SOME STABLY FREE MODULES WHICH ARE NOT SELF
DUAL

RICHARD G. SWAN

ABSTRACT. We give some examples of stably free modules which are not self
dual.

1. INTRODUCTION

Let R be a commutative ring. Following Lam [7] we say that a module P is stably
free of rank n and type t if P @ R! ~ R"™'. Lam observes that such a module is
self-dual, i.e. P~ P* = Hom(P,R),if r <2orifrisoddandt =1 (orif¢=20
when P is free). This leads to the question of whether there are any other cases. I
will give examples to show that this is not the case.

We will use the ring A, = C[zg,...,Tn,Y0,--->¥n]/ 22 + > y2 — 1) of com-
plex polynomial functions on the 2n + 1-sphere S?"*1 = {(z,y) € R?*"|Y 22 +
> y? = 1}. This is a subring of C(S*"*1), the ring of continuous complex func-
tions on S?"*t!'. As usual we write z, = x, + iy, and Z, = x, — iy, so A, =
Clzo,- -+ %ns 205+, 2n)/ (O 202, — 1).

If P is stably free of type 1 and rank n then P @& R ~ R"*! and (0,1)
P @ R corresponds to the unimodular row (ag,...,a,) in R"™. We write P =
P(ag,...,a,) = R""/R(ag,...,ay,). If necessary we specify R by writing Pr(ao, . ..
In [7] the notation P = P(aq,...,ay) is used for the kernel of R*+1 2&tr, p
which is the dual of the module P(ay,...,a,) as defined here [7] (or see Proposi-
tion 2.2). For the results considered here I prefer the notation given above since it
makes the statement of Proposition 7.3 more natural. I will also denote the action
of ¢ € GL,41(R) on the row a = (ag,...,a,) by ca = ac” in order to be able
to write this action as left multiplication conforming to topological usage. This is
equivalent to regarding unimodular “rows” as column vectors.

Let e, > 0 for all v. Suslin [9] has shown that P(ag°,...,a%") isfrecifeq...e, =

N

0 mod n!. while in [11] it was shown that P(ag°,...,al") over A, is not free if

m

’ N

€o...en 70 mod n!. The following is our main result here.

Theorem 1.1. Let R be any subring of C(S?" 1) which contains A,,. Letn be even
and let e, > 0 for all v. Let P = Pr(z5°,...,257). If P = P* then 2ey...e, =0

rTn
mod n!.

It follows that the above cases give the only values of (r,t) for which stably free
modules of rank r and type t are self-dual.

Corollary 1.2. Let R be as in the theorem. Suppose either
(1) ris even, r >4, and t > 1 or
(2) ris odd, >3, and t > 2.
Then there is a stably free R—module of rank r and type t which is not self-dual.
1
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Proof. Tt is sufficient to consider the cases t = 1 for n even and ¢t = 2 for n odd
since if P is stably free of type t it is also stably free of type s for any s > t.
If n > 4 is even then P(zq,21,...,2,) is not self dual since 2 # 0 mod n!. The
same is true of P = P(23,21,...,2,) since 4 Z 0 mod n!. In [7] it is shown that
P = R® Q for some Q, using the fact that 23, 21, 2o is completable. This @ has
odd rank 7 =n — 1 > 3 and type 2 but Q % Q* otherwise P would be isomorphic
to P*. O

Remark 1.3. I do not know if 2eq ...e, =0 mod n! implies that P(ag°,...,as") is
self dual over any commutative ring.

The proof of the theorem will be topological. I will give two such proofs, one using
fairly elementary homotopy theory (except for Bott’s calculations of the homotopy
groups of some unitary groups), and the other using vector bundles (also using
Bott’s calculations). A similar proof, using the classification of vector bundles on a
sphere by clutching functions, was found independently by Nori. These proofs also
give additional information on the possibility of a symplectic structure on P. This
gives the following additional result.

Theorem 1.4. Let R be any subring of C(S?"*1) which contains A, and let e, > 0
for allv. If n =0 mod 4 then P = Pgr(z;°,...,25") does not have a symplectic
structure unless eg ...e, =0 mod n! so that P is free.

2. WELL-KNOWN FACTS

I will recall here some well-known facts used in the proofs. We begin by recalling
some standard results on projective modules defined by unimodular rows. For
r € Rt let P(z) = R""/Rx and let Q(z) = {# € R"*!' | z- 2 = 0} where
z-x =Y, zz;. Note that in [7] P(x) is used for what is here written Q(z).

Lemma 2.1. If 2 -y = 1 then R""' = Rx ® Q(y) = Ry ® Q(x). Therefore
P(z) = Q(y) and P(y) ~ Q(x).

Proof. If z € R"*! write z = rz+ 2’ where r = z-y. Then 2’-y = 0 and, conversely,
2y =0 implies r = z - y so the decomposition is unique. (I

Proposition 2.2. Let R be a commutative ring and let Y o x;y; = 1 in R. Then
Pz, xn)* =~ Py, Yn)-

Proof. For sequences uy, ..., u, and vg,...,v, let u-v denote Zg u;v; as above.
The bilinear form (u,v) = u-v—(u-y)(v-z) on R**! x R"*H! satisfies (z, —) = 0 and
(—,y) = 0 and therefore induces a pairing P(z) x P(y) — R. This gives us a map
P(y) — P(x)*. It is injective since if (u,v) = 0 for all v then, writing v = rz + o’
with ' -y = 0 as in Lemma 2.1, we have (u,v) = (v/,v) =’ -v =0 for all v and
therefore v’ = 0. To see that the map is onto let f : P(x) — R and regard f as a
map R"*! — R with f(z) = 0. Then f(u) = u-v for some v. Since z-v = f(z) = 0,

fw) = (u,v) as required. O
Proposition 2.3. Let R be a commutative ring and let a = (ag,...,a,) and
b = (bo,...,bn) be unimodular rows over R.Then P(aq,...,ay) is isomorphic to

P(bo,...,bs) if and only if there is an element o in GL,11(R) such that ca = b.
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Proof. If o exists it gives an automorphism of R"! taking a to b and therefore
inducing an isomorphism of the quotients P(a) and P(b). Conversely, given such
an isomorphism, we have Q(a) ~ Q(b) by Lemma 2.1. Write R"*! = Q(b) ® Ra =
Q(a) @ Rb, let 0 map Q(b) isomorphically to Q(a), and send a to b. O

We next recall some facts from topology. As usual S™ denotes the n-sphere
{(zg,...,z,) € R*"" S22 = 1}, and U(n) denotes the unitary group. The no-
tation C(X) will denote the ring of continuous complex functions on a topological
space X. We write [f] to denote the homotopy class of f.

Lemma 2.4. Let X and Y be topological spaces with base points xo and yo. Let

1: X = X XY byi(x) = (x,y0) and let j: Y — X XY by j(x) = (xo,y). Then, for
n > 2, (i, Jx) : (X, 20)®7, (Y, y0) — mn(X XY, (20, y0)) is an isomorphism. If f :
(8™, s0) — (X, o) and g : (S™,s0) — (Y, y0) then ([f],[g]) in mn (X, z0) © Tn (Y, yo)
maps to [(f,g)] in (X XY, (z0,y0))

Proof. Tt is obvious that the projections give an isomorphism 7, (X XY, (20,y0)) —
(X, 20)Pm, (Y, yo) and the composition of this with (i, j«) : 7, (X, 20)®7n (Y, v0) —
Tn(X X Y, (zo,y0)) is clearly the identity. Under this composition, ([f],[g]) maps
to ([f], [g]) in mn (X, x0) X (Y, 50) and so does [(f, g)]. 0

Recall that U(n) — GL,(C) is a homotopy equivalence. In fact GL,(C) is
homeomorphic to U(n) x R [4, Ch. 1§V, Prop. 3|. I will therefore just state the
following results for U(n).

Proposition 2.5 ([, Th. 25.2)). Ifi < 2n, m;(U(n)) = m(U(n + 1)).

This follows immediately from the homotopy sequence of the fibration U(n) —
U(n+1) — S2n*1 Tt follows that m;(U(n)) is independent of n for i < 2n As usual
I will write m;(U) for any m;(U(n)) with ¢ < 2n.

Theorem 2.6 (Bott [2][3]).
(1) m;(U) is 0 for i >0 even, and Z for i > 0 odd.
(2) Forn >0, man(U(n)) =7Z/n! Z.
Note that the homotopy sequence of the bundle U(n) — U(n+1) — S2"*+1 gives
Z = m301(S2") L 13, (U(n)) — mon(U(n+ 1)) = 12(U) = 0

showing that mg,11(S?"*!) = Z LR 72, (U(n)) is onto. Let ¢ be the homotopy
class of the identity map of S?"*!. We choose the element d: as the generator of
Ton(U(n)).

To conclude this section I will give some well-known results on the degree of
some mappings of spheres. I will write sgnz = +,0,— if x > 0,2 =0,z < 0.

Lemma 2.7. Let f,g: S™ — S™. Write f(x) = (fi(z),..., fo(z)) and similarly
for g. Suppose that sgn f;(x) = sgng;(x) for all x and i. Then deg f = degg. In
particular, this is true if fi(z) = ri(x)g;(z) with r;(x) >0 for all z and i.

Proof. Let hy(x) = tf(x) + (1 — t)g(x). This is never 0 for 0 < ¢t < 1sot —
hi(x)/||he(z)|| gives a homotopy between f and g. O
Lemma 2.8. Let f : S™ — S™ send (xo,...,Zn) to (Yo,---,Yn). Suppose that
sgny; = sgnx; fori >r and all x € S™. Then S™ = {x € S™|z; =0 fori > r} is
stable under f and deg f = deg(f|S™)
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Proof. By induction on n — r it will suffice to consider the case where r =n —1
Let H" = {z|x,, > 0} and H~ = {z|x, < 0} be the two hemispheres. Then
S" = HTUH™ and S"' = HT N H~. Since H" and H™ are contractible, the
Mayer—Vietoris sequence gives us an isomorphism H,,(S") = H,,_;(S"!). Since
all 4 spaces are stable under f, naturality gives us a commutative diagram

H, (S™) — Hya(S™71)
.| .|
H,(S") —=— H,_1(S"")
and the result follows immediately. O

Corollary 2.9. Let f: S™ — S™ by f(xo,...,2n) = (€0Zo,. .., €x2y) where each
€, 1s 1 or —1. Then deg f =[] €.

Proof. This follows from the lemma with » = 0 if ¢; = 1 for ¢ > 1. The given map
is a composition of maps of this form (re-indexed) and the degree of a composition
is the product of the degrees of the factors. O

Corollary 2.10. Let S?"t! ¢ C"*! be the unit sphere. Let m; > 0 be integers for
i=0,...,n. Let f: 8%+l  §2n+l py

(Zg)nov""zmn)
fZOa"'7Z = ;
R [ R
and letg . Sgn+1 N SZnJrl by
— (nga ’ZTT")
9(0r o2 = eme T Zmm]

Then deg f = [[m; and degg = (—1)" ! []m,.

Proof. If m; = 1 for ¢ > 1, the formula for deg f follows from the lemma and the
fact that the map z — 2™ on S' C C has degree m. The general case follows since
f is a composition of such maps (after re-indexing them), up to positive factors
r; as in Lemma 2.7. The map g is the composition of f and complex conjugation

c: 8l 82+l by c(z0,...,2,) = (20,...,2,). In terms of real coordinates
zy = Z, + 1y, each x,, maps to x, while each y, maps to —y,. Therefore ¢ has
degree (—1)"*1 by Corollary 2.9. O

3. UNIMODULAR ROWS

Let fo,..., fn lie in C(S?"*1). These functions define a map f : §?n*+1 — Cnt!
and the row f = (fo,..., fn) will be unimodular if and only if the image of f does
not contain 0 (so that > f,g, = 1 where g, = f,/||f|| with ||f]| = /> |[f.]?).- In
this case I will write P(f) for P(fy, ..., fu) over the ring C(S?"*1). Since C**1—{0}
has the homotopy type of S"*1, a unimodular row f : S?"*1 — C"*! — {0} has a
degree deg f which is the degree of $?"1 — S§2n+1 by o f(z)/||f(2)]|-

Lemma 3.1. Choose 1 € GL,+1(C) as base point and choose a base point e €
C"*t1—{0}. Definen : GLy+1(C) — C"*1—{0} by o > oe Let f : S?nH1 — CnHl—
{0} and o : S*"*! — GL,+1(C) preserve base points. Then [of] = [roo] + [f] in
Tont1(C" 1 — {0})
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Proof. The composition of (o, f) with the map
GLyp11(C) x (C™F! = {0}) — C"™* — {0}

is of. Passing to homotopy classes and using Lemma 2.4 we see that under the
maps

7r2n+1(GLn+1((C)7 PN 7T2n+1((cn+1 - {0}7 e) = Ton4+1(GLny1(C) ¥ (CnH - {O}), (1,

— Ton41(C*T = {0}, €),

([o],[f]) maps to [(f,0)] and then to [of]. Now ([g],[f]) is the sum of ([¢],0) and
(0,[f]). These map to [ o o] and [f] respectively. O

Proposition 3.2. Let f,g: St — C"*! —{0}. If P(f) ~ P(g) then deg f =
degg mod n!.

Proof. By Proposition 2.3 there is an element o in GL,1(C(S?"*1)) such that
g = of. Regard f and g as maps S?"*! — C"*! — {0} and o as a map S?"*! —
GLy,+1(C). Let sg be the base point of S?"*! and let o9 = o(sg). Since GL,11(C)
is connected, oy f is homotopic to f so we can replace f by oof and o by ooy L
With these new values we now have o(sg) = 1 and therefore f(sg) = g(so) = e say.
By replacing f and g by Af and A\g where A is a positive constant we can assume
that |le|| = 1. Note that f ~ Af and similarly for g. Since g = of, Lemma 3.1
shows that [g] = [0f] = [7 o o] + [f] so it will suffice to show that [7 o o] lies in
n! 7241(C" — {0}) = n! Z. In the diagram

Un+1) ——  S2nHL

! l

GLyp41(C) —— C"F — {0}
the vertical arrows are homotopy equivalences and the horizontal arrows send o to
oe. Therefore the image of m, : T2,11(GLy+1(C)) — 72541 (C?F1—{0}) is the same

as that of m, : T, 1U(n + 1) — 7oy 1(S?" 1) This map occurs in the homotopy
sequence of the fibration U(n) — U(n + 1) — S?"*! as

= Top1(U(n+ 1)) = 2041 (52 = 1, (U (1)) — man(U(n + 1)) ...

Since may,+1(S?" 1) = Z and, by Theorem 2.6, 7o, (U(n)) = Z/n!Z and 2, (U(n +
1)) = 0, we see that the image of 7, : T, 1U(n + 1) — 72,41(5%" ) is n! Z.
Therefore |7 o o] lies in n! Z so [f] = [g] mod n!. O

Lemma 3.3. Let fo,..., fn and go,...,gn in C(S* 1) satisfy >p figi = 1. Let
f,g: 8%l — C**t — {0} be the maps defined by these functions. Then deg f =
(—1)"+ degg.

Proof. Let r = ||f||? =3_ fifi. Define hi(z,t) = tg; + (1 —t)f;/r. Then 3. fih; =1
so h: X x I — C— {0} defines a homotopy between g and f/r. Therefore deg g=

deg f/r = deg f. Now f is the composition of f with the map (zo,...,2,)
(%0, - - -, Zn) which has degree (—1)"*! by Corollary 2.10. O
Proposition 3.4. Let fo,..., fn and go,...,gn be unimodular rows in C(S?"+1)

and let f,g : S*t1 — C"*1 — {0} be the maps defined by these functions. If
P(f)* =~ P(g) then deg f = (—1)"*1degg mod n!.

€))
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Proof. Let > f;h; = 1. Then P(f)* = P(h) by Lemma 2.2. By Proposition 3.2,
deg g = degh mod n!. But by Lemma 3.3, deg f = (—1)"*! deg h. O

Corollary 3.5. Let fo,..., fn be a unimodular row in C(S?"*1). If n is even and
P(fo,..., fn) is self-dual then 2deg f =0 mod n!.

Proof of Theorem 1.1. Tt will suffice to prove the theorem for the ring C(S2"+1).
Since f = (%5°,...,25") has degree [[e; by Corollary 2.10, the theorem follows
from the proposition. O

Remark 3.6. Suppose n is even and Y f;g; = 1 over C(S?"1). If P(f) is self dual
then P(f) ~ P(g) so that g = of for some ¢ in GL,1(C(S*"*1)). However, it is
not possible to find such a o in the elementary subgroup E, 1(C(S?"*1)) unless
deg f = 0 since if g = of with o in E,,1(C(S?"*1)) then f is homotopic to g: If
o =¢e;j(a1)...e; (a) let o(t) =e; 5, (tar) ... e , (ta,). Then t — o(t)f where
t goes from 1 to 0 gives the required homotopy. It follows that deg f = degg but
deg f = —degg for n even by Lemma 3.3

4. MORE WELL-KNOWN RESULTS

The complex symplectic group Spa, (C) is defined to be the subgroup of G Ls,, (C)
consisting of all M such that MJM7T = J where J = (_(}n 15‘ ) Some authors use
the notation Sp(n,C) for this group. On page 1 of [4], Chevalley points out that
Sp(n) and Spa, (C) are related in the same way as U(n) and GL,,(C) but does not
give the easy direct proof of this which is very similar to his treatment of O(n) and
O, (C). For the reader’s convenience I will give the proof here.

Proposition 4.1. The group Spa,(C) is homeomorphic to Sp(n) x C2n+n,

Proof. By [1, Ch. 1,§V], there is an homeomorphism U(2n) x H — G L, (C) where
H is the vector space of Hermitian 2n x 2n matrices. There are two possibilities
for the map, (0,8) — cexp(B) or (o,8) — exp(f)o. Suppose that exp(5)o lies
in Sp2,(C). Then exp(B)oJol exp(8T) = J so exp(B)oJol = Jexp(—8T) =
exp(—JBTJT)J since JT = J=! = —J. Since J lies in U(2n), it follows that
oJoT = Jand g = —JBTJ~! showing that o lies in U(2n) N Sp2,(C) = Sp(n) and
3 lies in the set S = {3 | BJ+JBT = 0} which is a vector space over C of dimension
2n2 +n [4, Ch. LEVII]. Conversely, if o lies in Sp(n) and BJ + JBT = 0 then o €
Sp2,,(C) and exp(B) € Span(C) since exp(B).J exp(8") = exp(8) exp(JFT T )T =
exp(f) exp(—p)J = J. O

Proposition 4.2. There is a fiber bundle Spo,(C) — GLgy, (C) — W, where
Waom is the space of invertible alternating 2m x 2m matrices over C.

Proof. GLay,(C) acts on Wa,, by 0 o M = cMoT. This is transitive since any
element M of Ws,,, can be sent to J by a suitable o. This follows from the fact that
the symplectic space defined by M has a symplectic base [I, Th. 3.7]. The matrix
associated to such a base is J. The isotropy subgroup of J € Wa,, is Spa,,(C) by
definition. Therefore, all that is required to show that our map is a fiber bundle is
a local section in the neighborhood of J [3, §7.4]. A neighborhood of 1 in GLa;,(C)
is given by {1 + X} where X € M>,,(C) is small. Our map sends 1 + X to
J+XJ+JXT + XJXT so the map of tangent spaces is X — XJ 4+ JXT. The
kernel of this map is the space S considered in the proof of Proposition 4.1 which
has dimension 2m? +m over C. Therefore the image has dimension 2m? —m. Since
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this is the dimension of W, the map of tangent spaces is onto and the implicit
function theorem gives us the required local section. (Il

Proposition 4.3. Ifi < 4n+ 1, m;(Sp(n)) = m(Sp(n + 1)).

This follows immediately from the homotopy sequence of the fibration Sp(n) —
Sp(n+1) — 47 +3. It follows that 7;(Sp(n)) is independent of n for i < 4n+1 As
usual I will write m;(Sp) for any m;(Sp(n)) with ¢ < 4n 4+ 1.

Theorem 4.4 (Bott [3]). For i > 0 and i = 0,1,2,3,4,5,6,7 mod 8, we have
7i(Sp) =0, 0, 0, Z, Z/2Z, Z/2Z, 0, Z.

5. THE SYMPLECTIC CASE

We now turn to the proof of Theorem 1.4. As in the previous section it is
sufficient to prove the theorem for the ring C(S?"*1). T will prove a somewhat
more general result.

Theorem 5.1. Let f : S?"*! — C"*1 — {0}. If n =0 mod 4 and P(f) has a
symplectic structure then deg f =0 mod n!.

In [5] Krusemeyer defines a unimodular row ay, . . ., a,, of odd length to be skewly
completable if there is an invertible alternating matrix with first row 0, ag, ..., ay.
The following lemma gives a criterion for a stably free module of type 1 to have a
symplectic structure.

Lemma 5.2 ([0]). Letag,...,an be a unimodular row with n even. Then P(ag,...,ay,)
has a symplectic structure if and only if the row ag, ..., a, is skewly completable.

Proof. Let a-b= Zg a;b; =1. If ag, ..., ay is skewly completable then R"*2 has a
symplectic structure and a base f,eq,...,e, with < f,e; >=a;. Let e = Eg bie;.
Then < f,e >= 1so H = Rf @ Re is symplectic. Therefore R"*! = H 1L Q
where @ is also symplectic. Now Q = R"*2/H = R""1/Re = P(b) so P(b) is
symplectic and therefore so is P(b)* =~ P(a). Conversely, if P(a) is symplectic so is
P(a)* =~ P(b) ~ Q(a). Now R""! = Rb®Q(a) by Lemma 2.1. Let e, ..., e, be the
base of R"*1. Then e; — a;b lies in Q(a) since a - (e; — a;b) = 0. Let H = Rf ® Re
be as above with < f,e >= 1. Form the symplectic space H L Q(a) and identify
it with R"*2 = Rf @ R"*! by identifying e with b. Since < f,Q(a) >= 0 we have
< f,e; >=< f,a;b >=< f,a;e >= a; as required. |

Suppose now that P = P(fo,..., f,) over C(S?"*1) has a symplectic structure.
Then, by Lemma 5.2, the map f = (fo,..., fn) : S?"Tt — C**! — {0} factors
as [ S*Tl — W15 — C"! — {0} where the right hand map sends (a;;) to
(ap1,- -, aon+1) omitting the term agg = 0. By Proposition 4.2 there is an exact
homotopy sequence

+ = Ton41(GLnt2(C)) = 721 (Whi2) — 720 (Spnt2(C)) — ...

By Proposition 4.1, Sp,,12(C) has the homotopy type of Sp(n/2 + 1). By Propo-
sition 4.3 and Theorem 4.4, 72, (Spn/2 + 1)) = 0 for n = 0 mod 4 so the map
T2n+1(GLn42(C)) = mant1(Wh42) is onto. We can replace GL,,2(C) by U(n + 2)
which has the same homotopy type. By Proposition 2.5, mo,4+1(U(n + 1)) —
Tont+1(U(n + 2)) is an isomorphism so mo,4+1(U(n + 1)) maps onto map,+1(Wig2).
We identify U(n + 1) with the subgroup ( U(7?+1)) of U(n + 2). Write J = (§¢)
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with e = (0,...,0,1,0,...,0). The map U(n+ 1) — U(n + 2) — W12 then sends

o to

1 0)/0 e\/1 0\ (0 esT

0 o/\0O *x/\0 oT) " \0 =«
which maps to el = oe in C**! — {0}. This map U(n + 1) — C"*1 — {0}
induces the map 7, : Mo U(n + 1) — 7 41(S?"1) considered at the end of

the proof of Proposition 3.2 where it was shown that the image of this map is
N Z C 7 = map41(S?" ). Since [f] lies in this image deg f =0 mod n!.

6. A CONVERSE THEOREM

I do not know if 2¢y...e, =0 mod n! implies that P(ag°,...,a5") is self dual
over any commutative ring or even over the ring A,, = Clzo, ..., Zn, Yo, ---,Yn]/ O Tiyi—
1). T will show here that this is the case over the ring C(S?"*1) and even over the
localized ring A,,[S~!] where S is the set of elements of A,, which have no zeros on
S2n+1.

Let X be a compact Hausdorff space and let C(X) be the ring of continuous
complex functions on X. If f = (fo,...,fn) and g = (go,...,9n) are rows of
elements of C( ) (or if they are elements of C"*1), I will write (f,9) = >_¢ fu9v
and ||f||* = (f,f). Note that this is a function on X and not a global Banach
algebra type norm. If R is a subring of C(X) I will say that f has coordinates in
R if all f; lie in R.

Lemma 6.1. Let X be a compact Hausdorff space. Let R C C(X) be a C—subalgebra
which is closed under complex conjugation and has the property that if r € R is never
0 on X then r=1 is in R. Let f,g : X — C"*! — {0} have coordinates in R. If

If = gll <IIfIl then Pr(f) ~ Pr(g).
Proof. For z,y,z in C"*! with = # 0, define

E(e,y)z = (” 2 () _ )

Then E(z,y)r =y and E(z,y)z = z if (2,2) = 0. Write C"*! =Cx @ {2 | (2,2) =
0}. In this decomposition we have

(i%ng - ﬁiljéxz)x)'

It follows that det E(x,y) = (y,z)/||x||*>. The matrix of E(f,g) has entries

E(f,9)ij = 0ij + (9i — fi) ||JJ:]||2

These lie in the ring R by the hypothesis since ||f|| is never zero. Now |(f,g) —

LFIPL=1Fs =D < W fllllg— £l so [(f, 9)l = A2 =N FIlllg—F1- TELf—gll < || f]| this
implies that [(f,g)| > || fI[(Ilf]l = [f — gll) > O Therefore det E(f,g) = (g, f)/I fII*
is never 0 so E(f,g) lies in GL,41(R). Since E(f,g)f = g, this implies that

P(f) =~ P(g) by Proposition 2.3. O

Proposition 6.2. Let X be a compact Hausdorff space. Let R C C(X) be a C-
subalgebra which separates the points of X, is closed under complex conjugation,
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and has the property that if r € R is never 0 on X thenr~! isin R. Let f,g: X —
C™*t1 — {0} have coordinates in R. If f ~ g then Pr(f) ~ Pgr(g).

Proof. Let h : X x I — C™*! — {0} be a homotopy between f and g. Since X
is compact we can find a constant m such that ||h(x,t)|| > m > 0 for all (x,t) in
X x I. By compactness we can find 0 = ¢, < t; < --- < ty = 1 in I such that
if hi(z) = h(z,t;) then ||h;(z) — hix1(z)|| < m/4 for all x € X. By the Stone-
Weierstrass theorem we can find maps f; : X — C"*' — {0} with coordinates in
R such that ||h; — fi]| < m/4. We choose fo = hg = f and fy = hxy = g. Now
Vil > sl — llhs — £l > 3m /4 while [[fs — fisa| < |Lfs — hall ]| fisa — e+ i —
hit1]| < 3m/4. Therefore || fi — fix1ll < || fill so P(f:) = P(fi+1) by Lemma 6.1.
Therefore P(f) = P(fo) =~ P(fn) = P(g). O

Theorem 6.3. Let R C C(S?"1) be a C-subalgebra which separates the points of
S2ntl s closed under complex conjugation, and has the property that if 1 € R is
never 0 on S*"*1 then =1 isin R. Let f,g: S*"*1 — C"*!' — {0} have coordinates
in R. Then Pr(f) =~ Pgr(g) if and only if deg f = degg mod nl!.

Proof. The “only if” statement is proved in Proposition 3.2. For the converse
we first replace f by pf for a fixed p in GL,4+1(C) to make f preserve base
points: f(sg) = e, and similarly for g. We then use the fact that the image of
Mo Tont1(GLp11(C)) — map1(C" ™ — {0}) = Z is n! Z. Therefore we can find
7: 8%+ — GL,1(C) with 7(sg) = 1 and [ro 7] = [g] — [f] in map41(C™F —{0}).
By the Stone-Weierstrass theorem we can find o in M,41(R) very close to 7. Note
that o(sg) is very close to 7(so) = 1 so after replacing o by o(sg) o we can assume
that o also preserves the base point: o(sg) = 1. Now to + (1 — ¢)7 will also be
very close to 7 for 0 < ¢ < 1 and therefore det(to + (1 — ¢)7) will be very close
to det 7 and, in particular, will have no zeros on S?"*!. Therefore o will lie in
G Ly +1(R) by our hypothesis on R and to + (1 —¢)7 will lie in GL,,41(C(S?*"1)).
Now ¢ — to + (1 — t)7 gives a homotopy of 7 with o so [ro o] = [ro 7] = [g] — [f]
in 7,11 (C" T — {0}). By Lemma 3.1 we have [of] = [g] so of ~ g and therefore
P(of) =~ P(g) by Proposition 6.2. Since P(of) = P(f) by Proposition 2.3, it
follows that P(f) =~ P(g). O

Corollary 6.4. Let n be even and let R be any subring of C(S*"*1) which contains
the localized ring A,[S™1] where S is the set of elements of A, which have no zeros
on S*"T1. Let eq, ..., e, be positive integers. Then Pr(z5%,...,z5) is self dual if
and only if 2eq...e, =0 mod n!.

Proof. The “only if” part follows from Theorem 1.1. For the converse it is sufficient
to consider the ring A,[S™!] which satisfies the hypotheses of Theorem 6.3. Let
f=1(2°,...,25") and let > fig; = 1. By Lemma 2.2 Pgr(z5°,...,25")* ~ P(g)

and by Lemma 3.3, deg f = — degg since n is even. Since 2deg f = 2¢g...e, =0
mod n!, deg f = degg mod n! so by Theorem 6.3, P(f) ~ P(g) ~ P(f)*. |

7. VECTOR BUNDLES

In this section I will give an alternative proof of the main results using vector
bundles. Let X be a compact Hausdorff space. By [10], isomorphism classes of
finitely generated projective modules over the ring C(X) of continuous complex
functions on X are in 1-1 correspondence with isomorphism classes of complex
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vector bundles on X. This correspondence is obtained by associating to each com-
plex vector bundle E its module of sections I'(X, E). The most general form of this
correspondence was found by Vaserstein [13]. We will only need the case in which
X is a compact Hausdorff space here. Let Ox = O be the trivial bundle X x C.
Note that T'(X, 0) = C(X).

If fo,..., fn is a unimodular row in C(X) we can construct the vector bundle
E(fo,..., fn) corresponding to the module P(fy,..., f,) as follows. Let E(fo,..., fn) =
Ex(fo,..., fn) be the cokernel in

0— O Lodn, ot B(fo L f) — 0.

It is a vector bundle by [10, Prop. 1]. Since the sequence splits [10, Prop. 2] we
can apply I' getting

0 — T(X,0) L0 1(x, 0" = T(X, E(fo, -, fa)) — 0.
Since I'(X,0) = C(X), this shows that I'(X, E(fo,-.., fn)) = P(fo,.-., fn) over
C(X).
Lemma 7.1. Let g : X — Y be a map of compact Hausdorff spaces and let
f07 IR fn lie in (C(Y) Then g*EY(fov LI} fn) = EX(fOQ? ERE fng)

Proof. Since g* is an exact functor we get

0 — g* Oy LDt Un), gttt g By (o, fu) = 0.
Since ¢g*Oy = Ox and it is easy to check that f : Oy — Oy induces g*(f) = fog:
Ox — Ox, the result follows. O
By [8, 8.2], two vector bundles are isomorphic if and only if their associated

principal bundles are isomorphic. Principal bundles G — P — X with group G are
classified by [X, BG] the set of homotopy classes of maps of X into the classifying
space BG [8, 19.3]. The bundle E with fiber F' is recovered from the principal
bundle by forming £ = P x¢ F.

For vector bundles over a sphere S™ there is an alternative classification [8, 18.6].
If G is pathwise connected, bundles over S™ with group G are classified by 7,1 (G).
The classifying element is 0t where ¢ is the homotopy class of the identity map of
S™ and 0 is the boundary map in the homotopy sequence

o ma(P) = (8™ D 10 1(G) = ma1(P)

of the associated principal bundle G — P — S™. The element O is the homotopy
class of the characteristic map defined in [8, §18].

For any Lie group G there is a universal bundle G — EG — BG where BG is the
classifying space and EG is contractible. Since m;( EG) = 0, the homotopy sequence

of the universal bundle shows that m,(BG) 2, Trn—1(G) is an isomorphism.

Lemma 7.2. This isomorphism sends the classifying element of a bundle with
group G over S™ to the homotopy class of the characteristic map.

Proof. The classifying map f : S™ — BG induces a bundle map

G—— P — §"

H ! s

G —— EG —— BG
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and the homotopy sequence gives

T (S") —— mh_1(G)

l H

’/Tn(BG) _ anl(G)

The result follows since ¢ maps to the class of the characteristic map in m,—1(G)
and to the classifying element in 7, (BG) O

Let S?"*! be the unit sphere in C**! with coordinates z, ..., z,. These form a
unimodular row since »_ z,Z, = 1.

Proposition 7.3. The associated principal bundle of E(zo,...,z,) is the bundle
U(n) — U(n+ 1) — S2F1 corresponding to the identification S?"+*1 = U(n +
1)/U(n).

Proof. We have to show that E(zo,...,2,) = U(n + 1) Xy() C". We identify
U(n) with the subgroup (g (s ) of U(n + 1). The map U(n + 1) — S?"*1 sends
o € U(n+ 1) to the first column & = Col; (o) of 0. Write C"T! = C @ C" so that
U(n) acts as the identity on C and as usual on C™. The exact sequence

0-C—-C'"'' -C"—0

of U(n)-modules induces an exact sequence

1) 0—-Um+1) xym C—Un+1)Xym C"™ = Un+1) Xym C* — 0.
(n) (n) (n)

Now U(n + 1) xymy C = $?"*1 x C by the map sending (o, w) to (5, w) and
U(n+1) Xy CH = 20 x C™! by the map sending (o, w) to (7, o0w) which
has inverse (s,w) — (0,0 tw) for any o such that & = s. The continuity is easily
checked using the fact that U(n + 1) — S?"*1 has a local cross section. The map
Un+1) Xym) C — U(n + 1) Xy C" sends (s,w) to (6,0w) where & = s.

Now w € C maps to the column vector (w,0,...,0)T in C**!. Also we have
s =0 = Coly (o) so (s,w) maps to (s,w’) where, if s = (20, ..., 2n),
z w
00 0 2w
U}/ = . =
* :
, 0 ZpW

Therefore the exact sequence (1) is
0 — S 5 € Z2in, G20 5 € 5 U(n 4 1) X (ny C* — 0.
showing that U(n 4 1) Xy () C* = E(z0, ..., 2n)- O

The complex vector bundles of rank n on S?"*! are classified by the elements
of map11(BU(n)) = w2, (U(n)) which is Z/n! Z by Theorem 2.6(2). If E is a vector
bundle of rank n on S$?"*! T will write cl(E) for its class in Z/n! Z.

Corollary 7.4. Let E = E(z,...,2n) be the vector bundle corresponding to the
projective module P(2q, ..., z,) over C(S?"*1). Then cl(E) =1 mod n!.
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Proof. The characteristic map for the associated principal bundle is d¢ for the
bundle U(n) — U(n + 1) — S**1. This is the element we have chosen as the
generator of mo,U(n) = Z/n!Z O

Theorem 7.5. Let e; > 0 be integers for i =0,...,n. Then

(1) cl(E(z5°,...,257)) =ep---e, mod n! and

(2) Ad(E(z5,...,ze7)) = (—1)"Tleg - e, mod nl.

rTn
Proof. Let f:§2ntl — §2n+l Ly
250, ..., 25
f(z()?""zn) = M
,
where r = ||(25°, ..., 25")||. By Lemma 7.1, f*E(z0,...,2n) = E(z5°/ry. .., 250 /1) =

E(z5°,...,25). The classifying map for this bundle is S$2"+1 L, genar By BU(n)

where h is the classifying map for E(zg,...,2,). This sends ¢ to h.(f«(¢)) but
f«(t) = eg---ent by Lemma 2.10 and h.(:) = 1 mod n! by Corollary 7.4 so the

classifying element for E(z;°,...,25") is eg---e, mod nl. For E(Z°,...,z5") the
same argument shows the classifying map is hg where ¢ is as in Lemma 2.10 and
has degree (—1)"*leg--- e, and the same argument applies. (I

Lemma 7.6. Let fo, ..., fn be a unimodular row over C(S*"*1). Then P(fo, ..., fn)*

P(f07"'7fn)
Proof. | f|| is never 0 so by Proposition 2.2, P(fo, ..., fn)* = P(fo/llflls---, Fu/llFID) =
P(fo,---, fn)- O

Proof of Theorem 1.1. Let nbe even andlet e, > Oforallv. Let P = P(z5°,...,25")

e n
over A,. If P ~ P* then the same is true over C(S?"*1) which contains A4,. By

Lemma 7.6 P(25°,...,25) = P(Z5°, ..., Z5") so that E(2°, ..., z¢0) = E(Z°, ..., Z5").

n
n 1 n Y ~n

Therefore cl(E(z5°,...,25")) = cl(E(Z°,. .., 25")). By Theorem 7.5, this implies

that ep...e, = (—1)"Tteg...e, mod n!. Since n is even, this is equivalent to
2¢p ..., =0 mod nl. (Il

Corollary 6.4 can be deduced from the above by applying the results of [12,
Th. 11.1] to prove it over the ring A,[S™!]. The general case is an immediate
consequence of this.

Proof of Theorem 1.4. If P(z5°,...,zt") has a symplectic structure so does E(z5°, . . .

1T n

so the group of the bundle can be reduced to the complex symplectic group Sp,, (C).
This group has the same homotopy type as Sp(n/2) so cl(E(z°,...,25")) will lie

rn

in the image of 72, (Sp(n/2)) — 72, (U(n)). Since n =0 mod 4, ma,(Sp(n/2)) =0
by Theorem 4.4. Therefore the class of our bundle must be 0. d
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