Energy growth for Schrodinger
equations with Markovian forcing
Burak Erdogan, Rowan Killip, W. S.

Consider the Schrodinger equation on T = R/2nZ
(1) i0pb(t,0) = —0g(t,0) + V (¢, 0)(t,0)

where V is a real time-dependent potential. One
has ||y (t,-)||o = const., but || (¢, )| gs can grow for
s > 0. For example:

V(t,0) = > dn(t)[rncos(d) + r),sin(6)]
ne
where rp, ), are i.i.d. with P[r, = £1] = 4. Then
dtp(n+ 1,5
aee—z'Hoe—z'[rn cos(0)+r!, sin(@)]w(n, ) ||%
(2) = |8gt(n,-) —il[—rnsin(8) + r cos()]¢(n, )||3.
Let Fn = span{r;,r;|0 < j <n}. Then (2) implies

189 (n, 13 + 1w (n, )|I3

1891 (0, -)|I3
+(n + 1)[|%(0,-)]I3.

So expected “energy”: Elj¢(t,-)||5,, ~ t.

Elll6gw(n 4+ 1,-)||3 | Fnl
|8 (n + 1,43



Bourgain 1998: Let
sup |8g‘8f\/(9,t)| < o0 for all o, =0,1,...,
6.t

then for s,e > 0 one has ||¢||gs = O(t€) ast — oco. He
also showed that some slight growth of higher H?®
norms is possible. It is natural to consider potentials
that are intermediate between the smooth and the
totally disordered cases. Suppose
V(t,0) = XX (t) cos(0)
where X (t) a real-valued stationary random process.
Conjecture of Tom Spencer and Zhakarov: Suppose
k(t) ;= E[X(t)X(0)] satisfies k() ~ |7|7P

as |7| — co. Then

1 oo 5 2
= | T Elopu(t. )3 dt S T

We prove this for p = 2 with Markovian X (t), and

also that the power % IS correct. Possible motiva-

tion: Power spectrum of the forcing process,

11 /T . 2
3)  A(w) = lim —/ iwt X (4) dt R.
( ) H(CU) T— o0 4T‘ —Te ( ) w €

Idea: Current charact. frequency we ~ 0 ~ V' E

. _2
E~&(WE)~E 2 = E(t) ~ tZ+p.



Markov processes: Conditional expectations satisfy
PIX(t1) € A1 | X(t2) € Ap, ..., X () € Al
=P[X(t1) € A1 | X(t2) € A]

for any t1 > to > t3 > ... > ti.. Therefore, process
determined by transition probabilities Pldy,t|x, s] on
the state space E for t > s satisfying the Chapman-
Kolmogoroff equation

(4) Pldy,ty |2,t3) = | Pldy,ty | 2 t5] Pldz, ta | 2,t3]

for any t1 > to > t3. We always assume X (t) sta-
tionary with unique stationary measure ug. Let

Pldy,t|z,s] = p(y,tlz,s)uoldy)
(5)  (WHE) = [ p(yt,0) f(2) o(da).

Then (4) implies Ty, = Ty o Ts. With T; = e~ 5,

(XA, € Pxa,)
= [,/ (w1120 x4, () po () pro(ay)
(6) =P[X(t) € A», X (0) € Aq].

Thus B is self-adjoint in L2(S, ug) provided the pro-
cess is reversible. On the state space S = R" and
under suitable conditions, B is a second order ellip-
tic operator (X (t) is a diffusion process). See for
example Gardiner.



We shall assume that B is positive semi-definite with
eigenvalues 0 = kg < k1 < ko < ..., ug = 1 being
the eigenfunction for the simple eigenvalue kg = 0.
Also, let EX(0) = 0, EX(0)2 = 1. For example,
the Ornstein-Uhlenbeck process has S = R,

B = —8% + 20z, uo(dx) = (2%)_%e_§ dx,

eigenvalues kny = N and eigenfunctions wuy =
(N!)_%HeN(a;), the L2-normalized Hermite polyno-
mials. For the purposes of this talk, we take X (t)
to be this process.

Formalism of density matrices: System in state |¢)
described by projection |¢¥)(¢)|. System in states
4;) with probabilities p; described by p =
> pjlj)(¥;l. Expected value of an observable A
is > pi(v; | Avj) = tr(Ap). Also,

i0pp; = Hvp; == i0p = [H, p].

More generally, density matrix p is positive trace-
class operator, tr(p) = 1. Expected value of an ob-
servable A is tr(Ap). Inner product (plo) = tr(plo),
same as in Jo = ’JQ(LQ(R/QwZ)).



The combined state of Markov process and solution
i of PDE described by element of Hilbert space
H = L2(S; up) ® Jo, denoted by P(t). Initial condi-
tion P(t = 0) = ug®po, po = |vo){(Yo|. At later times
P is no longer a tensor product. In fact, evolution
equation for P (see Pillet, Tcheremchantsev):

d
—P = —-L,P where
dt

(7) Ly = B®I+il®[Hp, ]+ i x® [cos,-]

Indeed, since general P limit of convex combinations
of uncorrelated states u® p, suffices to prove (7) for
uncorrelated states. But

d 1
—uQRp = —(Bu)®p+u®;[H,p]

dt
= —(Bu) ® p—iu® [Hg, p] — tAzu ® [COs, p].

Relative to uncorrelated P = u ® p expectation of
“‘combined observable” f(X)A is

E(/(X)A) = [ f@)u(e) no(de) tr(Ap)
(8) - <f®AT‘P>L2(Mo)®’32’

so by linearity same relative to general P.



Combine (7) with (8) (with f = 1 = ug and any
Hilbert-Schmidt A) to conclude:

L% e T B () | A(e)) de

T Jo
_ 1l ey +
=7/ e <uO®A P(t)>dt
zl ooe_t/T< ug @ AT | et P(O)>dt
T Jo
B
(9) = (ug® AT P(0)
(ol | -2 P(©)
where g = % Inverse of L, + (3 exists since L)
iIs sum of nonnegative and skew-adjoint operator.
We need energy, i.e., A = —/A: restrict to finite

modes and pass to limit by monotone convergence
theorem. Use this to prove our

Main Theorem: Let X (¢) be an Ornstein-Uhlenbeck
process. If A is sufficiently small, one has

1 (o0 1
(10) = [~ e TE|9pu(t, )3 dt < T2
as T' — oo, where ¢ denotes a (random) solution of

iOpp(0,t) = —839(0,t) + AX(t) cos(0)y(6,t)
(0, ) 1.



Comments:

e Can treat more general initial conditions, for ex-
ample any trigonometric polynomial.

e Argument works for any H?®, s > 0, not just
s = 1. In fact,

Lo _yr 2 s
— E t, - sdt < T2,
= e TR

e Ornstein-Uhlenbeck process only for conve-
nience. Any process with generator B as above
(see page 4; in particular, we need a spectral
gap) can be treated by the same method. Note
that such processes have exponentially decaying
correlations. More precisely,

h(t) == E[X(#)X(0)] = e 1F1 = R(7) ~ |72

This is the case p = 2 of the conjecture by
Spencer, Zakharov, see page 2.

e Can treat potentials V(¢,0) = AV(0)X(t) pro-
vided Vp analytic and even.



By (9) the proof of our main theorem reduces to
bounds for the resolvent (L, + 3). The subspace of
odd and even functions are both invariant under the
Schrodinger flow (even potential). Introduce basis
IN,n,m), Nynom=0,1,2,... where
In)y = x2 cos(nf) forn>1, |0) = (27r)_%
IN,n,m) =uy & |n)(m|.

Then
H = L*(R; uo) ® J2(Laven) ~ 2(Z3) @ £(Zg x Zg).
One has

(11) Lg|N,n,m)
(12) z|N)

(N+i(n2—m2))|N,n,m>
VN+1|N+1)++VN|N —1)
’ﬁm n=20
512) + 75 10) n=1
A+ 1)+ 3 n—1) n>2.

(13) cos(0)|n)

7\

Thus PLyP = 0, PLgP+ = 0, and P1LgP = 0,
where P is the orthogonal projection onto

Ho :=span{|0,n,n) | n € Z1}.



Hence (with U = L, — Lg)

0 P(Ly — Lo)P+

14 L, =
(14) A PY(L, - Ly)P PLL,PL

—1
P(L\+8)7'P = P(B-PURNBUP) P
R\(B) = PH(PLyP++p3) 1P+
The inverse in the second line suffices, since by (9)

1 oo _
= | e T E 0gu (e, I3 dt

@)
(15) =8 Y n*(0,n,n|P(Ly+8)"'P|0,0,0).
n=0
Invert the operator in the second line of (14) per-
turbatively, i.e., let

(16) H = —P(Ly)— Lo) Ro(B) (L) — Lg)P

as operator on Hp ~ (2(Z1). Using (11)-(13) one
checks that

1
H = VeV with a, = >‘_2 { (1+52)2+(2n+1)2
(1+8)2+1
and with V.=1 -8, (SY)n = ¥,4+1. Hence H is
positive, compact, and inf(spec(H)) = 0. We need
to understand the Green's function (H + 8)~1 as
B — 0.

n>1

n=2~0



Written out, H has the form

apyo — agyP1 n =0
or in matrix notation

(Hy)n = {(an + an—1)tn —an—_1¢n—1 —anPpy1 n 21

ag —ap 0 O 0O
—ap ag + aq —aq O 0O
0 —aq a1 +a>» —ao> 0 O
H = 0 0 —ao

To guess the Green's function (H+3)~1, recall that
(on the whole line Z)
(17)

1 _—/Bn|
(VIV +8)"1(0,n) ~ | VS oedst
’ _p=l _p-lnl g>1
B(B+1) -

1 1
Let 674 <K N < /8 2 and assume that a, basically
constant on [N,3N]. Then one gets formally
(H + 8)"'(2N,3N) ~ (N"2VIV 4 8)" (2N, 3N)
~ N2 exp(—\/N?3N) ~ exp(—\/E N?)
from the first line of (17).

10



This suggests (e.g., resolvent identity) that for
some constant k£ = k(B)

(18) (H+B8)"1(0,n) ~ ke VB" for0<n< B3

1
If n > (372, then the second case of (17) suggests
that

(19) (H+B)"1(0,n) = k' (Bn?)™™
Since

S (H+8)"t0,n) =571,

n=0

3
one is lead to the choice k = 3 4 above. This would
indeed give the desired bound

N =
N~

©. @)
B> n?(n|(H+pB)"10)<B 2=Tx
n=0
Recall, however, that we need this for P(Ly+3)"1P,
and not just for (H + B)~1, cf. (14) and (16).
Strategy: Use aspect of Combes-Thomas and Ag-
mon method, namely bound (H + 3)~! in weighted
¢? spaces (also for all terms in the Neumann series
of P(Ly + 3)~1P). Notice, however: Combes-
Thomas gives the wrong prefactor 3~1, whereas we

3
need 5~ 4. To pass to the correct point-wise bounds
need to consider also vaV(H + 3)~1viya.

11



Recall Combes-Thomas argument: Let H = —A +
V in R™. Then, with v € R",

H(v) = "% (H - E)e V"
= H—E+2v-V—|y|?=A; +iA,
where A = H—E — |[v|?, Ao = —2iw-V. If E <
inf(spec(H)) — 6, then
0 , 1
(ALf1f) > SIIfIIZ provided |v|* < 2.

Now

(42 £ 24T > [ (A1 £ i42)7 | )
> Re((A1£iA2)f | f) = J|IfI?

so that for |v| < \/g

e — By e = |(Ar +i40) Y <
But this implies that

1 inf e v (zo—z1)
O li=y/3
= ~exp(—/6/2ao — 1)

where x1 and xg are supported in balls of size one
around xq1 and xqg, respectively.

Ix1(H — E) x|l <

12



Do this calculation with H = ViaV on ¢2(Z1):
Hp:=¢ef ViaVe ™ = A{ 4+ iAs

where Aq, A, are self-adjoint, A = H + kS + STk
with
(20) kn = 2an sinhQ[(p(n) — p(n + 1))/2]
Thus

I(Hp 4+ 8)" | S B71 provided ||k[|oo < 3/4.
A possible choice of p in (20) is therefore (¢ small)

(21) p(n) =cn min(1,nvB) |,

which agrees with (18). One can also choose p(n) ~
1

nlog(y/Bn) if n > 872, see (20) and (19).

Basic intuition: Main difficulty with Combes-
Thomas bound is the ‘“wrong” prefactor 3—1. Of
course,

I(H +8)~ |~ B,
but functions ¢ € EQ(ZE')') that attain this bound are
spread out. Indeed, our intuition from above tells
us that, roughly speaking,

(H+8)"Ya,y) ~ 074 x L @x 3 @)

0,6 4 10,6 4]

13



Hence the function ¥ that maximizes the norm is

So cannot hope to get the correct bound on (H +
B)~1(z,vy) by plugging in § functions. On the other
hand, also suggests that we should look at VG, or
GV or VGV to capture the fact that &G is spread
out. This is indeed what we will do! The main tool
for this turns out to be the commutator relation,
see (26) below. Method robust!

In order to use this relation, could say that H =
VT\/E\/EV. It will be convenient to set things up
slightly differently, though. In fact, we write

H = —P(L)— Lo)Ro(B)(Ly— Lo)P
= —P(Lx— Lo) 5(Ro(8) + Ro(®) (Ly — Lo)P
(14 B8)D'D where
D —iRo(B)(Ly — Lo)P: Ho— Ha
Hq1 = span{|]l,n+1,n),|1,n,n+ 1)|n > 0}
(22)  ~ (273 C3).

14



In coordinates,

P=1_av

1
aV] With an:;\{ 1+6+i(2n+1)

and
DTM] = vi(@y) - vi(ae).

A calculation shows that

(23)  Dyi=efDe P =D+ (6 m+ 5(E+n)
(DY) := eDle? = DI + (¢ ~m)l — (e + )]

where

- aksS and n— — aS/t
— | —akSs = —ass

and k, = 1 — eP(M)—p(nt1) p  — 1 _ gp(n)—p(n-1)
Thus one checks that

¢+ n=—2sinh(Vp) [ _g‘g ] .

From (23) with ¢ = 3(¢+n), and A = D+1(¢—n),
e’DiDe™? = AtA — ¢ —cta+ ale,

the sum of the last two operators being skew-
adjoint.
15



The "“eikonal equation” (cf. (20))
41T ¢ll = e+ mTE+ ) =g+ nl?
(24)  =||Isinh?(Vp)allec < B

therefore ensures that ||((DV),D, + 3)7 1| < s~ 1.
Same works for D,(D"),. Let p be as in (21)
(which satisfies (24)), set w(n) = eP(M), (O | V) =
>0 o PnPnw(n). Then we have shown

(DD + )7, s67h  [DTD+8) 7, s67
Now use the commutator relation

(26) D(D'D+p)"'DI=1-3(DDT+3)"1
to conclude that

@7 ||[(H+m7Y|, <871
The latter can also be written as

(28) |vav(H + /)71 vival, <1

These bounds imply that

D(H—I—ﬁ)_lDTH% <1,

(29) [vavi+8)7Y, <572

These weighted inequalities (27)-(29) (which hold
uniformly in O < A < 1) will yield the point-wise
ones.

16



Proof of (29): Let T = Jw+aV(H + B)—lw_%.
Then, using V(fg) = fVg+ V(f)Sg,

TtT T=uw “3(H+ )" awv (H + 8) 1w

=w 2 (H+8) " ViaVwd +8) Tw %
—w 3 (H + )" aV(w) S (H+ 8) 1w~
Since ViaV = H + 8 — 3,

|77 < |V H + 8) 1w 3|

+8]w 3 (H + 8)" H\/_(H+ﬁ)_1 w3

+Hw—%(H+ﬁ>—1vTﬁf | Hf “ES(H + 5) w2
S+ |va 2 s

l\)Il—‘

N =

71|67 2
S5+

To pass to the final expression use (21). In fact,
w = e and |Vwl|y/a < wy/B. Conclude that

ITI2 = |[Vav i+ )77 5672

as desired. This also proves that

(30) o+ 87, 672

17



Recall that (H43)~1 is an approximation to P(Ly+
B)~1P. In fact, let

C = P(Ly— Lo)(R\(B) — Ro(B))(L) — Lo)P.
Then, see (14)

P(Lx+8)7'P = (H4+p-C)*
(31) = Y H+p) (-cEH+mHT)
j=0

We claim that each term in this series (and not just
7 = 0) satisfy the bounds (27)-(29), and for XA small
also P(Ly + B8)~ 1P itself. More precisely, one has

32)  |@+s Heuw+p) Y|, £ 2% a7

[Vav + @7 (et +5)71) viva

[Vav + s e+ |,

Firstly, apply the resolvent identity twice to C, keep-
ing in mind that it takes four hops to go from
Ho = Ran(P) back to itself, see (22):

C = —DV(Ly — Lo)R\(8)(Ly — Lo)D.

Expanding the jt"* powers above thus leads to prod-
ucts of terms each of which are controlled by (27),
(30), or the following:

\2J

A\

05

\21 33,

A\

18



Let P; be the projection onto Hq, see (22). Then
(33)  |P1(Lx— Lo) RA(B) (Ly— Lo) P1 , S A*.

In view of the preceding, all bounds in (32) hold
once (33) is established. To prove (33), expand

RA(B) = (PH(Lo+B+Ly—Lo)PY) ™

(34) S Ro(8)(~(Lx — Lo)Ro(B))"
k=0

Let
1

otz i= (5 laxnoni®yaGryutm)’

N,nm

be a weighted norm on ‘Hg. Since Rg(3) is diagonal,
[Ro(B)lp2 S 1. Also,

|PH(Lx = Lo)Ro(B)ll 2 S A

Since (N',n',m/| (L — Lg)Ro(B) |N,n,m) =0 if [N —
N'| 4+ |n —n/| + |m — m/| > 2, it suffices to check
this on basis vectors. But this is easy from (11)-
(13). Hence (34) converges in the operator norm
on ¢2, and (33) holds. The conclusion from all
this is that the boxed estimates (27)-(29) hold also
for P(Ly + 8)~1P and not just for (H 4+ )~ 1. 1t
remains to estimate (0,n,n|(Ly 4+ 3)~1|0,0,0).

19



Point-wise lemma: Let 0 < A <1 and w = e” with p
asin (21). Suppose G is an operator on EQ(ZS') that
satisfies the weighted estimates (27)-(29). Then

1

the matrix coefficients G(n,0) with 0 < n < 72
satisfy

(35) |G(n,0)| S A"2573(1+ A75 53 /) e eV

One can also obtain bounds on G(n,m) for general

1
n,m. Ignoring the tails n > {2, this finishes the
proof of the upper bound in (10), see (15):

(36) i nQ\ <o,n,n( (Lyx+6)"1 o,o,o}\ < A28,

n=0

A possible proof of (35) proceeds as follows: Let

Ao N (B) = X i (B)(1 = o).
Then one checks that
G(n,m) = <% X (n,n+N] |G%X(m,m—|—M] >
—<% XN | GV A )
_</\n,N ‘ VG % X(m,m—|—M]>
(37) +(An,n | VGV Apyar)-

20



Let

1 ~ 1
v () = = X1 (B Ay (B) = —— Ay (k).
N va(k)

Invoking our assumptions and (37) leads to

Gln,m)] (ﬁ_% Qn’NH@/ +H/N\”7N 5%/ )
(38) ( 372 Qm,MH% + | A, ne &%)'

The point-wise bound follows by making suitable
choices of M, N. For example, if m = 0, then one

_1 . 1 _3
checks that M = v\ 34 gives A\~ 4 378 for the terms
involving m, M in (38). For the other terms involv-

ing n, N, one needs to take N = ﬁﬁ_% ifo<n<
VABE, and N = A3 2/n if 374 <n < B"2. In view
of the definition (21) of p, it is easy to see that this
finally proves (35).

To prove the lower bound in (10), we first reduce
ourselves to G := (H + 3)~1. In fact, we claim that

(39) i n2G(n,0) > A3 2.

n=0

21



By (31), (32), and (36), the contribution of
P(Ly+B)'P-G

to the energy is at most AQA_% 6_%. Hence (39)
dominates for A small. To show (39), we use argu-
ments as in (37), (38) together with the fact that
G:= (H4+B8)"1 solves (H+B3)G(-,0) = 6p. The lat-
ter implies that G(n,0) is nonincreasing in n (and
therefore positive), and also that

oo

(40) Y G(n,0)=p"1.
n=0
1 3
We will argue below that G(0,0) < A7 257 4. If so,
then by (40) and monotonicity of G(-,0) one has

i n°G(n,0) > n% i G(n,0)

n=ng

no—1

n(ﬁl

(41) > n3p" 1>w"

G(n, 0)> >n3 81 —nd G(0,0)

as desired. To obtain (41), set ng = (28G(0,0))~1
and use the upper bound on G(0,0). To prove the
latter, invoke a representation similar to (37).

22



In fact, for any n, M < 6_%,
1 M
G(0,0) = G(n,0) = (X{o,) | VGV = 3 Xjo))
k=1

+( Xjo.n) vGi%[l,Mﬁ

1
S HX[O n)\fHﬁ HIVGVTIHQ HTX[O,M]He2

+xo n>fHez [vavel, |yl

<A 2n2M24n28 2A M3
5.3 3
5)\ 437 8n2.

1 1
To pass to the final inequality, set M = A2 3 4. Now
1
average this inequality over O <n < N, N < 3 %4 to
be determined. In view of (40) this yields

G(0,0) < N1+ A7 88 N%)
1 3
S AEgE

1 1
where we have set N = A2 (3 4 in the last line. This
IS what we claimed, and we are done.

23
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