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0. Introduction

“
ments in geometric topology and related topics”, June 4-12, 1990, at Montecatini Terme. Their
aim is to expose three basic results in riemannian geometry, the proofs of which rely on the tech-
nique of “critical points of distance functions” used in conjunction with Toponogov’s theorem on

geodesic triangles. This method was pioneered by Grove and Shiohama, [GrS).

1) the Grove-Petersen theorem of the finiteness of homotopy types of manifolds admitting metrics

These lecture notes were written for a course given at the C.ILM.E. session “Recent develop-

Specifically, we discuss

with suitable bounds on diameter, volume and curvature; [GrP],

ii) Gromov’s bound on the Betti numbers in terms of curvature and diameter; [G],
iii) the Abresch-Gromoll theorem on finiteness of topological type, for manifolds with nonnegative

Ricci curvature, curvature bounded below and slow diameter growth; [AGI].

The first two of these theorems are stated in § 3 and proved in § 4 and §§ 5-6, respectively.

The third is stated and proved in § 8.



The reader is assumed to have a background in riemannian geometry at least the rough
equivalent of the first six chapters of [CE|, and to be familiar with basic algebraic topology.
For completeness however, the statement of Toponogov's theorem is recalled in § 2. Additional

material on finiteness theorems and on Riccl curvature is provied in § 3 and § 7.

1. Critical Points of Distance Functions.
Let M" be a complete riemannian manifold. We will assume that all geodesics are

parametrized by arc length. For p € M, we denote the distance from z to p by T,;p and put
Pp(x) =T,p

Note that pp(z) is smooth on M \ {pU C,}, where C,, the cut locus of p, is a closed nowhere
dense set of measure zero.

Grove and Shiohama made the fundamental observation that there is a meaningful definition
of “critical point” for such distance functions, such that in the absence of critical points, the
Isotopy Lemma of Morse Theory holds. They also observed that in the presence of a lower
curvature bound, Toponogov’s theorem can be used to derive geometric information, from the
existence of critical points. They used these ideas to give a short proof of a generalized Sphere
Theorem, see Theorem 2.5. Other important applications are discussed in subsequent sections.

Remark 1.1. If the sectional curvature satisfies Kpy < K (for K > 0) and ¢ is a critical
point of p, with p,(q) < #, the‘n there is also a reasonable notion of indez which predicts
the change in the topology when crossing a critical level. But so far, this fact has not had strong
applications.

Definition 1.2. The point ¢ (£ p) is a critical point of p, if for all v in the tangent space,
M,, there is a minimal geodesic, v, from ¢ to p, making an angle, § (v,7'(0)) < g, with ¥/(0).
Also, p is a critical point of p,.

From now on we just say that ¢ is a critical point of p.

Remark 1.3. If ¢ # p is a critical point of p, then ¢ € Cp. If q is not critical, the collection
of tangent vectors to all geodesics, v, as above, lies in some open half space in M. Thus, there

exists w € Mg, such that § (w,v'(0)) < %, for all minimal + from p to ¢.

Put B.(p)={z | T,p < r}.

Isotopy Lemma 1.4. Ifr; < r, < oo, and ifm \ B (p) is free of critical points
of pp, then this region is homeomorphic to B, (p) x [r1,r2].Moreover, 8B,,(p) is a topological
submanifold (with empty dboundary).

Proof: If z is noncritical, then there exists w € M, with J (;y’(O), w) < g, for all minimal v
from z to p. By continuity, there exists an extension of w to a vector field, Wy, on a neighborhood,
Us, of z, such that if y € U; and o is minimal from y to p, then ¥ (¢'(0), Wz (¥)) < -721 Take a

finite open cover of By,(p) \ By, (p), by sets, Uy, locally finite if r; = 0o, and a smooth partition



of unity, _ ¢; = 1, subordinate to it. Put W = 3} ¢;W,,. Clearly, W is nonvanishing. For each
integral curve ¢ of W, the first variation formula gives

p((t2)) = pp(W(t1)) < (01 — ta)cos(3 — €) ,

for some small e. This holds on compact subsets if r; = co. The first statement easily follows.

To see that 3B, (p) is a subma.nifc;ld, let ¢ € 3B, (p), o a minimal geodesic from ¢ to p,
and V a small piece of the totally geodesic hypersurface at g, normal to ¢. Then for z € V,
sufficiently close to ¢, each integral curve, ¢, of W through 2 intersects dB,, (p) in exactly one
point, 2’ € 8B,,(p) (¥ extends on both sides of V). It is easy to check that the map, z — 2/,
provides a local chart for 8B, (p) at ¢.

Example 1.5. M compact and ¢ a farthest point from p implies that g is a critical point of
Pp: 6bviously, the topology changes when we pass g. This observation was made by Berger, well
in advance of the formal definition of “critical point”; [Be].

Example 1.6. If v is a geodesic loop of length £ and if v | [0, 5] and v | [-ze-,l] are minimal,
then 7(%) is a critical point of 7(0). In particular, if ¢ is a closest point, to p on Cp, and ¢ is
not conjugate to p along some minimal geodesic then ¢ is a critical point of p; see Chapter §
of[CE]. Thus, if p, g realize the shortest distance from a point to its cut locus in M™", and are not
conjugate along any minimal +, then p and g are mutueally critical.

Example 1.7. On a flat terus with fundamental domain a rectangle, the barycenters of the

sides and the corners project to the three critical points of p, other than p itself.

Q q3

* —a
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Fig. 1.1

Example 1.8. A conjugate point need not be critical. Here is a concrete example, Write
the standard metric on S? in the form g = dr? + sin®r d6?, where 0 < r < x, 0 < 0 < 2. Let
f(r,8) be a smooth function, periodic in 8, such that
i) f(r,6) =1, for all (r,8) satisfying any of the following conditions:

0srsl,  grsrsa,
r—eL8<n+e.

Here we require ¢ < 7/4.



ii) f > 1 elsewhere.

The metric ¢' = fdr? + sin’ r d6? satisfies ¢' > g. In fact, if the intersection of a curve, ¢,
with the region, 7/4 < r < 31/4, is not contained in the region * — ¢ < 8 < 7 + ¢, then its length
with respect to ¢’ is strictly longer than with respect to g. It follows that for the metric ¢/, the
only minimal geodesics connecting the “south pole” (6 = ) to the “north pole”, (8 = =) are the
curves c(t) = (t,8p), # — € < o < ™+ €. Since 2¢ < , it follows that the north and south poles
are mutually conjugate, but mutually noncritical.

We are indebted to D. Gromoll for helpful discussions concerning this example.

Remark 1.9. The criticality redius, r, is, by definition, the largest r such that B.(p) is
free of critical points. By the Isotopy Lemma 1.4, B, (p) is homeomorphic to a standard open

ball, since it is homeomorphic to an arbitrarily small open ball with center p.

2. Toponogov's Theorem; first applications.
Denote the length of v by L{y].
By definition, a geodesic triangle consists of three geodesic segments, 7;, of length L[vi] = &,
which satisfy
1(6) = 7041(0) mod 3 (i =0,1,2).

The angle at a corner, say 7o(0), is by definition, J(—v4(£2),7(0)). The angle opposite ¥;
will be denoted by a;.

A pair of sides e.g. 3, 7p are said to determine a hinge.

Fig. 2.1

Let M}, denote the n-dimensional, simply connected space of curvature = H (i.e. hyperbolic
space, Euclidean space, or a sphere).

Toponogov's theorem has two statements, These are equivalent in the sense that either one
can easily be obtained from the other.

Theorem 2.1 (Toponogov). Let M™ be complete with curvature Kpy > H.
A) Let {y9,71,72} determine a triangle in M™. Assume 11, 7, are minimal and &, + £3 > &. If
H >0, assume L[] < \/LF Then there is o triangle {7,,7,,7,} » Mj;, with L[y] = L{y] and

a <a, a;<a;.



B) Let {v2,70} determine a hinge in M"™ with angle a. Assume v; s minimal and if H > 0,
Lly)] < % Let {12,10} determine a hinge in M7, with Livi] = L[l.']’ t = 0,2, and the same

angle a. Then

72(0),70(¢0) < 7,(0),70(lo) -

Proof: See [CE], Chapter 2.

Remark 2.2. In the applications of Toponogov which occur in the sequel, the following
elementary fact is often used without explicit mention. Consider the collection of hinges, {10, 12}
in ]\/IIZ.I, with fixed side lengths, €, £; and variable angle a; 0< a<w Then m 5 a
strictly increasing function of c.

Remark 2.3. If the inequalities in A) or B) are all equalities, more can be said (see [CE]).

By using Toponogov’s theorem we can derive geometric information from the existence of
critical points.

Let the triangle, {yo,7v1,72} satisfy the hypothesis of Toponogov’s theorem, and assume
7Yo(€o) is critical with respect to v9(0). Then (as explained in detail in the applications), we can
i) bound from above the side length £; (see Theorems 2.5, 4.2),

ii) bound from below, the excess, o + ¢; — {, (see Proposition 8.5),

iii) bound from below, the angle a; (see Lemma 2.6, Corollaries 2.7, 2.9, 2.10 and 6.3).

Remark 2.4. It is important to realize that in order to obtain the preceding bounds, we do
not assume az < 7/2. The assumption that v;({g) is critical with respect to ¥9(0) implies that
3 (—74(€0),71(0)) € =/2, for some minimal 7, from 7¢(0) to 70(£y). This is all that we require.

Theorem 2.5 (Grove-Shiohama). Let M™ be complete, with Ky > H, for some H > 0. If
M™ has diameter, dia(M™) > 9—”—, then M™ is homeomorphic to the sphere, S™.

Proof: Let p,g € M™ be such that 5,g = dia(M"); in particular, p and ¢ are mutually
critical (see Example 1.5).

Claim. There exists no z # g,p which is critical with respect to p (the same holds for g).

Proof of Claim: Assume z is such a point. Let v be minimal from ¢ to z. By assumption

there exists vp, minimal from z to p, with
' ! 7r
o) = 4(—')’2(82)a ’Yo(o)) < 5
Similarly, since p and ¢ are mutually critical, there exist minimal v1, 41 from p to ¢ such that
! ] m
$ (=7(&),m(0) < 5

and
3 (=%1(61),12(0) £

tof 3

Note that L[y] = L[71] = 5,7 >

éla
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Apply A) of Toponogov’s theorem to both {5,%1,72} and {%,7¥1,72}. Since a triangle in
MP (the sphere) is determined up to congruence by its side lengths, we get a unigue triangle,
{10,11,12}, in M¥, all of whose angles are < /2. By elementary spherical trigonometry, this

5 il , contradicting P, ¢ > i
Given the claim, the proof is easily completed (compare the proof of Reeb’s Theorem given

in [M]).

implies that all sides have length <

The following observation and its corollaries (2.7, 2.10) are of great importance.,

Lemma 2.6 (Gromov). Let q; be critical with respect to p and let g2 satisfy
Dyqz 2 v Qs s

for some v > 1. Let v;,v2 be minimal geodesics from p to q1,q2 respectively and put 6 =

4 (71(0),72(0)).
i) If Kar 20,
6 > cos™H1/v) .

W) If Kayg > H, (H < 0) and 5,63 < d. then

i (tanh( V=Hd/v) ) _

6> —
«© tanh(v/—Hd)

Proof: Put ;g1 = =, q, 2 = y, P; G2 = 2. Let o be minimal from g1 to gz. Since ¢ is critical

for p, there exists 7, minimal from ¢ to p with
30,70 < 5
i) Applying Toponogov’s Theorem B) to the hinges {¢,7} and {71, 72} gives
2 <2t 4yt
y? < z% 4+ 2% — 2zzcosd (law of cosines)

Since z > v - z, the conclusion easily follows.
ii) By scaling, we can assume H = —1. Replace the inequalities above by the following ones from
hyperbolic trigonometry (see e.g. [Be])

cosh z £ coshz coshy ,

coshy < coshz cosh z — sinhzsinh 2cos 6 .
Substituting the second of these into the first and simplifying gives

tanh z
)

g > cos™!
- (tanh z

which suffices to complete the proof.



Corollary 2.7. Let ¢1,...,qn be a sequence of critical points of p, with
PO+ 2vpq (v>1)

1) If Kpn 2 0 then
N < M(n,v)

i) If Kpy > H (H < 0) and gy < d, then
N < N(n,v,Hd®) .

Proof: Take minimal geodesics, vi from p to ¢;. View {7/(0)} as a subset of S*~! C M.
Then Lemma 2.6 gives a lower bound on the distance, §, between any pair 4{(0), v;(0). The balls
of radius §/2 about the 4/(0) € S™! are mutually disjoint. Hence, if we denote by Vn—1,1{r), the
volume of a ball of radius r on S™~1, we can take

Vo-1.1(7)

N= Vao12(6/2)

where V,—1,1(7) = Vol(S§™~1) and 4 is the minimum value allowed by Lemma 2.6.

Remark 2.8. It turns out that Corollary 2.7 is the only place in which the hypothesis on
sectional curvature is used in deriving Gromov’s bound on Betti numbers in terms of curvature
and diameter. For details, see Theorem 3.8 and §§ 5-6.

The following result is a weak version (with a much shorter proof) of the main result of
[CGI2], compare also § 8.

Corollary 2.9. Let M™ be complete, with Kp > 0. Given p, there exists a compact set
C, such that p has no critical points lying outside C. In particular M™ is homeomorphic to the
interior of a compact manifold with boundary.

Proof: The first statement, which is obvious from Corollary 2.7, easily implies the second.

Corollary 2.10. Let N(n,v, Hd?) be as in Corollary 2.7, and let v’ < ry. Then there

ezists (s1,32) C [r1,72] such that p;1((s1,s2)) is free of critical points and
82 — 81 2> (7‘2 - T]VN)(]. +v4--- VN)_l

Moreover, the set of critical points has measure at most (1 — v~V)r,.
Proof: Let ry + ¢; denote the first critical value > ry; € + v(r1 + £1) the first after v(ry +41)

etc. It is easy to see that in the worst case
===t
(v +0)+ 0O+ )+ L=r;

The first assertion follows easily. The proof of the second is similar.



Remark 2.11. The proof of Corollary 2.7 casily yields an explicit estimate for the constant

N. For example, in case Ky > 0, we get

n—-1
N(n,v) < (-—ﬂ———)

3 cos~1(1/v)

Thus, for v close to 1,
2r

(vr—1}

2 {(n=-1)/2
N(n,v) < [ ]

3. Background on Finiteness Theorems.

The theorems in question bound topology in terms of bounds on geometry. In subsequent
lectures we will prove two such results due to Gromov, [G] and Grove-Petersen {GrP)]. Before
stating these, we establish the context by giving an earlier result of Cheeger [C1], [C3] (see also
[GLP], [GreWu], [Pel], [Pe2], [We]| for related developments).

Theorem 3.1. (Cheeger). Givenn,d,V,I\ > 0, the collection of compact n-manifolds which

admit metrics whose diameter, volume and curveture satisfy,
dia(M™) < d,
Vol(M™) 2V,
K| € K,

contains only a finite number, C(n,,V=1d", Kd?), of diffeomorphism types.

Remark 3.2. The basic point in the proof is to establish a lower bound on the length
of a smooth closed geodesic (here one need only assume K > K). This, together with the
assumption Kpr < K, gives a lower bound on the injectivity radius of the exponential map (see
(CE], Chapter 5). Although Theorem 3.1 predated the use of critical points, the crucial ingredient
in the Grove-Petersen theorem below is essentially a generalization of the above mentioned lemma
on closed geodesics (compare Example 1.6).

Theorem 3.3 (Grove-Petersen). Given n,d,V > 0 and H, the collection of compact n-

dimensional manifolds which admit metrics satisfying
dia(M™) < d
Vol(M™) 2V,
Ky > H,
contains only a finite number, C(n,V=1d", Hd?), of homotopy types.
Remark 3.4. In [GrPW)], the conclusion of Theorem 3.3 is strengthened to finiteness up
to homeomorphism (n # 3) and up to diffeomorphism (n # 3,4). The proof employs techniques
from “controlled topology”. Thus, Theorem 3.3 supersedes Theorem 3.1 (as stated) if n # 3,4.

However, Theorem 3.1 can actually be strengthened to give a conclusion which does not hold

under the hypotheses of Theorem 3.3.



Given {M[} as in Theorem 3.1, there is a subsequence { M}, a manifold Af*, and diffeomor-
phisms, ¢; : M™ — M}, such that the pulled back metrics, ¢3(g;), converge in the C*+°-topology,

for all @ > 1 (see the references given at the beginning of this section for further details).

Example 3.5. By rounding off the tip of a cone, a surface of nonnegative curvature is
obtained. From this example, one sees that under the conditions of Theorem 3.3, arbitrarily
small metric balls need not be contractible. Thus, the criticality radius can be arbitrarily small
(compare Remark 1.9).

AN

Fig. 3.1
However, it will be shown that the inclusion of a sufficiently small ball into a somewhat larger
one is homotopically trivial.
Example 3.6. Consider the surface of a solid cylindrical block from which a large number,
J, of cylinders (with radii tending to 0) have been removed.

[} ' ) by
A R T
1 1
] : { ll tl
oo N |l'
: 1 1 || 'll
' ] V! W1
I I
’—'-I_- l-_l -'.|~‘L‘~
P ) ] vl e N
' [ T )

G
¢
C

Fig. 3.2
The edges can be rounded so as to obtain a manifold, M}, with Vol(M?) 2 V, dia(M}) < d (but
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inf I\'Ml_z — —00, as j — oo). For the first Betti number, one has b‘(AI}) =2j = 0.
Note that the metrics in this sequence can be rescaled so that I\'sz > -1, Vol(z\f}’) — 00.
Then, of course, dia(]\/[f) — 00 as well.

. Example 3.7. Consider the lens space L3, obtained by dividing

53 = {(31~52) | l:llz + I:ZI2 = 1} N

by the action of Z » = {1,q,...,a" !}, where a : (z1,52) — (e2mi/n gy, ez""/"zz). Then dia(L3) =
1, K3 =1, but Vol(M3) — 0, and Hi(L3,Z ) = Z.. Thus, if the lower bound on volume is
relaxed, there are infinitely many possibilities for the first homology group, H,. Nonetheless, the
following theorem of Gromov asserts that for any fized coefficient field, F', the Betti numbers,
bi(M™) are bounded independent of F,

Theorem 3.8 (Gromov). Given n,d > 0, H, and a field F, if

dia(M™) < d ,

1\’1"{“ 2 H s

then
Z bV(M™) < C(n, Hd?) .

Corollary 3.9. If M™ has nonnegative sectional curvature, Kpn > 0, then

| D bM< Cn).

Remark 3.10. The most optimistic conjecture is that Iy > 0 implies ¥ (M™) < (’:), and
hence, 3_; b*(M™) < 2™. Note b'(T™) = (7) where T" is a flat n-torus. At present, one knows only
that Kan > 0 (in fact Ricpn > 0) implies 61 (A ™) < n. But the method of proof of Theorem 3.8
does not give this sharp estimate; compare also [GLP], p. 72.

In proving Theorems 3.1, 3.3 and 3.8, a crucial point is to bound the number of balls of
radius € needed to cover a ball of radius r.

Proposition 3.11 (Gromov). Let the Ricci curvature of M™ satisfy Ricpym 2
(rn=1)H. Then givenr,e > 0 andp € M™, there ezists a covering, B.(p) C UY B.(p:), (p: € B-(p))
with N < Ny(n, Hr?,r/¢). Moreover, the multiplicity of this covering is at most Nao(n, Hr?).

Remark 3.12. The condition Ricps» > (n—1)H is implied by K > H, in which case, the
bound on N; could be obtained from Toponogov’s theorem. For the proof of Proposition 3.11,
see § 7.

Remark 3.13. The conclusion of Theorem 3.8 (and hence of Corollary 2.7) fails if the
hypothesis K, 2 H is weakgned to the lower bound on Ricci curvature, Ricyn > (n — 1)H, see

[Ax], [ShY].
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Remark 3.14. S. Zhu has shown that homotopy finiteness continues to hold for n = 3,
if the lower bound on sectional curvature is replaced by a lower bound on Ricci curvature; [Z).

Whether or not this remains true in higher dimensions is an open problem.

4. Homotopy finiteness.
Pairs of mutually critical points.

The main point in proving the theoreni on homotopy finiteness is to establish a lower bound
on the distance between a pair of mutually critical points (compare Example 1.6). For technical
reasons we actually need a quantitative refinement of the notion of criticality.

Definition 4.1. ¢ is e-almost critical with respect to p, if for all v € M, there exists 7,
minimal from ¢ to p, with § (v,7'(0)) <  +e.

Theorem 4.2. There ezist € = ¢(n, V™ d", Hd?), § = §(n,V~1d", Hd?) > 0, such that if
p,gEM™

dia(M™) <d,
Vol(M™) 2V,
Kyn 2 H,
P.q <éd,
then at least one of p,q 1s not e-almost critical with respect to the other.

The proof of Theorem 4.2 uses two results on volume Eompa.rison. The first of these, Lem-
ma 4.3, is stated below and proved in the Appendix to this section. The second result, Proposi-
tion 4.7 is stated and proved in the Appendix.

For X C Y closed, put

T(X)={¢eY |¢X <r}

(the case of interest below is Y = $™~!, the unit (n — 1)-sphere).

Recall that the volume of a ball in M} is given as follows. Put

(#sinsx/ﬁs)"'l H>0
An_lyﬂ(s) = g1 H=0

(Vl_H' sinh /—H s)*~! H<O0

Vn.H(r) = vn—l/ An-—],H(s)dS )
0
where v,~1 = V;,_1,1(%) is the volume of the unit (n — 1)-sphere. Then in MJ,

Vol(By(p)) = Va,u(r) .

Lemma 4.3. Let X C S™ be closed. Then

Vol(T,, (X)

a) ) o Vaa(r)
Vol(Tr, (X))

Vn,l(T2) '

v
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Thus,

5 Vol(T, (X)) = VoU(T, (X)) _ Vaa(ra) — Vaa(r)
V()I(T,-1 (X)) - Vn,l (rg ) )

Remark 4.4. The lemma actually holds for X C M", where Ricyn > (n — 1)H provided
Va,1(r) is replaced by Vi 1 (see Proposition 7.1).

Proof of Theorem 4.2: By scaling, we can assumed =1,

In i)-iii) below we determine ¢, §. In iv) we show that they have the desired properties.
i) Fix € > 0. Let 7,7, determine a hinge in M} with angle,

T
a<§——e,

at the point,
1(80) = 7,(0)

Here, L[y ] = £i. Let 6 = §(H,e,r) be the length of the base of an isosceles triangle in M} with
equal sides of length + and angle /2 — € opposite these sides. Then if

we have

Fig. 4.1

ii} Determine € = ¢(n, V=1, H) by

Vac11(F +€) = Va11(F —€)

- Va,u(1) =
Vn—l,l(’;"*'f) X n.H( )

14
=

iil) Determine r = r(n,V~!, H) by
v

Vau(r) = 5"
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iv) Assume p, ¢ are mutually e-almost critical and that p,¢q < ¢ with §,¢,7 as in i)-iii). We claim
2
Vol(M™) < -3—V which is a contradiction.
Let

M*p)={zx e M" | TP < Tq}

Since M \ (M"(p)U M"(q)) has measure zero, by symmetry, it suffices to show

Vol(AL"(p)) £ % .

Let X Cc S ¢ M} be the set of tangent vectors to minimal geodesics from p to ¢. By

assumption, T(z/2)+(X) = S"~1. Hence by ii), Lemma 4.3 b) and Proposition 4.7, the volume
of the set of points, z € M™ \ Cp, such that x = ¥(£), and ¥'(0) & T(r/2)-e(X), is at most V/6.

But if y = o(u), 0'(0) € T(r/2)-<(X) and u > r, then by i) and Toponogov’s theorem B), we

have

LI<DY -

"

Therefore y € M™(p).
By the choice of r (see iii)) the set of such y € M™(p) has volume < V/6 (see again Proposi-
tion 4.7). Thus, we get the contradiction

Vol(M™(p)) <

o <
<

Y-
g =

Let A C M x M denote the diagonal.
Corollary 4.5. Let M™, § be as above. Then there ezists a deformation retraction Hy :

Tis/2)a(A) — A (8 € [0,1]) such that the curves, t — Hi(p, q) have length
L{H(p,q)] < R(n,V™'d", Hd*) P77 .

Proof: By scaling, it suffices to assume d = 1. Let (p,q) € Ts/2(A) with say ¢ not e-critical
with respect to p. Let Uy, W, be as in the Isotopy Lemma 1.4. Let W(’p, 2 be the vector field
(0, W,) on some sufficiently small neighborhood V, x W,. (By averaging under the flip, we can
even replace W, o by Wi, oy such that Wi =W ). The proof is completed by a partition
of unity construction and first variation argument like those in the Isotopy Lemma 1.4 (the

deformation we obtain does not necessarily preserve Tj;2(A), but satisfies the estimate above).

Curves varying continuously with their endpoints.

Let (p,q) € T&/Z(A) Write Ht(P, q) = (d’l(t,P,Q), ¢2(t,P; q) ) Put

2t, p,
sepo={ G0

[EFYRTIN

o O
INIA
IAIA
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Then ¢(t,p, ¢) is a curve from p to ¢, which depends continuously on (p, ¢), with

Lig(t,p,q). € RP,7 .

N

Fig. 4.2
Maps which are close are homotopic.

Corollary 4.6. Let N be arbitrary and fi : N — M™" (as above) i = 1,2. If fi(z), f2(z) <
-g-d, for allz € N, then fo, f1 are homotopic.
Proof: The required homotopy is given by

fl(I) = ¢(t,f0(x),f1($)) .
Mapping in simplices (center of mass).

Let (po,...,ps) EM x - x M, such that 5;;5; S (1 +:-- +R“’)"lgd. Construct a map

of a k-simplex into M™, inductively as follows.

i) Join po to p1 by #(¢,po,p1) :
11) Join D2 to each pOint Of ¢(t7P01P]) by ¢(31 ¢(t1P07P1 ),P?)
iil) Join p3 to each point of ¢(s,4(t,po,p1),p2) by B(u, #(s, 8(, o, p1),p2), p3), ete.

Fig. 4.3



15

After an obvious reparametrization, we get a map to A" of the simplex (aq,....ax), 0 <
a; <1, z a; = 1.

Proof of Theorem 3.3:
i) By scaling, the metric we can assume d =1

i) By Proposition 3.11, for any such M", we can fix a covering,
M™ = UB(p;) , where 0 < i < Ny(n, H,¢10) .
Moreover, the multiplicity of this covering is < Nz(n, H). Take
J Ny=1y-1
e=1—9(1+R+---+R T,

with é§, R as in Theorem 4.1.

ili) Since 0 < p;;p; < 1, by the “pigeon-hole” principle, we can divide the collection of all such

M™ into C(n, V!, H) classes, such that if M}, M} are in the same class,

card({p;1}) = card({pi2}) = ¢ < Ny,

and for {pi ¢} C M7, £=1,2 as above,

) e
|Pi1 P51 — Piza P2l S 1—.,(1 +R+---+ RV,

iv) It suffices to show that MJ*, M} as in iii) are homotopy equivalent. Construct a map h; :
M} — M} as follows. Choose a partition of unity, 3_ ¢; = 1, subordinate to {B¢(pi,1)}. Define
a map 71 of M to the standard (¢ — 1)-simplex by

771(97) = (¢0(I)a e »¢C—1(37)) .

Let K be the subcomplex consisting of those closed simplices whose interior has nonempty inter-
section with range n;. It follows from iii) that for any o € K we can define a map ¢, : ¢ = M7
(using the center of mass construction). The maps on the various 6 C K fit together to give
g1 : K — MJ. Put hy = g1y and define hy : M} — M similarly.

Let Idp; denote the identity map on Mj. It is easy to see that the pairs (hzhi,Idn,),
(h1hg, Idp, ) satisfy the hypothesis of Corollary 4.6.  q.e.d.

Appendix

Proof of Lemma 4.3: For all ¢ > 0, we can find a finite set of points, X, such that
T(Xe) D X, T(X) D X.. Since ultimately, we can let € — 0, it follows easily that it suffices to
assume that X = p; U--- Upp is itself a finite set. Fix ¢ and define the starlike set, Uy, by

Ur={z € T.(X) | 5B <FP] Vj#i}.
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Since i is arbitrary, it clearly suffices to show

Vol(Ur,) N Vaa(r1)
Vol(Up,) = Vau(re)

Put
{Ar, =7(s) | v(s) € Uy, and 3t > ry with v(t) e U, } .

Then, clearly we get
Vol(U,,) > Vol(A,,) S Vaa(r)

Vol(Ur,) = Vol(U,,) = Vai(r2)

y/ A
t !
98¢, (p{) BBra(P()

Fig. 4.4

Let v be a geodesic with 4(0) = p and let v(£;) denote the cut point of 4. Let U be the

interior of the cut locus in M;‘. Thus,
U={ty'(0)] 0t < ¢} .

Then exp, U = M™.
Let I: M7 — (Mp), be an isometry and put

U= exp, » nwy.
Proposition 4.7, The map
exp, oI cexp;! | T

is distance decreasing if Kyn > H and volume decreasing if Ricys 2 (n — 1)H.
Proof: The first assertion is clear from Toponogov’s theorem B). In particular the above

map is volume decreasing in this case. For the second assertion, see Remark 7.3.
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5. Betti numbers and rank.

Gromov's inequality (Theorem 3.8)
) ¥(M™) < C(n, Hd)

depends on a novel method of estimating Betti numbers (as well as on the interaction between
curvature and critical point theory, in particular, Corollary 2.7). In the present section, we
estimate Betti numbers in terms of an invariant called renk. This part of the discussion (and much
of that of §6) applies to metric spaces considerably more general than riemannian manifolds. In
§6, we show that in the context of Theorem 3.8, rank can be estimated in terms of curvature and
diameter (specifically in terms of the numbers AV(n, Hd?) of Corollary 2.7 and Ny(n, Hd?,10"1?)
of Proposition 3.11).
Let U;,U; C M be open. The Mayer-Vietoris sequence,

- H-Y U, NUR) - HY(U, UUR) — H (U)) @ HY(U,) —
leads immediately to the estimate
B (UL UT2) < B (U1) + b{(Us) + 61Uy N U)

(we regard b/(X) = 0 for j < 0).
This generalizes as follows:

Consider Uy,...,Un and put
U(J') = Uko [AERR ﬂUk,-

Proposition 5.1.

F(UyU---UUN) €Y ¥ (Uu-p)
Ui

Proof: Note that
UoU...UUia =T U---U) U U

(UoU"'UUt)nUg.H =(UonU¢+1)U...U(U¢nU¢+1)

Apply the previous estimate and induction to the pair (U; U...UU;), Uy and use induction to
estimate b~ (U U...UU,) N Usqs).

It is extremely useful to further generalize these estimates to give bounds on the ranks of
induced maps on cohomology (note b = rk( Idy;)).

Let Vl—g>Vg—f>V3 be linear transformations of vector spaces. Then

rk(fg) < min(rk(f),rk(g)) -



18

u v w . .
Thus, if ACBCCCD, with u, v, w, the inclusion maps and u*, v*, w*, the induced maps on

cohomology, then
(%) rk((uvw)*) < rk(v™) ,

Definition 5.2. If 4 C B let b*(A, B) denote rk(u*), where u* : H{(B) — H(A).
Remark 5.3. If 4, B are open, with A C B, then there exists a submanifold, ¥'®, with
smooth boundary, such that A C Y ¢ B. Then

(A, By <Y, Y)=bi(Y) < o0.
Let 70 UMY, i=1,....N,j=0,...,n+1. Put X7 = U;U}. Thus
XcXxlc...cxntt,

Then we have the following generalization of Proposition 5.1.
Proposition 5.4.
B(XO, Xy < D WU, U
Ji=3)
The proof of Proposition 5.4, which is a standard application of the double complez associated
to an open cover, is given in the Appendix to this section.
We are particularly interested in coverings by balls. First we note the obvious

[y

Lemma 5.5.
B(p)N...NB.(p;) #0

implies that for 1 <i<j
Br(pl) n...n Br(pj) C Br(pi) C BSr(pi) C BlOr(pl) n...n BlOr(Pj) .
Proof: This follows immediately from the triangle inequality.
Content.

Put .
b'(r, p) 1= b'(B-(p), Bs+(p))

cont(r,p) := Z b'(r, p)

Note. If r > dia(M), then b'(r, p) = b'(M).
Corollary 5.6.

¥(Br(p1) M-+ B(pj) » Biow(p1) N+ Bror(pj)) < bi(rypi), 1<i<ij.

Proof: This follows from Lemma 5.5 and the inequality (*) preceding Definition 5.2.
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Assume now that for any ball, B.(p), we have B.(p) C UV B.(pi), with p; € B.(p) and
N < N(e,r).

For the next corollary we will need the observation that if p’ € B.(p), then by the triangle
inequality,

(+) Bio.r/10(p") = Br(p') C Bse(p) .
Corollary 5.7. If for allp' € B.(p) and j =1,...,n+1
cont(1079r,pY < ¢,

then

—{n4
cont(r,p) < (n + 1) 200 ") e

Proof: Take acoverof B.(p) by balls Bjj-(n+1).(pi) as above. Put Uij = Bigi-n+1+(Pi)
and apply Proposition 5.4. The total number of intersections, U(ji_ jy» on the right-hand side of
the inequality in Proposition 5.4 is at most (n + 1)2N(1°_("+”"'"). Also, by Corollary 5.6, we
certainly have

bi(U({._j), U(jitlj)) sc.
Since

Br(p) CU° C U™ C Bsr(p)
(see (+) above) the claim follows from the inequality (*).

Thus, the content of a given ball can be estimated in terms of the contents of certain smaller
balls.

There is an easier, but equally important means of estimating content.

Compression
Definition 5.8. We say B.(p) compresses to By(q) and write Br(p) — B.(q), if
1) 55+ p,¢ < 5r.
2) There is a homotopy, fi : Br(p) — Bs«(p), with fo the inclusion and f1(B,(p)) C Bs(g)-

Note. By 1), B,(p) — B,(q) implies s < .

Lemma 5.9. If B, (p) — B,(q), then
b(r,p) < b'(s,q) -
cont(r,p) < cont(s,q) ,

Proof: Obvious by (*).
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Rank
Now for each ball, B.(p) we define (inductively) an integer called the rank. This invariant

enables us to conveniently combine our two methods of estimating content (Corollary 5.7 and

Lemma 5.9).

Definition 5.10.
i) rank(r,p) := 0, if B.(p) — B,(q), with B,(¢) contractible.
i) rank(r,p) := j, if rank(r, p) is not < j — 1 and if B.(p) = Bs(q), such that for all.¢' € B,{g),
with s’ < s, we have rank(s’,¢') <j — 1.

Remark 5.11. Of necessity, there exists some By(q') as in ii) with rank(s',¢') = j - 1;
otherwise we would have rank(r,p) <j —1.

Proposition 5.12. If balls of radius < € are contractible, then

logr/e
log 10

rank(r,p) <

Proof: Trivial by induction.
Corollary 5.13.

cont(r,p) < ((n + 1)‘ZN(IO—("“)'."-))rmk(r'p) .

Proof: By induction, this follows from Corollary 5.7, and Definition 5.10.

Remark 5.14. Needless to say, there is some degree of arbitrariness involved in the choice
of constants 5, 10, (and }) which appear in Definitions 5.2, 5.10 {(and 6.1) respectively.

Remark 5.15. In certain respects, our terminology and notation in §§5,6, differ somewhat

from that of [G].

Appendix. The generalized Mayer-Vietoris estimate.
Our considerations here are very similar to those of {BT], Chapter II.

Let U;U; = X be an open cover of X. Put
C* = @i 7 (Uw)

where C#(U(;)) denotes the space of singular j-cochains, with coeficients in some field. The double
complez C* := @;,;C*"/ has two differentials,

§:CW ot 8 =0

d:CW - Cchitl | dt=9
(d is induced by d : C7(Uy;)) — CHH(U;))). The total differential, (d+6), also satisfies (d +6)? =
0.

A j-cochain on X = UU* determines and is determined by z € C%J, with 6z = 0. Under this
identification d : C% — C%J! corresponds to d : C¥(X) — CI+1(X).
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A basic fact we need is that C* is é-acyclic for i > 0, i.e. y € C™ (i > 0); 6y = 0 implies
y = 6z for some z € C'~1J,

Let X% = UgU,-k, where Uf C U!"“. Denote by C*(k), the double complex associated to
X* = U;UF. There is a natural restriction map r : C»J(k) = C(k + 1), commuting with d, é.

Proof of Proposition 5.4: Let Z7 ¢ C%J(j + 1) N ker d + é, be a space of representative

cocycles, mapping isomorphically onto H/(X/*1!). We will define a filtration,
L ; )
27=2z},,52]>...02],
such that

(x) dim(Zl,, /2 < Y V(UG- UG s
8,(3—3)

and if z € Zg, then rg - ri---r}(z) is ezact. This will suffice to prove Proposition 5.4.
Put
Jo. J )3
Z}:={z€ 27 | r}(z) is d exact} .

Choose a linear map d“:r;(Zj) — C%i-1(j), dd7}(z) = z. From 6z = 0, d§ = —6d, we get
d8d~(z) = 0 (and of course §(6d~*(z)) = 0).
Define Z_, C ZI by

Z] :={z€Z}_, | r]_,6d7*r}(2) is d exact }

By proceeding in this way, we obtain Z; 1 D Z} D...D Zg , for which the inequality (x)
obviously holds.
Note that z € Zg implies

rabd”Ir}sd™t .. 6d7 i (2) =0,

since an exact 0-cochain vanishes identically.

To show r3 ...77(2) is exact, put
ag = (—=1)*H1ry e (AT NEd T L 6dT ) (2)
Then
ro..-r3(z) = (d+68)(aj-1+ ...+ ao) .
Using 6-acyclicity, choose by € C7~1:2(0), with 68y = ap. Put af = a1 — dbo.‘ Then

ry...r3(2) = (d+ 8)(ajo1 + .. + a0 — (d + 6)bo)
= (d+6)(ajo1 +... + a2 +d})
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Proceeding in this way, we find by induction. d;_; € C®Ii-1(0), with

rg e mi(2) = (d + 6)aj-1 -

Then, we have
Ty r;(z) =daj_y ,
0 = tSKALj_l N

which completes the proof.

6. Rank, curvature and diameter.

In this section, we will show how a lower bound on curvature leads to an estimate on
rank(r,p), and hence via Corollary 5.13, to an estimate on cont(r,p). For this purpose, it is
convenient to work with a slightly modified definition of rank.

Definition 6.1. A ball, B.(p), is called incompressible if B.(p) — B,(q) implies s > %r.

It is obvious that any ball, B.(p), can be compressed either to a contractible ball (in which
case rank(r, p) = 0) or to an incompressible ball.

Definition 6.2.

i) rank'(p,r) := 0, if B.(p) — B,(g), with B,(q) contractible
ii) rank/(p,r) := j if rank'(p,r) # j — 1 and B.(p) — B,(q) such that: B,(q) is incompressible
and for all ¢’ € B,(g) and s’ < 11—03, we have rank(¢’,s’) <j—1.

Thus, we have modified Definition 5.10, by adding the stipulation that the ball, B,(g), of ii),
must be incompressible.

Clearly, rank/(p, r) still satisfies the bound of Proposition 5.12. Moreover, it is obvious that
rank(r,p) < rank'(r,p) .

The reason for insisting on incompressibility in the definition of rank(r, p) stems from
Lemma 6.3. Let B.(p) C M™", a complete riemannian manitfold. Assume

S5s+p,y <or,

Py <2r.

Then if B.(p) does not compress to B,(y), there exists a critical point, z, of y, with
s<TYy<r+py.

Thus, z C Bry2gg(p) C Bsr(p).
Proof: If there were no such critical point, then by the Isotopy Lemma 1.4, the ball B 455(y)
could be deformed to lie inside of B,(y). Since, 5s + 7,y < 5r, and

Br(p) C Brypp(y) C Bsr(p)
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this would contradict the assumption that B.(p) does not compress to B,(y).

Now we can show a connection between the size of rank/(r, p) and the existence of critical
points.

We will need the observation that if p' € B.(p), then by the triangle inequality,

(%) Bs.(rj10)(p'") = Brj2(p') C Barpa(p) -

Lemma 6.4. Let M" be riemannian and let rank'(r,p) = j. Then there exists y € Bs,(p)
and z;,...,%1 € Bs,(p), such that for alli < j, x; is critical with respect to y and

| ot

IV 2 5Ti—1,Y -

Proof: We can assume without loss of generality that B(p) is incompressible (in this case,
we will see that y € By,/2(p), Ti € Barj2(p)). Put p; = p, rj = r. By the definition of rank'(r, p),
there exists pj—1 € Br;(p;), #j—1 < {57, such that

rank'(fj-1,j-1) =j — 1.

By (*) above,
By, j2{pi) 2 Bsn_x(ﬁj—l_) .

If B#_,(pj-1) is incompressible, put
Pj-1=Pj-1, Tj-1="Fj-1.

If not, there exists an incompressible ball, which in this case we call By;_,(pj—1), such that

Bi‘j-t(i’j—l) = B"j-x(pj—l) and
rank'(rj-1 , pj—1) =7~ 1.
Since By, _,(pj-1) — Br;_,(pj-1) implies Bs,;_,(pj—1) C Bs#;_,($j-1), in either case we obtain

B3r,'/2(pj) ) B5"j—1(pi—1)
Also, since in the second case rj~; < #j_1, in either case, we have

Tj-1 S =75 .

10

By proceeding in this fashion, we obtain balls, B, (pi), i = 0,1,...,7, such that for 1 £i < j,

B, (pi) is incompressible and
’ Bsr 12(pi) D Bsriy(Pi-1)

ricl S TRT

— 10



24
Put y = po. Then, y € By, jo(p;), for all 1 < i < j. In particular,

1
Py +5- ori S4ri <oy,

3
Py < 57T <21y

(the conditions of Lemma 6.3).
Since, B(pi) is incompressible, it does not compress to By, 2(y). Thus, by Lemma 6.3,

there exists a critical point, x;, with

1 3
i STHYS ik 2egri =4

<

Then,

2

<
A%
=

Do)~

v
g
o
|
~

v

41‘,'_1

v
LTSS

Ti—1,y - qed.

Corollary 6.5.
vV H=0
rank(r,p) < {’Nﬁﬁ,)mz) H<O .

Proof: This follows immediately from Corollary 2.7, Lemma 6.4 and the inequality
rank(r, p) < rank'(r, p).
Proof of Theorem 3.8: By Proposition 3.11,

Ni(n, 10-(r+1))

—(n41)
N(10 nr) < {Nl(n, Hd?, 10-(n+1)

with N1(10~{*+Ur r) the covering number appearing in Corollary 5.7. Hence, by that corollary,
and by Corollary 6.5 for all € > 0,

Z b (M™) = cont(d + ¢, p)
<((n+1)2MWV

q.e.d.

Remark 6.6. Inspection of the bounds given in Corollary 2.7 and Proposition 3.11 (compare
Corollary 2.11) reveals that the dependence on n of the constant C(n) in Theorem 3.8 is at worst
of the form 22°" (for suitable a > 0). However, Abresch has shown that by arguing more carefully
(along essentially the same lines as we have done) one obtains C(n) < 2°%°; [A], [Me]. Recall that

in view of the existence of flat tori, C(n) = 2" is the best one could hope for.
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7. Ricci curvature, volume and the Laplacian.

In this section we present some basic properties of manifolds whose Ricci curvature satisfies
Ricpn 2 (n — 1)H. In particular, after proving Proposition 3.11, we derive some estimates
involving the Laplacian, which are used in §8. There, we prove a theorem of Abresch-Gromoll,
asserting that complete manifolds with Ricp» > 0, which satisfy certain additional conditions,
have finite topological type.

Let {e;} be an orthonormal basis of Af}}. We denote by Ric(u,v) the symmetric bilinear

form,

Ric(u,v) = Z(R(e,-,u)v,e;) .

i

Thus, Ric(u, v) is the trace of the linear transformation w — R(w,u)v.
We write
Ricyn 2 (n—-1)H ,
if
Ric(v,v) > (n—1)H ,
for all unit tangent vectors v. Of course, this condition is implied by K~ > H, but not vice versa.

Suppose v|{0, £] contains no cut point. Then the distance function, r = p.(0), is smooth near

71[0,4]. Put N = grad r. Thus, N(7(t)) = ¥'(t). Let e3,-- - e, be orthonormal, with

(8;‘,7’(0))7(0) =0,

Vinei=0.
Then
Ric(N,N) =) ((Ve;VN = YnVe; = Vi npN, &)
We have,
VNN =0.
Also,

=D (Ve &) = = 3 N(VeN,ei)

)
=-m,
where m is the mean curvature of the distance sphere, dB,(7(0) ), in the direction of the inner
normal, —N (and m' = aa—T) Finally,

=S ViemNreiy = =3 (VeN,ej) (Ve Nyes)
i
= —||Hess||* ,

where Hess, denotes the Hessian of . Thus, we get the basic equation,

(*) [|Hess,||* + Ric(N,N) = —m' .
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Additionally, letting A denote the Laplacian, we have

Ar= (> eie;+ NN =V ei = VyN)r
2
=m .

Alternatively, this relation follows from the formula, for A in geodesic polar coordinates,

2

:é?i-

+ m.(.l')2 + A,

A or

where A is the intrinsic Laplacian of the distance sphere 0B (v(o)).

An invariant definiton of the Laplacian is,
Af = tr(Hessy) .
Thuis, we also have
tr(Hess,) =m .

From the Schwarz inequality and the fact that one eigenvalue of Hess, is = 0 (corresponding

to the eigenvector, N), we get

2
>
(%*) ||Hess{|* > —

Substituting (%) into (*#) gives the differential inequality,

2
m ,

-—m .

Ric(N,N) < —

Note that, as r — 0,
n—1

m(r) ~
-1
Set u = n_m_ Then if we assume Ricpy» > (n — 1)H, we easily obtain

ul

—_>1
1+ Hu?2 —

By integrating this expression, we find that Ricp» = (n — 1)H implies
+) | m(z) < ma(r(a))

or equivalently,

) Ar(e) < Bl gy

where my(r), the mean curvature of dB.(p) C M} in direction —N, is given by

VHcot VHT H>0
mpy(r)=(n-1)4¢ r! H=0
vV—Hcothv/—Hr H<O0
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Let w denote the volunie form on the unit sphere. Write
dr A A(r)w

for the volume form on M™\ C,, Then m = "7“1 Differentiating A/ Ay n-1 and using (+) gives

[A()/ Ana=1(1)] L
Alr) £ Apn-i(r) .
(AHg.a-1(r) is defined prior to Lemma 4.3.)
Now, by arguing as in the proofs, of Lemma 4.3 and Proposition 4.7, we can immediately
extend Lemma 4.3 as follows.
Proposition 7.1. Let Ricpyn > (n — 1)H and let X C M™ be compact. Then for ry <ry,

Vol(Ty (X)) _ Vasr(r1)
Vol(Tr, (X)) = Vanu(r2)

Remark 7.2. In the basic case, X = p, the above inequality was emphasized in [G]; compare
also [C2].
Proof of Proposition 3.11: Take a maximal set of points, p;, in B,_./2(p) at mutual
€

distance > 5. Clearly {p;} is §-dense in B,_./2(p), and hence, e-dense in B.(p). The balls
{Be/4(pi)} are all disjoint. Moreover, by Proposition 7.1,

Vau(e/4) _ Vol(Bea(pi))
Vo, z(2r) = Vol(Bar(pi)) ’

while since B,(p) C Bzr(pi),

Vol(Be/4(pi)) < Vol(B./4(pi))
Vol(Bar(pi)) = Vol(Br(p))

Thus, the number of balls is bounded by

Vi, 1 (2r)
Vo, u(e/4)
If B(p;)NBe(pi) # 0, then B.(p;) C Bse(pi). Then, as above, it follows that the multiplicity

of our covering is bounded by
Vi, 1(3¢€)
Va,u(e/2)

Now, the scale invariant inequalities of Proposition 3.11 follow by an obvious scaling argu-

q.e.d.

ment.
Remark 7.3. At this point it is clear that the hypothesis, Ricyn 2 (n — 1)H, implies that

the map in Proposition 4.7 is volume decreasing.

We now observe that the inequality, (++), on the Laplacian of the distance function, can be
generalized in a meaningful way so as to include points which lie on the cut locus. This discussion

goes back to a fundamental paper of E. Calabi, [Ca).
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First we need some definitions.
Definition 7.4. An upper barrier for a continuous function f at the point zg, is a C?

function, g, defined in some neighborhood of zg, such that ¢ > f and g(ze) = f(x0).

The crucial observation for applications to geometry is the following.

Lemma 7.5. If v(€) s a cut point of v(0), then for all € < ¢, py(e(z) + € i3 an upper barrier
for r = poy at (L)

Proof: This follows immediately from the triangle inequality. .

Definition 7.6. We say Af(rgv) < @ (and A(~f(z0)) 2 —a) in the barrier sense if for all

€ > 0, there is an upper barrier f,, . for f at zo with
AfpgeSa+te.

~Now we can generalize (++) above as follows.

Proposition 7.7. Let M™ be complete, with
Ricyn > (n —1)H .
1) If f(r) satisfies, f' > 0, then in the barrier sense,
Af(r{(2)) S DA sy -
it) If f(r) satisfies f' <0, then in the barrier sense,

Af(r(z)) 2 Anf(r)]

r=r(z) °

Proof: It suffices to prove i). At smooth (i.e. noncut) points, it is clear from (+) and the

formula for A in polar coordinates. At cut points, it follows immediately by using the barrier
flpyo(z) +€).

Functions which satisfy say Af > 0 in the barrier sense, also satisfy a maximum principle.
This fact (due to Calabi) was used by Eschenberg and Heintze [EH] to give a very short proof of
the splitting theorem of [CGll). (They also gave a somewhat longer, but completely elementary
proof along closely related lines). Theorem 7.9 below, which is crucial for the discussion of §8,
was partly inspired by their work.

Theorem 7.8 (Maximum principle). Let M be a connected riemannian manifold and let
f € C°(M). Suppose that Af > 0 in the barrier sense. Then f attains no weak local mazimum

unless it 13 a constant function.

For completeness, in the Appendix to this section, we give a proof of Theorem 7.8.
We now give an estimate of Abresch-Gromoll on the growth of nonnegative Lipschitz functions
whose Laplacian is bounded above in the barrier sense. This will be applied to excess functions,

1.e. functions of the form

ez} =Z,p+7,4— D Q
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(for fixed p, ). The estimate involves a comparison function on the model space MJ;. We now
specify this function.
Given y € M}, as usual, put r(z) := py(z)- Fix R > 0 and a constant b > 0. Then there is
a unique smallest function, G(r(z)), defined on M} \ y satisying,
1) G>0(0<r<R)
2) '<0(0<r<R)
3) G(R) =0,
4) AyG=b,
For any H, the function G can be written in closed form; see [AGl]. Here we need only the

case, H =0, n > 2. Then,

_ b, 2 n,2—n n 2
G(r)-zn(r +n_2Rr n—2R)'

Let M™ be complete with Ricy» > 0, y € M™, r(z) = py(z). Then by 2) and 4) together

with Proposition 7.7,
(x) AG(r(z)) 2 b

holds in the sense of barriers.
For f a Lipschitz function on M™, denote by dil f the smallest constant & such that for all
Z1,Z2,

1f(z1) = f(z2)| < k77777

Theorem 7.9. Let M™ be complete, with Ricpyn > (n — 1)H. Let u : Bryn(y) — R (for
some n > 0) be a Lipschitz function satisfying
i) u20,
i) u(yg) =0,
for some yo € —Bﬁz_(y—).
iii) dil v < a,
iv) Au<b,

in the barrier sense. Then for allc, with0 <c< R
u(y) < a-c+Glc) .

Proof: Take ¢ < 7 and define the function G using the value R + ¢, in place of R. Since we
can eventually let € > 0, it will suffice to prove the inequality in this case.
In what follows we write G for G(r(z)). Fix 0 < ¢ < R and suppose the bound is false. Then
by iii), it follows that
u | 0Bc(y) 2 G|9B.(y)
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Also, by i} and property 3) of the function G,
| 0BRr+ely) 2 G| O0Bryely) .

Thus, the function (G — u) satisfies
(G—u)|0B(y) <0,
(G—=u) | 9Br4ely) £ 0.
However, by ii) and property 1) of G,

(G —u)(y)>0.

Hence, (G — u) | Brae(y) \ Bc(y) has a strict interior maximum. But since by iv) and (x) we
know
AG-—u)>20

holds in the barrier sense, this contradicts the maximum principle (Theorem 7.8).
Remark 7.10. One easily checks that in the explicit formula for G in the case H = 0, the

optimal value of ¢ is the unique number satisfying 0 < ¢ < R, and
((Rjc)" —1) =22 .
However, in Corollary 7.11 below, a value which is approximately optimal is all that is required.

As previously mentioned, Theorem 7.9 can be used to obtain an estimate on excess functions.

Let

Ez)=T,7 i+, — U1, 02

be the excess function associated to y1,y2 € M™. We can regard E(z) as the excess of any triangle
with vertices z, 1,y and all sides minimal.
Let v be a minimal geodesic from y; to y2. The function E satisfies
i) E(z) 20,
i) E|y=0.
i) dil E < 2.
In case Ricpysn 2 0, by (++) above and Proposition 7.7, we have
W) MBS (n—1)(5- + %),
where sj(z) = T,7;.

Define the function s(z) by
s(z) = min(sy(z),s2(z)) .
Define the height function, A(z), by

h(z) = minz,¥(t) ,
.t
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where v is a minimal segment from y; to y,.

Clearly, h(x) = 0 implies E(z) = 0 and, by the triangle inequality,
E(z) < 2h(z) .

Under the assumption Ricyr» > 0, we now derive a quantitative relation between the values
hz) and s(x) which guarantees that E(a) is small at the point z.

Corollary 7.11. If Ricym >0, then for h < %s,
(/_1: ) i/(n=1)

S

E<S8

= 8(2)1/(n—1)h .
S
Proof: The function E satisfies the hypothesis of Theorem 7.9 with a = 2, b = 4(n — 1)/s.

Use ¢ = (2h™/s)Y/("=1) in the estimate
E <2c+Glc).

The sum of the first and third terms in the explicit expression for G is negative. The middle term

gives a contribution at most equal to

Ar =) 2 pn 2 yaenyin-n) < g
sn n—2 s

The claim follows immediately.

Remark 7.12. The estimate we have derived is of particular interest at points z, where k, s
are large individually, but 2™ /s is small. Roughly speaking, such triangles might be called “thin”.

Remark 7.13. Suppose, in fact, that Kp > 0. Let yo be a closest point to z among all
points which lie on minimal segments from y; to y;. Divide a triangle with vertices x,y1,y2 into
two right triangles with vertices z,y1,y0 and z,y2,yo. Put 75,7; = t;, = 1,2. Then Toponogov’s
theorem B) gives

Sy < (h‘2 +t?)1/2 )
W) h
<t(L+2A)Y -
j
Thus, for t = min(¢1,t2), we have
h
E<L (—t—) -h.

If, at the point z, the values h,t are large but h?/t is small, then E is still small. Note that such
thin triangles are not required to be as thin as those in Remark 7.12.

Remark 7.14. Corollary 7.11 is the first estimate in which a nontrivial bound on a sum of
distances, s1 + $2, is obtained from a bound on Ricci curvature. But at present, there is no useful

bound on the individual s, as in (/).
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Appendix. The maximum principle.

Proof of Theorem 7.8: Let p be a weak local maximum i.e. f(p) > f(z) for all z near p.
Take a small normal coordinate ball, Bs(p), and assume that there exists z € dBs(p) such that
f(p) > f(z). Then, by continuity, f(p) > f(z') for z' € dBjs(p) sufficiently close to z. Choose a

normal coordinate system, {z;}, such that = = (4,0.---,0). Put
olr) =a; — (l(l‘% + 2l

where d is so large that if y € &Bs(p) and f(y) = f(p), then ¢(y) < 0. Note that grad ¢ doesn’t
vanish.
Put

P =e®—~1.

Then
A(y) = (a®|lgrad ¢[|* + a Ag)e®? .

Thus, for a sufficiently large,
Ayp > 0.

Moreover,

Y(p)=0.

For n > 0, sufficiently small,

(f +7¥)|0Bs(p) < f(p) .

Thus, f 4+ 7y has an interior maximum at some point ¢ € Bs(p).
I fg,e is a barrier for f at ¢ with Afy . > —e¢, then fi,e + 79 is also a barrier for f +ny at

q. For € sufficiently small, we have

A(fq.c +m/’) >0.

Since f + nv has a local maximum at ¢, and
fq,e +np < f+¢,

(Fae +10)(0) = (f +79)() ,

we find that f, . + 7% has a local maximum at g as well. But this is incompatible with A(fg,e +
n) > 0. (Note that in normal coordinates at ¢, A = 8% +--- + 92%).
It follows that for all small 6, we have f | &Bs(p) = f(p). Since M is connected this implies

f=fp).
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8. Nonnegative Ricci curvature, diameter growth and finiteness of topological type

In this section we prove that if A" is complete, Rican > 0, War» 2> —1, and if a certain
additional condition holds, then has finite topological type i.e. M" is homeomorphic to the
interior of a compact manifold with boundary.

The most general form of the additional condition uses the ray density function, R(r,p),
associated to p € M"™. However in some ways, a stronger condition formulated in terms of a
second fuxiction, D(r,p). the diameter growth function is more natural.

Definition 8.1. Let M" be complete. A ray is a geodesic, 4 : [0,00) — M™, each segment

of which is minimal.

When M™ is complete and noncompact then rays always exist.

Proposition 8.2. Let M™ be complete noncompact. Then for all p, there exists at least one
ray, v, with v(0) = p.

Proof: Since M™ is not compact, there is a sequence, ¢;, with 7,§; — co. Let v; be minimal
from p to ¢; and let {7;} be a subsequence such that }(0) — v, for some v € M, with [lv]| = 1.
Let v : [0,00) — M™ be the geodesic with v/(0) = v. Then each segment, v | [0,£], is a limit of

minimal segments, v; | [0, ], and hence is minimal itself. Thus v is a ray.

Let ¢ € M™, and let v be a ray from p. Note that if

h<ST,pP-TY

t2 2T+ T
then

z,7 = h(z),

where h(z) is the height function of §7, for the excess function associated to the points (1),

v(t2).
Deflnition 8.3. Define the ray density function by

R(r,p)= sup {infZ,7 |7 aray, 7(0) =p} .
z€8B.(p) 7

Proposition 8.4, Let M™ be complete, with Ricpyn > 0 on M™ \ Bi(p), for some A < co.
Assume

 R(r,p) = o(r'/") .

Then for all € > 0 there exists § > 0, such that if z,v are as in Definition 8.3 (z arbitrary) with
Tp267",
and t is sufficiently large relative to Z;p, then the excess function associated to 7(0), () satisfies

E(x)<e.
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Proof: For the case in which Ricar» > 0 on all of A/™, this is immediate from Corollary 7.11.

The general case is dealt with in the Appendix to this section.

On the other hand, in case I3y > -1, the following proposition provides a positive lower
bound for E(z) when z is critical with respect to say yi.

Put 7,77 = 2.

Proposition 8.5. Let M™ be complete with Iy > —1 (H < 0). Let = be critical with

respect to yi. Then for all ¢ > 0 there exists & such that

Ty 207!
implies
2
E(z) 2 f”(ﬁ) -
€

Proof: By Toponogov’s theorem B) and the assumption that z is critical with respect to yi,
it suffices to assume that z,y1,y2 € ]\/[31 C M?”, and that the minimal geodesics from z to y,

y2 make an angle /2. By hyperbolic trigonometry
cosh 71, 97 = cosh s cosh Ty

By the triangle inequality,

[Ty — 55l < s .
As both 71, vz, and T, gz — oo with s fixed,

COShTTL | wwr-wow

cosh 71,72

The claim follows easily.

By combining Propositions 8.4 and 8.5 we obtain
Theorem 8.6 (Abresch-Gromoll). Let M™ be complete with
1) Ricpgn 2 0 on M™ \ Byr(p), for some A,
i) R{r,p) = o(r'/™), for some p € M™,
iil) Kpn 2 H > —o00.
Then there ezists a compact set, C, such that M™\C contains no critical points of p. In particular,

M?™ has finite topological type.

We now define the diameter growth functin D(r, p). For every r, the open set
M™ N\ m contains only finitely many unbounded components, U,. Each U, has finitely many
boundary components, I, C dB,(p). In particular T, is a closed subset.
Let dia(Z,) denote maximum distance, measured in M™, between a pair of points of .
Definition 8.7.
D(r,p) = s)l:.lpdia.(gr) .
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Given any boundary component, T,, we can construct a ray, ¥, such that v(¢) C U,, fort > r
and so, ¥(r) € U,. To do so, it suffices to choose the sequence of points, {¢;}, of Proposition 8.3
to lie in U,. Then the convergent subsequence «; satisfies the conditions above. Hence v satisfies
them as well.

With this observation, it follows immediately from the proof of Theorem 8.6, that if we
assume

D("»P) = 0("1/’1) .

then for r > ro sufficiently large, no point of any set X, is critical with respect to p.
Fix rq¢, Uy, a boundary component L., and a ray v, with y(r9) € Z,,, 7(t) € U,,, for
t > rg. For each t > rq, let T; denote the boundary component of the unbounded component of

M™ \ B(p) with 4(¢) € ;. Using the observation of the previous paragraph and the Isotopy

Lemma 1.4, we easily construct an imbedding,
Y (rg,00) x 8y = Uy,

such that
(8 5r)) =2 .

It follows easily that ¥((7g,00) X L,,)) is open and closed in U,,. Hence

$((r0,00) X Erg) = Ur, .

Thus we obtain
Theorem 8.8 (Abresch-Gromoll). Let M™ be complete with
i) Ricpyn 2 0 on M™\ Byx(p), for some A,
i) D(r,p) = o(rl/™) for some p € M™,
iil) Kpyn > —H > —o0.
Then
R(r,p) = o(r}/™) .

Thus there exists a compact set C such that M™\ C contains no critical points of p. In particular,
M™ has finite topological type.

Remark 8.9. Clearly, any two points on 8B,(p) can be joined by a broken geodesic passing
through p of length 2r. Thus, one always has

D(r,p) < 2r,

for the function, D(r,p), defined in Definition 8.7. However, it is also of interest to consider
modified definitions of diameter growth, for which the above inequality, need not hold. For such

definitions and their geometric significance, see [AGl], [Liu}, [Shen], [Z].
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Remark 8.10. Examples of and [ShY] show that if 1) and iii) of Theorem 8.8 are retained
but (e.g. if n = 7) ii) is weakened to D(r,p) = O(r!/?) then the conclusion fails; see also [AnKLe].

Remark 8.11. For further results related to those of this section; see Shen.

Appendix. Nonnegative Ricci curvature outside a compact set.
Proof of Proposition 8.4: The triangle inequality implies that for 0 < t; < ¢ the excess

function, E, associated to v(¢;), v(¢) satisfies
E<E

(where E is the excess function associated to ¥(0), ¥(¢)). Thus it suffices to show that if T,p is
sufficiently large and ¢;,t are suitably chosen, then E can be made arbitrarily small.

Clearly, we need only ensure that in the present more general situation the bounds on
AG, AE | Buzy(z) are just as in the case in which Ricagre > 0 on all of M™. This is clear
for AG, since By(;)(z) N Ba(p) = 8, provided T, P is sufficiently large.

As for the function E, it clearly suffices to know that a minimal geodesic, o, from ~(t;) or
¥(t) to z € Bpyy(z) does not intersect B(p). Consider, for definiteness, the point ¥(t1) and
suppose 0 N Bx(p) # 0. Then by the triangle inequality,

(*) ’)’(‘[1),2 > (tl - )‘) + (W - h(I) - )‘) 3

On the other hand, if { is a point on v closest to z, clearly

v(t),z £ 2h(z) .

Also
t—t ST,p+h(z)—t1 .

Combining these gives
(%) Y(t1),2 <Tp+ 3h(z) — 11 .
From (*), (#%), we get

t1 < 2h(z)+ A,

and, we can take t; = 2h(z) + .

The argument for v(¢) is similar to the one just given.
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