cwt) [ + [ w®) 15:)
@ >0

2
s=1,d=1 (A= [V I -5l
Cly +w] ~ Clg] > (Lov,v) + (Lww) = O w S + [ w |4)

1 1
H! H?!
Sob. emb.
1 o?
L — ——A - 20
0 5 + 5 g
Log =0

2

1
L= —§A + % — (20 + 1)g*

Li(Vg) =0, Li(dng) = —ag

= -g is the unique positive ground state of L

e Fact: KerL; = span{0;g|1 < j < d} and L; has unique negative eigenvalue zy < 0.

Lemma. (Lyv,v) > Cy || v |3, Yo L ¢** ™ (done last time)
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Lemma. (L, f,f)>0,Vf Lyg

Proof. Suppose

nf (Lf.f) =<0
flzg

Let fo, be the minimizer:

= Lifoo = Bifoo+ 029, o <P <0= B2 #0.
(Ll _Bl)foo 2529

Remark: If 5; = po, then f., is the ground state. If L; = f, > 0: contradicts /foog =0

as g > 0.
So

foo = Ba(Ly = 1)1y
= 0=w(A) = (9l(L1 — B1)"'|9)
where w(A) = (g|(L; — A)"t|g) for uy < A < 0.

So

Ww'(A) >0
= w(0) >0

w(0) = (1L g)

as g L KerL; = span{Vg}

1
— —Z{gl0,

a<g| q9)
-1y gl <0
T g 9l

>0 as do < 2
contradiction

Lemma.

3G >0, (Lif, f) > Ci || f15,Yf Lg and

flg%%,léléd.
a



152

Proof.

inf1 (L1 f, f) =1 >0 By previous lemma.
fed
flg.f1Vgg>
If13=1

Assume (3 = 0, = df, minimizer satisfying
=0
A~ - = oy
Llfoo = ﬁlfoo "‘529 + ﬁ3 : Vgg

(L1foss 9) = P2(9,9)
(foo L10;9)(L1 fs,059) = 53,;/@9920 ig

I <
0 Ajl

(A€, €) = /g%ﬁg Edr > 0 € £ 0

So 3 =0
Llfoo = 629
Q@
o B B
(foo,9) =0==—=(9,009) = P2 =0
o N —
<0
dg dg dg
O — (007 20’_)2 . — 20—_é_’:0
T Joord oxt S 959 ap €
foolg?7 Vg —_—
Vil
= foo = 0: contradicts || foo [2=1
So we get

(Lif, f) <Cul f 20
VfLlg, fLVg-g*

2
Laf.p) = [ SIVIF+ I = 2o+ g1
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If | Vflla<y ' f |2, you're okay.

(L1 f, f) > H FIIE+= 72 IV

IV =y f
Then

C
(Lif ) 2 5L 0) + S £ I
C
> 1 /IVflzdm+ 1= (G eo g l2) [1P+ S Ir1E

with v small enough so that
1

‘2>a2+(2 +1) | g I
— — o
47 5 9 |lso

Observation: It’s enough to consider ¢ so that

o ll=llgll2 -

®=|[lolla—1gl:f<0o
Take gy(z, @) := Az g(\z, @)

5 Agy — g7 = AN (5 (Ag) () — 7 () =
Nonlinearity:
2ol _y, 1
o o
= —/\}r}\2%2g()\x,a) = _()\(21)29/\(1:7(1)

So g)x('ru Oé) = g(:L’, )‘Oé)
1,2
g ll2=AA"= [ g |2
So 3\ close to 1 s.t. || ¢ [l2=] Azg(\:) ||z
Assume we've proved theorem for || ¢ |[a=|| g ||]o. That is we've changed g to g, for A

small. But || g — gx ||z small = OK.

Lemma.
(Lyu,u) > Cy [l u|[Fn =C(| w [0 + || w(®) [I30)

with u(t) as above (plus L?- preservation)

Proof.

Fg l3=12) 15 =l g+w®) [3=1 g +u®) 5+ [l v(®) I3

=l g I +2(g, W)+ [ w |I2
1 2

= (9,u(t)) = =5 [ w(®)
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u(t) = u”(t) + UJJ_(t)
(wlog | g l.=1)  uj=(u,9,)g-
(Liu,u) = (Lyug,uy) +2(Lywy, uy) + (Lo, up) -
~———
>Clluyl?,
(as gLg?*Vg=>u, 1g*>*Vy)
(Lauy ) = (u,9)*(Lrg. 9) = ¢ || w(t) |1
possibly negative

(Lyuy, ur) = (u, 9)(Lrg, u) — (u, 9)*(L1g, g)

1
> =5 [ w®) 51l w() llall Lig o —c [ w(t) |2

~lw]?

A

Fus 7 =l v = (u,9)g =l w i —2(u; 9)r (u, 9) 22 +(u, 9)* || g Il




