COMBINATORIAL CELL COMPLEXES AND POINCARE DUALITY
TATHAGATA BASAK

ABSTRACT. We define and study a class of finite topological spaces, which model the cell
structure of a space obtained by gluing finitely many Euclidean convex polyhedral cells
along congruent faces. We call these finite topological spaces, combinatorial cell complexes
(or c.c.c). We define orientability, homology and cohomology of c.c.c’s and develop enough
algebraic topology in this setting to prove the Poincare duality theorem for a c.c.c satisfy-
ing suitable regularity conditions. The definitions and proofs are completely finitary and
combinatorial in nature.

1. INTRODUCTION

1.1. Summary of results: Given a topological space with a triangulation, if we only re-
member the set of simplices and incidence relations among them, we get a simplicial complex.
One can think of the partially ordered set of the simplicial complex as a finite topological
space and study how the combinatorics of this poset reflects the algebraic topology of the
space one started with. In this article we want to do something similar, but we want to
allow our cells to have more general shapes, not just of simplices. (For example, cells in
the shape of any convex polyhedron are allowed). We shall call these objects combinatorial
cell complex or c.c.c for short. Let X be a topological space written as a finite union of a
collection Sy of Euclidean convex polyhedra. Assume that Sx is closed under intersection
and that the intersection of two distinct polyhedron in Sx of equal dimension, has strictly
lower dimension. If we forget the space X and only remember the set Sy, the dimension of
each polyhedron and the partial order coming from incidence relation among the elements
of Sx, we get an example of a c.c.c.

Thus, a c.c.c S is a partially ordered set, with a rank (or dimension) function defined on
S, satisfying some axioms (the definition is given in [2.2]). The elements of S are called cells.
The axioms describe how the cells are allowed to be glued together; they try to mimic the
conditions that are satisfied if S was obtained from polyhedral decomposition of a space X,
as above. Our objective here are the following:

(A) We want to see how to translate into Sy, the topological properties of X, via the
correspondence X — Sx. For example, we shall call S manifold-like, if it satisfies some
extra conditions that would obviously hold, if S = Sx for some manifold X. The key
definition is that of an orientable c.c.c (see [4.]).

(B) Once we have put enough regularity conditions on a c.c.c to remove the pathologies, we
want to see how much algebraic topology can be developed in this combinatorial setting.
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In particular, we define cellular homology and cohomology groups of c.c.c’s with orientable
cells and prove a Poincare duality theorem stated below (see theorem [0.2).

Theorem. Let S be an orientable, manifold-like c.c.c of dimensionn. Suppose each cell of
the c.c.c S and the opposite c.c.c S° is flag—connected and acyclic. Then H;(S) ~ H"(S).

(The definitions of the various terms are given in the following sections: flag—connected
and orientable: [4.1] manifold-like: B.I, S°: B.3 acyclic: [[.J. Homology and cohomology
groups are defined in section [l). If S = Sx for some space X, then these homology groups
are the same as the cellular homology groups of X. In particular, a simplicial complex gives
a c.c.c and in this situation, our homology groups are identical with simplicial homology
groups (see [0.7]).

The main technical part in the proof of theorem[0.2is to show that, under the conditions of
the theorem, the homology of S is invariant under “barycentric subdivision” (see proposition
RAH). It follows (see [[0.2), that under these regularity conditions, the homology groups of
the c.c.c S coincide with the homology groups of the simplicial set N(S) obtained by taking
the nerve of the poset S (or, in other words, the singular homology of the topological space
obtained by taking geometric realization of N(.5)). Sections [6] [7 and [§ are mainly occupied
with proving Given the technical result 85, the proof of the theorem is totally
transparent. This argument, given in section [0, can be read right after we are through with
the definitions in section

1.2. Relationship with simplicial topology: The standard approach for translating
algebraic topology in a combinatorial setting is via simplicial sets (e.g. see [9]), which are
abstract versions of simplicial complexes with labeling of vertices. Our main reason for
introducing a combinatorial setting with more general cell shapes is the following:

In the classical proof of Poincare duality, one relates homology and cohomology by taking
the dual of a cell complex (e.g. see [7]). However, the cells of the dual cell complex of a
simplicial complex need not be simplices. We allow more general cell shapes so that the
duality is built into the setup (the dual of a c.c.c S has the same underlying set as S, with
the partial order and rank reversed).

One disadvantage of the present setup is the lack of explicit functoriality of homology
groups. In general, given a continuous map (that is, an order preserving function) f: S — 5’
between c.c.c’s, there is no obvious chain map from the chain complex of S (as defined in
section []) to that of S’, inducing a map between the cellular homology groups. However, if S
and S’ satisfy the regularity conditions given in the Poincare duality theorem above, then one
does get a map H;(f): H;(S) — H;(S’), so that H; becomes a functor. Unfortunately, we
are only able to see this by using the invariance of homology under barycentric subdivision
(see [BH] B.6]), and the consequent canonical isomorphism between the homology of a c.c.c
S (with enough regularity conditions) and that of the simplicial set N(S) (see I0.2]). The
functoriality of the cellular homology groups follows by invoking the functoriality of homology
of simplicial sets.

As was suggested by Peter May (private communications), it would be nice to have a
shape category so that (some variant of) a c.c.c becomes a presheaf (of sets) on this shape
category. Then one could develop the theory as for simplicial sets in a functorial way. This
possibility also makes us wonder if the combinatorial study of shapes of cells might have
some bearings on certain approaches to higher category theory, notably those initiated by

Steet in [13] and by Baez-Dolan in [2]. In these approaches, much of the structure of the
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higher category is encoded in the shape of the cells that represent the higher morphisms.
For an introduction to these ideas, see chapter 6 and 4 in [4].

1.3. Finite topological spaces: The topology of finite spaces can be surprisingly rich. For
example, there are finite spaces having weak homotopy type of any finite simplicial complex
(see [12]). The finite topological spaces have been studied since they were introduced by
Alexandroff in [I] and the theory of simple homotopy types was developed by Whitehead in
[15]. The simple homotopy types of polyhedra were studied using finite topological spaces
in the recent article [3]. We refer the reader to the notes [10] and [I1] for an introduction
to the topology of finite spaces and to [14] for a survey of the combinatorial aspects of this
theory. The book [§] is a convenient reference for combinatorial algebraic topology.

In this article we have restricted our study to purely combinatorial aspects of the theory
of c.c.c’s. The close relationship between the topology of a cell complex and that of the
corresponding finite space has not been explored or utilized here. This, and other topological
questions, like the relationship between the homology of a c.c.c S defined here and the
singular homology of the finite space S, will hopefully be explored in a later article.

1.4. Organization of the paper: The arguments in this article are, in most places, logi-
cally self contained. The proof of some technical lemmas have been relegated to an appendix
to arrive at the main theorem quickly. An index of some frequently used symbols is
included below.

Acknowledgments: I would like to thank Prof. Gabriel Minian for many useful comments
on reading an early draft of this article. I would like to thank Prof. Richard Borcherds and
Prof. Jon Alperin for suggesting useful references. Most of all, I would like to thank Prof.
Peter May for his encouragement and many interesting and illuminating discussions since
the early stages of this work.

1.5. Index of some commonly used notation: Let S be a c.c.c. Let T be a subset of
S and z, y be elements of S.

C;(S)  the set of i—chains in the c.c.c S, that is, the free abelian group on the i—cells of S.
Cy(y)  a “new cell” in the stellar subdivision S*, called the cone on y with vertex at x.

cl(x) the set of cells less than or equal to x, that is, the closure of x.
A(x) the set of faces of z.

0 the boundary map on chain complexes.

F(S)  the set of flags in S. (We write F(x) = F(cl(x))).

y usually a flag (except in lemma [5.7, where it is a simplex).
M(z)  =star(z) \ U(z).

V(x) the set of co-faces of z.

w an orientation. (w, denotes an orientation on cl(x)).

rk(z)  the rank of a cell z.

S usually a combinatorial cell complex (called c.c.c for short).
S° the opposite c.c.c of S.

S(r) the set of cells of S having rank r.

S the first barycentric subdivision of S.

S* the stellar refinement of S at x. We shall write (5%)Y = S7.

s(x,y) asign assigned to each pair {x,y}, where x is a cell and y is a face of x, with
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orientations given on cl(x) and cl(y) (see [A.4).
star(z) = cl(U(x)), that is, the set of cells y such that = and y have an upper bound.

Ul(x) the set of cells greater than or equal to .

vT the least upper bound of T'; we write z Vy = V{z,y}.

AT the greatest lower bound of T'; we write z Ay = A{z,y}.

X usually a combinatorial cell complex (called c.c.c for short).

x,y,z  usually any of these letters denote a cell of a c.c.c.

2. BASIC DEFINITIONS

2.1. The setup: Suppose we are given a finite partially ordered set (S5, <) and a function,
denoted by rk, from S to non-negative integers such that y < x implies rk(y) < rk(z). Given
this data, we introduce the following notation and nomenclature:

If there is a possibility of confusion, we shall write <g to denote the partial order on S.
Elements of S are called cells. If rk(x) = r, we say that x is a cell of rank r or z is an r—cell.
Write S as a disjoint union, S = U2 S(r), where S(r) is the set of r—cells of S. If z > y,
we say that x is above y or that y is below x. More precisely, we say that y is a facet of x
of co-dimension (rk(z) —rk(y)). A co-dimension one facet of x is called a face of z. The set
of faces of x is denoted by Agx or Az, if there is no possibility of confusion. Dually, the
cells that have = as one of their face are called the co-faces of x. The set of co-faces of x is
denoted by Vz. The set of cells greater than or equal to x (resp. less than or equal to z) is
denoted by Us(z) = U(x) (resp. clg(z) = cl(z)).

Let T be a subset of S. An element x € S is an upper bound of T, if x > z for all z € T..
The least upper bound of T, denoted by VT, is an upper bound of T" such that VI <y, for
every upper bound y of T'. Similarly, one defines the greatest lower bound of T', denoted by
AT'. Of course least upper bound or greatest lower bound of 7" may not exist. One also
writes = V y to denote V{z,y} and x A y to denote A{x,y}. If 2 =2z Ay, we say that = and
y meet at z. For T C S, let AT = UyerAz. Inductively define AT = A(A77'T). The rank
zero cells below x are called the vertices of x.

2.2. Definition. We say that S is a combinatorial cell complex or c.c.c for short, if the data
(S, <, rk) satisfies the following four axioms:

(1) The partial order is compatible with rank, that is, if y < 2, then rk(y) < rk(z).

(2) The collection S has enough cells, in the following sense. If T is a subset of S that is
bounded below, then the greatest lower bound AT exists. For all x and y in S with
y < x, there exists a cell 3 such that rk(y’) = rk(y) + 1 and y <y’ < x.

(3) Each cell x € S of rank at-least one is the least upper bound of its faces, that is,
x = VAz.

(4) If y is a co-dimension 2 facet of z, then there are exactly two faces of x that are above
y and these two cells meet at y. In other words, given y € S(i — 1), x € S(i + 1),
y < x, there exists distinct cells y; and y_ in S(i) such that Az N Vy = {y,,y_}.

2.3. Example. Let T be an finite abstract simplicial complex (see definition 2.1 in [§]). The
set I" becomes a combinatorial cell complex with the partial order given by set inclusion.
A simplex with (r + 1) vertices has rank r. Given a collection of simplices 77 C T, that is

bounded below, the greatest lower bound of T} is AT} = Ngyero. A co-dimension 2 facet of a
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simplex o has the form o \ {z;,x;}, where x; # z; are two vertices of . The two simplices
in between, are o \ {z;} and o \ {z;}.

A topological space with a polyhedral decomposition defines a combinatorial cell complex.
Note that an r—cell has at-least (r + 1) vertices, but it can have more vertices.

One can construct new combinatorial cell complexes from old ones by taking sub-complexes
(see2.5), finite products [, barycentric and stellar subdivisions (see[d ] and [6.2] respectively).

2.4. Topology on a c.c.c: Declare a subset C' of S to be closed if x € C'and y < x
implies y € C. This defines a topology on S in which arbitrary union and intersection of
closed sets are closed. Such spaces are called an A-space in [10]. (Caution: What we are
calling an closed set here is called an open set in [10] and vice versa. Both these conventions
are found in the literature.) Let 7' be a subset of a c.c.c S. The closure of 7', denoted
by clg(T) = cl(T), is the set of cells that are less than or equal to some cell in T’; these
are precisely the closed sets of S. If x € S, then cl(x) = cl({x}) is the smallest closed set
containing z, so each cell of rank atleast one is a non-closed point in the above topology. So
S is almost never Hausdorff. However S is a Ty space. The subset {z € S: rk(z) < i} is a
closed subset of S, called the i-skeleton of S.

2.5. Lemma. (a) Let C be a closed subset of S. Then C, with the rank and partial order
induced from S, is a c.c.c.

(b) Let T'C S. Then the set of lower bounds of T is equal to Nyer cl(z) = cl(AT), with the
convention that cl(ANT') =0, if T is not bounded below.

Proof. (a) Axiom (1) holds for C since the rank and partial order on C' are induced from S.
For axioms (2) and (4), we just need to observe that if z € C' and y < z, then y € C. It also
follows from this observation that Acz = Agz, for all x € C. This implies axiom (3), that
is, VAcx = z. Part (b) follows from the definitions. O

2.6. Remark. We end this section with a couple of easy observations. The first one will be
often used without explicit reference.

(1) If z, # z_ are two cells with a common face z, then z; A z_ = z. So, if x is a cell
such that z; > x and z_ > z, then z = z; A z_ > x. Stated differently, if z ¢ U(x),
then at-most one of the co-faces of z can belong to U(x).

(2) A subset U of S is open if and only if z € U and y > z implies y € U. Thus
U(z) ={y € S: y > z} is the smallest open set containing x. Given posets S and ',
a function f: S — S’ is continuous in the above topology if and only if it preserves
the partial order.

3. NONSINGULAR AND MANIFOLD-LIKE C.C.C.

3.1. Definition/Remark. A cell of a c.c.c is maximal, if it is not below any other cell. The
dimension of a c.c.c S is defined to be the maximal rank of a cell in S. We say that S is
equidimensional, of dimension n, if each maximal cell in S has rank n.

Assume that S is equidimensional, of dimension n. The boundary of S is defined to be the
set of cells of rank strictly less than n, that have only one maximal cell above them. Since

ILet X and Y be c.c.c’s. The Cartesian product X x Y is a c.c.c, with the induced partial order (that is,
(z,y) < (2/,y') if and only if x < 2’ and y < y') and rank given by rk(z,y) = rk(z) + rk(y).
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every cell of rank atleast one, is the least upper bound of its faces, an 1—cell cannot have
only one vertex. So the co-boundary of S, that is {y € S(1): |Ay| = 1}, is empty.

A c.c.c S of dimension n is called non-singularif S is equidimensional, each (n — 1)—cell of
S is a face of at-most two maximal cells and dually, each 1—cell of S has at-most two vertices
(hence exactly two vertices).

We say that S is manifold-like if it is nonsingular and has empty boundary. Axiom (4) in
definition implies that the boundary of cl(Az) is empty for all z € S.

3.2. Lemma. Let S be a c.c.c.

(a) For each x € S(r) and 0 < j <1 one has,

(1) Nz ={y € S(r—j):y<a},

(ii) VAIx = x.

(b) Every subset of S, that is bounded above, has a least upper bound.

(c) Let S be manifold-like, of dimension n and x € S(r) for some r < n. Then A\Vz = x.
(d) For allx <y in S, one has Ay € U(x).

Proof. (a) Axiom (2) in definition 2.2 implies that a co-dimension j facet of z is a face of a
co-dimension (j — 1) facet. The statement (i) follows from this by induction on j.

The proof of (ii) is also by induction on j. The case j = 1 is the axiom (3) in definition
2.2l Notice that axiom (2) in definition has the following consequence: if z; € Afz, then
there exists z; < zj_1 < -+ < 21 < % = x such that 2, is a facet of z of co-dimension
r. It follows that AVx = Uyea,A 'y, By induction, we may assume that VA™ly = y.
Clearly z is an upper bound for A’z. Let u be any upper bound of Axz. Then u > t for
all t € A~y and for all y € Az. Hence u > VA/~ly = y for each y € Ax. It follows that
u>V{y:y € Az} =ux.

(b) If the set of upper bounds of 7" is non-empty, it is easy to see that the greatest lower
bound of the upper bounds of 7" is the least upper bound of 7.

(c) Let 2’ be the greatest lower bound of the co-faces of x. As the set of co-faces of x is
bounded below by x, one has 2’ > x. Since S is manifold-like, a non-maximal cell x has
at-least two distinct co-faces z; and 2. But then 2/ < 21 A 2o, implying rk(z') < rk(z1 Azp) <
rk(z;) = rk(z) + 1. Hence rk(2") < rk(z; A z9) <rtk(z). It follows that 2’ = 2 = 2 A 2.

(d) Use induction on (rk(y)—rk(z)). Axiom (3) implies that any cell of rank at-least 1 has
at-least two faces, which proves part (d), for rk(y) — rk(z) = 1. Suppose rk(y) — rk(z) = k
and assume the result for all x < y with rk(y) — rk(z) < k. By the induction hypothesis, y
has a facet z of co-dimension 2, such that z ¢ U(x). Of the two cells in between y and z,
at-least one must not be above x, thus providing us with a face of y, that does not belong
to U(z). O

3.3. Definition/Lemma. Let S be a combinatorial cell complex. Assume S is manifold—
like, of dimension n. For each z € S, introduce a new symbol z°, to be called the dual
cell of x. Let S° = {z° : x € S} with the partial order defined by z° <° y° if and only if
x > y. Define a rank function on S° by rk®(2°) = n — rk(z). It follows from lemma
that S° is a combinatorial cell complex. It is called the dual c.c.c of S. The r—cells of S°
correspond to the (n—r)—cells of S. The non-singularity of S implies that S° is non-singular.
The boundary and co-boundary of S are respectively the co-boundary and boundary of S°.
Thus, if S is manifold-like, then S° is also manifold-like and (S°)° = S.
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3.4. Remark. From lemma [B.2(a), we see in particular, that every cell is the least upper
bound of its vertices. So we can identify each cell with its set of vertices. Thus, to define
a c.c.c, we can start from the vertex set Sy, specify the subsets of Sy which correspond to
the cells and the rank of each cell. The partial order is induced by inclusion. It will be
sometimes convenient to think of the empty set () as a cell of rank —1, lying below every
vertex and consider the partially ordered set S =S U {0}. Of-course S is not a c.c.c.

4. ORIENTATION ON A COMBINATORIAL CELL COMPLEX

4.1. Definition. Let S be an equidimensional c.c.c, of dimension n. In particular, S is a
poset. So one has the usual notion of the barycentric subdivision of S. The (first) barycentric
subdivision of S, denoted by S™)| is the set of all totally ordered subsets of S. The barycentric
subdivision of S, with partial order induced by inclusion, is a c.c.c (in-fact a simplicial
complex). The r—cells of S1) are

SOy ={{zg <o < <a,}:a; € X}

A flag in S is an n-—cell of S, In other words, a flag in S is a maximal totally ordered
subset {zg < x; < --- < x,} of S such that z; € S(i). Let F(S) be the set of flags in S. We
use the abbreviations F(z) = F(clg(z)) and F(2°) = F(clgo(2°)). A flag in F(x) is called
a flag below x. A flag in F(z°) is called a flag above x.

Two flags F; and F; are called adjacent if they differ only in one step, that is, if the
corresponding n-cells of S have a common face. The adjacency graphﬁ of flags in S will
also be denoted by F(.S). The vertices of this graph are the flags in S. Two flags are joined
by an edge if and only if the two flags are adjacent.

We say that S is flag—connected if F(S) is a connected graph. We say that S is orientable
if the graph F(95) is connected and bipartite. An orientation w on S is a coloring of the
flags in S with two colors such that adjacent flags get opposite color. In other words, an
orientation w on S is a function w: F(S) — {£1}, such that w(vy) = —w(y’) if v and 7' are
adjacent flags. Since the graph F(.S) is assumed to be connected, an orientable c.c.c S has
two possible orientations.

Let x € S. If cl(z) is flag—connected (resp. orientable), we say that x is flag—connected
(resp. orientable). An orientation on cl(x) is referred to as an orientation on .

4.2. Example. The above definition of orientation is central to our work. So we pause to
illustrate the definition through examples of a few non-singular c.c.c’s, shown in the figures
I 2 Bl and @ The flags that map to 1 are drawn in solid lines or solid dots and the ones
that map to —1 are drawn in dotted lines or hollow dots. Interchanging the solid lines (resp.
solid dots) and the dotted lines (resp. hollow dots), one gets the reverse orientation.

4.3. Remark. (1) Suppose S is a c.c.c with flag—connected cells. Suppose z is a cell of S
and y is a face of . Then each flag below y can be extended uniquely to a flag below
x. So an orientation w on x induces an orientation wl, on y, defined by

wly(7) =wlyUfe}) for ve F(y).

It follows that, if each maximal cell of S is orientable, then each cell of S is orientable.

2a graph is a one dimensional CW-complex.
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FIGURE 1. Example of a 2-dimensional c.c.c: (a) shows two triangles joined
along a common edge. (b) shows the partially ordered set of the c.c.c corre-

sponding to this geometric figure. (c) shows the flags of the c.c.c, drawn in
two kinds of lines, showing an orientation.

(a) (b) ()

FIGURE 2. a three dimensional c.c.c: (a) the tetrahedron. (b) the flags drawn
in two kind of lines. (c) the adjacency graph of flags.

An orientation on S determines an orientation on each maximal cell of S. So if S
is orientable, with flag—connected cells, then each cell of S is orientable.

(2) If two cells ;. and x_ share a face z, then an orientation on cl{x,z_} induces two
opposite orientations on cl(x), one coming from the orientation on cl(x,) and the
other one coming from the orientation on cl(x_).

(3) Notice that an orientable c.c.c must be non-singular. If an 1-cell of S has r faces,
or if there are r maximal cells of S sharing a common face, then the graph F(S)
contains a complete graph on r vertices. So F(.S) can be bipartite only if r < 2.

(4) Suppose S is a non-singular c.c.c with only one maximal cell. Then an orientation
on S determines an orientation on the boundary of S.

4.4. Definition. Let x be an orientable cell of a c.c.c S and y be an orientable face of x.
Let w be an orientation on x and p be an orientation on y. We define,

8( ) 1 lf w|y = K,
w’ = .
H -1 if wl, =—p.

If w, is an orientation on = and w, is an orientation on y, then we write s(x,y) = s(wy, wy).
To determine s(z,y), consider a flag v € F(x) of the form v ={x >y > ---}. Then

s(z,y) = wa(7) /wy (v \ {z}). (1)
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FIGURE 3. (a) shows the Mobius strip broken up into three squares. (b) shows
the c.c.c corresponding to the Mobius strip. (c¢) shows the adjacency graph of
flags; this graph is not bipartite.

FIGURE 4. (a) the torus broken up into 9 squares. (b) the adjacency graph of flags.

Since the graph F(y) is connected, the right hand side of equation (II) does not depend on
the choice of the flag ~.
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5. HOMOLOGY AND COHOMOLOGY GROUPS

5.1. For this section, let S be a c.c.c such that each cell of S is orientable. Pick an orientation
on each cell z of S, denoted by w,: F(cl(z)) — {£1}. Given this data, we can associate a
sign s(x,y) € {£1}, for each pair x and y, where z is a cell and y is a face of = (see [£.4]).
The key equation satisfied by the numbers s(x,y) is given in the following lemma. Axiom
(4) in the definition of a c.c.c, which is our main axiom, is used here.

5.2. Lemma. Given the setup in section [l so far, Let z be a co-dimension 2 facet of © € S.
Let y, and y_ be the two cells in between x and z, that is, Ae " Vz = {y.,y_}. Then

S(SL’, y+)8(y+7 Z) + S(SL’, y_)S(y_, Z) =0. <2>

Proof. Let v ={z =2y > 2 >---} beaflagbelow z. Let v, ={x >y, > 2> 2z > -}
and y_ ={z > y_ > zg > z; > - -+ } be the two flags below x that extend 7. Then

Wz (74) wy, (7 \ {z}) o Wz (74)

s(,y4)s(yy, 2) = wy, (71 \ {z}) w, () - w.(v)

Similarly s(z,y-)s(y—, 2) = wz(y-)/w.(y). Since 7, and y_ are adjacent flags in F(x), the
lemma follows. O

5.3. Definition. Now we can define chain complexes, boundary maps, homology groups et-
cetera in the standard fashion. For each cell x of S, we introduce a formal variable, denoted
by [z]. The group of i—chains in S with integer coefficients, denoted by C;(.9), is the free
Z—module with basis {[z]: € S(i)}. (Of course, one can replace Z by other commutative
rings but we shall restrict ourselves to integer coefficients). Let

ole) = ) slay)lyl and  dfz] = Y s(z2)[2].

yEAx zeVzx

Define the boundary map 0: C;(S) — C;_1(S) and the co-boundarymap §: C;(S) — Cii1(S)
by linearly extending the above. In other words, for an i—chain o = 3 _qq 72[z], let

D ralz))= > 1] and 5( Y rofz]) = > r.dfa].
zeS (i) z€S(3) xeS (i) z€S(i)

The image of a minimal (resp. maximal) cell under the boundary (resp. co-boundary) map
is defined to be zero. If o € C;(S) such that do = 0 (resp. do = 0) we say that o is an
i—cycle (resp. i—cocycle).

5.4. Lemma. Given the setup in section[d so far, one has 0> = 0 and 6> = 0.
Proof. The proof follows from axiom (4) in the definition 2.2 and lemma O

5.5. Definition. Let C; = C;(S). The lemma above shows that (C;,d) and (C}, ) are chain
complexes. We define the cellular homology (resp. cellular cohomology) of S to be the
homology of the chain complex (Cj, ), (resp. (C;,0)).
ker(@: CZ — Ci—l)
( ) 1m(8: Ci—l—l — CZ)

i . ker(é: CZ — Ci—l—l)
and - H (S) N 1m(5 Ci—l — CZ) ’

5.6. Remark.
10



(1) To define the homology and cohomology of S, we need each cell of S to be orientable.
We do not require that S is non-singular or even equidimensional. If each cell of S
is orientable, and T is a closed subset of S, then each cell of T is also orientable.
So the homology/cohomology groups of T are well defined. However T" need not be
equidimensional or non-singular, even if S were. We shall have occasion to consider
homology groups of such T

(2) Suppose S is a c.c.c with orientable cells. Given an orientation w, on each cell y
of S, we get the chain complex (C,,d) as defined above. Let us temporarily write
(Cs,0) = (C¢,0%) to emphasize that the chain complex depends on the choice of
w,’s. However, as we shall now see, choosing a different set of orientations, give an
isomorphic chain complex. Let {p,: y € S} be another set of orientations on the
cells of S. Define t(y) = 1 if w, = p, and t(y) = —1 if w, = —p,. Then it can be
easily checked that the map [y] — t(y)[y]| gives an isomorphism,

(€7, 0°) = (CF, 0),

of chain complexes. So the homology groups do not depend on the choice of w,. The
same remark applies to the cohomology groups.

(3) Assume that S has orientable cells. Then each 1-cell has two vertices. The zero
cycles of S are just linear combinations of vertices of S. Usually we shall assume that
wy({v}) = 1 for each cell v of rank zero. Under this assumption, if v, and v_ are
the two vertices of an 1-cell z, then s(z,v;) + s(x,v_) = 0. So two vertices v; and
vy are in the same homology class if and only if they can be “joined by a sequence of
1—cells”.

Consider the graph S<; whose edges correspond to the 1-cells of S and the two
endpoints of an edge x correspond to the two rank zero cells of S below x. Then
Hy(S) is simply the zero-th homology of the one dimensional CW-complex S<;.
Suppose the graph S<; has r connected components. Then Hy(S) is a free abelian
group of rank r. If one vertex is chosen from each component of the graph S<;, then
Hy(S) is freely generated by the homology classes of these r vertices. In particular,
if Hy(S) ~ Z, then Hy(S) is generated by the class of any vertex of S.

(4) Let T be a closed subset of S. Let C;(S,T) = C;(S)/Ci(T). If 0 € C;(T), then its
boundary do belongs to C;_(T). Thus 0 induces boundary maps d3: Ci(S,T) —
Ci—1(S,T). We define the relative homology of the pair (S,T") to be homology of the
chain complex (C;(S,T), d2).

5.7. Lemma. Let S be a simplicial complex. For each simplex v = {xq, - ,x.} € S of rank
r, choose a total ordering, x, <, T,_1 <, --- <y xo, on the set of vertices of . Assume
that these total orderings are compatible with each other, that is, if v C vy, then <. is the
restriction of <. to the vertices of W’E Now consider S as a combinatorial cell complex.
Then each cell of S is flag—connected and there exists an orientation w., on each cell v of

S such that .

s(v, v\ {zi}) = (=1)"
It follows that the homology of the c.c.c S (as defined in[5.73) coincides with the simplicial
homology of the simplicial complex S (as defined, for example, in section 3.2 of [§]).

3For example, a total ordering on all the vertices of .S, induces a compatible family of total orderings on the
vertices of each simplex of S.
11



Proof. Let v = {xo,--- ,z,} be a simplex of S. A total ordering, given by z, <, --- <, o,
on the vertices of v, induces an orientation on 7, as follows.

Given aflag ' = {y =1y D I'y D --- D I} in cl(y), one gets a permutation P,(I') of
(7 4 1) letters, defined by I'; \ I'i41 = {zp, )@ }- Define w,: F(y) — {£1} by

w,(T") = sign(P,(T)).
If I and I" are adjacent flags below 7, then the permutations P, (I') and P, (I") differ by a
transposition. So w, is an orientation on the cell 7. Notice that F () is flag connected since
the symmetric group is generated by transpositions.

To determine s(vy,7 \ {zo}), consider the flag I' = {I'y 2 I'y D --- D I',} given by
I'i = v\ {20, - ,2;-1}. Then P,(I') and Py (43 (I' \ {7}) are both equal to the identity
permutation. So

wy(T) = wpgaoy (TN {7}) = 1.

It follows that s(v,v \ {z0}) = wy(I)/wnfzo3(I'\ {7}) = 1. To compare s(v,v \ {z;}) and
s(v,7v \ {xiz1}), consider two adjacent flags 'y and I'_ in F(v), having the following form:

'y ={vyoy\{z:} 2y \{zi,zis1} D -},

I ={v2y\{ziri} 27\ {zi,zia} 2--- 1.
Since I'; and I'_ are adjacent flags, we have w,(I'y) = —w,(I'_). On the other hand, the flags
P \{v} e F(y\{z;}) and I'_\ {7} € F(y\ {zi41}) correspond to the same permutation.

Hence wp 12,3 (T4 \{7}) = wpnfar, ;T\ {7}). It follows that s(v, v\ {z;}) and s(v, Y\ {®i+1})
have opposite signs. O

6. STELLAR SUBDIVISION

We would like to show that if S is a manifold-like c.c.c with orientable and acyclic cells,
then the homology of S is isomorphic to that of its barycentric subdivision SM. It is easy to
write down a chain map from the i—chains of S to those of S, But it seems difficult to show
directly that this map induces isomorphism of homology groups, since the cell structure of
S is very different from the cell structure of S. For this purpose, we want to break up the
transition from S to S into many successive “stellar subdivisions” or “stellar refinements”.
In each step, the cell structure is only “locally” modified. This makes it easier to compare
the homology groups in successive steps. Stellar subdivisions of simplicial and cell complexes
arise in many places in literature, for example, see [0], [§].

6.1. Definition. Let = be a cell of a c.c.c S. Define the star of x to be
star(z) = cl(U(x)).

We also define M (z) = star(z) \ U(x) and M(z) = M(z) U {B} (see figure [). Both star(x)
and M (x) are closed subsets of S. So these are sub—c.c.c’s of S. When there is a possibility
of confusion, we write starg(z) and Mg(z). Say that S is a star around x, if starg(x) = S.

6.2. Definition. Let S be a c.c.c and = € S(i) for some i > 1. We want to define a new c.c.c
S, to be called the stellar subdwvision of S at x. (To get the idea, look at the examples in

figure [Bl). For each y € M(x), introduce new cells C,(y), to be called the cone over y with
verter at x. Define S*(0) = S(0) U{C,(0)} and

S(r)={y € S(r):y # =} %{Cx(y) ty € M(z)(r — 1)},



FIGURE 5.

with the convention that M (z)(—1) = {#}. There are two kinds of cells in S*. The first kind
consists of the cells of S\ Ug(x); these will be called the old cells. The second kind consists
of the cones; these will be called the new cells.

Next, we define the partial order on S*. Given two cells y and z of S*, the relation y <g= 2
holds if and only if one of the following conditions hold.

o Both y and z are old cells and y <g z.

o yis an old cell, z = C,(2') is a new cell and y <g 2’.

o Both y = C,(v') and z = C,(2) are new cells and ¢’ <g 2’.
We shall check in a moment that S* is a c.c.c. If T is obtained from S by successive stellar
refinements, then we say that T is a refinement of S.

S$

Sy
(a) (b)

FIGURE 6. (a) shows a two dimensional c.c.c S, the stellar subdivision S* at
the 1-cell x joining the square and the pentagon and the stellar subdivision
SY at the 2-cell y. (b) shows a three dimensional c.c.c T and it subdivision
T7, where the 2-cell z is the square in the middle. The new vertices, namely
C:(0), C,(0) and C,(0), are marked with a circle.

6.3. Remark. (1) Let T = starg(xz) and M(x) = Mg(x) = Mr(x). There is a canonical
isomorphism: starg(z)* ~ starg:(C,(0)). On both sides, the r—cells are

M(x)(r) U{Culy): y € M(z)(r = 1)}.

On both sides, the partial order and rank are defined in the same way. We shall often
identify starg(z)* as a sub-c.c.c of S*, via the above isomorphism.

(2) Taking a stellar refinement at x only changes the cell structure “around z”. More
precisely, starg(z) C S is replaced by starg(z)* ~ star(C,(0)) C S*. The rest of the
cell structure remains unchanged.
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(3) The cells in U(xz) C S “die” in the process of stellar subdivision at z. The rest of
the cells of S “survive” as cells of S7; these are the old cells. Finally, for each cell
y € M(z), a cell called C,(y) is “born”; these are the new cells. For later use, we
note the following.
o There are no new cells below an old cell.
o Among the faces of C,(y), there is only one old cell, namely y itself.
(4) While defining S*, we have assumed that the rank of x is atleast one, because this
is the only case we shall need. However, the definition makes sense even when z is a
cell of rank zero. In this case the vertex x gets replaced by the vertex C,(0).

6.4. Lemma. Let S be a c.c.c and x be a cell of S of rank at-least one. Then,

(a) S* is a c.c.c.

(b) If S is equidimensional, of dimension n, then so is S*.

(c) If each 1—cell of S has two vertices, then the same is true for each 1—cell of S*.

(d) Suppose S is equidimensional, of dimension n. If there are at-most two (resp. exactly
two) n—cells above each (n — 1)—cell of S, then the same is true for S.

(e) If S is non-singular (resp. manifold—like), then S* is non-singular (resp. manifold—like).

The proof, given in appendix [A.T] is easy but a little tedious. It is mainly because we have
to separate the argument into cases, depending on whether the cell of S* we are dealing with
is a cone or not.

We shall have occasion to consider repeated stellar subdivision of a c.c.c. We shall write
(X*)¥ = X*. The c.c.c one obtains by repeated stellar subdivision depends, in general, on
the order in which the subdivision points are chosen. However, we have the following result.

6.5. Lemma. Let X be a c.c.c and {1, x5} C X such that Ux(x;) NUx(z;) =0 for all
i # j. Then the refinement Xy = X*1*2°% has the following description.:

X(k) = U;?:l{C’xj(v): RS Mx(xj)} U (X \ U?:l Ux(SL’J))

As before, the cells of the form C,,(v) are called the new cells and the rest are called the old
cells. The partial order on Xy is defined by the following rules. One has o <x, B if and
only if one of the following three conditions hold:

o both o and (3 are old and o <x [3.

o ais old, 3 = C,,(08') is new and a <x f3'.

o both o and 3 are new, there is a j between 1 and k such that a = Cy, ('), 8 = Cy,(5')
and o <x (7.

It follows from this description that there are no old cells above a new cell and Xy does not
depend on the order of subdivision.

The proof is given in appendix [A2]

Suppose X is a c.c.c such that each cell of X is orientable but X itself is not orientable.
We will need to consider the homology groups of such an X and of its stellar subdivision
X?*. We need the following lemma to make sure that the homology of X? is well defined.

6.6. Lemma. Let X be a c.c.c and let x be a cell of X.

(a) If each cell of X is flag-connected, then each cell of X* is flag connected.
14



(b) If each the cell of X is orientable, then each cell of X* is also orientable. More
precisely, one has the following: Let y € Mx(z) with tk(y) =n —1. Let S = clx(y) € X
and S’ = cl(Cy(y)) C X*. Given a flag v € F(5'), there is an 1 > 0 such that

v ={Cu(yo) > Cu(y1) > -+ > Col¥i) > Yi > Yiva > Yir3 > = > Yn}
where yo =y and y; € S, with the exception that y, = 0 if i =n. We let I(y) =i and

Y={vw>y1 > > >Yir2>Yiya > > yn}t € F(5),
with the convention that y, = 0 is omitted if i = n. If w, is an orientation on S = clx(y),
then wg, defined by
wer (1) = (1), (7),
is an orientation on S" = cl(Cy(y)).

The proof is given in appendix [A.3]

6.7. Definition. Let S be a c.c.c with orientable cells and € S. Fix an orientation w,
for each cell z € S. Given this data, we define an orientation on each cell of S* as follows.
If z € 5% is an old cell, then Fg(z) = Fg=(2). So w, is already defined. If C,(y) is a
cone in S, then choose wc, () as prescribed by lemma B.6(b). For a flag v with top two
cells C,(y) and y, we have, in the notation of lemma [6.6, ¥ = v \ C,(y) and I(y) = 0, so
wey ) (V) = wy(v\ {Cx(y)}). In other words, in the notation of 4], we have

s(Ca(y),y) = 1. (3)

Suppose y € Mg(z) and z is a face of y. So z is a co-dimension 2 facet of C,(y). The two
cells in between C,(y) and z are C,(z) and y. From lemma [5.2] one has,

s(Ca(y), Ce(2))8(Cu(2), 2) = =5(Caly), y)s(y, 2).
Since s(Cy(u),u) = 1 for all u, it follows that

S(Cx(y)70x(z)) = —s(y,z). (4)

6.8. Lemma. Let S be a c.c.c with orientable cells and x € S. For each w € S, let Ajw =
Aw\ U(z) and Aqw = AwNU(z). Define

> s(wy)lCaly)] if well(z),
o(lu]) = { w5 |
[w] otherwise.

Then ¢ defines a chain map (Co(S),0) — (Ce(S*),0) and hence induces an homomorphism
Hi(p): HL(S) — Hi(S).

Proof. Suppose w € U(z) and y € Aj(w). Let Z be the set of co-dimension 2 facets of w,
that are not greater than or equal to x. From the description of partial order on S* and
equations (3B)) and (4), we have,

0(Ca(y) = ly) = Y sy, 2)[Ca(2)].
zEAyY
It follows that

delw)) = 3 s(wpalCw]l = 3 sw )l -3 3 stw.v)s.2)]|[Cal2)]

yeEAw yeEATW z€Z yeVzNAiw
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w € U(x)
y— € Aqw
z €7
AswNnNVz={y_}

FIGURE 7. the relevant cells around z € Z;

In the second term of the final expression, we are summing over all pairs (y, z) such that
y € Aw, z € Ay and y ¢ U(x). So the set of z that appear in the expression are in Z.
Given z € Z, let y, and y_ be the two cells in between w and z. Without loss, we may
assume that y; ¢ U(x). We may write Z as a disjoint union Z = Z; U Z,, where Z; (resp.
Zs) consists of those z € Z, such that y_ € U(z) (resp. y_ ¢ U(x)) (see figure[d)). For z € Z,,
we have > co.nn,w S(W,Y)8(Y, 2) = s(w,y1)s(y, 2) + s(w,y-)s(y-, 2) = 0. It follows that

Aelw)) = Y s(w.y)lyl = > s(w,y+)s(ys, 2)[Ca(2)]-

yeEA LW z2€Z1

To compute p(d[w]), note that, if y # y' are two cells in Aqw, then Ay N Ay’ = () and
Uyer,wiy = Z;. It follows that

@) = Y stwyelyl = Y stwy)yl+ D s(w,y-)s(y-, 2)[Ca(2)].

yeATwUAsw yeEA W z2€Z1

Using lemma [5.2] once more, we see that 0oy = ¢ o0 0. O

7. LEMMAS ON VANISHING OF HOMOLOGY GROUPS

7.1. Definition. A c.c.c S with orientable cells is acyclic if H;(S) = 0 for ¢ > 0 and
Hy(S) ~ Z. As remarked in[L.3|(3), in such a situation, Hy(S) is generated by the homology
class of any vertex of S. We say that x is an acyclic cell if cl(z) is acyclic. In this section

we want to show that, if the cells of S are acyclic, then the cells of S* are acyclic and
H,(S) ~ H,(S%).

7.2. Lemma. Let T be a c.c.c with orientable cells. Let x and y be two cells of T' such that
y € M(x). Let S = clg(y) and S = clg«(Cy(y)). Let j: S — S be the inclusion map,
j(z) = z. Then one has the following:

(a) The induced map on homology, j.: H;(S) — H;(S’), is the zero map, for i > 1.

(b) If y is acyclic, then so is C,(y).

(c¢) If all the cells of T are acyclic, then all the cells of T* are also acyclic.

Proof. Let z be a facet of y. Since z is not a facet of y, it is not a facet of z either. So z
remains a cell in S*. So j(z) = z defines an injective chain map from C;(S) to C;(S"). We
shall identify Co(S) as a sub-chain complex of C,(S’) via the function j. Also, note that
2V x exists, so Cp(z) is a cell of §’. Thus, the r—cells of S are the r—cells of S and the cones
on the (r — 1)-—cells of S. (Recall that S(r) = S(r) for r > 0 and S(—1) = {#}.)
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As A(z) N U(z) = O for each facet z of y, using equation (), the boundary of a cone is
given by
N[Ca(2)]) =[] = Y s(zw)[Calw)].
weAz
Let C,(S) be the chain complex C,(S) augmented by C_,(S) = Z[{]:
= Gi(S) = Cia () = -+ = C1(S) = Co(8) = C1(S) — 0,

where the boundary map Cy(S) — C_(S) sends [z] to [)] for each vertex = of S. The i—th

homology of this chain complex will be denoted by H;(S) for i > —1. Let

hi: Ci(S) — Cia (9)
be the linear map induced by [z] — [C(2)]. From the above formula for the boundary of a
cone, one gets (hod+ 0o h)([z]) = [z], which implies part (a).
Recall that, we have identified C;(S) as a sub-complex of C;(S’), via the inclusion j. The
function h; above induces a map h;: C;(S) — Ci11(5")/Ciy1(S), satistying hod+9doh =0,

showing that (—1)°h;: Ci(S) — Ci41(S")/Ciz1(S) is a chain map. The map h; is a bijection

on the level of chains, since C;11(S") = Ci+1(5) & hi(Ci(5)) as abelian groups. So the chain

complex Co(S")/C4(S) is isomorphic to Ce_1(S). One has the following exact sequence of
chain complexes:

0 — Ci(S) — Ci(S") — Ci(8")/Cy(S) ~ C;_1(S) — 0.

By taking the long exact sequence of homology groups, one gets H;(S") =0 for i > 2, since
H;(S)=0and H;_1(S) = H;_1(S) = 0. The end of this long exact sequence has the form,

0 — Hi(S) — Hi(S") — Ho(S) — Ho(S) — Ho(S") — H_1(S) — 0.
By remark [4.3I(3), Hy(S) ~ Z is generated by the class of any vertex of S. So
d(C1(9)) = span{|u] — [v] : u,v € S(0)}.

So 9(C41(9)) is the kernel of the map Cy(S) — C_1(S). Thus Hy(S) = 0. Also H_1(S) = 0.
It follows that H;(S") ~ Hy(S) = 0 and Hy(S") ~ Hy(S) ~ Z. This finishes the proof of
part (b). Part (c) follows from part (b). O

7.3. Lemma. (a) Let S be a c.c.c with orientable cells and x € S. Assume that S is a star
around x, that is, starg(x) = S. Then S* is acyclic.
(b) Let X be a c.c.c with orientable cells and x € X. Then star(C,(0)) C X* is acyclic.

As remarked in [6.3|(1), there is a canonical isomorphism, starx.(C,(())) ~ starx(z)*. So
part (b) follows from part (a). The proof of part (a), given in appendix [A.4] is similar to
the proof of lemma [7.2

7.4. Lemma. Let S be a c.c.c with orientable acyclic cells. If S is a star around x, then S
is acyclic. In particular star(z) is acyclic for all x € S. (For the proof, it is important to
note that we do not assume S to be equidimensional or nonsingular).

Proof. Let dim(S) = n. If x is a maximal cell of S, then S = star(z) = cl(z) is acyclic, by
assumption. For a non-maximal cell z, let 1, - - - , #; be the maximal cells above x arranged in
decreasing order of rank, that is, rk(t;) > rk(ty) > -+ > rk(tx). Let ps(z) = rk(t;) — rk(x).
The proof is by induction on pg(x).
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Though logically it is not necessary, we first prove the lemma in the case pg(x) = 1, to
illustrate the idea. Since z is not a maximal cell, one has rk(¢;) = rk(z) + 1. In other words,
Vz = {ty, -+ ,t}. By induction on j, we show that T; = cl{ty,--- ,¢;} is acyclic. The case
j = 11is a part of assumption. Assume now, that 7;_; is acyclic. Since T; = T;_; U cl(t;)
and T;_; Ncl(t;) = cl(z), one has the following exact sequence of chain complexes:

0 — Cu(cl(x)) = Ca(Tj-1) @ Ca(cl(ty) = Ca(T5) — 0,

where p(\) = (A, —=\) and ¢(u,0) = p+ 0. By taking the long exact sequence of homology
groups, one gets H;(T;) = 0 for ¢ > 2. Further, looking at the end of the long exact sequence,
one has,

0 — Hy(T}) — Ho(cl(2)) 22 Ho(T; 1) @ Ho(cl(t;)) — Ho(T}) —

Let v be any vertex of x. Then, by remark [£3(3), [v] generates Hy(cl(x)) and Ho(cl(tj))
The map Ho(p): Ho(cl(z)) — Ho(Tj-1) @ Ho(cl(t;)) sends [v] to ([v], —[v]). Since —[v] €
Hy(cl(t;)) is non-zero, the map Hy(p) is injective. It follows that Hy(7};) = 0 and Hy(Tj) ~ Z.
This completes the proof for pg(x) = 1.

Now, let pg(z) = r. Assume that the lemma is true for ps(x) < r. By induction on j, we
show that T; = cl{t;,--- ,t;} is acyclic. The case j = 1 is again a part of assumption. Now
assume that 7j_; is acyclic. One has T; = T, Ucl(t;). Let K =T, Ncl(t;) 0. The c.c.c
K is a star around z with dim(K') < rk(¢;), so

pi(x) <1k(t;) —rk(z) <r
Since the lemma is assumed to be true for pg(z) < r, we get that K is acyclic. As before,
one has the exact sequence

0 — Co(K) = Co(Tj-1) @ Cu(cllty) = Cu(T) — 0.
The result follows by taking the long exact sequence of homology groups. U

7.5. Proposition. Assume that X is a c.c.c with orientable and acyclic cells. Let v € X.
Then the map Ho(p): Ho(X) — Ho(X™), defined inl6.8, is an isomorphism.

Proof. From lemma [6.8 we have a chain map ¢: Co(X) — Co(X"). Let S = stary(x). We
shall identify S* as a sub-complex of X* via the identification S* ~ starx=(C,(¢)) given in
63(1). The map ¢ fits into the following commutative diagram of chain complexes:

0 —— Ci(S) — Ci(X) ——= Ci(X)/Ci(S) —=0

<Psl l@ wlZ
0 —=Ci(5") —= Cy(X") —= Ci(X7) /C3(S") —=0

The horizontal maps on the right are the quotient maps. One checks from the definitions
that both C;(X)/Ci(S) and C;(X*)/C;(S*) can be identified with the free abelian group
on the cells of (X \ S) and the map @ acts as identity on these cells. Thus ¢ is a chain
isomorphism, so He(@): He(X,S) — He(X",S%) is an isomorphism.

Next, note that S and S* are acyclic by lemma [7.4] and [7.3 respectlvelyﬁ It follows that

H,(p| 5) is an isomorphism. Taking the diagram of homology groups corresponding to the

40bserve that K is a c.c.c with orientable acyclic cells, but K need not be non-singular or equidimensional.
"We can conclude that S* is acyclic without using lemma [73] as follows. By lemma and [Z.2] the cells of
X?® are orientable and acyclic. So lemma [74] implies starx=(Cy(0)) is acyclic. But starx=(Cy(0)) ~ S*.
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above commutative diagram of chain complexes and applying the five lemma, it follows that
Ho(p): Ho(X) — Ho(X?) is an isomorphism. O

8. BARYCENTRIC SUBDIVISION OF A C.C.C

Recall, from {1}, the definition of the barycentric subdivision of a c.c.c S, denoted by S™.

8.1. Remark. If S is equidimensional, of dimension n, then the same holds for S, The
n—cells of SM correspond to the flags in S. The other cells of S0 correspond to totally
ordered subsets of S, that is, “partial flags” in S. If S is non-singular, then it is easy to see
that S is non-singular.

8.2. Lemma. FEach cell of SU) is flag connected and has an orientation such that, for v =
{rg > 21 > >z} € SY(r), one has s(y,7\ {z;}) = (=1)".

Proof. The lemma follows from [5.7], once we note that there is a compatible family of total
ordering on the vertices of each cell v € S| coming from the partial order on S. U

8.3. Lemma. Let S be a c.c.c with orientable cells. For each cell x € S, choose an orientation
wy: F(x) — {£1}. Choose orientations on the cells of SN as prescribed by lemmal82. If
x € S(r), then a flag v € F(x) determines an r—cell in SU and thus an r—chain [y]. There
is a chain map ®: C4(S) — C,(SW), given by

e(fe]) = Y whl

YEF ()

Proof. To check that ® is a chain map, we first calculate dga) (P[z]).

Oso (®a]) = D wa(MIsly] = D we(v) D s(v.9)¢).

YEF () YEF () ey

Consider a “partial flag” & appearing in the final expression. Suppose £ is of the form
{r =20 >21 > > x> 249 > - > x,} for some ¢ > 0, where z; € S(r — j).
Then there are two adjacent flags v, and ~_ in F(x), such that ¢ is a face of y.. We have
we(74) = —we(7-) and s(yy, &) = s(7-,&) = (—1)" (by lemma[8.2). So, in the expression for
g (P[x]), the coefficient of [¢] vanishes.

Let £ be a “partial flag” that is not of the above form. Then ¢ is of the form {z; > 25 >
-+ > x,}, where x; is a cell below x of rank (r — j). That is, £ is a flag in cl(Az). The only
flag v € F(x), that has £ as a face, is v = {z = 2y > x; > --- > 2, }. Lemma B2 implies
s(y,€&) = 1. It follows that

Osw(®[2]) = Y w6 U{eDE] =) s(wy) D wy (O[] = D(dsfa])-

§eF(cl(Az)) yEAz £eF(y)
So ® induces a map Hy(®): H;(S) — H;(SW). O
Suppose S is a c.c.c of dimension n. Let y1,--- ,yy be an ordering of all the cells of S of

rank at-least one, such that rk(y;) > rk(ys) > --- > rk(yy). We shall now prove that the
first barycentric subdivision of S can be obtained by taking successive stellar subdivision at

Y1,Y2, - ,Yn, in that order. Because of lemma [6.5] it does not matter how the cells having
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the same rank are ordered. (See proposition 2.23 of [§] for the same result for simplicial
complexes.) We shall use the following abbreviation and convention:

Cwjooany (V) = Co; (Coy_, (- Oy (v))). If j =0, then Cy(v) = v.

8.4. Lemma. Let S be a manifold-like c.c.c of dimension n with orientable cells. Let
xy,wy, -, xy be the set of r—cells of S. Starting with T,y = S, we shall define T, for
n+1>r >1, by backward induction on r. Having defined Ty,11, 1Ty, -+ ,Try1, we claim that
each r—cell of S survive as a cell of T, and we define
-
Then one has the following:
(A(r)) The cells of T, have the form Cy,u;_,..u;(v), where 0 < j <n —r+1, u; € S and
v e SU{D}. More precisely,
n—r+1
T, = U {Cuuy g (V)0 <y <ujog--- <y, vk(v) < rrk(uj_;) >+ i}
=0
(B(r)) The cells greater than or equal to Cy,..., (t) in Tr11 are the cells of the form C,, ..., (v)
where t < v and {w; < wj_y <--- < wiy} is an ordered subset of {yr < yp—1 < --- <Y1}
(C(r)) Considert € S(r) as a cell of T,.1. The cells of T,11 that are greater than or equal
to t are those of the form Cyu; .., (t), j > 0. Thus, if t and t' are two distinct r—cells of

!

S, then Ur,.,(t) NUr, ., (t') = 0. Consequently (Ty41)" =~ (T41)"
(D) The c.c.c Ty is canonically isomorphic to the first barycentric subdivision SO . Under this
isomorphism, The cell Cy ..., (Vo) € Ty corresponds to the cell {vg < vy < -+ < v,} € SW.

In the statement A(r) The proof is given in [A.5l However, it is best to work out a few
examples in dimension 2 and 3 to convince oneself of the validity of the statement.

8.5. Proposition. Let S be a manifold—like c.c.c of dimension n, with orientable and acyclic
cells. Then H(S) =~ Ho(SW).

Proof. By lemma [84] the first barycentric subdivision S() is obtained from S by a sequence
of successive stellar subdivisions. The property of having orientable and acyclic cells, is
preserved under stellar subdivision, by lemma and respectively. The result now
follows from repeated application of proposition [7.5, which says that, for c.c.c’s with acyclic
orientable cells, homology is invariant under stellar subdivision. O

8.6. Remark. We can refine proposition [8.5] as follows. Let 1, --- , yny be a list of all the cells
of S in decreasing order of rank. Let ¢° be the composite of the chain maps given below:

Co(S) = Cy(SY1) — Co(S¥192) — -+ — Oy (SY1Y27UN) ~ C’.(S(l))

where all but the last chain map is obtained from lemma and the last isomorphism is a
consequence of lemma B4l It follows from lemma [Z.F, that ¢°: Co(S) — Co(SW) induces
isomorphisms of homology groups. On the other hand, lemma [B3] gives us another chain
map ®: C,(S) — Co(SW). One can check that

®; = £¢5: Cj(8) — Cy(sW). ()

(A proof of equation (H) is given in appendix [A.6). From equation (H) it follows that
H,(®): Hy(S) — H,(SM) is an isomorphism.
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There is a somewhat confusing issue here, that needs an explanation. It follows from
and B3] that both ¢° and ® commute with the boundary maps. However, the maps ¢°
and ® only agree up-to sign. The solution to this apparent contradiction is the following
observation. To show that ® (resp. ¢°) is a chain map we must orient the cells of S as
prescribed by lemma (resp. repeated use of lemma [6.6]). These two sets of orientations
on the cells of S do not agree. So the two boundary maps on S, with respect to which
©° and ® are shown to be chain maps, are different.

9. POINCARE DUALITY

9.1. Lemma. Let S be an orientable, manifold—like c.c.c of dimension n. Assume that each
cell of S and S° is flag—connected. Then

(a) SV = (52),

(b) H;(S) ~ H""(S°).

Proof. Proof of part (a) is clear from the definitions.

Proof of part (b) is like the classical proof of Poincare duality theorem, by relating ho-
mology and cohomology using dual cell decompositions (for example, see [7], pages 53-55).
Since S is orientable, manifold-like, of dimension n, so is S° (by B.3)). Since S is orientable
and each cell of S is flag—connected, the first remark in [£3] implies that each cell of S is
orientable. The same remark holds for S°.

Recall that the flags in F(z) = F(cls(z)) are called the flags below = and the flags in
F(x°) = F(clgo(x°)) are called the flags above x. Suppose y = z or y € Az and we are given
a flag 7, above x and a flag ; below y. Then, putting together v; and 5, with the partial
order on 7, reversed, one obtains a flag in S, which we shall denote by v; U ~5.

Let w be an orientation on S and w® be the corresponding orientation on S°. For each
x € S, choose an orientation w, on clg(z) such that, if z is a maximal cell, then w, is the
restriction of w to clg(z). Define an orientation wg on clgo(z°) as follows. Given a flag
72 € F(x°), choose flag v; below = and define

wy(72) = w(n Ung)/wa(m)-
The definition of w; does not depend on the choice of v;, because the adjacency graph of
flags below z, is connected. Further, if v, and 7, are adjacent flags above x, then v, U735
and y; U7 are adjacent flags in S. It follows that
wy(12) = w(r Ung)/we(n) = —w(n Uds)/we(n) = —wi(F2),

showing that w? is an orientation on cl(x°).
Now suppose that y is a face of x € S. Pick a flag v, below y and a flag v5 above x, and
let v =~ U~s be the flag in S, obtained by putting them together f. Then one has

oo o = (YW w)feyn)
S CRE e o e o YN ARV 1) R 2k ®)

Consider the map *: C;(S) — C,,_;(S°) given by *[z] = [z°]. The equation (f) shows that
x(0]o]) = d(x[o]), for o€ Cy(9).

OIf yy = {28, | <®---<®a=xa}and v, = {y = yo > --- > y,} then putting them together one gets the
flag vy ={xn—p_1>Tpro> - >T1>T0>Yo > Y1 > > Yr}
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So the map * is an isomorphism between the chain complexes (C;(S),d) and (C,—;(S°),9).
U

9.2. Theorem. Suppose S is an orientable, manifold—like c.c.c of dimension n. Assume that
each cell of S and S° is flag-connected and acyclic. Then H;(S) ~ H"(S).

Proof. As S is n dimensional, manifold—like and orientable, the same holds for S°. Since S
is orientable and each cell of S is flag—connected, the first remark in implies that each
cell of S is orientable. The same remark holds for S°. So each cell of S and S° is orientable
and acyclic. By proposition the homology of S and S° are invariant under barycentric
subdivision. But the barycentric subdivision of S and S° are identical (see lemma (a)).
It follows that
Hi(S) ~ H;(SW) ~ H;((S°)W) ~ H(S°).

Since (S5°)° = S, By lemma [0.1I(b), we have H;(S°) ~ H"(S). O

10. MISCELLANEOUS REMARKS

10.1. Intersection pairing and integration: Let S be an orientable, manifold-like c.c.c
of dimension n. Note that one has a tautological pairing,

CZ(S) X Cn_i(So) — Z,

obtained by linearly extending ([x], [2°]) = x(z = z), where x(-) is the indicator function.
Let z € S(i + 1) and z € S(i). Using equation (@), one has,

(O], [2°]) = Y s(a,y)x(y = 2) = s, 2)x(z € Aw) = s°(2°,2°)x(a° € V2°) = ([a], O[=°]).

yeAx

By linearly extending, one gets,

(Do, T) = (0,0T), (7)
for 0 € Ci41(S) and 7 € C,_;(S°). The pairing between chains and co-chains restricts to
give a pairing between i—cycles of S and (n — i)—cycles of S°. Equation ([7]) shows that the
pairing between cycles descends to a pairing between the homology groups,

H;(S) x H,—;(S°) — Z, denoted by (o,7)+— o,

This is the intersection pairing. From lemma [0.I, we have an isomorphism *: H;(S) —
H"*(S5°). Let us also denote the inverse isomorphism by . Using the duality * and the
intersection pairing, we get the integration pairing:

/: H;(S) x H'(S) — Z, defined by /w = o M *w.

g

An immediate consequence of equation (7) is Stoke’s theorem: || oo W = fo ow.

10.2. Functoriality of homology groups: Let Cat be the category of small categories
and let N be the nerve functor defined from Cat to the category of simplicial sets. Let CCC
be the category whose objects are combinatorial cell complexes and the morphisms are order
preserving maps of underlying posets, or in other words, continuous maps of the underlying
finite topological spaces. Considering a partially ordered set as a category with only one
morphism between any two objects, we can view CCC as a full subcategory of Cat. Thus,
given a c.c.c X, we get a simplicial set N(X), whose r-simplices are
N(X), ={(zo, 21, - ,zp) 20 > 21 > - > 1y, € X}
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and the j-th face map is given by 0;(xo,- - ,2,) = (zo, -+ , Tj=1, Tjt1, -+, Tr).

Let us recall the definition of the normalized homology groups of the simplicial set N(X).
The boundary map 0: Z[N(X),| — Z[N(X),_1] is obtained by linearly extending dz =
> j(—l)j 0;x. The homology of the simplicial set N (X) is the homology of the chain complex
(Z[N(x)s],0). The chains supported on degenerate cells[] form a sub-complex of the above
chain complex and the homology groups of the quotient chain complex are the normalized
homology groups of N(X). It is classically knownl] that the quotient maps on chains induce
canonical isomorphisms from the homology groups of a simplicial set to the normalized
homology groups.

Let v = {9 > --- > .} be an r—cell of X!, From lemma 8.2 recall that the boundary
map for the chain complex of the c.c.c X1, is given by

o0 =3 s\ D\ e} = Y (=10 > -+ > a1 >y > o > .

J J

So the inclusion XM < N(X), induces a chain map from (Co(X™M),0) — (Z[N(X).],9),
which, after quotienting out on the right by the group generated by the degenerate cells,
becomes an isomorphism, since the r—cells of X are precisely the non-degenerate r—cells
of N(X). It follows that the homology of the c.c.c X(!) is canonically isomorphic to the
normalized homology of the simplicial set N(X), which is canonically isomorphic to the
homology of N(X).

Let X and Y be combinatorial cell complexes with orientable cells. Given a continu-
ous map f: X — Y of finite spaces, it is not in general clear how to get a map between
the cellular homology groups that we defined in section 5. However, consider the subcate-
gory CCC, C CCC, consisting of manifold-like combinatorial cell complexes with orientable
and acyclic cells. Let X be an object of CCC,. From @, one has a canonical isomor-
phism H,(®): H,(X) — H,(X®). Composing with the canonical isomorphism H,(X®) —
H(N(X)), one gets a canonical isomorphism ®X: H,(X) — H,(N(X)), for each object X
of CCC,. Thus, given a morphism f: X — Y in CCC,, one gets an induced morphism of
abelian groups, H;(f): H;(X) — H;(Y), defined by H;(f) = (®Y)~' o H{(N(f)) o ®X, for
all 4. Since N(-) is a functor and H; are functors on simplicial sets, it follows that H; are
functors from CCC, to abelian groups.

10.3. Infinite combinatorial cell complexes: In the definition of a c.c.c (S, <, k), given
in 2.2 suppose we allow the poset S to be infinite. The definition still makes sense. Many
of the results in this article hold for infinite S, if we only assume that cl(x) is finite for all
x € 5. Most results hold if we assume that S is finite dimensional and that for each x € S,
both cl(z) and U(x) are finite. The exact finiteness condition, that needs to be imposed on
S for a particular lemma, should be clear by looking at the proof. For the sake of clarity, we
have assumed throughout that S is finite.

7(1:0 >z > -+ > x,) is a degenerate cell of N(X) if x; = x4 for some j.
8See 10.6 of [B]. Simplicial sets were first defined in this article under the name “complete semi simplicial
complexes”.

23



APPENDIX A. PROOFS OF SOME LEMMAS

A.1. proof of lemma[6.7) (a) Axiom (1): Recall that y <g= z if and only if one of the
following three conditions hold: (i) y € S, z € S and y <g z, or (i7) y € S, z = C,(z') and
y <g 2 or(iit) y = Cp(y'), z = Cp(2') and 3y <g 2’. In each of these cases, rkg«(y) < rkg«(2).

Axiom (2): Let T be a subset of S* that is bounded below. Let Ty = {v € S : C,(v) € T}
and Tp = TN S. If To # 0, then any lower bound y of T is necessarily an old cell. Then
both Tp and Ty are bounded below by y and AT = A(Tp U Ty). On the other hand, if
To = 0, then Ty is bounded below, C,(A(Ty)) exists and is equal to AT. Given y < z in
S*. it is easy to find a cell 4’ € S* such that rk(y') =rk(y) + 1 and y </ < z.

Axiom (3): Suppose z € S¥ is a cell of rank at-least 1 and u is an upper bound for Az.
We need to check that u > z. First, suppose that z is an old cell. If u is an old cell, then u
is an upper bound for Az in S, so u > z. If u = C,(u') is a new cell, then C,(u’) > y for all
y € Az, which implies that u’ > y for each y € Az, so v/ > z and hence, u = C,(u') > z.

Next, suppose that z = C,(2') is a new cell. Then

Az ={Z}U{C,(v): ve A}

Any upper bound u for Az must be a new cell, that is, u = C,(v'). Now, C,(u’) > 2 implies
that v’ > 2’/ in S, which in turn implies that u = C,.(u') > C,(2) = 2.

Axiom (4): Let y be a co-dimension 2 facet of z in S*. If z is an old cell, then the set of
cells below z is the same in S and S*, so there are two cells between y and z. If z = C,(2/)
and y = C,(y') are both new cells, then the cells between z and y in S* are in one to one
correspondence with the cells between 2" and ¢’ in S, so there are just two of them. Finally,
suppose that z = C,(2’) is a new cell and y is an old cell. Suppose y < w < z. If w is not a
cone, then w = 2. If w = C,(w') is a cone, then y = w’ and hence w = C,(y). (Note that
2/ € M(x) and y < 2’ implies that y € M(x), so C,(y) exists). Hence there are two cells
between z = C,(2’) and y, namely C,(y) and 2’.

(b) Let S be equidimensional, of dimension n. Let x € S and t € M (x).
Claim: There exists a cell w € M(x), such that w >t and rk(w) =n — 1.
proof of the claim: Let w be a cell of maximal rank above ¢ in M (x). Suppose, if possible,
that rk(w) <n — 1. If rk(w V x) > rk(w) + 1, then there would be a cell strictly in between
w and w V x, which would contradict the maximality of w. Thus rk(wV z) = rk(w)+1 < n.
So there is a cell z, such that z, = w V x is a face of z. But there is another face of z, call it
z_, between z and w. If z_ ¢ U(x), then the maximality of w is contradicted. On the other
hand, if z_ € U(z), then w = 2, A z_ > x, which is again a contradiction. This proves the
claim.

Let t be a non-maximal cell of S*. We need to show that there is an n—cell of S* above
t. Suppose t is an old cell. If there is an n—cell of S, that is above ¢ but not above z, then
we are done. So assume that all the n—cells above ¢ are in U(z). In particular ¢t € M(z). By
the claim above, there is a w >t in M(z) of rank n — 1. So C,(w) exists and is a n—cell in
S* above t.

Now, suppose that t is a new cell, that is, t = C,(t') for some ¢’ € M(z). By the claim
above, there is a w > ¢’ such that w € M(x) and rk(w) = n—1. So C,(w) is an n—cell above

Cy(t).
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(c) Let y be a cell of S* of rank one. If y is not a cone, then the vertices of y are also not
cones, so y has two vertices. Otherwise y = C,(y') for some y’ € S(0). Let z € Ay. Either
2z = C,(D) or z is not a cone. In the latter case z < ¢ and hence z = y/.

(d) Suppose S is equidimensional, of dimension n. Suppose y is an old (n — 1)—cell of S*.
If y ¢ M(z), then the co-faces of y in S* are the same as the co-faces of y in .S, so we have
nothing to prove. So assume that y € M (x). In this situation, C,(y) is the only cone above
y. If u is the only n—cell above y in S, then one must have u = y V z, so u is no longer a cell
of S*. So C,(y) is the only n—cell above y in S*. Now, suppose that there are two n—cells
uy and u_ = yVx above y in S. If u, € U(z), then one would have y = u, Au_ > x, which
is not true. So uy ¢ U(x). So uy and C,(y) are the two n—cells above y in S*.

Now suppose y = C,.(vy') is a new (n — 1)—cell of S*. Let z = C,(2’) be any cell above .
Then 2’V x and y’ V x exists. We summarize the situation in figure 8(a). The left rhombus
is in S and the right rhombus is in S*.

We have to consider two cases, namely rk(y’ V) =n — 1 and rk(y' V x) = n.

Case I : rk(y'Va) = n—1. One has C,(2") > C,(v') if and only if 2’V x is an n—cell above

y' V x. There are one or two n—cells in S above ¢’ V x. Accordingly we have two sub-cases:

(1) Suppose, there is only one n—cell above ¢’ V z, call it w. Then 2’V 2 = u. So 2z’ must
be below u and above y’. There are exactly two such cells in S. One of them, namely
y' V x, is not a possible choice for 2’ since ¢y’ V & > x. So there is only one choice for
2" and hence for z.
(2) Suppose that there are two n—cells above 3’V x, call them uy and u_. The purported
2’ must be above y' and below either u, or u_. By axiom (4) in the definition of
a c.c.c, there are three such cells, say uj,us and ug, where u; < uy, uz < u_ and
uy = uy Au— =y Va (see figure §(b)). One of them, namely us, is not a possible
choice for 2/, since us € U(x). Note that uy € U(x) would imply us Aus =y' >«
which is not true. So uy; ¢ U(x). For similar reason usz ¢ U(z). So either 2/ = wuy
implying z = C,(u1) or 2’ = uz implying z = C,(us).
Case II : rk(y' V 2) = n. In this case 2/ Vo =y’ V 2. So the purported 2z’ must be below
y' vV z and above y'. There are two such cells, both in M (x). So 2’ must equal one of them.
So there are two choices for 2’ and correspondingly, two choices for z. This finishes the proof
of part (d). Part (e) now follows from (c) and (d). O

A.2. proof of lemmal6.d. One proceeds by induction on k. When k& = 1, the lemma follows

from the definition of a stellar refinement. Assume that X(;_;) has the description given
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in the lemma. Note that xy is an old cell of X1y, If zp <x,_, Cy; (v) for some j < k,
then z; <x v and v V z; exists in X, and one has v V z; € Ux(x;) N Ux(xy), which is a
contradiction. So there are no new cells of X(;_1y above ;. If a = C,,(v) is a new cell in
Mx(k,l)(l"k), then o V x), would be a new cell of X(;_1) above x;,, which is again impossible.
So there are no new cells of X(—1) in Mx,, (xy) either. Next, observe that if a € Ux(xy)

or @ € Mx(xy), then o ¢ U?;%Ux(Ij), so o survives as a cell in X(,_y). From the above
discussion it follows that

UX(kfl) (LL’k) = Ux(l’k) and MX(k71) (S(Zk) = MX(LL’k)

Hence the set (X_1))% = {Cy, (v): v € Mx(24)} U (X(_1) \ Ux(21)), matches the descrip-
tion of X(;) given in the lemma.

It remains to check that the partial order on (X(—1))** matches the description given in
the lemma. From the definition of partial order on a stellar refinement, it follows that the
relation a <x,, 0 holds, if and only if one of the following three possibilities are true:

o Both o and (3 belong to X(;-1) and o <x, ,; 8. By the induction hypothesis, we
already know when this happens.

o a€ Xup—1y\Ux(zx), f=0C4, (0') and <X 3. Here ' € Mx,, (xg) = Mx ()
is an old cell. From the description of the partial order on X;_y), it follows that a
must also be an old cell, so « € X and o <x (7.

o o and # are of the form o = C, (), f = C, (8') for some o/, f € Mx(z)) and
o <x 6/.

These three possibilities amount to the proposed description of the partial order on X(). O

A.3. proof of lemmal6.d. (a) One only has to show that the graph F(C,(y)) is connected,
for each y € M(z). Let tk(y) =n — 1. Let 7' C F(Cy(y)) be the set of flags of the form
{Culyo) > Caln) > --- > Cy(yn)} Where yo = y and y, = 0. The sub-graph of F(C.(y)),
with vertex set F’, is isomorphic to the adjacency graph of the flags in cl(y), hence F' is
connected.

Given a flag v, of the form

1 =1{Ce(yo) > Co(yn) > -+ > Co(yi) > ¥i > Yira > =+ > Yn},

one has a flag

Y2 ={Culyo) > Culyn) > -+ > Cu(yi) > ColYiva) > Yiva > -+ > yn}

which is adjacent to 71 and has one more cone in it. So any flag in F(C,(y)) is connected
to a flag consisting of all cones, that is, a flag in F’. This proves part (a).

(b) Let 4 = {ap > a1 > -+ > a,} and 75 = {by > by > --- > b,} be adjacent flags in
S’. Assume that a, # b, and a; = b; for j # r. Observe that [(y;) and I(72) can differ by
at-most one. Without loss, assume that [(y2) > (7).

First, assume that I(y;) = [(72) = i. Then the level r, at which 7, and ~, differs, cannot
be i or (i + 1). It follows that

v =ACY) > > Colyl) >yl > yley > >yl

for j = 1,2, where y;. = y? for all k # r and y! # y2. So 4, and 7, are adjacent in F(S). Tt

follows that wg(71) = (—1)'w, (1) = _(_1)%&/(%) = —wg(72)-



Now, assume that [(7;) =i and [(2) = (i + 1). The flags 71 and 72 can be adjacent, only
if they have the following form:

"= {Cx(yO) > > Ox(yz) > Y > Yiv2 > > yn}

V2 = {Cx(y(]) > > Cm(yz) > Cx(yi+2) > Yiqo > 0+ > yn}
In this case, 71 = 5. It follows that

ws' (1) = (=1)'wy (1) = —(=1)"wy(F2) = —ws'(72).
U

A.4. proof of lemma[7.3. Let U = Us(x) and M = Mg(z) = S\ U. Let M(i) = M(3) for
i>0and M(—1) ={0}. Let Co(M) be the chain complex
where the boundary map Cy(M) — C_1(M) sends each vertex of M to [0]. Let~H.(]\;[) be
the homology of the complex Ci(M). One has H;(M) = H;(M) for i > 1, H_ (M) = 0 and

Hy(M) is a free abelian group with rk(Hy(M)) = rk(Ho(M)) — 1.
Let 8" = S*. For ¢« > 0, one has

S'(i) = M) U{Culy): y € M(i — 1)}
Let j: Ci(M) — Ci(S') be the map obtained from inclusion of M(i) into S'(i). Let
hi: C;(M) — Ci41(5’) be the map defined by h;([y]) = [C.(y)]. One checks easily that
(hi—10 + 0hi)([y]) = j(ly])-
(Sometimes we identify C;(M) as a subset of C;(S") via j and write [y] for j([y])). Let
hi: Ci(M) — Ciya(8')/Ciia (M)
be the composition of h; with the projection map Ci11(S") — Ci41(S")/Ciy1(M). The map

h; is an isomorphism of abelian groups, since C;(S") = C;(M) @ h;—1(C;—1(M)) for all i > 0.
Moreover, the equation ho d+ 9o h = j shows that (—1)h; is a chain isomorphism:

(=1)'hi: Cy(M) = Ciy1(S")/Ciga (M),
It follows that, there is an exact sequence of chain complexes,
0— Co(M) L Co(S) L Cuy(31) — 0,
where, k;([2]) = 0 for z € M; and k;([C,(y)]) = (=1)/[y] for y € M;_;. Taking the long exact

sequence of homology groups, one gets

= Hyq (M) 25 Hyy (S7) 25 Hy(M) 25 H(M) — -

Let 7 =) c,l0] € Ci(M) be ai—cycle, that is, 97 = 0. The image of 7 under the connecting
homomorphism §; is the homology class of (j~todok™1)(7), where k~*(7) denotes any element
in the pre-image. We have

(~1)'r = (1" eolo] 5 S e C0)] S 7+ Y eolo] =7 4 7
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where 7/ =) 5 .[C.(2)] is a linear combination of “cones”. Since k& commutes with the
i

boundary map, one has k(7' + 7) = k(0k™'(—1)'7) = dkk~'(—1)'t = 9(—1)'t = 0. Since,
by definition, k& “kills” the old cells, one has k(7) = 0. It follows that,

0=k(r' +7)=k(®)= Y (-1)c[2].
2€M,;_1

Thus 7 = 0 and the connecting homomorphism d;: H;(M) — H;(M) is given by &;: 7 —
(—1)ir. Since H;(M) = H;(M) fori > 1, the connecting homomorphism d; is an isomorphism
for i > 1. From the long exact sequence of homology groups, it follows that H;(S") = 0 for
i > 1. It remains to calculate H;(S") and Hy(S").

For any v € M(0) one has 0[C,(v)] = [v] — [Cr(0)], implying that [v] and [C.(0)] are in
the same homology class in Hy(S"). So Hy(S") ~ Z. Looking at the end of the long exact
sequence, one has,

= Hy(M) 25 Hy(M) — Hy(S') — Ho(M) — Ho(M) — Ho(S') — H_,(M) — 0.

We know that ¢; is an isomorphism, Hy(S") ~ Z and H_;(M) = 0. Using these informations,
the above exact sequence reduces to

0— H(S") — Ho(M) — Hy(M) — Z — 0.

But Hyo(M) is a free Z-module of rank one less than the rank of Hy(M). This forces
H,(S") =0. O

A5, proof of lemma[8.4 The statements A(r+1), B(r) and C(r), for 0 < r < n, are proved
by a single backward induction on r. The last statement (D) follows, by comparing the
definition of the barycentric subdivision S with the description of T} provided by A(1)
and B(0).

To start induction, one has to check A(n + 1), B(n) and C(n). All these are obvious. The
induction step goes as follows:

= A(r+1) = B(r) = C(r) = A(r) = B(r—-1) = C(r—-1) = ---

Let x € T,.. If x € T,,4 too, then we say that x is an old cell of T,. Otherwise, we say that
x is a new cell of T;.
proof of B(r) assuming B(m + 1),C(m + 1), A(m + 1) for m > r: Suppose

B = Cupjon (t) < Oy (v) = in Tpyy.

The cells of T, 1 have this form because we are assuming A(r + 1). Next, C(r + 1) implies
that we can apply lemma with T, 1o = X and T, = X(). If both o and 3 are old cells,
then we are done by B(r + 1). If 8 is old and « is new, then one must have

ij"'wl (t) S Cyk71---y1 (U) in Tr+2-

Now, B(r + 1) implies that {w; < --- < w} is an ordered subset of {yx_1 < --- < y1} and
t < w, from which we get B(r), in this case. If § is new, lemma implies that o must also
be new. Further, one must have y, = w; € S(r+ 1) and

ijfl“'wl (t) < Cyk—l"'yl (U) in TT+2‘
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Using B(r + 1), one gets, {w;j_; < --- < w;} is an ordered subset of {y,_; < --- <y} and
t <wv. Together with w; = yy, the previous sentence implies B(r), in this case too.

proof of C(r) assuming C(m + 1), A(m + 1), B(m) for m > r: Suppose t € S(r). From
A(r + 1), we know that t € T, 1. Suppose t < Cy;..., (v) in Tpqq. From A(r + 1), it follows
that rk(v) < r 4+ 1, and from B(r), it follows that ¢ < v. But rk(¢f) = r. So we must have
v =t.

proof of A(r) assuming A(m + 1), B(m),C(m) for m > r: Consider the transition from
T,+1 to T,. The statement A(r + 1) describes the cells of T,.;, while B(r) and C(r) describe
the partial order on T,,;. Let t € S(r). Note that ¢ “survives” as a cell of T,,1. One gets
T, from T,.;, by taking subdivision at each of these t € S(r). From C(r), we know that
the cells that “die” in the process of this subdivision are those of the form C,,. .., (t), with
t € S(r). So the old cells of T, are

U{Cujujfl"'ul(v): v<uy <uj_p--- <ug,rk(v) <rrk(uj) >r+1+i4}
=0

The new cells, that are “born” in this subdivision, have the form Cy(z), where x € My, (t).
Again, C(r) gives < Cy,.y, () in Toqq. By B(r), this implies = Cy;...p, (v), for some
ordered subset, {w; < --- < wy}, of {uy, < -+ < uy} and some v < t. (v =t is not a

possibility, because x # t). In particular w;_; > uj_;. It follows that there is a new cell of
T, of the form Cy(Cy,..., (v)), if and only if

v<t<w;<---<wy, tk(t)=r, 0<j<n—r rk(w,_;)>r+1+1,

where the last inequality follows from w;_; > u;_;. The description of the cells of T} follows
by combining the descriptions of the old and the new cells. U

A.6. proof of equation (B) in[8d We maintain the notations used in lemma B4l We can
write ¢° as a composition ¢° = @' o---0¢", where ©": T,,; — T, is the composite of the
chain maps, given in [0.8] corresponding to the stellar subdivisions at the r—cells of S. Given
xo € S(r) and a flag v = {xg > 21 > -+ > x,} below zy, we need to calculate the images
of [xo] under successive application of ¢" and find the coefficient of [y] = [Cy, | .zya0(2r)] in
©°([zo])-

Clearly, "™ o -0 ¢"[xg] = [19] € T,41. When we subdivide at the r—cells, [zo] is
replaced by a linear combination of cones (at the step where we take stellar refinement at
[zo]). From the definition of the map ¢, given in lemma [6.8, we find that the image of [z(]
under ¢" o - -0 " is given by

o oo [wg] = ¢ ([wo]) = Y 5(x0,71)[Cag(w1)] € T

The statement C(r) in lemma [84] implies that a cell of the form C,,(z;) dies at the next
step, that is, during the transition from 7, to 7,_;. More precisely, the cell C,, (1) “dies”,
when we take stellar refinement at ;. In that step, [C,(x1)] gets replaced by

Z S(Cxo(Il)aCxo(x2))[cx1(cxo(x2))]:_ Z S(x1>I2)[Cx1xo(I2)]>

r2€EAT ro€AX
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(using equation (). So
o o) = — j{: s(zo, 21)8(21, 22)[Cryao (22)] € Tr1,

T1,T2

where the sum is over all z; and x5 such that x; is a face of zg and x5 is a face of xy.
Continuing like this for r steps, we find that

Pleo) = ¢ ool = 3 [ 5(5:2500)[Cor romla)] € T

21-2p j=0

From [4.4] and our implicit assumption that w,({v}) = 1 for each zero—cell v, it follows that

H;;(l] s(xj,xj41) = wy(y). Thus, ¢° matches the formula for ® given in lemma B3 up-to a

sign. 0
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