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Motivation for this talk about the linear Schrodinger
equation: NLS with initial data = sum of several
solitons (plus some small perturbation) which are
far apart and do not approach each other at later

times. We address the asymptotic stability problem:

1
() O+ SAY+ B(Jw]%)y =0

in R%, d > 3. Initial data

k
Yo(z) = > w;(0,z) + Ro(x).

J=1
Here w; are solitons

wi(t,z) = w(t,z;0;(0)) = Wil p(z — 2;(t), a;(0))

0;(t.2) = 0;0) -z~ (o (O ~ a2(0))t +(0)



It is well-known that if ¢ = ¢(-, o) satisfies

1 o? >
(+) 506 — 6+ B¢ =0

then w; satisfies (x) with arbitrary constant param-
eters 0;(0) = (v;(0), D;(0),v;(0),a;(0)). Solutions
of (xx) are known to exist under suitable conditions
on 3. We need the nonlinear stability condition
(Oa, ¢) > 0.

Theorem 1. Assume separation, nonlinear stability,
and some spectral conditions. Then 4 ¢ > 0 such
that for Ry satisfying

S
k
E : IV*Rollj1q72 < €
k=0

for some integer s > %, there exists a path o(t) in
R2d+2 sych that
k d
|6 = X wilt, 05| _S(L+6)72
j=1

ast — oo. The parameters o;(t) converge ast — oo.
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The proof is perturbative. Linearizing leads to the
system for R = (%) (R = R(t) = perturbation)

1
In 0

k
) z'até+( ‘ _%A>§+ZIW(t,-—v}t)§:F
]:

R|;—o = Rp, where

e U, are distinct vectors in RY (not the velocities of
the initial solitons)

° Vj are matrix potentials

vitto)=( . U@ —e 0 Wj(a) ,
J o—10;(t,z) W;(z) —~U;(x)

o 0;(t,x) = (|v} 2 + ajz-)t + 2x - U + 4

° Uj,Wj are exponentially decaying

e I’ contains all the rest: interaction terms between
different solitons O(w;w;) for i # j, fully nonlinear
term |R|P (at least for nonlinearity ||P~14), mixed
terms, terms due to difference between straight
path and time-dependent path (better considered as

a small potential that perturbs the left-hand side).
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Each moving matrix potential in (1) has a stationary

counterpart

1 1 2
o= (22725t W
J 1% —50 + 505 = Uj

via a modulation and Galilei transform. Scalar

Galilean transformation:
. |U 2 . .
(1) go.p(t) = e~ 1'3 teminvi(D+to)p

where p = —iV; analogue of x — x— D —tv, p — p—wo.

Vector-valued version

fl) _ <gvj,0(t)f1)
f2 gvj,O(t)JFQ
Suppose S;(t) solves i0:S;(t)+ V;(t,-—t7;)S;(t) = 0O,

Go; () (

S;(0) = Id. Then
S; () = Gu, ()T M (1) Le™ i M ;(0) Gy, (0),

where for some linear function w;(t)

iw;(t)
e’ @)



Our goal: Prove L1 — L[ estimates for the sys-

tem (). Obstacle: “Traveling bound states”.

o If Hytp = Evp, then etHeq) = By and R(t) :=
G, (1) "I M (1)~ eEq) solves
. 1A 0 L,k .
i0:R + ( 20 N ) R+ ) Vi(t,- —vjt)R = o(1).
2 j:l

So need to impose the condition that
Go,(t)My(t)y(t) has no component (relative
to a suitable projection) on the eigenfunctions
of H]

e Note that Hj IS not selfadjoint. It turns out

(because of symmetries of the nonlinear equation)

that H;

] has a nontrivial root-space at zero:

Hiyp = ¢ #0, Hi¢p =0. Then iy =y 4 itp. So
we do not even have L2-boundedness here.
e spectral issues related to systems will be discussed

later in more detail.



Start with the scalar homogeneous case in Rd, d > 3:

(5 0w+ 500+ [Vi+ Val — )]y = 0.

Graf proved asymptotic completeness of these
charge transfer models around 1990 (more on this

later). Here V; are nice enough so that

e . _d
(JSS) || @AV pE| < C2lIf N,

1—Pj —orthogonal projection onto the bound states
of A+V;. Estimate (JSS) was obtained by Journé,
Soffer, Sogge. For () with evolution U(t) define
Yo € L?2(R%) to be a scattering state if

(1 — P1)U()yoll2 + [|(1 — P2) gz(t)U (t)3ol|2 — O.

Theorem 2. For such g one has the decay

U@ %ol 24100 S ™20l 172

Here (t) = (1 + t2)—% and L2 + L>° = (L1 n L?)*.
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Norm in L? + L is || fllo40o = inf{llf1ll2 + || f2llcc :
fi+ fo=f}
Two easy estimates: (1) Decay for a single small

time-dependent potential: Ho = A,
| | t |
ctH — jitHo +Z/O ez(t—s)HO V(S>618H ds

: d
Clearly, [[e0f]loqo < Co(t)2||fll1n2. Assume
) d
that e fllogoe < C1(t) 2 |fll1n2- Then from

Duhamel (for times ¢ > 1) with sup, ||V (s)||l1neo < €

d .
)2 [|e™ fllodos < Collfll1n2

d rt—1 _d _d
+02[ " Colt =572 [V()l1r2 C1 (s) "2 ds|| fllara
t

+®2 [ IV(loorz C1 ()72 ds [ fll1012

d [l _d
+(1)2 | Colt—s72 V()2 dsIf ]
< |Co+ (1 + Co)Chel lIfll1ne.
Thus if € small, then C1<Cp. This argument needs

d > 3 also for non-technical reasons: In dimensions

d = 1,2 small potentials can have bound states.
e



(2) From local decay to global decay (Ginibre):
Before J-S-S both Rauch (exponentially decaying
potentials) and Jensen, Kato (power like decay)

proved estimates of the form

(LD)  |lx €™ Poxflla<) 2 1£l2

for some decaying weight x. Let Ho = 3A,H =
Ho 4+ V:

( 3 ) ez'tH P.

- t . _
ethOPC +7“/O ez(t—S)Ho VestPC ds
— eitHOPC _I_ Z/ot ei(t—S)HO VPC eiSH dS
. _ s ' .
(4) Pesto = pest - 7’/0 P el(s—TH v/ eimHo g

— P. plSH _ i/S ei(s—T)H P. Vez'THO dr.
0
Inserting (4) into (3) yields
: . t . :
pitH P. = o1t Ho Pc"‘i/O ez(t—s)Ho VP, ctsHo g

t rs . : :
_/O/Oez(t—s)Ho VGZ(S_T)HPCVGZTHOdT.



Apply the local decay estimate to the middle piece

of the last term:
Vells—mH py

with V playing the role of y. Conclusion: Local

L2-decay (LD) implies that

- d
| Pe fllo400 S0 72 1 fll102-

J-S-S removed L2 under the additional assumption

that ||V||; < oo since then

1 1 ~
sup |le7"22Ve2®| <Py,
1<p<co p—Pp

In the dispersive estimates for charge transfer mod-
els as in Theorem 2 one can remove L2 from the
left-hand side. This passage from local to global
proved to be very useful for systems, since one can
adapt an old technique of Rauch for exponentially

decaying potentials to the case of systems.



Proof of Theorem 2:

e for scattering states projections onto (moving)
bound states decay exponentially due to the expo-
nential decay of eigenfunctions of %A—l—v with neg-
ative eigenvalues (Agmon’'s estimate) and the ex-
ponential decay of the potentials.

e reduce to the dispersive bound for individual po-
tentials by means of a “channel decomposition”,

i.e., split evolution

U(t) = x1(t,)UE) + x2(t, )UR) + x3(t, U (%)

with cut-offs x1(¢,z) = X(ac/((St)), x2(t, ) = X((ac —
tﬁ)/(ét)). Use Duhamel to compare x1(¢,-)U(t) to
x1(t, )etH1 etc., where Hy = 3A+V;. One can fac-
tor in the projections P; for free from the previous

comment: if g is scattering, then

Ix1(t, )1 — POU®)wollSe™ o ll2-
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xX1,Xx2 at two times (first with one station-

ary potential, and then with two moving ones):
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As in the easy argument involving small potentials
we will use a bootstrap argument. The required
smallness for that comes from two sources:

e interaction between channels is small for projec-
tions onto small momenta (propagation estimates

or low velocity estimates). Easy: For fixed T, M

‘f‘liDT Ix e F(p| < M)x(- —y)|l2—n — O

as |y| — oo. Harder (also for H): If F(|p| < M) is
a smooth cut-off that vanishes when |p| > M and

a > 1 then
AN
Ix(Jz| > (R + Mt)) e 2 F(|p| < M)x(|z| < R)||2—2
< Cny(R+Mt)™™ forall N>o0.

e for high momenta one obtains a gain via Kato’s

smoothing estimate

A 1 . 2
su —N\)a et dt < Cr A|fl3
up | =aywets| L, dt < CrAIFIB

A on RHS needed: bound states of H.
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More details: e Decay of the bound states. Split

m
U(t)po =2+ 41 = ) ai(t)u; +1(t, )
i=1
where Hiu; = A\ju;, {u;} orthonormal. Project

)+ > A + [Vi + Va(- — #0)]p = 0

onto Uy

Since u; are exponentially decaying, and aj(oo) = 0,
we get |a;(t)] < Ce .

e Channel decomposition. With y1 = x1(¢,-),

X1 PLU(t)bo = x1e 1 Py
(A —s) Hy R
iy [ e PyVa(- — si)U(s)o ds
t .
+ix1 /t—A ez(t_S)HlPl‘/Q(- — s0)U(s)yg ds.
Treat first integral as in previous bootstrap argu-

ment, get small constant if A large. Second integral

more difficult. Expand again, but first project:
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t :
Y1 /t_A ez(t—S)Hlpl‘/Q(_ . Sﬁ)U(S)wo ds —
t .
xa [ ECIMPV( — s5)(1 = Pa(s))U(s)vo ds
t .
X /t—A =i py vy (- — s37) Pa(s)U(s)1ho ds.

Here P>(s) = g_z(t)P>gz(t). Integral with 1 — Py(s)
IS exponentially small. The second one is expanded
again by Duhamel = one easy term that does not

involve U(t) (we skip it) and another

t s . .
Xl/t A/O ez(t—S)Hlpl‘/Q(, . Sﬁ)g_ﬁ(s)eZ(S—T)HQPQ
Vi(- + 70)gz(m)U (7)Y drds.

Split integration into 0 < r7<s—B, s— B <71 <s.
The former gives desired small constant if B large.
For the latter use low velocity estimate (6§ > 0 small)

(f— . AM
[x1(t, e P (5 < MYVa(—s9)ll 22 < 5
V|t —s| <A (= small factor) and Kato smoothing.
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The remaining Kato term

t S :
xa | [ OO R(p > M)Va(- - s7)

g_5(s)e'C—H2p, vy (4 15 g (1)U (7)o drds

IS estimated as follows:

e Estimate entire expression in L2, get rid of
1 et Hip,

e Move F(|p] > M) through V(- — s?v)g_z(s), which
changes F(|p] > M) to F(|p — ¥| > M), and also
introduces the commutator [Vo, F(|p] > M)] which
has small norm

e Remains to deal with

o VoF(|p — 4| > M)el(s—TH2p
| ] IvaF(p = = M)e >
gz(T)V1U (7)ol 2 drds.

Apply Kato’'s smoothing estimate to evolution

: 1
e!(s—=T)H2 with cut-off V5. Gain small factor M~ 2,
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Asymptotic completeness of charge-transfer

models

1 k
() 00+ 5000+ 3 Vi~ i) = O
J:

goes back to Yajima (1980) and Graf (1990).

Review of basic scattering for A + V:

: _itH it2
Wave operators €2 :=s— lim e e 2
t—o0

exist by Cook’s method if |V (z)| < (1 4+ |z|)~17=.
Are isometries with Ran(Q2) C Hq.c.(H). If

—

AL
Q:=s— |lim e_ZtTGZtHPa.C.
t—o00

exists, then Ran(Q2) = Ha.c.(H). Asymptotic com-
pleteness means this and L2 = Hg.c.(H) + Hp.p.(H),
where p.p.-spectrum = finite number of negative
bound states. Dynamically: Vf e L2 3g € L? s.t.

: LA mo
ethf — ezt79 + Z eztEjgj + O(1>L2
j=1

where Hg; = E;g;, E; <O0.
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Suppose V is nice enough that 2 exists and that

one has the dispersive bound

tH 51 —d
1€ Py Fllo oo S8 201 Fll102
where Py is the projection onto the (negative) bound

states. Then asymptotic completeness follows:

>\ —itHy, it5 >0 its
[ e 1 Vetz flladt < [ IVIIaneolle™® fllo o de
o . _d
< [0l dt < oo

since d > 3 (Cook's method). Thus € is unitary

onto Ran(PbL), excludes s.c. spectrum.

Similar logic applies to the charge transfer
case. First, meaning of asymptotic complete-
ness for charge transfer models (in Graf's termi-
nology): Q = s — IimtﬁooU(t)_leit% and Q; =
s — liMy_ oo U(t)_lg_gj(t)Pb(Hj)eitHJggj(O) exist, and
L? = Ran() @@?:1 Ran(£2;) as an orthogonal di-

rect sum. Dynamically, one has the following:
17



Theorem 3. Let {us,j};g;l be the efs of H; = %A—l—

: : S
Vj, corresponding to the negative evs {\g;}.L;.
Then Yy € L? the solution U(t)yg of (x) can be
written in the form

ko5 | A
U)o =Y. S Ay jelthsi gz, (Hug j + "2 g + o(1) 72,
1=1s=1

for some choice of constants Ay ; and ¢qg € L?.

Write o (t) := U(t)yg. Project the equation via
Py(Hj 1) = Py(Hj,0)0(t) = Yol ag;(t)oug
where agz,(t) — Ag; as t — oo Let
lag, (DU (t)vs j — s u, illo — 0 and define ¢; =
Yo — z§:1 25;1 Ag jvs ;. Since Py(H;,t)Py(Hm,t) —
O one checks that P,(H;,t)U(t)¢1 — 0. Hence
Theorem 2 and Cook’'s method from above im-
ply that s — limy— oo eits U(t)p1 =: ¢g exists, at
least if g € L1 N L2. Hence U(®)yg = eit%gbo +

Z?:1 Zfil As ;U(t)vs j +0(1), and we are done.
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For the nonlinear applications we need decay es-
timates for charge transfer models with matrix
potentials. This requires estimates for single ma-

. 3
trix potentials: [|e®Psfllo400S(t) 72| fll1n2 (d = 3)

1 _
with 4 = [ 20tk +U 1 v , and Ps
W —sA—p-U

iIS a suitable projection. Matrix charge transfer
models require both Galilei transforms and mod-
ulations (see p. 3) acting on different A’s. Impose
the following spectral assumptions on A acting on
H = L2(R3) x L2(R3):

o U, W decay exponentially

e spec(A) CR and spec(A) N (—p,pu) ={wp |0 <L <
M}, where wg = 0 and all w; are distinct eigenvalues
e There are no eigenvalues in spec, q,(A)

e For 1 </¢< M, Ly = ker(A —wy)? = ker(A — wy),
and ker(A) C ker(A?) = ker(A43) =: Ly. Moreover,

these spaces are finite dimensional.
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e Ran(A —wy), 1 <4< M and Ran(A42) are closed.
e The spaces L, are spanned by exponentially de-
creasing functions in ‘H (say with bound e—¢olz]),
and their derivatives decay similarly.

e The points +u are not resonances of A.

e All these assumptions hold as well for the ad-
joint A*. We denote the corresponding (general-

ized) eigenspaces by L.

There is a direct sum decomposition

M M |
H = ZLj+<ZL§) >
j=0 j=0

and let Ps denote the corresponding (nonorthog-
onal) projection onto the second summand. It
plays the role of the continuous subspace from
the self-adjoint case. In addition to the previous

conditions we need the linear stability assumption

AP || < ClI £l

20



Under all these conditions we prove the desired

bound

: _3
(SysD)  [|eM Py fllo400 () 72| fll 12

by means of an old technique of Rauch, based
on analytic continuation of the resolvent across
the spectrum. This only works for exponentially
decreasing potentials. Cuccagna (2001) obtained
(SysD) without the L2 addition/intersection for
potentials with power-like decay by proving L
boundedness of the wave operators in this context
(Yajima’'s approach in the scalar case). Rauch’s
method is much more transparent, albeit more re-

strictive.
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Outline of the method: Laplace transform and in-

verse (Rez > 0 and d > 0)

0o .
/O et Ap e t2qt = —(GA-—2)"1P,
1 d—+100 :
——/ etT(ZA — T)_lps dr = eZtAps.
2wt Jd—ioco

Note: there is no spectral representation (unlike
the selfadjoint case et = [e®rAdE()N)), but not
needed for these formulas. Idea: Shift contour
in the second integral to the left across the spec-
trum of 1A which is :R. Price: Resolvent remains

bounded only in exponentially weighted L2. Rea-

e_‘wl\/E

son: (=A+2)"1(z) = pr=p

for z € C\ (—o00,0]. ToO

continue across the slit set z = CQ, Re( > 0. Then

e_|x|C
47 |x|

Re( < 0 has exponential growth. Let (E:f)(x) =

analytic continuation of (—=A 4 ()~ 1(z) = to

e—€l%l f(z). Resolvent identity 4+ analytic Fredholm

alternative = E.(iA— 7)1 E. (for some fixed £ > 0)
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extends as a meromorphic L2-operator valued func-
tion to the right of the following contour [,
with finitely many poles that all lie inside some

disk. The two points are +iu (we set u = 1).

T herefore shifting the contour yields

: 1
eZtAPS —_- etT(ZA — T)_lps dr
21 T,

+contribution from the residues.

Exclude the residues coming from the imaginary axis
by means of the following version of von Neumann’s
ergodic theorem: £ [d e~@teitdp dt — 0 as T — co.
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The proof of this result depends strongly on our
spectral assumptions as well as the linear stabil-
ity assumption. The contribution from the curved
pieces of the contour ¢ is exponentially decaying
in time t, whereas the horizontal segments give the
main contribution of |t|_%. The latter requires mak-
ing sure that the analytically continued, exponen-
tially weighted, resolvent is regular at the points
+iu. This is ensured since £u are neither eigenval-

ues nor resonances of A.
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