THE ACTION OF THE MAPPING CLASS GROUP ON
MAXIMAL REPRESENT ATIONS

ANNA WIENHARD

Abstra ct. Let ¢ be the fundamertal group of a closed ori-
ented Riemann surface 4, g 2, and let G be a simple Lie
group of Hermitian type. The Toledo invariant de nes the sub-
set of maximal represenations Rep. ( ¢;G) in the represera-
tion variety Rep( 4;G). Repna ( ¢;G) is a union of connected
componerts with similar properties as Teichmeller spaceT ( ) =
Repnax ( ¢; PSL(2;R)). We prove that the mapping class group
Mo d , acts properly on Repp. ( ¢;G) when G = Sp(2n; R),
SuU(n; n), SO (4n), Spin(2; n).
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1. Intr oduction

Let 4 be the fundamertal group of a closedoriented surface
of gerus g 2. Let G be a connectedsemisimpleLie group and

Hom( 4; G) the spaceof homomorphisms : 4! G. The automor-
phism groupsof 4 and G act on Hom( 4; G) by
Aut( 4) Aut(G) Hom( ;G) ! Hom( 4;G)
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2 A. WIENHARD

Consideringhomomorphismsonly up to conjugationin G de nes the
represetation variety

Rep( ¢;G) := Hom( ¢; G)=Inn(G):

The above action induces an action of the group of outer automor-
phismsOut( ) := Aut( g)=Inn( 4) of 4 onRep( 4;G):

Out( 4) Rep( G) ! Repl ¢G)
(;[D 7 [ 1= 7(C*")

Recall that Out( ) is isomorphicto o(Di ( 4)). The mapping
classgroup Mo d | is the subgroupof Out( 4) correspnding to ori-
ertation preservingdi eomorphisms of . We refer to [16, 10| for a
generalintroduction to mapping classgroups and to [11] for a recen
survey on dynamical properties of the action of Out( 4) on represen
tation varieties Rep( 4; G).

This note is concernedwith the action of the mapping classgroup on
special connectedcomponerts of Rep( 4; G) when G is of Hermitian
type. Recallthat a connectedsemisimpleLie group G with nite certer
is saidto be of Hermitian typeif its assaiated symmetric spaceX is a
Hermitian symmetric space.When G is of Hermitian type there exists
a boundedconinuousinteger valued function

T:Rep( G)! Z

called the Toledo invariant.
The level set of the maximal possible modulus of T is the set of
maximal representations

Repmax( g; G) Rep( g; G);

which is studied in [12, 13, 23,15, 1, 14, 6, 3, 4, 21]. Sincethe Toledo
invariant is locally constan, its level setsare unions of connectedcom-
ponerts.

Results of [12, 13, 6, 4] suggestthat maximal represetations pro-
vide a meaningful generalization of Teichmeller spacewhen G is of
Hermitian type [25]. This note supports this similarity by proving the
following theorem

Theorem 1.1 Let G = Sp(2n; R); SU(n; n); SO (4n); Spin(2 n). Then
the action of Mo d | on Rep, . ( ¢; G) is proper.

The validity of Theorem 1.1 for all groupslocally isomorphicto ei-
ther Sp(2n; R), SU(n; n), SO (4n) or Spin(2 n) would follow from an
a rmativ e answver to the following question:
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Question. If G = Sp(2; R), SU(n;n), SO (4n) or Spin(2 n), G the
adjoint form of G, and 2 Rep,.( 4 G), doesthere exist a lift of
to G?

Remark 1.2 Note that maximal represetations factor through maxi-
mal subgroupsof tube type [6, 4]. Thereforethe only casewhich is not
covered by the above theoremis the exceptionalgroup G = E7( ).

We would like to remark that the study of maximal represetations
Repnax ( :G)  Rep( 4 G) whenG is of Hermitian type is related to
the study of the Hitchin componert Rep, ( 4;G) Rep( 4; G) for split
real simple Lie groups G. Francois Labourie recerlly announced,as a
consequencef his work on Anosor represetations and crossratios[18,
20Q], that the mapping classgroup acts properly on Rep, ( 4; SL(n; R)).
After nishing this note, welearnedthat healsohasa proof for maximal
represemations into Sp(2n; R) [19].

The author is indebted to Marc Burger for motivation, interesting
discussionsand for pointing out a mistake in a preliminary version
of this paper. The author thanks Bill Goldman, Ursula Hamenstdt,
Alessandralozzi and Francois Labourie for useful discussionsand the
refereefor detailed suggestionswvhich helped to substartially improve
the exposition of this note.

2. Maximal Represent ations and Transla tion Lengths

2.1. Maximal Representations. For an introduction and overview
the readeris referredto [3, 4]. Let G be a connectedsemisimpleLie
groupwith nite certer. Denoteby X = G=K, with K < G a maximal
compact subgroup, its assa@iated symmetric space. G is said to be of
Hermitian type if there existsa G-invariant complexstructure J on X.
The composition of the Riemannianmetric inducedby the Killing form
B on X with the complexstructure de nes a Kehler form

Fx(v;w) = %B (v;Jw)

which is a G-invariant closeddi erential two-form on X.
Givenarepresemtion : 4! Gconsiderthe asseiated at bundle
E over 4 dened by

E = ¢gn(€ X);

where 4 actsdiagonally by de transformationson € andvia onX.
As X is cortractible, there existsa smaooth sectionf : 4! E which
is unique up to homotopy. This sectionlifts to a smooth -equivariant
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mapf~: €51 €, X! X. Thepull bak of! x viafTisa g-invariant
two-formf~! x on €, which may be viewed asa two-form on the closed
surface 4. The Toledo invariant of is

1
r— ~' .
()= 5 gf.x.

The Toledoinvariant is independen of the choice of the sectionf and
de nes a cortinuous function

T:Hom( 4;G)! Z:

The mapT isinvariant underthe action of Inn(G) and constart on con-
nectedcomponerts of the represetation variety. The Toledoinvariant
satis es a generalizedMilnor-W ood inequality [8, 7]

. Ppxrkx. .

T F o
whererky is the real rank of X and px 2 N is explicitly computable
in terms of the root system.

Definition 2.1 A represemation : 4! G issaidto be maximalif

O = P2

Remark 2.2 Changingthe orientation of § switchesthe sign of T.
We will restrict our attention to the casewhen is maximal with
T( )> 0.

We de ne the set of maximal represetations

Repnax ( ¢:G) == f[ 12 Rep( ;G)j isamaximal represetationg;

which is a union of connectedcomponerts of Rep( 4;G). The set
Repnax ( g; PSL(Z; R)) is the union of the two Teidhmeller componerts
of 4[17.

The action of the group Out( ) := Aut( 4)=Inn( 4) of outer auto-
morphismof 4 on Rep( 4 G) given by

Out( 4) Rep( ¢;G) ! Rep( ¢G)
(0D 70 1=1C7 )N

presenesRep, ., ( ¢: G).
The mapping classgroup Mo d | presenes, and henceacts on the
componerts of Rep, . ( ¢; G) whereT > 0.

Remark 2.3 Note that whereasTeichmeller space,the set of quasi-
fuchsianrepresetations and Hitchin componerts arealways corntractible
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subsetsof Rep( 4; G), certain componerts of the set of maximal rep-
reserations might have nontrivial topology [14, 2].

2.2. Translation Lengths. Forahyperbolizationh: 4! PSL(2R)
de ne the translation lengthtr, of 2 4 as

trn( ) := infd (p; p):

For arepresemation : 4! G de ne similarly the translation length
tr of 2 4as

tr ():= xi2r>](f‘3 dx (X, (1 )X);

wheredy is any left-invariant distanceon the symmetric spaceassai-
ated to G.

Pr oposition 2.4 Fix a hyperbolization h of . Assumethat for any
maximal represetation : 4! G thereexistsA; B > 0 sud that

LA 'tro() B tr () Atrp()+B foral 2 .
Then Mo d | acts properly on Rep,. ( ¢; G).

The Proposition relieson the fact that Mo d | acts properly discon-
tinuouson Teichmeller spaceT ( 4), which is due to Fricke.

Lemma 2.5. [9, Proposition 5] There existsa collection of simple closed
curvesfc;; Gy 9goOn ¢ sud that the map

T(g ! R%?
h 70 (tra( i))i=1; 99 o
where ; isthe elemen of 4 correspndingto ¢, is injective and proper.
Remark 2.6. A family of sudh 99 9 curvesis givenby 3g 3 curves
i giving a pants decompsition, 3g 3 curves ; represeting seems

of the pants decompsition and the 3g 3 curvesgiven by the Dehn
twists of ; along ; (seee.qg. [10).

Proof of Proposition 2.4. We argueby cortradiction. Supposethat the
action of Mod | on Rep,,( ¢;G) is not proper. Then there exists a
compactsubsetC  Rep,.( ¢;G) sud that

#f 2Mod ,j (C)\ Cg

is in nite. Thus there exists an in nite sequence , in Mod , and a
represetation 2 Rep,.( ¢;G) sudithat ,( ) corvergesto arepre-
sertation 1 2 Rep,.( ¢;G). Since , acts properly on Teichmeiller
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spaceT ( ), the sequenceof hyperbolizations ,h leaves every com-
pact setof T( ). This impliesthat the sum of the translation lengths
of the elemenss , i = 1; ;99 9tendsto 1 :

% 9
tr nh( i)! 1
i=1
By assumption(2.1)
Attrp( b)) Bt ()
hence
% 9
tr . (i)! 1:
i=1 p
This cortradicts limys  n 5 1, since,by (2.1), the sum % %tr L ()
is boundedfrom above by A~ 9 °try( ;) + B,

Note that the upper bound for the comparisonof the translation
lengths with respect to a hyperbolization h and a represetation is
establishedquite easily

Lemma 2.7. Fix a hyperbolization h. For every maximal represeta-
tion : 4! G thereexistsA;B 0 sud that

tr () Atrn()+B foral 2 g

Proof. Let X be the symmetric spaceassaiatedto G. By [17, Propo-
sition 2.6.1] there exists a -equivariant (uniform) L-Lipschitz map
f:D! X. Letpy2 Dsudthat trp( )=d (po; po), then

tr () dx (f (Po); ( )f (Po)) = dx (f (po); f ( Po))
Ld (po; Po) = Ltra( ):

3. Maximal Represent ations into the Symplectic Gr oup
The main objective of this sectionis to establishthe following

Pr oposition 3.1 For any hyperbolization h of 4, there exist con-
stants A; B 0 sud that

Altro() B tr() Atry()+B
forall 2 Rep,. ( ¢;Sp(2;R)) andall 2 .

Proposition 3.1in conbination with Proposition 2.4 gives
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Cor ollar 'y 3.2 The action of Mod ;, on Rep,( ¢ Sp(2;R)) is
proper.

That Theorem1.1 can be deducedfrom Proposition 3.1 and Propo-
sition 2.4 can be seenas follows - we refer the readerto [3, 5, 24
for more on tight homomorphismsand their properties. Satake [22,
Ch. IV] investigated when a simple Lie group G of Hermitian type
admits a homomorphism

:G! Sp(2m; R):
sud that the induced homomorphismof Lie algebras
:g! sp(2m;R)

is a so called (H;)-Lie algebrahomomorphism. Examplesof sud are
SU(n;n) ! Sp(4n;R)
SO (4n) ! Sp(&;R)
Spin(2;n) ! Sp(2m; R); wherem dependsonn mod 8:

In [24, 5] we prove that any sud (H;)-homomorphism is a tight
homomorphism. This impliesin particular that the composition of any
maximalrepresetation : 4! GforG = SU(n;n); SO (4n); Spin(2 n)
with the homomorphism : G ! Sp(2m;R) is a maximal represen-
tation = : ¢! Sp2m;R). By Proposition 3.1 the transla-
tion lengthstry( ) andtr ( ) are comparable. Sincethe embedding
Xe! Xspem: ), dened by , istotally geadesicand the image ( )
presenes Xg, the sameargumert asin Lemma 3.9 belowv gives that
tr ()=tr()foral 2 .

3.1. The Symplectic Group. Fora2n-dimensionalreal vector space
V with a nondegenerateskew-symmetric bilinear form h; i, the sym-
plectic group Sp(V) is de ned as

Sp(V) = Aut(V;h; i) :=fg2 GL(V)jhg;gi = h;ig:
The symmetric spaceassaiated to Sp(V) is given by
Xsp:=fJ 2 GL(V)jJ?= 1d; h;Ji>> 0Og;

whereh;J i >> 0O indicatesthat h;J i is symmetric and positive def-
inite. The action of Sp(V) on Xs,, is by conjugationg(J) = g Jg.

We specify a left invariant distanceon Xs, as follows. Let Jq;J, 2
Xsp, the symmetric positive de nite forms h;J; i de ne a pair of Eu-
clideannormsg on V. Denoting by jjlIdjj;,.;, the norm of the idertity
map from (V; o) to (V; ) we de ne a distanceon Xs, by

dsp(J1;J2) := logjjldjjs,a, + logjjldjjs,g,
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3.2. Transverse Lagrangians and Causal Structure. Let
L(V) =fL Vjdim(L)=n; h;i; = 0g

be the spaceof Lagrangiansubspace®f V. Two Lagrangiansubspaces
L.;L 2 L(V) aresaidto betransverseif L. \ L = f0g. Any two

transverse Lagrangian subspaced_, ;L 2 L(V) de ne a symmetric

subspaceY, ., Xsp by

Yoo, = fI2Xgjd(L )=L g Xep

A B
C D
with respect to the decompsition V. = L L. de nes a natural
embeddingGL(L )! Sp(V) given by

GL(L ) ! Sp(V)
A 0
0 AT 1

Writing an elemen g 2 Sp(V) in block decompsition g =

A 7!

similarly for GL(L. ).
The subgroupGL(L ) presenesthe symmetric subspacey, .., and
acts transitively on it.

Remark 3.3 The spaceof LagrangiansL (V) canbeidenti ed with the
Shilov boundary Ss;, of Xs,, and realizedinside the visual boundary as
the G-orbit of a speci c maximal singular direction. Two Lagrangians
are transverseif and only if the two correspnding points in the visual
boundary canbe joined by a maximal singular gealesic | . The sym-
metric subspaceY, ., isthe parallel setof | ,i.e. the setof points
on ats cortaining the geadesic | ; it is the noncompactsymmetric
spacedual to L (V)" U(L )=O(L ).

ForJ 2 Y_ .., the restriction of h;J i to L is a positive de nite
symmetric bilinear form on L , and conversely xing L., any positive
de nite symmetric bilinear form Z onL de nes a complex structure
J 2 Y, ... Therefore,the space

Y. s := fZjZ positive bilinear formon L g:
with the action of GL(L ) by
A(Z) = ATZA;

wherewe choosea scalarproduct onL (i.e. a basepoint) and realize
a bilinear form on L asa symmetric(n n) matrix Z, is GL(L )-
equivariantly isomorphicto Y. ..,. We endov Y, .o with the left-
invariant distanceinduced by dsp via this isomorphism.
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The spaceY, . is endaved with a natural causalstructure, given
by the GL(L )-invariant family of proper open cones

2 =12°% Y. 5jZ° Z is positive de nite g:

Definition 3.4 A cortinuousmap f : [0;1] ! Y, . is said to be
causalif f (t;) 2 ¢, forall0 t;<t, 1.

A consequencef the proof of Lemma8.10in [3] is the following

Lemma 3.5 Forall Z 2 Y, s, Z°2 ; and ewery causalcurve f :
[0;1]! Y, s with f(0)= Z andf (1) = Z°

length(f) ndsp(Z;29;
wheren = dim(L ).

The claim basically follows from the last inequality in the proof of
Lemma 8.10in [3]. Howewer, for the reader's corveniencewe give a
direct proof here.

Proof. Sinceds,, is left invariant it is enoughto prove the statemert for
Z =1d, 2 Y. .. For any subdivision

O=to<t1< <typ=1
let f (t;)) = BB, 2 Y_ ., and note that by causality
det (BiBi,1)'(BiBi,1) < L
With n = dim(L ), we have

dsp(f (ti); f (ti+1))

dsp(B'Bi; By Bis1)

= 10og max (Bi+1B; 1)T(Bi+1 Bi 1)

+ 1log min (Bi+1B; 1)T(BiﬂBi l)
log det (Bi+1B; })7(Bis1B; %)
nlog det (B;B,,})"(B;B;.})
nlog max(BiT+1 Bi+1)
nog mn (B'Bi)

+ nlog min(BL{Bi+1)

nlog ma(BB;) :



10 A. WIENHARD

Summing over the subdivision we obtain

xn
length(f ) dsp(f (ti); f (tiv1))
i+1
n [|Og max (f (1)) + Iog min (f (1))]
n [|Og max (f (O)) Iog min (f (0))]
= nlog max(f (1)) + log min (f (1))]
= ndsy(f (0); (1))

as needed.

3.3. Quasi-isometric Embedding. Let : 4! Sp(V) bea maxi-
mal represemation. The choice of a hyperbolization h of 4 de nes a
natural action of 4 on S'= @.

Lemma 3.6. [3, Corollary 6.3] There existsa -equivariant cortinuous
map' :S'! L(V) sud that distinct points x;y 2 S are mapped to
transverseLagrangians' (x);"' (y) 2 L(V).

A triple (L ;Lo;Ls) 2 L(V)3 of pairwise transverse Lagrangians
givesrise to a complexstructure

0 To
Ji, = 0 on V=L Ls;
Lo To 0 +
where T, : L ! L is the unique linear map sud that L, =

graph(T, ). A triple (L ;Lo;L+) of pairwise transverse Lagrangians
is maximal if the symmetric bilinear form h;J,, i is positive de nite,
that isif J., 2 Y. ., Xsp. We denote by L (V)3 the spaceof
maximal pairwise transversetriples in L (V).

Under the identi cation of the unit tangert bundle of the Poincare-
disc TID ' (SY)3 with positively oriented triples in S, the map '
givesriseto a -equivariant map (Equation (8:9) in [3])

J:TID=(SH*> ! L(V)* | Xg
u=(u ;ugus) 78 ( (U )" (Uo);' (us)) 78 J(u);
whereJ (u) is the complexstructure de ned by the maximal triple

( (U )" (Uo);" (us)) 2 L(V)*:

Let g bethe lift of the gealesicowonT?! 4to T!D. Thenfor all t the
imageof g.u = (U ;u; us) underJ is cortained in the symmetric sub-
spaceY: (y ) u,) Xsp asseiated to the two transverselLagrangians

(U );t (us).
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Lemma 3.7. [3, Equation 8.8]Let 2 ¢nfldgandp2 D apoint. De-
noteby u 2 T1D the unit tangert vector at p of the geadesicconnecting
pand p. Then there existsa constart A°> 0 sud that

A°td ((pip)  dsp(I(u); ()I(u)):

Remark 3.8 Note that the statemert of Lemma 3.7 implies that the
action of Mod ;| on the connectedcomponerts of maximal Toledo
invariant in Hom( 4; G) is proper, but is not su cient to deduceTheo-
rem 1.1. The inequality in Lemma 3.7 is with respectto speci c points
in Xsp, but to comparethe translation lengths we have to take in ma
on both sidesof the inequality. There is in generalno direct way to
comparethe translation length of ( ) with the displacemen length of
() with respect to a speci c point x 2 Xs,. In our situation we will
make use of the causalstructure on Y_ . to comparethe translation
length of ( ) with the displacemen length ds,(J(u); ( )J(u)).

3.4. Translation Length and Displacement Length. Fix a hy-
perbolization h : 4! PSL(2;R). Let 2 g4nfldg. Denote by
*. 2 S!the attracting, respectively repelling, xed point of and
by L 2 L(V) the imagesof under the -equivariant boundary
map' :S'! L(V). Let Y. ., Xsp bethe symmetric subspace
asseiatedto L., ;L .

Lemma 3.9. The translation length of ( ) is attainedonY,_ . ,:
— H 0. .
tr ()= inf dsy(I% ( )J9:

Proof. The symmetric subspaceY, . ., is a totally geadesicsubman-
ifold of Xsp. Denote by pry : Xsp ! Y. ., the nearestpoint pro-
jection onto Y_ . ,. The projection pry is distance decreasing.Since
the elemen ( ) stabilizesL , the projection pry onto Y. .., is ( )-
equivariant. Thus, for every J 2 Xsg,

dsp(J; (1))  dsp(pry(J);pry( ( )J)) = dsp(pry(J); () pry(J)):
In particular

. . _ : o) .
it dsp(3; (@9) = | inf  dsp(3 (9)39:

Lemma 3.10 Let pp 2 D be somepoint lying on the gealesicc con-
necting to *. Letu = ( ;up *) 2 T!D be the unit vector
tangert to ¢ at po. Then

@O ()NW2 5.
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(2) Forany Z 2 Y_ . thereexistsan N sud that for all m N:
()" 2 z.

Proof. (1) Themapu 7! J(u) is -equivariant, thus ( )J(u) = J(v) 2
Y. s, With v=( ; up ™). Since * isthe attracting xed point of
, the triple (up; Uug; ™) ispositively oriented, and (" (up);"' ( ug);' ( 7))
is a maximal triple. Then, by [3, Lemma 8.2], ( )J(u) J(u) =
J(v) J(u) is positive de nite, thus ( )J(u) 2 ;).

(2) Let be the maximal eigervalue of Z 2 Y, . It suces to
showv that there exists someN sud that the minimal eigervalue of
( )NJ(u) 2 Y_ s is biggerthan . Then ( )NJ(u) 2 ; and,
with statemen (1), we havethat ( )™J(u) 2 (yvjq) z for all
m > N. Notethat Mug! " asm! 1 and,since' is cortinuous,
()™ (ug) ! " (*). Moreover ( )*J(u) ( )'JI(u) is positive
de nite for all i. Hence,the eigervaluesof ( )'J(u) grow monotoni-
cally towards 1 . In particular, there exists N sud that the minimal
eigervalue of ( )NJ(u) is biggerthan

Combining Lemma 3.10with Lemma 3.5 we obtain

Lemma 3.11 There exist constarts A%B%> 0 sud that for every

dsp(J(u); ()I(u)  A%dsp(Z; ()Z)+ B

Proof. Fix Z 2 Y_ . Choose,by Lemma 3.10, N big enoughsud
that z%:= ( )NJ(u) 2 ;. By Lemmag3.10there are causal,distance
realizing curvesf, from Z to Z%and f; from ( )'Z%°to ( )*'ZzOfor
all 0 i. Forewry k 0 the concatenationf = fy ; fo f2
is a causalcurve from Z to ( )*z%= ( )N*kJ(u). Thus applying
Lemma3.5we get that for everyk 0

dsp(Z;29 + kdsp(Z% ()29
X 1
= dsp(Z;Z29+ dgp ()'ZG ()*Z°
i=0
= length(f)
ndsy(Z; ( )kZC)
n dsp(Z; ()*Z)+ dsp( ()*Z; ()29
X1 #
n dsp( ()'Z; ()™Z)+ dsp(2°%2)
i=0

= ndsp(282) + nkdsy(Z; ( )2):
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In particular

dSp(ZQ. ( )Z% ndsp(Z; ()Z)+
Thus, for A%= n and B> 0 xed we can choosek big enoughsud
that 2t dsy(Z%Z) B%to get

dsp(Z% ()29 A%s(z; ()Z)+ B
Sincedsy, is left invariant, this implies
dsp(J(u); ( )I(W) dsp( ()M I(u); ()V™I(W)
= dsp(Z% ()29
A%s,(Z; ()Z)+ B

n 1

dSp(ZO; Z):

hencethe claim.

Lemma 3.12 There exist constants A®B% > 0 depending only on
dim(V) such that forallu2 T!Dand 2 |

dsp(J(u); ( )I(u) A% ()+2B%
Proof. Fix some > 0. By Lemma 3.9 there exists Zp 2 Y, .5 sud
that
dsp(Zo; ()Zo) jnf dsg(X; ()X)+ =t ()+ :

ThereforeLemma3.11implies
dsp(I(u); ()I(u))  A®sp(Zo; ( )Zo)+ B® A%r ()+ A%+ B
Sincethis holdsfor all > 0 we get that

dsp(I(u); ()I(u)) A% ()+2B%

Proof of Proposition 3.1. Let be a maximal represetation of  into
Sp(V) and let p 2 D be sud that tr,( ) = d (p; p);, then p lieson
the unigue gealesicc connecting to *.

Letu= ( ;up; *)2 TD bethe unit tangert vectorto ¢ at p and
J(u) 2 Y_ ., the imageof u underthe mappingJ : T'D! Xsp. By
Lemma 3.7 there exists a constart A®sud that

A% Hrp( )= A%td (p; p)  dsp(I(u); ()I(W)):
Applying Lemma 3.12to this, there exist constarts A°B%> 0 sud
that

tra( ) Adsp(I(u); ()I(w) A"A%r ()+ 2AB?
This in combination with Lemma 2.7 nishes the proof.
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