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Abstract. We study the topological properties of expanding invariant
foliations of C1+ diffeomorphisms, in the context of partially hyperbolic
diffeomorphisms and laminations with 1-dimensional center bundle.

In this first version of the paper, we introduce a property we call
s-transversality of a partially hyperbolic lamination with 1-dimensional
center bundle, which is robust under C1 perturbations. We prove that
under a weak expanding condition on the center bundle (called some
hyperbolicity, or “SH”), any s-transverse partially hyperbolic lamination
contains a disk tangent to the center-unstable direction (Theorem C).

We obtain several corollaries, among them: if f is a C1+ partially hy-
perbolic Anosov diffeomorphism with 1-dimensional expanding center,
and the (strong) unstable foliationWuu of f is minimal, thenWuu is ro-
bustly minimal under C1-small perturbations, provided that the stable
and strong unstable bundles are not jointly integrable (Theorem B).

Theorem B has applications in our upcoming work [4] with Eskin,
Potrie and Zhang, in which we prove that on T3, any C1+partially hy-
perbolic Anosov diffeomorphism with 1-dimensional expanding center
has a minimal strong unstable foliation, and has a unique uu-Gibbs
measure provided that the stable and strong unstable bundles are not
jointly integrable.

In a future work, we address the density (in any Cr topology) of
minimality of strong unstable foliations for C1+ partially hyperbolic
diffeomorphisms with 1-dimensional center and the SH property. Our
ultimate goal is to prove that, on any closed manifold, among the Cr

(r > 1) partially hyperbolic Anosov diffeomorphisms with 1-dimensional
expanding center, there is a C1-open and Cr-dense set of diffeomor-
phisms with minimal Wuu foliation.
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Introduction

Let f : M → M be a diffeomorphism of a closed, connected Riemannian
manifold M . Assume that there exists an f -invariant foliation Fu of M with
C1 leaves that is expanding, meaning that there exists N ∈ N such that for
all v ∈ TFu tangent to a leaf of Fu, we have ‖DfN (v)‖ ≥ 2‖v‖ (a given dif-
feomorphism can have more than one expanding foliation). Such foliations
arise in the study of Anosov and partially hyperbolic diffeomorphisms as
well as in more general scenarios. The dynamics of such foliations have fun-
damental implications for the dynamics of the underlying diffeomorphisms.
This paper addresses the dynamics of expanding foliations.

The basic building block for the topological dynamics of such a foliation
Fu is an Fu-lamination, which is a (non-necessarily invariant) compact set
consisting of a union of leaves of Fu. The Fu-lamination is minimal if
every of its leaf is dense in the lamination; it is dynamically minimal if it is
invariant and the orbit of every of its leaf is dense in the lamination.

The fundamental problem to address first is then the following.

Problem 1. Classify the Fu-laminations for a fixed Fu. Is there a unique
(non-empty) Fu-lamination? More generally, when are the minimal Fu-
laminations smooth submanifolds of M?

We remark that if f has an attractor Λ, then Λ is an Fu-lamination, but it
is also possible to have nontrivial Fu-laminations without an attractor. For
example, the automorphism f0 : (x, y, z) 7→ (2x+ y, x+ y, z) on T3 = T2×T
has an expanding foliation Fu tangent to the expanding eigenspace, and for
any z0 ∈ T, the set T2×{z0} is an Fu-lamination (which is not an attractor,
as 1 is an eigenvalue of f0). Notice that for this example, the minimal (under
inclusion) Fu-laminations are smooth submanifolds of T3.

This illustrates a more general phenomenon in homogeneous dynamics.
If G is a connected Lie group and Γ ⊂ G is a cocompact lattice, then any
automorphism A : G→ G preserving Γ and a ∈ G determine an affine diffeo-
morphism f of M = G/Γ via f(gΓ) = a ·A(g)Γ. If eu is the Lie subalgebra
generated by any collection of expanding generalized eigenspaces of the in-
duced map f̂0 : g→ g, then the foliation Fu tangent to eu is expanding. Any
such subalgebra eu is unipotent, and the work of Dani, Margulis, Ratner,
Starkov and Shah [13, 14, 22, 23, 24, 35, 38, 39, 40] implies that all minimal
Fu-laminations are of the form H/Γ, where H < G is a closed subgroup:
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in particular, they are submanifolds. Thus Problem 1 may also be seen as
proposing a nonlinear version of this homogeneous orbit closure theorem for
the dynamics of expanding foliations.

From the perspective of the topological dynamics of f , Problem 1 has
fundamental implications; for example the minimality of an f -invariant fo-
liation Fu implies that f itself is topologically mixing.

Next, studying Fu from a measure-theoretic angle, fundamental objects
are the Fu-states, which are f -invariant probability measures whose dis-
integration along the leaves of Fu is absolutely continuous with respect to
(leafwise) volume. Fu-states were first defined by Pesin and Sinai [28], where
they proved that Fu-states always exist. The properties of Fu-states (also
called u-Gibbs measures) for f are key to understanding the dynamics of f ;
for example, if there is a unique Fu-state µ, then it is automatically a phys-
ical measure (i.e., there is a full volume set B ⊆M such that for x ∈ B and

any continuous ψ, limn→∞
1
n

∑n−1
0 ψ(f j(x)) =

∫
ψ dµ). Further statistical

implications of the uniqueness of Fu-states are derived in [15].
Problem 1 has the following measure-theoretic analogue.

Problem 2. Classify the Fu-states for a fixed Fu. Is there a unique Fu-
state? When are the ergodic Fu-states the smooth invariant measures sup-
ported on smooth submanifolds?

In the homogeneous setting, this problem was solved by Ratner, in her
measure classification theorems [32, 33, 34], which imply in particular that
any Fu-state is the induced Lebesgue-Haar measure on a homogeneous sub-
manifold. These measure classification results give the classication of orbit
closures above (as one can by averaging build invariant measures supported
on any orbit closure), thus solving Problem 1 in this context. As with Rat-
ner’s approach in the homogeneous setting, solutions to Problem 2 can be
used to answer Problem 1.

In the other direction, as demonstrated in our work below, solving Prob-
lem 1 can be also a key step toward solving Problem 2, as the support of
any Fu-state is an Fu-lamination. In the case where Fu is the unstable
foliation of a C2 transitive Anosov diffeomorphism f , we have a complete
understanding of its dynamics, going back to the work of Sinai, Ruelle and
Bowen: the foliation Fu is minimal, and moreover there is a unique Fu-state
(the SRB measure for f): when f preserves volume, this measure is volume.
Note that by replacing f by f−1, one can similarly classify the dynamics of
stable foliations.

Beyond Anosov diffeomorphisms, the next natural setting is when f : M →
M is a partially hyperbolic diffeomorphism withDf -invariant splitting TM =
Euu ⊕ Ec ⊕ Ess, and Fu =Wuu is tangent to the (strong) unstable bundle
Euu. The dynamics of Wuu for f partially hyperbolic have been studied
extensively, especially in recent years, focusing largely, but not exclusively,
on the case where dimEc = 1, see e.g., [28, 6, 15, 31, 36, 20, 26, 27, 19, 25,
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12, 37, 10, 2, 18]. Denote by PHr(M) the set of all Cr, partially hyperbolic
diffeomorphisms of M , and by PkHr(M) the set of all f ∈ PHr(M) with
dimEc = k. If the superscript r is not specified, we mean r =∞.

The topological questions in Problem 1 have been partially addressed in
the case where dimEc = 1, in the works [6, 36], where they show that C1

open and -densely in P1H(M), at least one of the two foliations Wuu, Wss

is minimal. Some of these ideas were generalized by Pujals and Sambarino
[31], who showed (for any dimEc) that a weak expansion property called SH
(“some hyperbolicity”) in Ec (which we describe in detail below) implies that
ifWss is minimal, then it is robustly minimal (meaning theWss foliation for
any C1 close diffeomorphism is minimal). The question of whether robust
minimality of both foliations should hold densely in P1H(M), even when
dim(M) = 3, was not settled.

Indeed, a particularly simple situation where this question has remained
open, mentioned in several works (e.g. [6, Problem 1.10], [26, Question
1.1], [20, Conjecture 1.2]) is the case where f : T3 → T3 is both Anosov and
partially hyperbolic, with Ec uniformly expanded. An example is the family
fε(x, y, z) = (2x+ y+ ε sin(2πx), x+ 2y+ z + ε sin(2πx), y+ z) on T3, for ε
small (see [20]).

In this setting on T3, the minimality of the foliationsWu andWss tangent
to Eu := Euu ⊕ Ec and Ess follows from the Anosov property, but the
existence of a single example withWuu robustly minimal remained unknown.
In numerical experiments on fε and other families, Gogolev, Maimon and
Kolmogorov [20] found convincing evidence for minimality of Wuu for small
ε 6= 0. They also found numerical evidence of the uniqueness of Wuu-states
for these examples.

In this paper, we consider first the Anosov diffeomorphisms with expand-
ing 1-d center, that is, the f ∈ P1H(M) such that Ec is uniformly expanded.
This is a C1 open class, and examples exist in all dimensions ≥ 3, including
these examples in [20]. For a perturbation f of any affine Anosov diffeo-
morphism on T3, either f or f−1 belongs to P1H(T3). In this context, an
ultimate aim of a further version of this paper is to establish the following.

Theorem A. For any closed connected manifold M and r > 1, in the space
Ar(M) of Cr transitive Anosov diffeomorphisms of M with expanding 1-d
center, there is a C1 open and Cr dense set with minimal foliation Wuu.

A proof of such a result naturally breaks into two parts: openness and
density of minimality. The density will be treated in a subsequent version
of this paper, where we plan to construct a residual set in Ar on which
minimality of Wuu holds, using a probabilistic perturbative argument in
blenders, reminiscent of our methods in [3].

In this version of the paper (Part 1 of the argument), we establish a crite-
rion for openness using a property called s-transversality, which we introduce
here. In the case where f is partially hyperbolic, if Wuu is minimal, then
s-transversality holds if and only if Euu ⊕Ess is not integrable. In our first
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main result, employing a novel “topological drift” argument, we show that
s-transversality, which is C1 robust, implies the minimality of Wuu, giving
the desired openness criterion forWuu minimality. In the context of Anosov
diffeomorphisms, we then obtain the following.

Theorem B. Let f ∈ Ar(M), for some r > 1. Suppose that the foliation
Wuu is minimal and Euu ⊕ Es is not integrable. Then Wuu is C1 robustly
minimal in Ar(M).

In this (first) version of our paper, we establish Theorem B as a conse-
quence of a more general result (Theorem C) we state below, which applies
in particular to all f ∈ P1H(M) satisfying the SH property in [31] under
additional hypotheses, and even to partially hyperbolic laminations in the
absence of a global partially hyperbolic structure. This latter case uses a
generalization of some of the fake foliation techniques introduced in [9].

We remark that the measure-theoretic questions in Problem 2 have also
been studied in the partially hyperbolic setting. Based on arguments going
back to Benoist and Quint in random dynamics [5, 17, 8, 16], Katz [25]
established a criterion for uniqueness ofWuu-states for C∞ diffeomorphisms
in dimension 3 (here r = ∞ is essential: for an alternate approach for
finite k, see [2]). Katz’s condition, known as “QNI” (quantitiative non-
integrability) can be defined for any ergodic probability measure µ with
exponents λ1 > λ2 > 0 > λ3 such that µ is absolutely continuous along
Pesin manifolds for the exponent λ1; when QNI holds, the disintegration of
µ along the full Pesin unstable manifolds (for λ1, λ2) must also be absolutely
continuous (thus, in this nonuniform setting, “QNI =⇒ SRB”).

The challenge in applying Katz’s criterion in the (3-dimensional) partially
hyperbolic setting is to translate the QNI condition into a workable geomet-
ric condition on the foliations Wuu and Wss. This has been carried out
recently by Eskin, Potrie, and Zhang [18], who showed in particular that
if f is smooth and partially hyperbolic in dimension 3 and µ is an ergodic
Wuu-state with full support, then f satisfies the QNI condition if and only
if the bundle Euu ⊕ Ess is not `-integrable for some order `.

Our results on s-transversality, combined with the work in [25, 18], shed
complete light on the questions in [6, 26, 20] about Anosov diffeomorphisms
in P1H(T3). In a forthcoming work with Eskin, Potrie and Zhang we show
that for every Anosov f ∈ P1H(T3), if Euu ⊕ Ess is `-integrable at any
order `, then it is integrable, and then the Franks-Manning homeomorphism
h conjugating to its linearization f∗ carries all of the invariant foliations of
f to the (affine) invariant foliations for f∗. Since these affine foliations are
all minimal, we obtain in [4]: Let f ∈ A∞(T3). Then the foliation Wuu is
minimal, and either Euu⊕Ess is integrable, or there is a unique Wuu-state.

Our results on the density of minimality of Wuu will be addressed in a
subsequent version of this paper.



6 A. AVILA, S. CROVISIER, A. WILKINSON

1. s-transversality and statements of the main results

Suppose f is a C1+ diffeomorphism of a Riemannian manifold M and
Λ ⊆M is a partially hyperbolic, f -invariant set with a splitting

TΛM = Euu ⊕ Ec ⊕ Es; dim(Ec) = 1.

We assume that Λ is a uu-lamination, i.e. it is saturated by Wuu leaves.
In order to state our main results, we will need to define a notion of

non-joint integrability of the laminations Wuu and Ws, one which we call s-
transversality. In the case where Λ = M (i.e. where f : M →M is partially
hyperbolic), s-transversality is implied by the pair of conditions thatWuu is
minimal and the bundle Euu⊕Es is not integrable (see Proposition 1.4). In
the general case, there is subtlety involved in defining the condition correctly.
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Figure 1. Informal definition of s-transversality.

1.1. The notion of “self-transversality” of a foliation. The informal
definition of s-transversality of Λ that we will require to state our main
result is this: there is a small constant τ > 0 such that for any x ∈ Λ, there
exist paths γ, γ′ in Wuu(x), at Hausdorff distance within τ of each other,
that cross each other when viewed transversally to the Es direction, as in
Figure 1.

While Figure 1 depicts a type of “smoothly transverse” crossing of the
two paths, requiring such a nice crossing is too restrictive to be useful. For
reasons we will explain, we will a priori need to allow for paths γ, γ′ lying on
a common stable manifold for a large subinterval of their parametrization,
so that the crossing can only be seen by comparing the relative position of
the endpoints of γ, γ′, as depicted in Figure 2.

For our definition to be maximally applicable, we need it to be inde-
pendent of the scale τ ; that is, if it holds for some τ , it should hold for all
τ ′ ∈ (0, τ). To establish such scale-independence requires applying fn, n > 0
to paths (see Proposition 4.6 below), which means (given that the crossings
are not assumed to be transverse) that we must allow the paths γ, γ′ be
arbitrarily long in our definition. Thus the property of γ, γ′ crossing each
other “transverse to the Es direction” cannot be localized by considering
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short paths. Even working locally, it is a delicate matter how one defines
the relative position of two paths “transverse to the Es direction;” for exam-
ple, two nearby curves cannot be compared by just using linear projections
“approximately in the stable direction,” as such projections do not behave
well under composition with f .
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Figure 2.

Under additional hypotheses, there is a relatively straightforward way to
define this crossing property. For example, in the case where f is glob-
ally partially hyperbolic (so Λ = M) and dynamically coherent (meaning
that the bundles Euu ⊕ Ec and Ec ⊕ Es are integrable – see Section 3 for
definitions), one can fix a smooth disk T containing γ([0, 1]) and tangent
to Euu ⊕ Ec and then project γ′ onto T using the globally-defined Ws-
holonomy. Fixing an orientation on T , one can then compare the relative
positions of the endpoints of γ and γ′ along leaves of the (1-dimensional)
center subfoliation Wc of T (which is preserved by Ws holonomy). If the
relative positions are opposite at the two ends, we say that γ and γ′ cross
(transverse to Ws). Since the stable foliation is invariant, one can iterate
crossing paths to obtain crossing paths, and one can prove that crossing at
scale τ implies crossing at all scales. Even without dynamical coherence, if
Λ = M , the 1-dimensionality of Ec allows for a similar definition of crossing
(see Proposition 1.4).

We would like to imitate as closely as possible this definition when Λ 6= M
is a general f -invariant uu-lamination. In this setting, there is no global
invariant Ws foliation (not even in a neighborhood of Λ): local stable man-
ifolds Ws

loc(x) are defined only for x ∈ Λ. Our definition will be based
on the picture in Figure 3: there the local stable manifold of γ divides a
τ -neighborhood of γ into two components, and the endpoints of γ′ lie in
different components. Thus to define s-transversality, we need to make rig-
orous this notion of “two components.” We start locally, using the notion
of brushes, which are canonically-defined objects built from local stable and
unstable manifolds of points in Λ.

1.2. Brushes. Let us fix a small scale ε0 > 0. For x ∈ Λ, we set

Wuu
loc(x) :=Wuu(x, ε0), and Ws

loc(x) :=Ws(x, ε0).
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Figure 3. A brush.

The brush through x is defined by

Br(x) :=
⋃

y∈Wuu
loc(x)

Ws
loc(y).

It is a codimension-1 topological submanifold which in general is not C1.
For ε� ε0 and x ∈ Λ, we consider the set

Uε(x) := B(x, ε) \Br(x).

If Br(x) were a C1, codimension-1 submanifold (transverse to Ec), then it
would divide each Uε(x) into exactly two path-connected components. We
would like to prove something similar for the topological manifold Br(x).

We first expand slightly the definition of path-component of Uε(x) to allow
for paths that leave the neighborhood. Thus we say that points y, y′ ∈ Uε(x)
are in the same component if they can be joined by a continuous path γy,y′
in Uε0/C0

(x0) where C0 > 1 is an explicit constant that only depends on the
angle between the bundles Euu, Ec, Es.
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Figure 4. The set Uε(x0).

In Lemma 4.4, we prove that for sufficiently small ε > 0, the set Uε(x)
has exactly two components, U±ε (x), as in Figure 4; moreover they do not
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depend on the choice of ε0. We say that x, y ∈ U±ε (x) lie on the same
side of Br(x) if they are in the same component of Uε(x). Since brushes
extend canonically along anyWuu-leaf, the notion of being on the same side
of Br(x) (and on different sides) can then be locally continued along any
path γ lying in the Wuu(x) leaf (see Lemma 4.5). Thus for a path γ in
a leaf Wuu(x) there is a well-defined notion of points in y ∈ Uε(γ(0)) and
y′ ∈ Uε(γ(1)) being on the same (or different) side(s) of Br(γ(0)). We say
that y, y′ are on the same (or different) side(s) of Wuu(x) relative to γ.

It is this notion of being on opposite sides along a path that is key to
defining s-transversality.

1.3. S-transversality. We can now state the formal definition:

Definition 1.1. The uu-lamination Λ is s-transverse if for any τ > 0 small
enough and for any x ∈ Λ, there are paths γ, γ′ : [0, 1]→Wuu(x) such that:

(1) d(γ(t), γ′(t)) < τ for each t ∈ [0, 1],
(2) γ′(0) and γ′(1) belong to Uτ (γ(0)) and Uτ (γ(1)) respectively, but are

on different sides of Wuu(x) relative to γ.

It is locally s-transverse if γ, γ′ can be chosen with diameter smaller than τ .

Remark 1.2. In practice, it is enough to check the definition of s-transversa-
lity for a single sufficiently small value of τ (see Lemma 4.7).

In order to illustrate this definition, we return to the case where f is a
dynamically coherent, partially hyperbolic diffeomorphism and the center
bundle Ec is orientable, with orientation preserved by Df . Note that for
any x, y with d(x, y) < τ , the stable plaque Ws

loc(y) intersects Wcu
loc(x) at a

unique point z and that Wc
loc(z) meets Wuu

loc(x). It is easy to see that two
points y, y′ are in the same component of Uτ (x) if the center arc joining
Ws
loc(y) ∩Wcu

loc(x) to W uu
loc (x) and the center arc joining Ws

loc(y
′) ∩Wcu

loc(x)
to W uu

loc (x) have the same orientation.
In this case, the uu-lamination Λ is s-transverse if for τ > 0 small and for

any x ∈ Λ there exists a “hexagonal loop” consisting of a concatenation of
6 nontrivial C1 arcs γ1, · · · , γ6 with the following properties (see Figure 5):

(1) The images of γ1, γ4 lie in Wuu(x). For all t, d(γ1(t), γ4(1− t)) < τ .
(2) The images of γ2, γ6 lie in Ws

loc(γ1(1)),Ws
loc(γ1(0)) respectively.

(3) γ3, γ5 have their images contained inWc
loc(γ4(0)),Wc

loc(γ4(1)) respec-
tively and have opposite orientations.

This notion of a hexagon gives rise to a simple criterion for checking s-
transversality in the global partially hyperbolic case.

We now state some properties of s-transversality that will be proved in
Section 4.3. The s-transversality is C1 robust:

Proposition 1.3. If Λ is an invariant s-transverse uu-lamination for a
diffeomorphism f , then there are neighborhoods U of Λ in M and U of f
in the space of C1 diffeomorphisms such that for any g ∈ U , any invariant
uu-lamination Λg ⊂ U is also s-transverse.
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Figure 5. Hexagonal loop attached to Wuu(x).

The next criterion for s-transversality shows in particular that, if Wuu is
minimal and s-transverse, then it is locally s-transverse.

Proposition 1.4. Let f be a partially hyperbolic diffeomorphism with 1-
dimensional center, and assume that the foliation Wuu is dynamically min-
imal. If Euu ⊕ Es is not integrable, then Wuu is locally s-transverse.

A weaker notion of “non joint integrability” has been used in [11] in order
to prove the finiteness of attractors for globally partially hyperbolic diffeo-
morphisms. The same idea gives the following structure on dynamically
minimal uu-laminations.

Proposition 1.5. If Ω is a non-invariant minimal s-transverse uu-lamina-
tion for a diffeomorphism f , then it is fixed by some iterate fN , N ≥ 1.

If Λ is an invariant dynamically minimal s-transverse uu-lamination, then
it decomposes as Λ = Ω t f(Ω) t · · · t fN−1(Ω), where Ω is a minimal uu-
lamination. The sets f i(Ω) are the connected components of Λ.

1.4. The SH (“some hyperbolicity”) property. Another concept we
will use in the statements of our main results is that of some hyperbolicity in
the center bundle Ec of a partially hyperbolic uu-lamination Λ, which was
introduced by Pujals and Sambarino [31]. This gives a natural weakening
of the hypothesis that Λ is hyperbolic with a dominated splitting of the
unstable bundle Eu = Euu⊕Ec. It has a topological flavor, and is different
from the measure-theoretic “mostly expanding” property defined in [1].

Definition 1.6. Let Λ be a partially hyperbolic uu-lamination. We say that
Λ has the SH property if there exist R > 0, C > 0 and λSH > 1 such that
for every x ∈ Λ, there exists x ∈ Wuu(x,R) such that, for all n, ` ≥ 1,

‖Df−n|Ec(f`+nx)‖ ≤ CλnSH .
Note that the constant R can be chosen as small as one likes in the

definition, at the expense of decreasing C.
The SH property is C1 robust (i.e., every g sufficiently C1 close to f has

the SH property), see Proposition 2.2 below. For (globally) partially hyper-
bolic diffeomorphisms with the SH property, if the foliation Ws is minimal,
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then it is C1 robustly minimal ([31] and Proposition 2.3 below). Note that
the property SH is not symmetric, hence it does not give the minimality of
Wuu for an Anosov diffeomorphism without further assumptions.

Examples: Besides partially hyperbolic Anosov diffeomorphisms, exam-
ples of SH uu-laminations can be constructed by deforming such systems:
this is the case of Shub’s and Mañé’s examples, see [31]. If one considers
an hyperbolic attractor with a one-dimensional expanding center bundle,
one can perform similar deformations and obtain a partially hyperbolic uu-
lamination which satisfies the SH property and is proper.

1.5. A robust criterion for minimality. Our main results in Part 1 of
this paper concern the property of a uu-lamination containing a cu-disk.
By a cu-disk in a uu-lamination Λ, we mean a C1 embedded disk in Λ
that is everywhere tangent to the distribution Euu ⊕ Ec. For example, in
the case that Λ is hyperbolic with 1-dimensional expanding center, a cu-
disk is merely a disk in Λ tangent to the (full) unstable lamination for f .
The existence of a cu disk has strong implications for the dynamics of Λ,
including the existence of a weak attractor when f has the SH property, or
the minimality of Wuu (under additional assumptions). Our central result
in this part of this paper is:

Theorem C. Let f : M →M be a C1+ diffeomorphism and Λ an s-transver-
se partially hyperbolic uu-lamination with 1-dimensional center and satisfy-
ing the SH property. Then Λ contains a cu-disk.

More precisely, there is a hyperbolic set K0 with unstable bundle Euu⊕Ec
such that Λ contains the unstable manifolds of K0.

Corollary 1.7. In the setting of Theorem C, there exists an invariant uu-
lamination Λ′ ⊂ Λ which is a transitive weak attractor: ω(x) ⊂ Λ′ for all x
in a nonempty open subset of M and ω(x) = Λ′ for some x ∈ Λ.

If f is transitive and M connected, then Λ = M and Wuu is minimal.

Proof. Let Λ′ ⊂ Λ be a dynamically minimal f -invariant uu-sublamination
of Λ (meaning that Λ′ contains no proper invariant sublamination: such an
Λ′ exists by Zorn’s lemma). Theorem C implies that Λ′ contains a disc D
tangent to Euu ⊕Ec. Saturating D by local stable manifolds, we obtain an
open set U ⊂ M . Then every x ∈ U lies in Ws(y), for some y ∈ Λ′, and
so fn(x) accumulates on a subset of Λ′. Thus Λ′ is a weak attractor. Since
any dynamically minimal uu-lamination is a transitive set, Λ′ is transitive.

If f is transitive, then for x in a dense Gδ subset of M we have both
ω(x) ⊂ Λ′ and ω(x) = M , so M = Λ = Λ′. Proposition 1.5 then implies
M = Ωt f(Ω)t · · · t fN−1(Ω) where Ω is a minimal uu-lamination. If M is
connected, it then follows that N = 1, and henceWuu is a minimal foliation.
�

When Λ is a hyperbolic set, the SH property is the same as Λ having an
expanding center; if the center is contracting, thenWuu is just the hyperbolic
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unstable lamination of Λ. This set is an attractor, it has finitely many
connected components and Wu is minimal on each of them. Note that a
hyperbolic transitive weak attractor Λ′ is an attractor, i.e. ω(x) ⊂ Λ′ for all
x in a neighborhood of Λ. Combining with Proposition 1.5 we thus get:

Corollary 1.8. Let Λ be a uniformly hyperbolic, partially hyperbolic uu-
lamination for a C1+ diffeomorphism f : M →M with 1-dimensional center.
If Λ is s-transverse, then it contains a hyperbolic transitive attractor Λ′, and
each connected component of Λ′ is a minimal uu-lamination.

From the robustness of the SH property (Propositions 2.2), Pujals-Sambari-
no’s robustness of Ws-minimality (Proposition 2.3), the criterion for s-
transversality (Propositions 1.4), and the robustness of the s-transversality
(Proposition 1.3), Corollary 1.7 implies following, which gives Theorem B:

Corollary 1.9. Suppose f : M → M is C1+, partially hyperbolic with 1-
dimensional center, has the SH property and a minimalWs foliation. IfWuu

is minimal and Euu ⊕ Es not integrable, then Wuu is C1 robustly minimal:
any C1+ diffeomorphism C1 close to f has a minimal Wuu foliation.

In particular, if f is an Anosov diffeomorphism with 1-dimensional ex-
panding center such that Wuu is minimal and Euu ⊕ Es is not integrable,
then Wuu is C1 robustly minimal among C1+ diffeomorphisms.

1.6. Genericity of minimality. In a future version of this work, we will
state further results concerning the genericity of Wuu-minimality among
(conservative and dissipative) Anosov diffeomorphisms with 1-dimensional
expanding center and related results about partially hyperbolic laminations
whose 1-dimensional center has the SH property.

2. Preliminaries on partial hyperbolicity

2.1. Notations. Given a map f : X → X, a function ξ : X → R>0 and
n ≥ 1, we write ξn(x) := ξ(fn−1(x)) · · · ξ(f(x)) · ξ(x), or ξf,n(x) when we
want to emphasize the map f .

For a, b 6= 0 and ∆ > 1, we write a �∆ b to mean that a/b ∈ [∆−1,∆] (in
particular if a �∆ b, then a and b have the same sign).

2.2. Partial hyperbolicity.

2.2.1. Tangent splittings. Let A ⊂ M be a compact set that is invariant
under a C1-diffeomorphism f . An invariant splitting of its tangent space
TAM = E ⊕ F is dominated if there is N ≥ 1 such that for any x ∈ A and
any unit vectors u ∈ Ex, v ∈ Fx,

‖DfN (v)‖ ≤ 1
2‖DfN (u)‖.

The bundle F is uniformly contracted by Df if ‖DfN |F ‖ ≤ 1
2 for some

N ≥ 1 and E is uniformly expanded if it is uniformly contracted by Df−1.
A uniformly expanded bundle E will usually be denoted by Eu (or Euu);

to each point x ∈ A we associate a well-defined strong unstable leaf Wu(x)
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tangent to Eu (also denoted by Wuu(x) when E = Euu). To emphasize the
diffeomorphism f , we will also write Wu

f (x).

For R > 0, the ball of radius R centered at a point x ∈ A inside Wu(x)
will be denoted by Wu

R(x). Having fixed a small constant ε0 > 0, we will
also write Wu

loc(x) := W u
ε0(x) and call it the local strong unstable manifold

of x. Finally we set Wu
loc(A) = ∪x∈AWu

loc(x).
Similarly, when F is uniformly contracted we will usually denote it by Es

(or Ess) and write Ws(x) (or Wss(x)) for the associated leaves.

2.2.2. Cone fields. We associate to a dominated splitting TAM = E ⊕ F
fixed cone fields CE , CF i.e. small neighborhoods of the bundles E and F
inside the corresponding tangent Grassmanniann bundles. The domination
property implies that these cone fields can be chosen invariant : for any
x ∈ A, the closure of the image Df(CEx ) is contained in the interior of
CEf(x), whereas the closure of the backward image Df(CFx ) is contained in

the interior of CFf−1(x).

2.2.3. Partial hyperbolicity. A compact, f -invariant set A is hyperbolic if
it admits a dominated splitting TAM = Eu ⊕ Es such that Eu, Es are
respectively uniformly expanded and contracted. A compact, f -invariant
set A is partially hyperbolic if it admits a dominated splitting TAM = Eu⊕
Ec⊕Es such that Eu, Es are non-trivial and respectively uniformly expanded
and contracted.

An unstable lamination is a (not necessarily f -invariant) set Λ contained
in a partially hyperbolic set A such that Λ contains all the strong unstable
leaves Wu(x) for x ∈ Λ.

2.2.4. Quantitative partial hyperbolicity. Partial hyperbolicity of f implies
that there exist a smooth Riemannian structure on M , a neighborhood U
of Λ, a C1-neighborhood U of f and continuous functions

κ, λ, µ−, µ+ : U → (0,∞), with κ < 1 < λ and κ < µ− < µ+ < λ

such that for any diffeomorphism g ∈ U , we have that any g-invariant
compact set A ⊂ U has a (unique) partially hyperbolic splitting TUM =
Eu ⊕ Ec ⊕ Es into subbundles which have the same dimensions as for the
partially hyperbolic splitting on Λ for f and such that for any x ∈ A:

sup
v∈Es(x),‖v‖=1

‖Dxg(v)‖ < κ(x), λ(x) < inf
v∈Eu(x),‖v‖=1

‖Dxg(v)‖,

µ−(x) < ‖Dxg|Ec‖ < µ+(x).

We also write Eug , E
c
g, E

s
g in order to emphasize the dependence on g.

2.3. Plaque families. We introduce a system of locally invariant plaque
families which will be useful when considering partially hyperbolic systems
that are not dynamically coherent.
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Figure 6. Family of locally invariant Pcs and Pc plaques,

with the Ŵs
x foliation of Pcs(x) depicted on the right. The

construction guarantees that Pcs plaques for points in the

sameWs leaf coincide along thatWs leaf, and Ŵs
x ⊂ Ws

loc(x).

Proposition 2.1. Let f be a C1 diffeomorphism with a partially hyperbolic
set Λ and functions κ, µ−, µ+ : U → (0,∞) with κ < 1 and κ < µ− < µ+

as above, on a neighborhood U of Λ. Then there exists ε > 0, and for any
diffeomorphism g that is C1 close to f , any g-invariant compact set A ⊂ U
and any point x ∈ A, there exist:

– C1-embedded disks (plaques) Pcg(x) ⊂ Pcsg (x) containing x, and

– a foliation Ŵs
g,x of Pcsg (x) by C1 discs,

with the following properties.

(1) The plaques Pcg(x), Pcsg (x) are tangent to Ecg(x) and Ecg(x)⊕Esg(x)

respectively and Ŵs
g,x(x) ⊂ Ws

g (x).
(2) Local invariance. For any x ∈ A, any ∗ ∈ {cs, c} and any y ∈
Pcsg (x, ε), we have

g(P∗g (x, ε)) ⊂ P∗g (g(x)), g−1(P∗g (x, ε)) ⊂ P∗g (g−1(x)),

g(Ŵs
g,x(y, ε)) ⊂ Ŵs

g,g(x)(g(y)), g−1(Ŵs
g,x(y, ε)) ⊂ Ŵs

g,g−1(x)(g
−1(y)),

where Pcg(x, ε) denotes the ε-neighborhood of x in Pcg(x).
(3) Exponential growth bounds at local scales. For x ∈ M and j ∈ Z,

denote by xj the point gj(x). Given n ≥ 1, suppose that yj , y
′
j ∈

B(xj , ε/2) for all 1 ≤ j ≤ n− 1. Then the following holds.
– If y, y′ ∈ Pcsg (x, ε), then yn, y

′
n ∈ Pcsg (xn), and

d(yn, y
′
n) ≤ µ+

g,n(x)d(y, y′).
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– If y′ ∈ Ŵs
g,x(y, ε), then y′n ∈ Ŵs

g,x(yn, ε), and

d(yn, y
′
n) ≤ κg,n(x)d(y, y′).

– If y, y′ ∈ Pcg(x, ε), then yn, y
′
n ∈ Pcg(x), and

µ−g,n(x)d(y, y′) ≤ d(yn, y
′
n).

(4) (g, x) 7→ Pcsg (x),Pcg(x), Ŵs
g,x vary continuously in the C1 topology.

The spaces TqŴs
g,x(q), q ∈ Ŵs

g,x, depend continuously on (g, x, q).

(5) If g is C1+α, then there exists θ ∈ (0, α) such that the tangent bundles
to the plaques Pcsg (x) and Pcg(x) are uniformly θ-Hölder continuous.

When there is no ambiguity about the diffeomorphism, we will simply denote

the plaques by Pcs(x), Pc(x), Ŵs
x(y).

Proof. The proof follows from the proof of Proposition 3.1 in [9]. There it
is proved that if f : M →M is C1 and partially hyperbolic, then there exist
r > ε > 0 such that, for every x ∈M , the neighborhood B(x, r) is foliated by

local foliations Ŵs
x, Ŵc

x, and Ŵcs
x such that the leaves of Ŵs

x subfoliate the

leaves of Ŵcs
x (from Part (iv) of the proposition). In the language of Propo-

sition 2.1, if we set Pc(x) = Ŵc
x(x) and Pcs(x) = Ŵcs

x (x), then Properties
(1)-(3) and (5) for f (corresponding to Properties (i)-(vi) in [9, Proposition
3.1]) are satisfied. The arguments also apply to diffeomorphisms g that are

C1-close to f . The C1-leaves Pcsg (x),Pcg(x), Ŵs
g,x at a point q are obtained

as a fixed point of a C1 map, hence vary continuously with (g, x, q) in the
C1-topology, which gives Property (4).

As in [9], Property (5) follows from a standard application of the Hölder
section theorem [30, Theorem 3.2] to the invariant bundles appearing in the
proof of [9, Proposition 3.1]. �

2.4. More on the SH property. We derive some basic properties of uu-
laminations with the SH property.

2.4.1. Robustness. We already mentioned that the SH property is robust.

Proposition 2.2 ([31]). Let Λ be a partially hyperbolic uu-lamination for
a diffeomorphism f : M → M . Assume that Λ has the SH property. Then
there exists a neighborhood U of Λ and U of f in Diff1(M) such that for all
g ∈ U , every uu-lamination Λg ⊂ U has the SH property.

The SH property is a mechanism for robust minimality of theWs foliation.

Proposition 2.3 ([31]). Let f : M → M be a diffeomorphism that is par-
tially hyperbolic and satisfies the SH property. If Ws is minimal, then any
diffeomorphism C1 close to f has a minimal foliation Ws.

In particular f is C1-robustly topologically mixing.
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2.4.2. Wuu-sections. Consider a uu-lamination Λ for f .

Definition 2.4. A set K ⊂ Λ is a Wuu-section of Λ if it is compact,
forward f -invariant, and there exists R > 0 such that Wuu

R (x) ∩K 6= ∅ for
each x ∈ Λ.

Note that if Λ satisfies the SH property (Definition 1.6) with constants
C > 0 and λSH > 1, then the following set is a Wuu-section:

(1) K :=
{
y ∈ Λ : ‖Df−n |Ec(f`+n(y) ‖ ≤ CλnSH for all n, ` ≥ 1

}
.

We associate to K its hyperbolic core K0 :=
⋂
n≥0 f

n(K), which is an invari-
ant hyperbolic set. Note that K, K0 depend on C > 0 and λSH > 1.

Part 1. Robust minimality via s-transversality

Throughout this part, f is a C1+ diffeomorphism of a Riemannian mani-
fold M and Λ is a partially hyperbolic, f -invariant set with a splitting

TΛM = Euu ⊕ Ec ⊕ Es; dim(Ec) = 1.

We assume that Λ is a uu-lamination, i.e. it is saturated by Wuu leaves.
This part of the paper is devoted to a proof of Theorem C. The general

proof uses several technical arguments to deal with the possibilities:

– there might not exist center-stable and center-unstable manifolds
that foliate a neighborhood of Λ, and

– the center bundle Ec might not be uniformly expanded by Df .

Without these technicalities, the argument is relatively simple, and so we
present it first in a restricted setting.

3. A sketched proof of Theorem C in a simplified setting

We sketch a proof of Theorem C under these simplifying hypotheses:

(1) f is a C1+ transitive Anosov diffeomorphism,
(2) f is partially hyperbolic and dynamically coherent,
(3) the center bundle is expanding, 1-dimensional and has an orientation

preserved by Df .

Theorem. If the above hypotheses (1)-(3) and s-transversality ofWuu hold,
then Wuu is a minimal foliation.

The assumptions (1) and (3) mean that there is a globally-defined Df -
invariant splitting TM = Euu ⊕ Ec ⊕ Es, where Ec is uniformly expanded,
orientable and 1-dimensional; it follows that the center-unstable bundle
Eu := Euu ⊕ Ec is uniquely integrable, tangent to the unstable foliation
Wu of the Anosov diffeomorphism f . The dynamical coherence assump-
tion (2) means that the bundle Es ⊕ Ec is also integrable, tangent to an
f -invariant foliation Wcs; by intersecting leaves of the foliations Wcs and
Wu, one obtains in addition an f -invariant center foliation Wc.
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These hypothesis hold, for example, if f is the perturbation of a hyper-
bolic toral automorphism that is partially hyperbolic with 1-dimensional
expanding center. They also hold for any f ∈ Ar(T3), r > 1, by [21, 29].

3.1. Preparation. The leaves of Wcs are jointly subfoliated by the leaves
ofWs andWc; the leaves ofWu are jointly subfoliated by the leaves ofWuu

and Wc. Hence there are well-defined Wuu and Ws holonomies between
center leaves. We will use the following facts about these holonomy maps.

– For any x ∈M and any x′ ∈ Wuu
loc(x), the (restricted)Wuu-holonomy

huu : Wc
loc(x)→Wc

loc(x
′) is C1, with derivative varying continuously

in the choice of x, x′.
– For any x ∈M and any x′ ∈ Ws

loc(x), the (restricted) Ws-holonomy
hs : Wc

loc(x) → Wc
loc(x

′) is C1, with derivative varying continuously
in the choice of x, x′.

The first item is a standard fact about expanding strong unstable subfolia-
tions and does not use the fact that the dimension of Ec is 1. The second
item uses a center-bunching property (see [9]), which follows from the 1-
dimensionality of the bundle Ec.

We recall the notation a �∆ b introduced in Section 2.1. We then say
that a and b are ∆-nearly equal, or just nearly equal, if ∆ is understood to
be a constant that may be taken arbitrarily close to 1 in the context.

We fix an orientation on Ec, and using this orientation we define the signed
center distance d

c
between two points on the same Wc plaque: for x ∈ M

and x′ ∈ Wc
loc(x), the signed distance d

c
(x, x′) is just distance between x

and x′ along Wc
loc multiplied by ±1 according to whether the geodesic arc

in Wc from x to x′ is positively oriented or not.
Then we have the following standard distortion estimate on the derivative

Df |Ec (compare with Corollary 5.2 in Section 5.1.2).

Lemma 3.1. For every δ > 0, there is εδ > 0 such that for every x0 ∈ M ,
x1, x2 ∈ Wc

loc(x0), and k ≥ 1, if d(fk(xi), f
k(xj)) < εδ for all i, j, then

d
c
(x1, x0)

d
c
(x2, x0)

�1+δ
d
c
(fk(x1), fk(x0))

d
c
(fk(x2), fk(x0))

.

When we say that a set of N points lying in a 1-dimensional Wc
loc plaque

is ∆-nearly evenly spaced, we mean that dc-distances between any two neigh-
boring pairs of points are ∆-nearly equal.

By the lemma, given ∆ > 1 there is ∆̂ such that if x0, x1, x2 are positively

ordered and ∆̂-nearly evenly spaced apart along a Wc plaque, then the
iterates fk(x0), fk(x1), fk(x2) will remain positively ordered and (∆-)nearly
evenly spaced as long as the distances between them remain small (< εδ).

3.2. An inductive property. Fix τ > 0 small so that the Ws-holonomies
(denoted by hs) between Wcu

loc plaques at τ -close points are well-defined.
Let us assume that Wuu is s-transverse. There are R,χ > 0 such that for

every x ∈M there exist curves γ, γ′ : [0, 1]→Wuu
R (x) satisfying:
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(a) for all t ∈ [0, 1], γ(t) ∈ Wcs
τ (γ′(t)), and

(b) d
c
(hs(γ′(0)), γ(0)) < −χ and d

c
(hs(γ′(1)), γ(1)) > χ.

Let L > 1 be a constant depending only on R that bounds the norm of Dhuu

and Dhs, where huu and hs are holonomy maps between Wc plaques along
paths of length smaller than 2R.

Fix an f -invariant uu-lamination Λ. We argue inductively (compare with
Proposition 6.1 in Section 6):

Inductive statement P (N). For every ∆ > 1 and ε ∈ (0, ε∆), there exists
a set of N points which is ∆-nearly evenly-spaced, which lie in a single
plaque Wc

loc(x) ∩ Λ, and whose diameter (measured along Wc
loc(x)) belongs

to [ε/‖Df‖, ε].
The case where N = 1 is trivial. We now suppose P (N) holds for some

N and prove P (N + 1). We are given a constant ∆ > 1 and a scale ε > 0.

We fix some 1 < ∆̂1, ∆̂2 such that log ∆̂1 � log ∆̂2 � log ∆. Applying

P (N) to some ∆̂1 and to some ε̂ � ε small, we obtain x1, . . . , xN ∈ Λ,

a collection of ∆̂1-nearly evenly spaced points on Wc
loc(xN ) with the max-

imum distance d(x1, xN ) ∈ [ε̂/‖Df‖, ε̂). The Wuu holonomy huu between
Wc
loc(xN ) andWc(y), for any y ∈ Wuu

R (xN ) ⊂ Λ is C1, uniformly in R. Thus
for ρ > 0 sufficiently small, the derivative of the holonomy betweenWc

ρ(xN )

and Wc(y) is nearly constant, which means that ∆̂1-nearly evenly-spaced

points are sent to ∆̂2-nearly evenly-spaced points. We assume that ε̂ < ρ.
The s-transversality property gives curves γ, γ′ in Wuu

R (xN ) ⊂ Λ satis-
fying the properties (a) and (b) above, with the given values of R, τ, χ.
Let x′1(t), . . . , x′N (t) = γ′(t) ∈ Λ be the images of x1, . . . , xN under the
holonomies huu : Wc

ε̂(xN ) → Wc
loc(γ

′(t)). These points vary continuously
with t while they remain very nearly evenly spaced, since ε` < ρ. The
distance between any successive points x′i(t), x

′
i+1(t) is at most Lε̂.

Define a function φ : [0, 1]→ R by

φ(t) = d
c
(hst (γ

′(t)), γ(t)),

where hst : Wc
loc(γ

′(t))→Wc
loc(γ(t)) is the localWs holonomy. This function

φ continuous, and s-transversality implies that

φ(0) < −χ < 0 < χ < φ(1).

We now choose a special value of t0 ∈ [0, 1]. There are two cases:

– For N = 1, we select t0 ∈ [0, 1] such that φ(t0) = χ/2.
– For N ≥ 2, since 0 < dc(x′N (t), x′N−1(t)) < Lε̂ < χ, it follows that

there exists t0 ∈ [0, 1] such that

d
c
(hst0(γ′(t0)), γ(t0)) = d

c
(x′N (t0), x′N−1(t0)).

We set x̂N+1 = γ(t0) ⊂ Λ. We also set x̂i = hst0(x′i(t0)), for i = 1, . . . , N .
Then x̂1, . . . , x̂N+1 lie on Wc

loc(x̂N+1), are very nearly evenly spaced, with
distance between these points bounded above by L2ε̂. The point x̂N+1

belongs to Λ, and x̂1, . . . , x̂N belong toWs
τ (x′i(t0)) ⊂ Ws

τ (Λ). See Figure 7. If
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loc(xN )

<latexit sha1_base64="kaYCayH1iQTXuQir2FeXMlNsMbo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DIniMaB6QLGF20psMmZ1dZmbFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj65nfekSleSwfzDhBP6IDyUPOqLHS/VOv0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLVfvLkq1myyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AEa2Nrw==</latexit>x2

<latexit sha1_base64="eJqozWEN566SYwra7F7gM+lHmQc=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DIniMYB6QLGF2MpsMmZ1dZ3rFEPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXc/81iPXRsTqHscJ9yM6UCIUjKKV2t0hRfLUq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfu+UnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZk9T/pCc4ZybAllWthbCRtSTRnaiAo2BG/55VXSrJS9arl6d1Gq3WRx5OEETuEcPLiEGtxCHRrAQMIzvMKb8+C8OO/Ox6I152Qzx/AHzucPb+OPmg==</latexit>

x̂2

<latexit sha1_base64="nXDgIoyjGCLzdV/lS90+6HiYn7Q=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvoqewWqR4LInis4LaFdinZNNuGZrNLkhXL0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjONyqsrW9sbhW3Szu7e/sH5cOjlo5TRZlHYxGrTkA0E1wyz3AjWCdRjESBYO1gfDPz249MaR7LBzNJmB+RoeQhp8RYycNP/dp5v1xxqs4ceJW4OalAjma//NUbxDSNmDRUEK27rpMYPyPKcCrYtNRLNUsIHZMh61oqScS0n82PneIzqwxwGCtb0uC5+nsiI5HWkyiwnRExI73szcT/vG5qwms/4zJJDZN0sShMBTYxnn2OB1wxasTEEkIVt7diOiKKUGPzKdkQ3OWXV0mrVnXr1fr9ZaVxm8dRhBM4hQtw4QoacAdN8IACh2d4hTck0Qt6Rx+L1gLKZ47hD9DnD8ikjgo=</latexit>

x0
2

<latexit sha1_base64="qycOLDEV8qwML2P81XII6Y7iNwo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ6KolI9VgQwWMF0xbaUDbbSbt0swm7G7GE/gYvHhTx6g/y5r9x+3HQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTPzmIyrNE/lgRikGMe1LHnFGjZV88tT1zrqlsltxpyDLxJuTMsxR75a+Or2EZTFKwwTVuu25qQlyqgxnAsfFTqYxpWxI+9i2VNIYdZBPjx2TU6v0SJQoW9KQqfp7Iqex1qM4tJ0xNQO96E3E/7x2ZqLrIOcyzQxKNlsUZYKYhEw+Jz2ukBkxsoQyxe2thA2ooszYfIo2BG/x5WXSuKh41Ur1/rJcu53HUYBjOIFz8OAKanAHdfCBAYdneIU3RzovzrvzMWtdceYzR/AHzucPxx+OCQ==</latexit>

x0
1

<latexit sha1_base64="rJ+JBNLvckHdgij7gfHT/7CtTiM=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvoqeyKVI8FETxJBbcttEvJptk2NJtdkqxYlv4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0gE18ZxvlFhZXVtfaO4Wdra3tndK+8fNHWcKso8GotYtQOimeCSeYYbwdqJYiQKBGsFo+up33pkSvNYPphxwvyIDCQPOSXGSh5+6t2d9soVp+rMgJeJm5MK5Gj0yl/dfkzTiElDBdG64zqJ8TOiDKeCTUrdVLOE0BEZsI6lkkRM+9ns2Ak+sUofh7GyJQ2eqb8nMhJpPY4C2xkRM9SL3lT8z+ukJrzyMy6T1DBJ54vCVGAT4+nnuM8Vo0aMLSFUcXsrpkOiCDU2n5INwV18eZk0z6turVq7v6jUb/I4inAEx3AGLlxCHW6hAR5Q4PAMr/CGJHpB7+hj3lpA+cwh/AH6/AHzMI4m</latexit>

x0
N

<latexit sha1_base64="5JdaEBoXOtkuOR/vAGOmrYOJsjo=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBaxbkJSbKu7ggiupIJ9QBvDZDpth04ezEzEEgJu/BU3LhRx60+482+ctBFU9MCFwzn3cu89bsiokKb5oeXm5hcWl/LLhZXVtfUNfXOrJYKIY9LEAQt4x0WCMOqTpqSSkU7ICfJcRtru+DT12zeECxr4V3ISEttDQ58OKEZSSY6+E/c8JEcYMdhOrrETswAnpVvn4uDQ0YumcWKaFasMTcOcIiWVSs2qQitTiiBDw9Hfe/0ARx7xJWZIiK5lhtKOEZcUM5IUepEgIcJjNCRdRX3kEWHH0x8SuK+UPhwEXJUv4VT9PhEjT4iJ56rO9GDx20vFv7xuJAfHdkz9MJLEx7NFg4hBGcA0ENinnGDJJoogzKm6FeIR4ghLFVtBhfD1KfyftMqGVTWql0fF+lkWRx7sgj1QAhaogTo4Bw3QBBjcgQfwBJ61e+1Re9FeZ605LZvZBj+gvX0CkHqXfg==</latexit>

Wc
loc(x

0
N )

Figure 7. Choice of the points x̂1, . . . , x̂N+1. Points belong-
ing to Λ`(x) are colored in blue.

we then iterate the points x̂1, . . . , x̂N+1 forward by fk, the distances between
successive points become larger but, since f is C1+, the points remain ∆-
nearly evenly spaced as long as they remain within some fixed scale εδ > 0
(as given by Lemma 3.1). At the same time, the distance between fk(x̂N+1)
and fk(x′N+1) ∈ Λ goes to zero exponentially fast. We take k such that

d(fk(x̂1), fk(x̂N+1)) ∈ [ ε
‖Df‖ , ε].

We perform this construction for a sequence ε̂` → 0 and get points

x`,1 := fk`(x̂`,1), . . . , x`,N+1 := fk`(x̂`,N+1) ∈ Λ

∆-nearly evenly spaced in Wc
loc(x`,N ), with d(x`,1, x`,N+1) ∈ [ ε

‖Df‖ , ε] and

d(x`,N+1,Λ) → 0 as ` → ∞. Extracting a subsequence (by compactness of
Λ), we obtain the desired limiting points x1 . . . , xN+1 ∈ Λ, proving P (N+1),
and completing the induction.

3.3. Conclusion of the proof. We now fix ∆ > 1 and ε > 0 sufficiently
small. For each N ≥ 1, Property P (N) gives an ordered sequence of points

x1(N), x2(N), . . . , xN (N) ∈ Λ

∆-nearly evenly spaced in Wc
loc(xN (N)) with dc(x1(N), xN (N)) ∈ [ ε

‖Df‖ , ε).

Sending N → ∞ and extracting a Hausdorff convergent subsequence of
{x1(N), . . . , xN (N)}, we obtain a center disk Wc

ε′(x) ⊂ Λ, where ε′ ∈
[ε/‖Df‖, ε‖]. Since Λ is Wuu-saturated and Wu is bifoliated by Wc and
Wuu, the union of Wuu

loc plaques through points in Wc
ε′(x) gives a Wu disk

in Λ. Corollary 1.7 then concludes that Wuu is mainimal. This completes
the outline of the proof of Theorem C under the simplifying assumptions.

4. Properties of foliated plaques and the details on
s-transversality

In this section, we consider a C1 diffeomorphism f preserving a partially
hyperbolic uu-lamination Λ with 1-dimensional center. We develop some
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properties of foliated plaque families for the proof of Theorem C. We also
fill in the details about s-transversality (Propositions 4.6 and 1.4).

4.1. Center and stable distances. Let duu be the induced Riemannian
metric on Wuu leaves of Λ. For x ∈ Λ let dcx, d

s
x be the induced Riemannian

metrics on Pcx, and on the leaves of the local foliation Ŵs
x, respectively.

Proposition 2.1 implies the following lemma (see Figure 8). For x, y ∈ Λ
close, this lemma gives a way to project y onto Wuu

loc(x) by intersecting with
the plaque Pcs(y).

In order to simplify the presentation, one will assume that the bundles
Euu, Ec and Es are nearly orthogonal. To handle the general case, one
should replace explicit numbers in the estimates that follow by a constant
that only depends on the angles between these bundles.

Lemma 4.1. If ε0 is small, then for every x ∈ Λ and y ∈ B(x, ε02 ) ∩ Λ,
there is a unique path σ = σ1 · σ2 · σ3, σi : [0, 1] → M , from y to x with σ1

geodesic in Pc(y), σ2 geodesic in Ŵs
y(σ1(1)), and σ3 geodesic in Wuu

loc(x).
This path varies continuously in (x, y).

We set

ρc(y, x) = dcy(y, σ1(1)) = Length(σ1),

ρs(y, x) = dsy(σ1(1), σ3(0)) = Length(σ2).

While ρc, ρs are not distances (they are not even symmetric), the maps ρc

and ρs are continuous on (B(z0,
ε0
4 ) ∩ Λ)2, for any z0 ∈ Λ.

<latexit sha1_base64="bRxRcoiA24jDJxcPwePssTNFLe4=">AAAB7nicdVDLSgMxFL3js9ZX1aWbYBFcDRntc1dwo+Cign1AO5RMJtOGZh4kGaEM/Qg3LhRx6/e4829MH4KKHggczjmX3Hu8RHClMf6wVlbX1jc2c1v57Z3dvf3CwWFbxamkrEVjEcuuRxQTPGItzbVg3UQyEnqCdbzx5czv3DOpeBzd6UnC3JAMIx5wSrSROv0bE/XJoFDENq6UcL2MsF3GTu3CWZB6tYocG89RhCWag8J7349pGrJIU0GU6jk40W5GpOZUsGm+nyqWEDomQ9YzNCIhU242X3eKTo3ioyCW5kUazdXvExkJlZqEnkmGRI/Ub28m/uX1Uh3U3IxHSapZRBcfBalAOkaz25HPJaNaTAwhVHKzK6IjIgnVpqG8KeHrUvQ/aZ/bTsWu3JaKjetlHTk4hhM4Aweq0IAraEILKIzhAZ7g2UqsR+vFel1EV6zlzBH8gPX2CXfGj7Y=</latexit>

�

<latexit sha1_base64="/aSobTKchWtretDfOp1SAMDp1bU=">AAAB/HicdVDLSsNAFJ3UV62vaJduBotQNyGp2sZdwY3uKthWaGOZTCft0MmDmYkQQvwVNy4UceuHuPNvnLQRVPTAwOGce7lnjhsxKqRpfmilpeWV1bXyemVjc2t7R9/d64kw5ph0cchCfuMiQRgNSFdSychNxAnyXUb67uw89/t3hAsaBtcyiYjjo0lAPYqRVNJIr6ZDH8kpRgx2stsUZ/XkaKTXTOOscWzaDWga5hw5ObXtlg2tQqmBAp2R/j4chzj2SSAxQ0IMLDOSToq4pJiRrDKMBYkQnqEJGSgaIJ8IJ52Hz+ChUsbQC7l6gYRz9ftGinwhEt9Vk3lS8dvLxb+8QSw920lpEMWSBHhxyIsZlCHMm4BjygmWLFEEYU5VVoiniCMsVV8VVcLXT+H/pNcwrKbRvDqptS+LOspgHxyAOrBAC7TBBeiALsAgAQ/gCTxr99qj9qK9LkZLWrFTBT+gvX0Cr/6U2A==</latexit>Pc(y)

<latexit sha1_base64="ArV+/yFg6y9bfBDQEQXA28UgVC0=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxC3QyZttS6K7jRXQX7gHYsmTTThmYeJBmhDoO/4saFIm79D3f+jZm2gooeCBzOuZd7ctyIM6kQ+jByS8srq2v59cLG5tb2jrm715ZhLAhtkZCHoutiSTkLaEsxxWk3EhT7Lqcdd3Ke+Z1bKiQLg2s1jajj41HAPEaw0tLAPEj6PlZjgjlspjcJkWlpejIwi8hCdVRGFYisauUMoaomyEb1WgXaFpqhCBZoDsz3/jAksU8DRTiWsmejSDkJFooRTtNCP5Y0wmSCR7SnaYB9Kp1klj6Fx1oZQi8U+gUKztTvGwn2pZz6rp7MosrfXib+5fVi5dWdhAVRrGhA5oe8mEMVwqwKOGSCEsWnmmAimM4KyRgLTJQurKBL+Pop/J+0y5Zds2pX1WLjclFHHhyCI1ACNjgFDXABmqAFCLgDD+AJPBv3xqPxYrzOR3PGYmcf/IDx9gl+ZZVM</latexit>Pcs(y)

<latexit sha1_base64="FIYy0NPkwzb1fQKGO0Zp7UIfedA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3BxzHgRW8JmAckS5id9CZjZmeXmVkhLvkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFS/alXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVYu6m65epfHUYBjOIEz8OAKqnALNWgAA4RneIU358F5cd6dj3nripPPHMEfOJ8/7VyNCw==</latexit>z<latexit sha1_base64="GRGQ7DaNTzwvJEt/2JbAkN83qzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3BxzHgRW8JmAckS5id9CZjZmeXmVkxLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFS/alXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVYu6m65epfHUYBjOIEz8OAKqnALNWgAA4RneIU358F5cd6dj3nripPPHMEfOJ8/6lSNCQ==</latexit>x

<latexit sha1_base64="93gB+34q905u0sXdUmtWBLMYvV4=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYRCswp1gtAzYaJeAlwSSI+xt5pI1e3vn7p4QjjS2NhaK2PoL/BP+ATv/jZuPQhMfDDzem2FmXpBwprTjfFtLyyura+u5jfzm1vbObmFvv67iVFL0aMxj2QyIQs4Eepppjs1EIokCjo1gcDn2G/coFYvFjR4m6EekJ1jIKNFGqg07haJTciawF4k7I8VK8e7zwfsoVzuFr3Y3pmmEQlNOlGq5TqL9jEjNKMdRvp0qTAgdkB62DBUkQuVnk0NH9rFRunYYS1NC2xP190RGIqWGUWA6I6L7at4bi/95rVSHF37GRJJqFHS6KEy5rWN7/LXdZRKp5kNDCJXM3GrTPpGEapNN3oTgzr+8SOqnJbdcOquZNK5hihwcwhGcgAvnUIErqIIHFBAe4RlerFvryXq13qatS9Zs5gD+wHr/AWhskGA=</latexit>y
<latexit sha1_base64="WkBnM4L12Ugl+baup97dSDNo95M=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgasiI1i4LbnRXwT6gHUomzbShSWZMMkIp/Qk3LhRx6++4829MHwttPXDhcM693HtPlApuLMbfXm5tfWNzK79d2Nnd2z8oHh41TJJpyuo0EYluRcQwwRWrW24Fa6WaERkJ1oyGN1O/+cS04Yl6sKOUhZL0FY85JdZJrY7hfUm6QbdYwv4VxkEFI+zjGVCwTEqwQK1b/Or0EppJpiwVxJh2gFMbjom2nAo2KXQyw1JCh6TP2o4qIpkJx7N7J+jMKT0UJ9qVsmim/p4YE2nMSEauUxI7MMveVPzPa2c2roRjrtLMMkXni+JMIJug6fOoxzWjVowcIVRzdyuiA6IJtS6iggth5eVV0rjwg7Jfvr8sVe8WceThBE7hHAK4hircQg3qQEHAM7zCm/fovXjv3se8NectZo7hD7zPH+Ghj+g=</latexit>�1

<latexit sha1_base64="u8Hvut3eGhu99BljnkvOUei0xEg=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFcDZmitcuCG91VsA9oh5JJM21okhmTjFBKf8KNC0Xc+jvu/BvTx0JbD1w4nHMv994TpYIbi/G3t7a+sbm1ndvJ7+7tHxwWjo4bJsk0ZXWaiES3ImKY4IrVLbeCtVLNiIwEa0bDm6nffGLa8EQ92FHKQkn6isecEuukVsfwviTdUrdQxP4VxkEFI+zjGVCwTIqwQK1b+Or0EppJpiwVxJh2gFMbjom2nAo2yXcyw1JCh6TP2o4qIpkJx7N7J+jcKT0UJ9qVsmim/p4YE2nMSEauUxI7MMveVPzPa2c2roRjrtLMMkXni+JMIJug6fOoxzWjVowcIVRzdyuiA6IJtS6ivAth5eVV0ij5Qdkv318Wq3eLOHJwCmdwAQFcQxVuoQZ1oCDgGV7hzXv0Xrx372PeuuYtZk7gD7zPH+Mlj+k=</latexit>�2

<latexit sha1_base64="gfGSL5CwZukoXKe5zukfPOAHpbk=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFcDRkftcuCG91VsA9oh5JJ0zY0yYxJRihDf8KNC0Xc+jvu/BvTx0JbD1w4nHMv994TJYIbi/G3t7K6tr6xmdvKb+/s7u0XDg7rJk41ZTUai1g3I2KY4IrVLLeCNRPNiIwEa0TDm4nfeGLa8Fg92FHCQkn6ivc4JdZJzbbhfUk6F51CEftXGAdljLCPp0DBIinCHNVO4avdjWkqmbJUEGNaAU5smBFtORVsnG+nhiWEDkmftRxVRDITZtN7x+jUKV3Ui7UrZdFU/T2REWnMSEauUxI7MIveRPzPa6W2Vw4zrpLUMkVni3qpQDZGk+dRl2tGrRg5Qqjm7lZEB0QTal1EeRfC0svLpH7uByW/dH9ZrNzN48jBMZzAGQRwDRW4hSrUgIKAZ3iFN+/Re/HevY9Z64o3nzmCP/A+fwDkqY/q</latexit>�3

<latexit sha1_base64="h61KH7/cLWS8Tlj/CcmZtfMbinI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL3pLwDwgWcLspDcZMzu7zMwqIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVe+yOPJwAqdwDh5cQRVuoQYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+pijQ0=</latexit>w

<latexit sha1_base64="nPHn7uFX1aoKXlC/zcF2MsC2kW8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahgpREpHoseNFbBfsBaSyb7aZdusmG3YkYQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZ58eCa7Dtb6uwsrq2vlHcLG1t7+zulfcP2lomirIWlUKqrk80EzxiLeAgWDdWjIS+YB1/fD31O49MaS6je0hj5oVkGPGAUwJGcntqJB9oNT17Ou2XK3bNngEvEycnFZSj2S9/9QaSJiGLgAqitevYMXgZUcCpYJNSL9EsJnRMhsw1NCIh0142O3mCT4wywIFUpiLAM/X3REZCrdPQN50hgZFe9Kbif56bQHDlZTyKE2ARnS8KEoFB4un/eMAVoyBSQwhV3NyK6YgoQsGkVDIhOIsvL5P2ec2p1+p3F5XGbR5HER2hY1RFDrpEDXSDmqiFKJLoGb2iNwusF+vd+pi3Fqx85hD9gfX5A4nikM4=</latexit>

�c(y, x)
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Figure 8. The paths in Lemma 4.1, which are used to define
the “distances” ρc(y, x), ρs(y, x).

The next lemma shows that given x, y ∈ Λ close, y is the projection
(onto Wuu

loc(y)) of some point x′ ∈ Wuu
loc(x). Hence the union of center-

stable plaques centered at points of the local manifoldsWuu
loc(x) is a uniform

neighborhood of x.
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Lemma 4.2. If ε0 is small enough, for any x ∈ Λ and y ∈ B(x, ε010), there
exists x′ ∈ Wuu

loc(x) such that y ∈ Pcs(x). In particular, there is z ∈ Pc(x′)
such that y ∈ Ŵs

x′(z).

Proof. The bundle Ecs := Ec⊕Es is locally trivial, hence the spaces Ecs(x′)
for x′ close to x can be identified with Ecs(x). For ρ > 0 small, we construct
a continuous map H from the product of balls Buu(x, ρ)×Bcs(x, ρ) ⊂ TxM
to a neighborhood of x as follows. For any (ζ, ξ) in the product, let x′ =
expx(ζ) and identify ξ ∈ Ecs(x) with some ξ′ ∈ Ecs(x′). The point H(ζ, ξ)
is then defined to be the image of ξ′ by the exponential map at x′ along the
submanifold Pcs(x′). The image of H is thus contained in the union of the
plaques Pcs(x′) for x′ ∈ Wuu

loc(x).
Note that when (ζ, ξ) is close to (0, 0), the distance d(H(ζ, ξ), expx(ζ+ξ))

is smaller than ‖ζ+ξ‖/100. In particular if ε0 is small enough, the restriction
of H to the boundary of Buu(x, ε0)×Bcs(x, ε0) around any point in B(x, ε010)
has index 1. This implies that B(x, ε010) is contained in the image of H. �

The center-stable plaques Pcs are in general not coherent (i.e. they don’t
foliate a neighborhood of Λ) but the next lemma gives a level of control over
their noncoherence.

Lemma 4.3. If ε0 is small enough, then the following holds. Consider any
x ∈ Λ and x′ ∈ Wuu

loc(x) \ {x} such that Pcs(x),Pcs(x′) intersect at some

point y ∈ B(x, ε0), and let z ∈ Pc(x) ∩ Ŵs
x(y), z′ ∈ Pc(x′) ∩ Ŵs

x′(y). Then

d(z, z′) < 1
10 min(d(x, z), d(x′, z′)).

Proof. We choose 0 < ε0 < ε1 small. Working in exponential charts, all the
bundles are close to constant bundles. Hence it is enough to show:

d(x, x′)� min(d(x, z), d(x′, z′)).

This is proved as follows:
First iterate the points x, x′, y forward under f while d(x, y) remains

smaller than ε1. By local invariance of the plaque families, the geometry of
the configuration remains bounded and controls the distance d(fn(x), fn(x′)).

The distance between x and x′ is uniformly expanded; hence there is a
last iterate N satisfying our assumptions on the configuration. At that time
d(fN (x), fN (z)) and d(fN (x′), fN (z′)) are larger than a fixed number and
d(fN (x), fN (x′)) is smaller than a fixed number. Hence there exists C > 0
such that

d(fN (x), fN (x′)) ≤ C min(d(fN (x), fN (z)), d(fN (x′), fN (z′))).

Now iterate backward to return to the initial configuration. The integer
N can be assumed arbitrarily large if ε1/ε0 is large. By domination of the
splitting Euu⊕Ec, the ratio d(x, x′)/d(fN (x), fN (x′)) is much smaller than
min(d(x, z), d(x′, z′))/min(d(fN (x), fN (z)), d(fN (x′), fN (z′))). This gives
the required estimate. �
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4.2. Center orientation. We first prove that the neighborhood of any
point x0 ∈ Λ is separated by the brush

Br(x0) :=
⋃

y∈Wuu
loc(x0)

Ws
loc(y)

into two components. This will allow us to define two sides of x0, locally.
For any 0 < ε� ε0 and x0 ∈ Λ we introduce the set

Uε(x0) := B(x0, ε) \Br(x0).

As defined in Section 1.2, two points y, y′ ∈ Uε(x0) are said to be in the same
component if they can be joined by a continuous path γy,y′ in Uε0/C0

(x0),
where C0 > 1 is a quantity that only depends on the angle between the
bundles Euu, Ec, Es.

Lemma 4.4. If ε0 > 0 is small enough, then the set Uε(x0) has two com-
ponents in the above sense, denoted by U±ε (x0). Moreover one can choose
γy,y′ to lie in B(x0, C0ε). Hence U±ε (x0) do not depend on ε0.

Note that Uε(x0), U±ε (x0) are defined independently of the plaque families

Pc,Pcs, and Ŵs.

Proof. For the proof and as in Section 4.1 we will assume that the bundles
Euu, Ec and Es are nearly orthogonal. This allows us to work with explicit
numbers rather than with a constant C0.

Using the local coordinates of the exponential map at x0, we construct a
C1 disc D with dimension dim(Euu)+1 that contains x0 and is separated by
Wuu
loc(x0), such that for any y, x ∈ B(x0, ε0/100) with x ∈ Λ and y ∈ Pcs(x),

the leaf Ŵs
x(y) intersects D in a unique point.

By Lemma 4.2, any point y ∈ Uε(x0) belongs to Pcs(x) for some x ∈
W uu
loc (x0). The leaf Ŵs

x(y) intersects D at a point z but does not meet Br(x0)
by Lemma 4.3. Since ε is small and and since y, z belong to B(x0, ε), the
plaques are close to linear subspaces in the exponential chart at x0. Hence

there exists a path γy ⊂ Ŵs
x(y) that connects y to z in U5ε(x0).

To any other point y′ ∈ Uε(x0) we associate in a similar way an arc
γy′ ⊂ U5ε(x0) that connects y′ to some point z′ ∈ D. The set D \ Wuu

loc(x0)
has two connected components. If z, z′ belong to the same component, they
can be connected by an arc γz,z′ ⊂ U10ε(x0) and y, y′ can be connected by
an arc which is the concatenation of γy, γz,z′ , γy′ and which is contained in
U10ε(x0). This shows that Uε(x0) has at most two components.

Now consider two points y1, y2 which belong to different connected com-
ponents of D \Wuu

loc(x0). We claim that they belong to different components
of Uε(x0); this will conclude the proof. Assume by contradiction that there
exists an arc γy1,y2 connecting these two points and contained in Uε0/10(x0).
By Lemma 4.2, any point y ∈ γy1,y2 can be projected to D: it belongs to

some leaf Ŵs
x(y) with x ∈ Wuu

loc(x0) intersecting D \Wuu
loc(x0) at some point

z. Moreover, any point in a neighborhood of y can also be projected to D :
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Figure 9. First part of the proof of Lemma 4.4.

the projection is a priori not uniquely defined, but belongs to a connected
neighborhood of z in D, which by by Lemma 4.3 is disjoint from Wuu

loc(x0).
Using these projections, we thus define a continuous arc inside D \Wuu

loc(x0)
that connects y1 to y2, contradicting the choice of the points. �

The next lemma proves that along any path γ in a leaf Wuu(x0), one can
continuously follow the two components U+

ε (x), U−ε (x). This will allow us
to compare the components of points that are not close.

Lemma 4.5. Consider a leaf Wuu(x0) with x0 ∈ Λ and an arc γ : [0, 1] ⊂
Wuu(x0). For any component Uσε (γ(0)), there exists a path γ satisfying
γ(0) ∈ Uσε (γ(0)) and γ(t) ∈ Uε(γ(t)) for all t ∈ [0, 1]. The component of
Uε(γ(1)) that contains γ(1)) does not depend on γ.

Two points z0 ∈ Uε(γ(0)) and z1 ∈ Uε(γ(1)) will be said on the same side
of Wuu(x) relative to γ if there exists an arc γ as in Lemma 4.5 joining the
components of Uε(γ(0)), Uε(γ(1)) and containing z0, z1 respectively.

Proof. Choose z ∈ Pcε(γ(0)) in the component Uσε (γ(0)) and let δ ∈ (0, ε)
be the distance between γ(0) and z inside Pcε(γ(0)). Since the plaque family
{Pc(x)} is continuous, one can continuously choose γ(t) in Pcε(γ(t)) at a
distance δ from γ(t) inside Pcε(γ(t)). By Lemma 4.3, γ(t) belongs to Uε(γ(t))
for any t.

Consider another arc γ′. Since the components U+
ε (x), U−ε (x) are open in

Uε(x), the set of parameters t such that γ(t) and γ′(t) belong to the same
(resp. different) component of Uε(γ(t)) is open. By connectedness, γ(t) and
γ′(t) belong to the same component of Uε(γ(t)) for all t. �
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4.3. Robustness, minimality and s-transversality. We first establish
the robustness of the s-transversality property stated in Proposition 1.3.

Proposition 4.6. Let Λ be an invariant s-transverse uu-lamination for f .
For τ > 0 sufficiently small, there exist R,χ > 0, a neighborhood U of Λ
in M and a C1 neighborhood U of f , such that for any g ∈ U , for any
g-invariant uu-lamination Λg ⊂ U , and for any x ∈ Λg,

– Λg is s-transverse,
– Items (1)–(2) of Definition 1.1 are satisfied at scale τ by arcs γ, γ′ ⊂
W uu
R (x); moreover ρc(γ(0), γ′(0)) > χ and ρc(γ(1), γ′(1)) > χ.

Proof. Suppose Λ is s-transverse, and let τ > 0 be given by Definition 1.1.
Given x ∈ Λ, the there exist Rx, χx > 0 satisfying the conditions of Defini-
tion 1.1 at the scale τ by arcs γ, γ′ ⊂W uu

Rx
(x), with ρc(γ(0), γ′(0)) > χx and

ρc(γ(1), γ′(1)) > χx. The continuity of the plaque families and the construc-
tions in the previous subsection imply that for x′ sufficiently close to x, one
can choose Rx′ = Rx, χx′ = χx. Compactness of Λ implies that χ and ρ can
be chosen uniformly. This property persists under C1-small perturbations
(in both the set Λ and in f). �

We next justify Remark 1.2.

Lemma 4.7. If Λ satisfies Items (1)–(2) of Definition 1.1 for a given τ
small, then it is s-transverse.

Proof. Suppose then that γ, γ′ ⊂ Wuu(x) satisfy Definition 1.1 at scale τ .
Lemma 4.1 implies that these paths can be continuously parametrized so
that each point γ′(t) lies in Pcs(γ(t)), as in Figure 10. Denote by z(t) the

unique point in Pc(γ(t)) such that γ′(t) ∈ Ŵs
γ(t)(z(t)), and consider the

continuous function ψ(t) := d
c
(z(t), γ(t)), where d

c
is the signed distance in

Pc(γ(t)) with respect to some fixed orientation of Ec along γ([0, 1]).
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Figure 10. Reparametrizing γ′.

Given any τ ′ ∈ (0, τ), we fix η > 0 small. Since γ′(0) and γ′(1) lie on
different sides of Wuu(x) relative to γ, for any η > 0 there exists a closed
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interval I = [a, b] ⊂ (0, 1) such that ψ(a), ψ(b) 6= 0 have opposite signs and
|ψ(t)| < η on [a, b]. If η has been chosen small enough, then there exists
n ≥ 1 large such that ρc(fn(γ(t)), fn(γ′(t))) ≤ τ ′/3 for all t ∈ [a, b], and since
the local stable manifolds are uniformly contracted ρs(fn(γ(t)), fn(γ′(t))) ≤
τ ′/3. This gives d(fn(γ(t)), fn(γ′(t))) ≤ τ ′, whereas fn(γ′(a)) and fn(γ′(b))
are on different sides of Wuu(fn(x)) relative to fn(γ). Hence Items (1)–(2)
of Definition 1.1 are satisfied at scale τ ′ by arcs fn(γ), fn(γ′) at the point
fn(x). Since the point x is chosen arbitrarily in the invariant set Λ and since
n can be chosen independently from x, s-transversality holds at scale τ ′. �

We next prove Proposition 1.5 on the structure of dynamically minimal
uu-laminations.

Proof of Proposition 1.5. The previous proof shows that if Λ is s-transverse,
then there is R > 0 such that for any x ∈ Λ there exist two different points
y, z ∈ Wuu

R (x) such that y ∈ Ws
loc(z). By continuity of the lamination Wuu,

if x, x′ are close enough, then there exist y ∈ Wuu
R (x), z ∈ Wuu

R (x) such
that y ∈ Ws

loc(z). Consequently there exists η > 0 such that if Ω,Ω′ are
two uu-sublaminations at distance less than η from each other then they
intersect a common local stable leaf.

Fix N0 ≥ Diam(M)/η. We claim that any (non necessarily invariant)
minimal uu-lamination Ω ⊂ Λ is fixed by some iterate fN , N ≥ 1. Indeed
for any ` ≥ 1, two iterates f−i(Ω), . . . , f−j(Ω) with ` ≤ i < j < ` + N0

share a common local stable manifold. Iterating by f j , we obtain that Ω
and f j−i(Ω) have two points whose distance apart is exponentially small in
`; moreover 1 ≤ j − i ≤ N0. There exists N ≥ 1 and a sequence `k → ∞
such that the associated iterates satisfy jk − ik = N . Passing to the limit,
it follows that Ω and fN (Ω) intersect, and hence coincide, since they are
minimal uu-laminations.

Let Ω be a minimal uu-sublamination inside Λ. We have shown that
it is periodic; denote by N its smallest period. Since the iterates fn(Ω)
for n = 0, . . . , N1 are distinct minimal uu-laminations, they are disjoint.
Hence Ω t f(Ω) t · · · t fN−1(Ω) is an invariant uu-lamination. Since Λ is
dynamically minimal it coincides with this disjoint union.

Each set fn(Ω) is connected since it is the closure of a leaf of Wuu.
Consequently it is a connected component of the disjoint union Λ = Ω t
f(Ω) t · · · t fN−1(Ω). �

The next lemma characterizes the integrability of Euu⊕Es in the partially
hyperbolic setting.

Lemma 4.8. Let f be a diffeomorphism with a partially hyperbolic splitting
TM = Euu⊕Ec⊕Es, dim(Ec) = 1. The following properties are equivalent:

(1) there exists an invariant foliation tangent to Euu ⊕ Es;
(2) there exists η > 0 such that for any x ∈M , y ∈ Br(x)∩B(x, η), the

local unstable manifold Wuu
η (y) is contained in Br(x).
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Proof. (1)⇒(2) is clear. In the following we assume (2) and prove (1).
Fix a point x0 and consider a chart in which the vertical is close to Ec and

transverse to Euu ⊕Es. In such a chart, each stable and unstable manifold
is a graph over the horizontal plane.

By assumption, for any x and any y ∈ Br(x)∩B(x, η) we haveWuu
ε (y) ⊂

Br(x), and hence Br(y)∩B(y, ε) ⊂ Br(x). Symmetrically, Br(x)∩B(x, ε) ⊂
Br(y).

We claim that if y, z in Br(x0) are close to x0 and project to the same
point in the horizontal plane, then y = z. Indeed, since z belongs to Br(x0)∩
B(x0, η), it must be is contained in Br(y), and so it belongs to a plaque
Ws
loc(t) with t ∈ Wuu

loc(y). Since Ws, Wuu and the vertical are tangent
to transverse cones, the projection of z to the horizontal belongs to the
projection of Wuu

loc(y) only if z itself belongs to Wuu
loc(y). This implies the

claim.
We have proved that Br(x0)∩B(x0, η) is a graph over the horizontal. By

invariance of domain, its projection to the horizontal is open. Any points
z, y ∈ Br(x0) ∩ B(x0, η) close to each other can be connected by a small
path tangent to Euu ⊕ Es. By uniform continuity of Euu ⊕ Es, this shows
that the graph Br(x0) ∩B(x0, η) is C1 and tangent to Euu ⊕ Es.

By Proposition 1.6 and Remark 1.10 in [7], this implies that there exists
a continuous foliation with C1-leaves tangent to Euu ⊕ Es, proving (1). �

Finally we turn to the proof of Proposition 1.4, a criterion for checking
s-transversality.

Proof of Proposition 1.4. Fix τ > 0 small. By Lemma 4.8 if Euu⊕Es is not
integrable, then for any 0 < η � τ there are points x, y ∈ Br(x) ∩ B(x, η)
such that Wuu(y)∩B(x, η) is not contained in Br(x). Thus there exists an
arc γ′0 ⊂ Wuu

2η (y) connecting y to some point z ∈ Uε(x).

We claim that close to y there exists a point y′ belonging to the component
of Uε(x) that does not contain z. This can be proved by examining the end
of the proof of Lemma 4.4: consider again the disc D through x of dimension
dim(Euu)+1. The local manifoldWs

loc(y) meets D at a unique point, which
belongs to Wuu

loc(x). Since the projection on D by holonomy along Ws
loc-

leaves is open on a neighborhood of y, there exists y′ close to y such that
Ws
loc(y) meets D at a point belonging to any given component U±ε (x). Let

γ′ ⊂ Wuu
loc(y

′) be an arc connecting y′ to z of length smaller than 2η that is
τ -close to x. Define γ to be the arc supported on {x}. Definition 1.1 is now
satisfied at scale τ . Since γ, γ′ have diameter smaller than τ , the foliation
Wuu is locally s-transverse. �

5. Preparation for the proof of Theorem C

This section and the next are is devoted to the proof of Theorem C. We
thus fix a C1+ diffeomorphism f : M →M and an f -invariant uu-lamination
Λ ⊂ M that is s-transverse and satisfies the property SH. We aim to show
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that Λ contains a cu-disk. We continue to use the notation introduced in
§ 2-3-4. In this section, we introduce the necessary tools to address the
general case where Λ is not necessarily equal to M and Ec is not necessarily
expanding.

5.1. Plaque holonomies and distortion.

5.1.1. Signed center distance. In Section 3, we introduced signed versions
d
c

and ρc of dc and ρc assuming that the center bundle is orientable. When
it is not orientable, signed distances can be introduced locally and can be
extended continuously in the neighborhood of a simple arc. There are two
choices for the sign locally, but the ratio of two signed distances does not
depend on this choice and is is thus well-defined.

5.1.2. Basic distortion. Item (5) of Proposition 2.1 implies that the tangent
bundles of the center plaques Pc(z) are θ-Hölder continuous, for some θ ∈
(0, 1). Let Cθ > 0 be a uniform bound on their Hölder constants. For x ∈ Λ,
ε > 0, k ≥ 0, let

ck(w, ε) := exp

(
Cθ

k−1∑

i=0

min{ε0,Length(f i(Pc(w, ε)))}θ
)
.

We have the standard distortion estimates.

Lemma 5.1. If the lengths of the first k iterates of Pc(x, ε) are less than
ε0, then for all y, z ∈ Pc(x, ε), we have

‖Dyf
k|Pc(x,ε)‖ �ck(x,ε) ‖Dzf

k|Pc(x,ε)‖.

Corollary 5.2. Let K ⊂ Λ be a hyperbolic set such that Ec|K is uniformly
expanded. For any ∆ > 1, there is ε1 = ε1(∆) > 0 such that for any z ∈ K,
x0, x1, x2 ∈ Pc(z) and any k ≥ 1, if d(f i(z), f i(xj)) < ε1 for all j and
0 ≤ i ≤ k, then

d
c
z(x1, x0)

d
c
z(x2, x0)

�∆

d
c
fk(z)(f

k(x1), fk(x0))

d
c
fk(z)(f

k(x2), fk(x0))
.

5.1.3. Basic distance controls. We will prove a sequence of lemmas control-
ling the distortion ck for very large k. This will require as a preliminary
finding a scale at which the bundles in the partially hyperbolic splitting are
nearly constant. The next lemma addresses the choice of this scale.

Lemma 5.3. For any δ, η > 0, there exists ε2 = ε2(δ, η) > 0 such that for
any points z, z′ ∈ Λ with z′ ∈ Wuu

loc(z, ε2), the following holds.

(1) For any k ≥ 0, if duu(f i(z), f i(z′)) < ε2 for i = 0, . . . , k − 1, then

duu(fk(z), fk(z′)) ≥ (1 + δ)λk(z)d
uu(z, z′).
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(2) Consider any ε ∈ (0, ε2), and x, y ∈ Pc(z, ε), x′, y′ ∈ Pc(z′) such

that there are points x′′ ∈ Ŵs
z (x, ε2) ∩ Λ, y′′ ∈ Ŵs

z (y, ε2) ∩ Λ, x′′′ ∈
Ŵs
z′(x

′, ε2) ∩ Wuu
loc(x

′′), and y′′′ ∈ Ŵs
z′(y

′, ε2) ∩ Wuu
loc(y

′′) (see Fig-
ure 11). If dcz′(x

′, y′) ≥ ηε and ε > max{dsx′′(x′′, x), du(z, z′)}, then:

dcz(x, y) �1+δ d
c
z′(x

′, y′).
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<latexit sha1_base64="FIYy0NPkwzb1fQKGO0Zp7UIfedA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3BxzHgRW8JmAckS5id9CZjZmeXmVkhLvkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFS/alXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVYu6m65epfHUYBjOIEz8OAKqnALNWgAA4RneIU358F5cd6dj3nripPPHMEfOJ8/7VyNCw==</latexit>z

<latexit sha1_base64="ogyD4a7as3nhDh/FdLqx4nRf9Xc=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA9hV3BxzHgRW9RzAOSJcxOepMhs7PLzKwQl/yBFw+KePWPvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqLSPJYPZpSgH9G+5CFn1Fjp/umkWyq7FXcKski8nJQhR61b+ur0YpZGKA0TVOu25ybGz6gynAkcFzupxoSyIe1j21JJI9R+Nr10TI6t0iNhrGxJQ6bq74mMRlqPosB2RtQM9Lw3Ef/z2qkJr/yMyyQ1KNlsUZgKYmIyeZv0uEJmxMgSyhS3txI2oIoyY8Mp2hC8+ZcXSeOs4l1Uzu/ccvU2j6MAh3AEp+DBJVThBmpQBwYhPMMrvDlD58V5dz5mrUtOPnMAf+B8/gBN5Y08</latexit>

z′

<latexit sha1_base64="GRGQ7DaNTzwvJEt/2JbAkN83qzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3BxzHgRW8JmAckS5id9CZjZmeXmVkxLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFS/alXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVYu6m65epfHUYBjOIEz8OAKqnALNWgAA4RneIU358F5cd6dj3nripPPHMEfOJ8/6lSNCQ==</latexit>x

<latexit sha1_base64="962bWouFkQ4RU7UDYkYe+o6plw4=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA9hV3BxzHgRW9RzAOSJcxOepMhs7PLzKwYlvyBFw+KePWPvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqLSPJYPZpSgH9G+5CFn1Fjp/umkWyq7FXcKski8nJQhR61b+ur0YpZGKA0TVOu25ybGz6gynAkcFzupxoSyIe1j21JJI9R+Nr10TI6t0iNhrGxJQ6bq74mMRlqPosB2RtQM9Lw3Ef/z2qkJr/yMyyQ1KNlsUZgKYmIyeZv0uEJmxMgSyhS3txI2oIoyY8Mp2hC8+ZcXSeOs4l1Uzu/ccvU2j6MAh3AEp+DBJVThBmpQBwYhPMMrvDlD58V5dz5mrUtOPnMAf+B8/gBK2406</latexit>

x′
<latexit sha1_base64="vXWIEx+Rk7RjoiHLJ78yJkuBKAo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPEU9gVfBwDXvQW0TwgCWF20psMmZ1dZmbFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7/FhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRH11O/+YhK80g+mHGM3ZAOJA84o8ZK90/lcq9YcivuDGSZeBkpQYZar/jV6UcsCVEaJqjWbc+NTTelynAmcFLoJBpjykZ0gG1LJQ1Rd9PZqRNyYpU+CSJlSxoyU39PpDTUehz6tjOkZqgXvan4n9dOTHDVTbmME4OSzRcFiSAmItO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zireReX8zi1Vb7M48nAEx3AKHlxCFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDq3yNaw==</latexit>

x′′

<latexit sha1_base64="93gB+34q905u0sXdUmtWBLMYvV4=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYRCswp1gtAzYaJeAlwSSI+xt5pI1e3vn7p4QjjS2NhaK2PoL/BP+ATv/jZuPQhMfDDzem2FmXpBwprTjfFtLyyura+u5jfzm1vbObmFvv67iVFL0aMxj2QyIQs4Eepppjs1EIokCjo1gcDn2G/coFYvFjR4m6EekJ1jIKNFGqg07haJTciawF4k7I8VK8e7zwfsoVzuFr3Y3pmmEQlNOlGq5TqL9jEjNKMdRvp0qTAgdkB62DBUkQuVnk0NH9rFRunYYS1NC2xP190RGIqWGUWA6I6L7at4bi/95rVSHF37GRJJqFHS6KEy5rWN7/LXdZRKp5kNDCJXM3GrTPpGEapNN3oTgzr+8SOqnJbdcOquZNK5hihwcwhGcgAvnUIErqIIHFBAe4RlerFvryXq13qatS9Zs5gD+wHr/AWhskGA=</latexit>y

<latexit sha1_base64="CotG5LCEKHXZlcAlPCWRb+47H5Y=">AAAB6XicbVDLSsNAFL2pr1pfVZduBovoqiRCq8uCG91VMW2hDWUynbRDJ5M4MxFC6Ma1GxeKuPUH/Al/wJ1/4/Sx0NYDFw7n3Mu99/gxZ0rb9reVW1peWV3Lrxc2Nre2d4q7ew0VJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBi7DfvqVQsErc6jakX4r5gASNYG+kmPe4WS3bZngAtEmdGSrXS3eeD+1Gtd4tfnV5EkpAKTThWqu3YsfYyLDUjnI4KnUTRGJMh7tO2oQKHVHnZ5NIROjJKDwWRNCU0mqi/JzIcKpWGvukMsR6oeW8s/ue1Ex2cexkTcaKpINNFQcKRjtD4bdRjkhLNU0MwkczcisgAS0y0CadgQnDmX14kjdOyUy1Xrk0aVzBFHg7gEE7AgTOowSXUwQUCATzCM7xYQ+vJerXepq05azazD39gvf8AyOWQkQ==</latexit>

y′<latexit sha1_base64="IMHQUQ0mSMxSzsUZhUFJn2N6j1s=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovUVUkEq8uCG91VNG2hDWUynbRDJ5M4MxFC6Ma9GxeKuPUD/Al/wJ1/4/Sx0NYDFw7n3Mu99/gxZ0rb9reVW1peWV3Lrxc2Nre2d4q7ew0VJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBi7DfvqVQsErc6jakX4r5gASNYG+kmLZe7xZJdsSdAi8SZkVKtdPf54H5U693iV6cXkSSkQhOOlWo7dqy9DEvNCKejQidRNMZkiPu0bajAIVVeNjl1hI6M0kNBJE0JjSbq74kMh0qloW86Q6wHat4bi/957UQH517GRJxoKsh0UZBwpCM0/hv1mKRE89QQTCQztyIywBITbdIpmBCc+ZcXSeOk4lQrp9cmjSuYIg8HcAjH4MAZ1OAS6uACgT48wjO8WNx6sl6tt2lrzprN7MMfWO8/KZaQwg==</latexit>

y′′

<latexit sha1_base64="iidIH1dnU2aJLcVxhniXnLhpR1E=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRapp7IrVD0WvOitgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3mdx6p0iySD2YaU1/gkWQhI9hk0lO1Wh2UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6vVtp3OVxFOEETuEcPLiCBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHDFWNnA==</latexit>

x′′′

<latexit sha1_base64="6/0cZWv2mhD7u1CMcz8NFIt/DEk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSL1VBKR6rHgRW8V7Ae0oWy2m3bp7ibsboQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dtbWNza3tks75d29/YPDytFxR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepv73SeqNIvko0lj6gs8lixkBJtcSmu12rBSdevuHGiVeAWpQoHWsPI1GEUkEVQawrHWfc+NjZ9hZRjhdFYeJJrGmEzxmPYtlVhQ7WfzW2fo3CojFEbKljRorv6eyLDQOhWB7RTYTPSyl4v/ef3EhDd+xmScGCrJYlGYcGQilD+ORkxRYnhqCSaK2VsRmWCFibHxlG0I3vLLq6RzWfca9cbDVbV5X8RRglM4gwvw4BqacActaAOBCTzDK7w5wnlx3p2PReuaU8ycwB84nz8Pbo2i</latexit>

y���

Pc(z′, ε2)
Pc(z, ε2)

Ŵs
z

Ŵs
z′

Figure 11. Arrangement of points in Lemma 5.3. Points in
Λ are colored blue.

Proof. Part (1) uses an elementary hyperbolic distortion estimate. At small
scale the bundles are almost constant. In particular, one may consider local
coordinates such that the center bundle is arbitrarily close to the vertical di-
rection. By our assumptions, all stable and unstable distances are controlled
from above by the center distance dcz(x, y). This implies that moving x to
x′ along the “suus-path” through x′′ and x′′′, the difference of the vertical
coordinates of x and x′ is small with respect to dcz(x, y). The same property
holds when one moves y to y′. Consequently the ratio between dcz(x, y) and
dcz′(x

′, y′) is arbitrarily close to 1 if the scale is chosen small enough. �

5.1.4. Wuu-holonomy between center plaques. We need to introduce a type
of Wuu-holonomy between center plaques centered at points inside a com-
mon Wuu-leaf. Since the system is not dynamically coherent, we have to
add a projection along a (fake) stable foliation, as in Figure 12.

Fixing R > 0, if ε > 0 is sufficiently small, then for each x ∈ Λ and
x′ ∈ Wuu(x,R), we define as follows the Wuu-holonomy

huu : Pc(x, ε) ∩ Λ→ Pc(x′).
First, there exists δ > 0 such that for ε > 0 sufficiently small and for any
x ∈ Λ, x′ ∈ Wuu(x,R), and y ∈ Pc(x, ε) ∩ Λ, the intersection D′(y) :=
Wuu(y,R) ∩B(x′, δ) is connected and nonempty. We fix any x′′(y) ∈ D′(y)
and define y′′ to be the unique point of intersection betweenWuu

loc(x
′′(y)) and
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Pcs(x′). Then huu(y) is the unique point in Pc(x′) such that Wss
loc(h

uu(y))
contains y′′. This does not depend on the choice of x′′(y).

It is well-known that for a dynamically coherent, partially hyperbolic dif-
feomorphism with 1-dimensional center, unstable holonomies are Lipschitz
between center manifolds. The following is a refined analogue of this state-
ment in the context of Wuu-laminated partially hyperbolic sets, expressing
as well the fact that the Lipschitz norm of the holonomy is nearly constant
on small scales.

<latexit sha1_base64="NVEJJ2PcijmhLiqAD1qr8RjsRCw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BETwmYB6QLGF20puMmZ1dZmbFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekSleSzvzThBP6IDyUPOqLFS/alXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqrdZHHk4gVM4Bw+uoAp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8AeoOjQg=</latexit>x

<latexit sha1_base64="yh0NgvZIT+4mn2xEBG3zfOg2aWA=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKexKUI8BETxGMQ9IQpid9CZDZmeXmVkxLPkDLx4U8eofefNvnCR70MSChqKqm+4uPxZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESq5VONgkusG24EtmKFNPQFNv3R9dRvPqLSPJIPZhxjN6QDyQPOqLHS/dNpr1hyy+4MZJl4GSlBhlqv+NXpRywJURomqNZtz41NN6XKcCZwUugkGmPKRnSAbUslDVF309mlE3JilT4JImVLGjJTf0+kNNR6HPq2M6RmqBe9qfif105McNVNuYwTg5LNFwWJICYi07dJnytkRowtoUxxeythQ6ooMzacgg3BW3x5mTTOy95FuXJXKVVvsjjycATHcAYeXEIVbqEGdWAQwDO8wpszcl6cd+dj3ppzsplD+APn8wdKlY05</latexit>

x�

<latexit sha1_base64="DXot+XKw8432y8lT++HD7WHFkv0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUA8eAiJ4jME8IFnC7KQ3GTI7u8zMCiHkD7x4UMSrf+TNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPppxgn5EB5KHnFFjpfpNvVcsuWV3DrJKvIyUIEOtV/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn80ik5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO3SZ8rZEaMLaFMcXsrYUOqKDM2nIINwVt+eZU0L8reZbnyUClV77I48nACp3AOHlxBFe6hBg1gEMIzvMKbM3JenHfnY9Gac7KZY/gD5/MHMJWNKA==</latexit>

< R

<latexit sha1_base64="DW6fy1+PHOcStObgdgqiExFs69U=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE1GVBFy4r2Ae0sUymk3bo5ME8lBLzKW5cKOLWL3Hn3zhps9DWAwOHc+7lnjl+wplUjvNtlVZW19Y3ypuVre2d3T27ut+WsRaEtkjMY9H1saScRbSlmOK0mwiKQ5/Tjj+5yv3OAxWSxdGdmibUC/EoYgEjWBlpYFfTfojVmGCOOtl9qnU2sGtO3ZkBLRO3IDUo0BzYX/1hTHRII0U4lrLnOonyUiwUI5xmlb6WNMFkgke0Z2iEQyq9dBY9Q8dGGaIgFuZFCs3U3xspDqWchr6ZzHPKRS8X//N6WgWXXsqiRCsakfmhQHOkYpT3gIZMUKL41BBMBDNZERljgYkybVVMCe7il5dJ+7TuntfPbs9qjeuijjIcwhGcgAsX0IAbaEILCDzCM7zCm/VkvVjv1sd8tGQVOwfwB9bnD6UElEU=</latexit>Wuu

<latexit sha1_base64="5gOsdBshqcm+be2WwykHA04J0BA=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBaxbkoivpYFXbisYB/QxjKZTtqhkwczE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cN+JMKsv6Ngorq2vrG8XN0tb2zu6euV9uyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7vsn89hMVkoXBg5pG1PHxMGAeI1hpqW+Wk56P1YhgjhrpI6lOTk77ZsWqWTOgZWLnpAI5Gn3zqzcISezTQBGOpezaVqScBAvFCKdpqRdLGmEyxkPa1TTAPpVOMsueomOtDJAXCv0ChWbq740E+1JOfVdPZkHlopeJ/3ndWHnXTsKCKFY0IPNDXsyRClFWBBowQYniU00wEUxnRWSEBSZK11XSJdiLX14mrbOafVm7uD+v1G/zOopwCEdQBRuuoA530IAmEJjAM7zCm5EaL8a78TEfLRj5zgH8gfH5A+wvk7o=</latexit>

Pc(x�)

<latexit sha1_base64="1cb3hLs5YslaISoJKVb/10+zGh8=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhVSWaoE8RorwcBYJPqQ2lA5rttadZzIdoAq9FNYGECIlS9h429w2gzQciRLR+fcq3t8/IgzpR3n28otLa+sruXXCxubW9s7dnG3ocJYElonIQ9ly8eKciZoXTPNaSuSFAc+p01/dJn6zXsqFQvFrR5H1AvwQLA+I1gbqWsXk06A9ZBgjmqTO1J+POraJafiTIEWiZuREmSode2vTi8kcUCFJhwr1XadSHsJlpoRTieFTqxohMkID2jbUIEDqrxkGn2CDo3SQ/1Qmic0mqq/NxIcKDUOfDOZ5lTzXir+57Vj3b/wEiaiWFNBZof6MUc6RGkPqMckJZqPDcFEMpMVkSGWmGjTVsGU4M5/eZE0jivuWeX05qRUvcrqyMM+HEAZXDiHKlxDDepA4AGe4RXerCfrxXq3PmajOSvb2YM/sD5/AIXKk4k=</latexit>Pc(x)

<latexit sha1_base64="YjCb6T2pt7nW06KU1fgcW/EXXPU=">AAAB6nicbVDJSgNBEK2JW4xb1JN4aQyCpzCjuBwDIniMaBaYDKGn05M06e4ZunvEMOQTvIgo4tUv8pa/sbMcNPFBweO9KqrqhQln2rjuyMktLa+sruXXCxubW9s7xd29uo5TRWiNxDxWzRBrypmkNcMMp81EUSxCThth/3rsNx6p0iyWD2aQ0EDgrmQRI9hY6f6p7baLJbfsToAWiTcjpcrBGRq9+rzaLn63OjFJBZWGcKy177mJCTKsDCOcDgutVNMEkz7uUt9SiQXVQTY5dYiOrdJBUaxsSYMm6u+JDAutByK0nQKbnp73xuJ/np+a6CrImExSQyWZLopSjkyMxn+jDlOUGD6wBBPF7K2I9LDCxNh0CjYEb/7lRVI/LXsX5fM7m8YNTJGHQziCE/DgEipwC1WoAYEuPMMbvDvceXE+nM9pa86ZzezDHzhfP+mDkIg=</latexit>x0

<latexit sha1_base64="n8/wOYV1z686uIS/ajge4zX05PQ=">AAAB6nicbVDJSgNBEK2JW4xb1JN4aQyCpzCjuBwDIniMaBaYDKGn05M06e4ZunvEMOQTvIgo4tUv8pa/sbMcNPFBweO9KqrqhQln2rjuyMktLa+sruXXCxubW9s7xd29uo5TRWiNxDxWzRBrypmkNcMMp81EUSxCThth/3rsNx6p0iyWD2aQ0EDgrmQRI9hY6f6p7bWLJbfsToAWiTcjpcrBGRq9+rzaLn63OjFJBZWGcKy177mJCTKsDCOcDgutVNMEkz7uUt9SiQXVQTY5dYiOrdJBUaxsSYMm6u+JDAutByK0nQKbnp73xuJ/np+a6CrImExSQyWZLopSjkyMxn+jDlOUGD6wBBPF7K2I9LDCxNh0CjYEb/7lRVI/LXsX5fM7m8YNTJGHQziCE/DgEipwC1WoAYEuPMMbvDvceXE+nM9pa86ZzezDHzhfP+sHkIk=</latexit>x1

<latexit sha1_base64="30t6rySznilqMT7UoXNdKY6OZnU=">AAAB6nicbVDLSgNBEOyNrxhfUU/iZTAInsJuxMcxIILHiCYRNkuYncwmQ2Zml5lZMSz5BC8iinj1i7zlb5w8DppY0FBUddPdFSacaeO6Iye3tLyyupZfL2xsbm3vFHf3GjpOFaF1EvNYPYRYU84krRtmOH1IFMUi5LQZ9q/GfvORKs1ieW8GCQ0E7koWMYKNle6e2pV2seSW3QnQIvFmpFQ9OEWjV5/X2sXvVicmqaDSEI619j03MUGGlWGE02GhlWqaYNLHXepbKrGgOsgmpw7RsVU6KIqVLWnQRP09kWGh9UCEtlNg09Pz3lj8z/NTE10GGZNJaqgk00VRypGJ0fhv1GGKEsMHlmCimL0VkR5WmBibTsGG4M2/vEgalbJ3Xj67tWlcwxR5OIQjOAEPLqAKN1CDOhDowjO8wbvDnRfnw/mctuac2cw+/IHz9QPsi5CK</latexit>x2

<latexit sha1_base64="HtLnRF0amQS0KGARqMq1rIyR67M=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxijES5gJuBwDIniSCGaByRh7Op2kSU/30IsYhnyGFw+KePVrvHn34keIdpaDJj4oeLxXRVW9MGZUadd9d1Jz8wuLS+nlzMrq2vpGdnOrqoSRmFSwYELWQ6QIo5xUNNWM1GNJUBQyUgt7p0O/dkukooJf6X5Mggh1OG1TjLSV/O51Yswgf9csHjSzObfgjgBniTchudLe99fN58VHuZl9a7QENhHhGjOklO+5sQ4SJDXFjAwyDaNIjHAPdYhvKUcRUUEyOnkA963Sgm0hbXENR+rviQRFSvWj0HZGSHfVtDcU//N8o9snQUJ5bDTheLyobRjUAg7/hy0qCdasbwnCktpbIe4iibC2KWVsCN70y7OkWix4R4XDS5vGGRgjDXbALsgDDxyDEjgHZVABGAhwDx7Bk6OdB+fZeRm3ppzJzDb4A+f1B1Vqlc4=</latexit>

huu(x2)

<latexit sha1_base64="WdRvTfFpBtBGkCiScOpDQNMydWk=">AAAB8nicbVDJSgNBEO1xjXGLevTSGIV4CTOCyzEggieJYBaYjLGn05M06ekeehHDkM/w4kERr36NN+9e/AjRznLQxAcFj/eqqKoXJowq7brvzszs3PzCYmYpu7yyurae29isKmEkJhUsmJD1ECnCKCcVTTUj9UQSFIeM1MLu6cCv3RKpqOBXupeQIEZtTiOKkbaS37lOjekX7prefjOXd4vuEHCaeGOSL+1+f918XnyUm7m3RktgExOuMUNK+Z6b6CBFUlPMSD/bMIokCHdRm/iWchQTFaTDk/twzyotGAlpi2s4VH9PpChWqheHtjNGuqMmvYH4n+cbHZ0EKeWJ0YTj0aLIMKgFHPwPW1QSrFnPEoQltbdC3EESYW1TytoQvMmXp0n1oOgdFQ8vbRpnYIQM2AY7oAA8cAxK4ByUQQVgIMA9eARPjnYenGfnZdQ644xntsAfOK8/U+WVzQ==</latexit>

huu(x1)

<latexit sha1_base64="5ZKqBzmUADdJC4pbFCfWeHQKWZo=">AAAB8nicbVDJSgNBEO1xjXGLevTSGIV4CTOCyzEggieJYBaYjLGn05M06ekeehHDkM/w4kERr36NN+9e/AjRznLQxAcFj/eqqKoXJowq7brvzszs3PzCYmYpu7yyurae29isKmEkJhUsmJD1ECnCKCcVTTUj9UQSFIeM1MLu6cCv3RKpqOBXupeQIEZtTiOKkbaS37lOjekX7prufjOXd4vuEHCaeGOSL+1+f918XnyUm7m3RktgExOuMUNK+Z6b6CBFUlPMSD/bMIokCHdRm/iWchQTFaTDk/twzyotGAlpi2s4VH9PpChWqheHtjNGuqMmvYH4n+cbHZ0EKeWJ0YTj0aLIMKgFHPwPW1QSrFnPEoQltbdC3EESYW1TytoQvMmXp0n1oOgdFQ8vbRpnYIQM2AY7oAA8cAxK4ByUQQVgIMA9eARPjnYenGfnZdQ644xntsAfOK8/UmCVzA==</latexit>

huu(x0)

Ŵs
x′

Figure 12. Wuu holonomy is Lipschitz on suitable scales.

Lemma 5.4. Given any R, η > 0 and L > 1 there exists ε3 = ε3(R, η, L)
such that for any ε ∈ (0, ε3), any x ∈ Λ and any x′ ∈ Wuu(x,R), the
holonomy huu : Pc(x, ε) ∩ Λ→ Pc(x′) has the following properties:

(1) For any x0 ∈ Pc(x, ε) ∩ Λ, if x0 6= x then huu(x0) 6= x′.
(2) For any x0, x1, x3 ∈ Pc(x, ε) ∩ Λ, if dcx(xi, xj) > ηε for i 6= j, then

d
c
x(x1, x0)

d
c
x(x3, x0)

�L
d
c
x′(h

uu(x1), huu(x0))

d
c
x′(h

uu(x3), huu(x0))
.

Proof. Given such a configuration of points with x 6= x0, iterate by f−n so
that the strong unstable distances become shorter than the center distance
between f−n(x) and f−n(x0). Lemma 5.3 implies that f−n(x′) 6= f−n(x0).
This gives Item (1).

Let us now fix 1 < L′ < L1/3 and assume that ε3 is small enough. The
distortion of f−n along Pc(x) is controlled by Lemma 5.2, and by the lengths
of the arcs f−k(Pc(x, ε3)) for 0 ≤ k ≤ n: having chosen ε3 small enough,
c−k(x, ε3) is close to 1 for k ≥ 0 smaller than some fixed large integer N .
For N ≤ k ≤ n, the curve f−k(Pc(x, ε3)) has length smaller than the strong
unstable distance between f−k(x) and f−k(x′) (by definition of n), which is
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exponentially small with respect to k. This bounds c−n(x, ε3) and gives:

d
c
x(x1, x0)

d
c
x(x3, x0)

�L′
d
c
f−n(x)(f

−n(x1), f−n(x0))

d
c
f−n(x)(f

−n(x3), f−n(x0))
.

The local geometry ensures that the strong stable curves do not get too
large. We compare distances at these scales using Lemma 5.3:

d
c
f−n(x′)(f

−n(huu(x1)), f−n(huu(x0)))

d
c
f−n(x′)(f

−n(huu(x3)), f−n(huu(x0)))
�L′

d
c
f−n(x)(f

−n(x1), f−n(x0))

d
c
f−n(x)(f

−n(x3), f−n(x0))
.

Going back by fn, controlling distortion along Pc(f−n(x′)) as before, we
obtain:

d
c
f−n(x′)(f

−n(huu(x1)), f−n(huu(x0)))

d
c
f−n(x′)(f

−n(huu(x3)), f−n(huu(x0)))
�L′

d
c
x′(h

uu(x1), huu(x0))

d
c
x′(h

uu(x3), huu(x0))
.

This gives Item (2). �

<latexit sha1_base64="UmVxmSdj6CGKIDavb9ugq4aia/o=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXIWJ9rkruOmygn1AG8NkOmmHTh7MTIQSsvFX3LhQxK2f4c6/cdJWUNEDFw7n3Mu993gxZ1Ih9GGsrK6tb2wWtorbO7t7++bBYVdGiSC0QyIeib6HJeUspB3FFKf9WFAceJz2vOlV7vfuqJAsCm/ULKZOgMch8xnBSkuueZwOA6wmBHPYy27TJMnclEckc80SslC1jBoViKwKsuuX9oI0ajVoW2iOElii7Zrvw1FEkoCGinAs5cBGsXJSLBQjnGbFYSJpjMkUj+lA0xAHVDrp/IEMnmllBP1I6AoVnKvfJ1IcSDkLPN2ZXyt/e7n4lzdIlF93UhbGiaIhWSzyEw5VBPM04IgJShSfaYKJYPpWSCZYYKJ0ZkUdwten8H/SvbDsqlW5LpearWUcBXACTsE5sEENNEELtEEHEJCBB/AEno1749F4MV4XrSvGcuYI/IDx9gkFxpdi</latexit>Wuu
loc

<latexit sha1_base64="G8r8B9lIawPX1btLEdX8NpPE4wE=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3BxzHgJccEzAOSJcxOepMxs7PLzKwYlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6LSPJb3ZpKgH9Gh5CFn1Fip8dQvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxritXDbdcreVxFOAUzuACPLiBKtSgDk1ggPAMr/DmPDgvzrvzsWhdc/KZE/gD5/MH6geNCA==</latexit>x
<latexit sha1_base64="Lytu5Wgb5K/uhDsdsCEa4AEHkqo=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA9hV3BxzHgJcco5gHJEmYns8mQ2dllplcMS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il+6ezXqnsVtwZyDLxclKGHPVe6avbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7NLJ+TUKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QY3viZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOEUbQje4svLpHlR8a4ql3duuVrL4yjAMZzAOXhwDVWoQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH0qOjTk=</latexit>

x′
<latexit sha1_base64="vXWIEx+Rk7RjoiHLJ78yJkuBKAo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPEU9gVfBwDXvQW0TwgCWF20psMmZ1dZmbFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7/FhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRH11O/+YhK80g+mHGM3ZAOJA84o8ZK90/lcq9YcivuDGSZeBkpQYZar/jV6UcsCVEaJqjWbc+NTTelynAmcFLoJBpjykZ0gG1LJQ1Rd9PZqRNyYpU+CSJlSxoyU39PpDTUehz6tjOkZqgXvan4n9dOTHDVTbmME4OSzRcFiSAmItO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zireReX8zi1Vb7M48nAEx3AKHlxCFW6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDq3yNaw==</latexit>

x′′

<latexit sha1_base64="EQbIPI5Rpo4DBpYNvvHEX/0orak=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPoKewKPo4BL3qLYB6YLGF20kmGzM4uM7OSsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGN1O/8YRK80g+mHGMfkj7kvc4o8ZKj6O2DrlAMjrtFEtu2Z2BLBMvIyXIUO0Uv9rdiCUhSsME1brlubHxU6oMZwInhXaiMaZsSPvYslTSELWfzi6ekBOrdEkvUrakITP190RKQ63HYWA7Q2oGetGbiv95rcT0rv2UyzgxKNl8US8RxERk+j7pcoXMiLEllClubyVsQBVlxoZUsCF4iy8vk/p52bssX9y7pcpdFkcejuAYzsCDK6jALVShBgwkPMMrvDnaeXHenY95a87JZg7hD5zPHyXMkJg=</latexit>

x ! x′
Ŵs

z (x)

Ŵs
z′(x′)

<latexit sha1_base64="FIYy0NPkwzb1fQKGO0Zp7UIfedA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3BxzHgRW8JmAckS5id9CZjZmeXmVkhLvkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFS/alXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVYu6m65epfHUYBjOIEz8OAKqnALNWgAA4RneIU358F5cd6dj3nripPPHMEfOJ8/7VyNCw==</latexit>z

<latexit sha1_base64="ogyD4a7as3nhDh/FdLqx4nRf9Xc=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA9hV3BxzHgRW9RzAOSJcxOepMhs7PLzKwQl/yBFw+KePWPvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqLSPJYPZpSgH9G+5CFn1Fjp/umkWyq7FXcKski8nJQhR61b+ur0YpZGKA0TVOu25ybGz6gynAkcFzupxoSyIe1j21JJI9R+Nr10TI6t0iNhrGxJQ6bq74mMRlqPosB2RtQM9Lw3Ef/z2qkJr/yMyyQ1KNlsUZgKYmIyeZv0uEJmxMgSyhS3txI2oIoyY8Mp2hC8+ZcXSeOs4l1Uzu/ccvU2j6MAh3AEp+DBJVThBmpQBwYhPMMrvDlD58V5dz5mrUtOPnMAf+B8/gBN5Y08</latexit>

z′

Pc(z′)Pc(z)

Figure 13. The suus relation. Points in Λ are colored blue.

5.1.5. The suus relation ^. For z, z′ ∈ Λ, x ∈ Pc(z) and x′ ∈ Pc(z′), we
say that x, x′ are suus-related and write x ^z,z′ x

′ (or just x ^ x′) if there

exists x′′ ∈ Ŵs
z (x) ∩ Λ such that Ŵs

z′(x
′) ∩ Wuu

loc(x
′′) 6= ∅. See Figure 13.

Observe that ^ is symmetric.
The next lemma gives a similar comparison between distances of suus-

related points lying on adjacent center plaques. This identification describes
something like a stable holonomy (for any z, w ∈ Λ and x ∈ Pc(z), there
may exist several x′ ∈ Pc(w), with x ^ x′; hence it is a relation between
Pc(z) and Pc(w) rather than a function).

Lemma 5.5. Given L > 1, η > 0, there is ε4 = ε4(η, L) > 0 such that for all
ε ∈ (0, ε4), the following holds. Let z, x0, x1, x2, x

′
0, x
′
1, x
′
2 such that z ∈ Λ,

x0 ∈ Λ ∩ Pcs(z), xi ∈ Pc(x0, ε), x
′
i ∈ Pc(z, ε) with xi ^ x′i (see Figure 14).
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(1) If x0 6= x1 then x′0 6= x′1.

(2) If dcx0(xi, xj) > ηε for i 6= j, then
d
c
x0(x1, x0)

d
c
x0(x2, x0)

�L
d
c
z(x
′
1, x
′
0)

d
c
z(x
′
2, x
′
0)
.

<latexit sha1_base64="shznUtU/VpB+dlAvHWR/29WyIts=">AAACAXicdVDJSgNBEO1xjXEb9SJ4aQyCp6FnsnoLevEYwSyQiaGn05M06Vno7lHiEC/+ihcPinj1L7z5N3YWQUUfFDzeq6KqnhdzJhVCH8bC4tLyympmLbu+sbm1be7sNmSUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG55N/OY1FZJF4aUaxbQT4H7IfEaw0lLX3HdvWI8OsErdAKsBwRw2x1eye9s1c8hCjlO0yxBZTuEkX8lrUkQOqhShbaEpcmCOWtd8d3sRSQIaKsKxlG0bxaqTYqEY4XScdRNJY0yGuE/bmoY4oLKTTj8YwyOt9KAfCV2hglP1+0SKAylHgac7J2fK395E/MtrJ8qvdFIWxomiIZkt8hMOVQQnccAeE5QoPtIEE8H0rZAMsMBE6dCyOoSvT+H/pOFYdskqXRRy1dN5HBlwAA7BMbBBGVTBOaiBOiDgDjyAJ/Bs3BuPxovxOmtdMOYze+AHjLdPTlyXeQ==</latexit>

�Ws
z

<latexit sha1_base64="R6KB8EjQUAM7zDDjvAcKkPTQOv8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryOJF46QyCOBDZkdemFkdnYzM2uChC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3HlFpHst7M07Qj+hA8pAzaqxUf+oVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+hMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd12+ql+WKtUsjjycwCmcgwc3UIEq1KABDBCe4RXenAfnxXl3PhatOSebOYY/cD5/AO5PjQ4=</latexit>z

<latexit sha1_base64="D94Ws4L746YWY3w5RLAhIECBbcw=">AAAB+nicdVDLSgMxFM3UV62vqS7dBItQN8PM9Omu4KbLCvYB7VgyaaYNzTxIMkod+yluXCji1i9x59+YaSuo6IHA4Zx7uSfHjRgV0jQ/tMza+sbmVnY7t7O7t3+g5w87Iow5Jm0cspD3XCQIowFpSyoZ6UWcIN9lpOtOL1K/e0O4oGFwJWcRcXw0DqhHMZJKGur5ZOAjOcGIwdb8GhfvzoZ6wTTO61W7YkPTMM2aXaqmxK6V7RK0lJKiAFZoDfX3wSjEsU8CiRkSom+ZkXQSxCXFjMxzg1iQCOEpGpO+ogHyiXCSRfQ5PFXKCHohVy+QcKF+30iQL8TMd9VkmlP89lLxL68fS6/uJDSIYkkCvDzkxQzKEKY9wBHlBEs2UwRhTlVWiCeIIyxVWzlVwtdP4f+kYxtW1ahclguN5qqOLDgGJ6AILFADDdAELdAGGNyCB/AEnrV77VF70V6XoxlttXMEfkB7+wTs8ZPT</latexit>Pc(z)

<latexit sha1_base64="UmVxmSdj6CGKIDavb9ugq4aia/o=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXIWJ9rkruOmygn1AG8NkOmmHTh7MTIQSsvFX3LhQxK2f4c6/cdJWUNEDFw7n3Mu993gxZ1Ih9GGsrK6tb2wWtorbO7t7++bBYVdGiSC0QyIeib6HJeUspB3FFKf9WFAceJz2vOlV7vfuqJAsCm/ULKZOgMch8xnBSkuueZwOA6wmBHPYy27TJMnclEckc80SslC1jBoViKwKsuuX9oI0ajVoW2iOElii7Zrvw1FEkoCGinAs5cBGsXJSLBQjnGbFYSJpjMkUj+lA0xAHVDrp/IEMnmllBP1I6AoVnKvfJ1IcSDkLPN2ZXyt/e7n4lzdIlF93UhbGiaIhWSzyEw5VBPM04IgJShSfaYKJYPpWSCZYYKJ0ZkUdwten8H/SvbDsqlW5LpearWUcBXACTsE5sEENNEELtEEHEJCBB/AEno1749F4MV4XrSvGcuYI/IDx9gkFxpdi</latexit>Wuu
loc

<latexit sha1_base64="OiH1jF0j6ttbyqU5tef/FiNCEMY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx4yTGieUCyhtnJbDJkdnaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFrpPnxUvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2anTsipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPEzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2hC8xZeXSfO84l1VLu8uytVaHkcBjuEEzsCDa6hCDerQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwBQQY3a</latexit>

fn

<latexit sha1_base64="g8L09qRX6rsyyXQrC3Nvjgt1bR8=">AAAB6nicbVDJSgNBEK12S4xb1KMEGoPgKcwILseAF/UU0SyQDKGn05M06ekZunvUMOQTvHhQxKtf5M1v8CO0sxw08UHB470qqur5seDaOM4nWlhcWl7JZFdza+sbm1v57Z2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3++civ3zGleSRvzSBmXki6kgecEmOlm4e2084XnZIzBp4n7pQUy4Xvr8zVfaHSzn+0OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f4wCodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODMS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOyq5J6Xja5vGJUyQhT3Yh0Nw4RTKcAEVqAKFLjzCM7wggZ7QK3qbtC6g6cwu/AF6/wFUVJDY</latexit>x0

<latexit sha1_base64="Nm6RekvbsbRq9XeaHyDiwh8N+Os=">AAAB6nicbVDJSgNBEK12S4xb1KMEGoPgKcwILseAF/UU0SyQDKGn05M06ekZunvUMOQTvHhQxKtf5M1v8CO0sxw08UHB470qqur5seDaOM4nWlhcWl7JZFdza+sbm1v57Z2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3++civ3zGleSRvzSBmXki6kgecEmOlm4e2284XnZIzBp4n7pQUy4Xvr8zVfaHSzn+0OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f4wCodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODMS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOyq5J6Xja5vGJUyQhT3Yh0Nw4RTKcAEVqAKFLjzCM7wggZ7QK3qbtC6g6cwu/AF6/wFV2JDZ</latexit>x1

<latexit sha1_base64="1MXAVCLexl6sKtn62MAxM5dNXsM=">AAAB6nicbVDLSgNBEOyNj8T4inqUwGAQPIXdgI9jwIt6imgekCxhdjKbDJmdXWZm1bDkE7x4UMSrX+TNb/AjdDbJQRMLGoqqbrq7vIgzpW3708osLa+sZnNr+fWNza3tws5uQ4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8Dz1m3dUKhaKWz2KqBvgvmA+I1gb6eahW+kWSnbZngAtEmdGStXi91f26r5Y6xY+Or2QxAEVmnCsVNuxI+0mWGpGOB3nO7GiESZD3KdtQwUOqHKTyaljdGiUHvJDaUpoNFF/TyQ4UGoUeKYzwHqg5r1U/M9rx9o/cxMmolhTQaaL/JgjHaL0b9RjkhLNR4ZgIpm5FZEBlphok07ehODMv7xIGpWyc1I+vjZpXMIUOdiHAzgCB06hChdQgzoQ6MMjPMOLxa0n69V6m7ZmrNnMHvyB9f4DV1yQ2g==</latexit>x2
<latexit sha1_base64="mxUEPPTGxL8yP1yDyVNBZgJjCcg=">AAAB63icbVDLSgNBEOxVozG+oh69DAYxF8NuwMdJAl70FsE8IFnC7GQ2GTIzu8zMiiHkF7x4UMSr/+DRb/Dm3zib5KCJBQ1FVTfdXUHMmTau++0sLa9kVtey67mNza3tnfzuXl1HiSK0RiIeqWaANeVM0pphhtNmrCgWAaeNYHCV+o17qjSL5J0ZxtQXuCdZyAg2qfTQKR938gW35E6AFok3I4VK8eMzc3kSVDv5r3Y3Iomg0hCOtW55bmz8EVaGEU7HuXaiaYzJAPdoy1KJBdX+aHLrGB1ZpYvCSNmSBk3U3xMjLLQeisB2Cmz6et5Lxf+8VmLCC3/EZJwYKsl0UZhwZCKUPo66TFFi+NASTBSztyLSxwoTY+PJ2RC8+ZcXSb1c8s5Kp7c2jRuYIgsHcAhF8OAcKnANVagBgT48wjO8OMJ5cl6dt2nrkjOb2Yc/cN5/ABOykJE=</latexit>

x′
2

<latexit sha1_base64="blet01SSIehxwcNq/rmF9raktHg=">AAAB63icbVDLSgNBEOyNRmN8RT16GQxiLoZdwcdJAl70FsE8IFnC7GQ2GTIzu8zMiiHkF7x4UMSr/+DRb/Dm3zib5KCJBQ1FVTfdXUHMmTau++1klpazK6u5tfz6xubWdmFnt66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLhK/cY9VZpF8s4MY+oL3JMsZASbVHroeEedQtEtuxOgReLNSLFS+vjMXh4H1U7hq92NSCKoNIRjrVueGxt/hJVhhNNxvp1oGmMywD3aslRiQbU/mtw6RodW6aIwUrakQRP198QIC62HIrCdApu+nvdS8T+vlZjwwh8xGSeGSjJdFCYcmQilj6MuU5QYPrQEE8XsrYj0scLE2HjyNgRv/uVFUj8pe2fl01ubxg1MkYN9OIASeHAOFbiGKtSAQB8e4RleHOE8Oa/O27Q148xm9uAPnPcfEi2QkA==</latexit>

x′
1

<latexit sha1_base64="IkaxZjFwHsmkyvbmhgodxwbSq1I=">AAAB63icbVDLSgNBEOyNRmN8RT16GQxiLoZdwcdJAl70FsE8IFnC7GQ2GTIzu8zMiiHkF7x4UMSr/+DRb/Dm3zib5KCJBQ1FVTfdXUHMmTau++1klpazK6u5tfz6xubWdmFnt66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLhK/cY9VZpF8s4MY+oL3JMsZASbVHrouEedQtEtuxOgReLNSLFS+vjMXh4H1U7hq92NSCKoNIRjrVueGxt/hJVhhNNxvp1oGmMywD3aslRiQbU/mtw6RodW6aIwUrakQRP198QIC62HIrCdApu+nvdS8T+vlZjwwh8xGSeGSjJdFCYcmQilj6MuU5QYPrQEE8XsrYj0scLE2HjyNgRv/uVFUj8pe2fl01ubxg1MkYN9OIASeHAOFbiGKtSAQB8e4RleHOE8Oa/O27Q148xm9uAPnPcfEKiQjw==</latexit>

x′
0

<latexit sha1_base64="vLMbDZCf/AdAdLVhsnRC0OTAQQg=">AAACCHicdVDLSsNAFJ3UV62vqksXDhahgoSklNbuCm50V8E+oKllMp20QyeTMDMpltClG3/FjQtF3PoJ7vwbJ20EFT1w4XDOvdx7jxsyKpVlfRiZpeWV1bXsem5jc2t7J7+715JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2Oz5P/PaECEkDfq2mIen5aMipRzFSWurnD2PHR2qEEYON2Q0u3vatU2eCBAklZQE/6ecLllkr1+yKBS3TmiMh5VKpXIV2qhRAikY//+4MAhz5hCvMkJRd2wpVL0ZCUczILOdEkoQIj9GQdDXlyCeyF88fmcFjrQygFwhdXMG5+n0iRr6UU9/VncnV8reXiH953Uh5Z72Y8jBShOPFIi9iUAUwSQUOqCBYsakmCAuqb4V4hATCSmeX0yF8fQr/J62SaVfMylW5UL9M48iCA3AEisAGVVAHF6ABmgCDO/AAnsCzcW88Gi/G66I1Y6Qz++AHjLdPbCWZpQ==</latexit>Pc(x0, ")
<latexit sha1_base64="Xy5p4U8rWyLD/7R8U6PCTuIOYIU=">AAACAXicdVDLSgMxFM3UV62vUTeCm2AR2k3JFNvqruBGdxXsA/oik2ba0ExmSDJiGerGX3HjQhG3/oU7/8ZMW0FFD1w4nHMv997jhpwpjdCHlVpaXlldS69nNja3tnfs3b2GCiJJaJ0EPJAtFyvKmaB1zTSnrVBS7LucNt3xeeI3b6hULBDXehLSro+HgnmMYG2kvn0Qd3ysRwRzWJv2SM7ridxtH+XzfTuLCmcIlZwiRAU0Q0JKpYpThs5CyYIFan37vTMISORToQnHSrUdFOpujKVmhNNpphMpGmIyxkPaNlRgn6puPPtgCo+NMoBeIE0JDWfq94kY+0pNfNd0Jueq314i/uW1I+2ddmMmwkhTQeaLvIhDHcAkDjhgkhLNJ4ZgIpm5FZIRlphoE1rGhPD1KfyfNIoFp1woX51kq5eLONLgEByBHHBABVTBBaiBOiDgDjyAJ/Bs3VuP1ov1Om9NWYuZffAD1tsnHUeWEA==</latexit>Pc(fn(x0))

<latexit sha1_base64="0ZAeV2u2tpVx5/PswXrDD1x7Ds0=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2AR2s0wU2yru4Ib3VWwD2inJZNm2tBMZkgyQh278FfcuFDErb/hzr8x01ZQ0QOBwzn3ck+OFzEqlW1/GJml5ZXVtex6bmNza3vH3N1ryjAWmDRwyELR9pAkjHLSUFQx0o4EQYHHSMsbn6d+64YISUN+rSYRcQM05NSnGCkt9c2DpBsgNcKIwfq0hwt+jxdui8W+mbetM9suOyVoW/YMKSmXq04FOgslDxao98337iDEcUC4wgxJ2XHsSLkJEopiRqa5bixJhPAYDUlHU44CIt1kln8Kj7UygH4o9OMKztTvGwkKpJwEnp5Mw8rfXir+5XVi5Z+6CeVRrAjH80N+zKAKYVoGHFBBsGITTRAWVGeFeIQEwkpXltMlfP0U/k+aJcupWJWrk3ztclFHFhyCI1AADqiCGrgAddAAGNyBB/AEno1749F4MV7noxljsbMPfsB4+wTs7pVv</latexit>Pc(fn(z))

Figure 14. Proof of Lemma 5.5. Points in Λ are colored blue.

Proof of Lemma 5.5. The proof is very similar to the proof of Lemma 5.4.
Given such a configuration of points, we iterate by fn so that the stable dis-
tances become shorter than the center distance between fn(x) and fn(y),
while this center distance remains small (less than ε) and the points remain
in the center plaque of fn(w). This is depicted in Figure 14. One then com-
pares distances along the center using Lemma 5.3 and iterates backwards,
using distortion control. �

5.2. A key proposition for the SH case. The following proposition is
fairly technical and is needed to handle the case where Λ is not hyperbolic
but merely satisfies the SH property. It gives a method to transfer configu-
rations between points xi in a center plaque Pc(z), to another center plaque
Pc(z′) with z′ ∈ Wuu(z). Note that the SH property is not used in its proof.

Proposition 5.6. Given ε,R, η > 0 and ∆, L > 1, there exists
ε5 = ε5(ε,R, η,∆, L) > 0 such that for all ε̃ ∈ (0, ε5), the following holds.

For any z ∈ Λ there exists m ∈ N such that for any

z′ ∈ D := f−m (Wuu(fm(z), R)) ,

for any x′0, x
′
1, x
′
2 ∈ Pc(z′, ε̃) such that dcz′(x

′
i, x
′
j) > η ε̃ when i 6= j, and for

any x0, x1, x2 ∈ Pc(z, ε̃) with xi ^ x′i for i = 0, 1, 2, we have:

(1) dc
fk(z′)

(fk(z′), fk(x′i)) < ε for all 0 ≤ k ≤ m and i = 0, 1, 2;

(2)
d
c
z′(x

′
1, x
′
0)

d
c
z′(x

′
2, x
′
0)
�∆

d
c
fm(z′)(f

m(x′1), fm(x′0))

d
c
fm(z′)(f

m(x′2), fm(x′0))
;
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(3)
d
c
z(x1, x0)

d
c
z(x2, x0)

�L
d
c
z′(x

′
1, x
′
0)

d
c
z′(x

′
2, x
′
0)

.

<latexit sha1_base64="FIYy0NPkwzb1fQKGO0Zp7UIfedA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3BxzHgRW8JmAckS5id9CZjZmeXmVkhLvkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFS/alXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVYu6m65epfHUYBjOIEz8OAKqnALNWgAA4RneIU358F5cd6dj3nripPPHMEfOJ8/7VyNCw==</latexit>z

<latexit sha1_base64="TjqQAnopGfyPFwxm0cpRWv4Xwpc=">AAAB+nicdVDLSgMxFL3js9ZXq0s3wSK0m2E6tQ93BTe6q2Af0NaSSTNtaOZBklHq2E9x40IRt36JO//GTKugogcCh3Pu5Z4cJ+RMKst6N5aWV1bX1lMb6c2t7Z3dTHavJYNIENokAQ9Ex8GScubTpmKK004oKPYcTtvO5DTx29dUSBb4l2oa0r6HRz5zGcFKS4NMNu55WI0J5qgxuyL528Igk7PMk1rFLtvIMi2rapcqCbGrx3YJFbWSIFcvwByNQeatNwxI5FFfEY6l7BatUPVjLBQjnM7SvUjSEJMJHtGupj72qOzH8+gzdKSVIXIDoZ+v0Fz9vhFjT8qp5+jJJKf87SXiX143Um6tHzM/jBT1yeKQG3GkApT0gIZMUKL4VBNMBNNZERljgYnSbaV1CV8/Rf+Tlm0WK2b5QrdxvmgDUnAAh5CHIlShDmfQgCYQuIF7eIQn4854MJ6Nl8XokvG5sw8/YLx+AHqglDk=</latexit>Pc(z)

<latexit sha1_base64="ogyD4a7as3nhDh/FdLqx4nRf9Xc=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA9hV3BxzHgRW9RzAOSJcxOepMhs7PLzKwQl/yBFw+KePWPvPk3TpI9aGJBQ1HVTXdXkAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqLSPJYPZpSgH9G+5CFn1Fjp/umkWyq7FXcKski8nJQhR61b+ur0YpZGKA0TVOu25ybGz6gynAkcFzupxoSyIe1j21JJI9R+Nr10TI6t0iNhrGxJQ6bq74mMRlqPosB2RtQM9Lw3Ef/z2qkJr/yMyyQ1KNlsUZgKYmIyeZv0uEJmxMgSyhS3txI2oIoyY8Mp2hC8+ZcXSeOs4l1Uzu/ccvU2j6MAh3AEp+DBJVThBmpQBwYhPMMrvDlD58V5dz5mrUtOPnMAf+B8/gBN5Y08</latexit>

z′

<latexit sha1_base64="UmVxmSdj6CGKIDavb9ugq4aia/o=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXIWJ9rkruOmygn1AG8NkOmmHTh7MTIQSsvFX3LhQxK2f4c6/cdJWUNEDFw7n3Mu993gxZ1Ih9GGsrK6tb2wWtorbO7t7++bBYVdGiSC0QyIeib6HJeUspB3FFKf9WFAceJz2vOlV7vfuqJAsCm/ULKZOgMch8xnBSkuueZwOA6wmBHPYy27TJMnclEckc80SslC1jBoViKwKsuuX9oI0ajVoW2iOElii7Zrvw1FEkoCGinAs5cBGsXJSLBQjnGbFYSJpjMkUj+lA0xAHVDrp/IEMnmllBP1I6AoVnKvfJ1IcSDkLPN2ZXyt/e7n4lzdIlF93UhbGiaIhWSzyEw5VBPM04IgJShSfaYKJYPpWSCZYYKJ0ZkUdwten8H/SvbDsqlW5LpearWUcBXACTsE5sEENNEELtEEHEJCBB/AEno1749F4MV4XrSvGcuYI/IDx9gkFxpdi</latexit>Wuu
loc

<latexit sha1_base64="swwQTesIBAmpk9HnK6C0CoQW8us=">AAAB+3icdVDLTgIxFL2DL8QX4tJNIzHCZjIM8nBH4kZ3mAiYAJJOKdDQeaTtGHEyv+LGhca49Ufc+Td2QBM1epImJ+fcm3t6nIAzqSzr3UgtLa+srqXXMxubW9s72d1cW/qhILRFfO6LKwdLyplHW4opTq8CQbHrcNpxpqeJ37mhQjLfu1SzgPZdPPbYiBGstDTI5qKei9WEYI6a8TUp3B0VB9m8ZZ7Uq3bFRpZpWTW7XE2IXTu2y6iklQT5RhHmaA6yb72hT0KXeopwLGW3ZAWqH2GhGOE0zvRCSQNMpnhMu5p62KWyH82zx+hQK0M08oV+nkJz9ftGhF0pZ66jJ5Og8reXiH953VCN6v2IeUGoqEcWh0YhR8pHSRFoyAQlis80wUQwnRWRCRaYKF1XRpfw9VP0P2nbZqlqVi50G+eLNiAN+3AABShBDRpwBk1oAYFbuIdHeDJi48F4Nl4Woynjc2cPfsB4/QDhB5Rq</latexit>

Pc(z′)

<latexit sha1_base64="Hq0it0G5A67qtq7G1KMJZINOHoI=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8LbMJSfQW0IPeEjAPSJYwO+lNxsw+mJkVwpIv8OJBEa9+kjf/xskmgooWNBRV3XR3ebHgShPyYa2srq1vbOa28ts7u3v7hYPDtooSyaDFIhHJrkcVCB5CS3MtoBtLoIEnoONNLud+5x6k4lF4q6cxuAEdhdznjGojNa8GhSKxSZVcVMqY2BVScspORkitVMOOTTIU0RKNQeG9P4xYEkComaBK9RwSazelUnMmYJbvJwpiyiZ0BD1DQxqActPs0Bk+NcoQ+5E0FWqcqd8nUhooNQ080xlQPVa/vbn4l9dLtH/upjyMEw0hWyzyE4F1hOdf4yGXwLSYGkKZ5OZWzMZUUqZNNnkTwten+H/SLtlO1a40SbF+s4wjh47RCTpDDqqhOrpGDdRCDAF6QE/o2bqzHq0X63XRumItZ47QD1hvn+ySjQ0=</latexit>

D

<latexit sha1_base64="g8L09qRX6rsyyXQrC3Nvjgt1bR8=">AAAB6nicbVDJSgNBEK12S4xb1KMEGoPgKcwILseAF/UU0SyQDKGn05M06ekZunvUMOQTvHhQxKtf5M1v8CO0sxw08UHB470qqur5seDaOM4nWlhcWl7JZFdza+sbm1v57Z2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3++civ3zGleSRvzSBmXki6kgecEmOlm4e2084XnZIzBp4n7pQUy4Xvr8zVfaHSzn+0OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f4wCodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODMS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOyq5J6Xja5vGJUyQhT3Yh0Nw4RTKcAEVqAKFLjzCM7wggZ7QK3qbtC6g6cwu/AF6/wFUVJDY</latexit>x0

<latexit sha1_base64="Nm6RekvbsbRq9XeaHyDiwh8N+Os=">AAAB6nicbVDJSgNBEK12S4xb1KMEGoPgKcwILseAF/UU0SyQDKGn05M06ekZunvUMOQTvHhQxKtf5M1v8CO0sxw08UHB470qqur5seDaOM4nWlhcWl7JZFdza+sbm1v57Z2ajhJFWZVGIlINn2gmuGRVw41gjVgxEvqC1f3++civ3zGleSRvzSBmXki6kgecEmOlm4e2284XnZIzBp4n7pQUy4Xvr8zVfaHSzn+0OhFNQiYNFUTrpuvExkuJMpwKNsy1Es1iQvuky5qWShIy7aXjU4f4wCodHETKljR4rP6eSEmo9SD0bWdITE/PeiPxP6+ZmODMS7mME8MknSwKEoFNhEd/4w5XjBoxsIRQxe2tmPaIItTYdHI2BHf25XlSOyq5J6Xja5vGJUyQhT3Yh0Nw4RTKcAEVqAKFLjzCM7wggZ7QK3qbtC6g6cwu/AF6/wFV2JDZ</latexit>x1

<latexit sha1_base64="blet01SSIehxwcNq/rmF9raktHg=">AAAB63icbVDLSgNBEOyNRmN8RT16GQxiLoZdwcdJAl70FsE8IFnC7GQ2GTIzu8zMiiHkF7x4UMSr/+DRb/Dm3zib5KCJBQ1FVTfdXUHMmTau++1klpazK6u5tfz6xubWdmFnt66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLhK/cY9VZpF8s4MY+oL3JMsZASbVHroeEedQtEtuxOgReLNSLFS+vjMXh4H1U7hq92NSCKoNIRjrVueGxt/hJVhhNNxvp1oGmMywD3aslRiQbU/mtw6RodW6aIwUrakQRP198QIC62HIrCdApu+nvdS8T+vlZjwwh8xGSeGSjJdFCYcmQilj6MuU5QYPrQEE8XsrYj0scLE2HjyNgRv/uVFUj8pe2fl01ubxg1MkYN9OIASeHAOFbiGKtSAQB8e4RleHOE8Oa/O27Q148xm9uAPnPcfEi2QkA==</latexit>

x′
1

<latexit sha1_base64="IkaxZjFwHsmkyvbmhgodxwbSq1I=">AAAB63icbVDLSgNBEOyNRmN8RT16GQxiLoZdwcdJAl70FsE8IFnC7GQ2GTIzu8zMiiHkF7x4UMSr/+DRb/Dm3zib5KCJBQ1FVTfdXUHMmTau++1klpazK6u5tfz6xubWdmFnt66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLhK/cY9VZpF8s4MY+oL3JMsZASbVHrouEedQtEtuxOgReLNSLFS+vjMXh4H1U7hq92NSCKoNIRjrVueGxt/hJVhhNNxvp1oGmMywD3aslRiQbU/mtw6RodW6aIwUrakQRP198QIC62HIrCdApu+nvdS8T+vlZjwwh8xGSeGSjJdFCYcmQilj6MuU5QYPrQEE8XsrYj0scLE2HjyNgRv/uVFUj8pe2fl01ubxg1MkYN9OIASeHAOFbiGKtSAQB8e4RleHOE8Oa/O27Q148xm9uAPnPcfEKiQjw==</latexit>

x′
0

<latexit sha1_base64="mxUEPPTGxL8yP1yDyVNBZgJjCcg=">AAAB63icbVDLSgNBEOxVozG+oh69DAYxF8NuwMdJAl70FsE8IFnC7GQ2GTIzu8zMiiHkF7x4UMSr/+DRb/Dm3zib5KCJBQ1FVTfdXUHMmTau++0sLa9kVtey67mNza3tnfzuXl1HiSK0RiIeqWaANeVM0pphhtNmrCgWAaeNYHCV+o17qjSL5J0ZxtQXuCdZyAg2qfTQKR938gW35E6AFok3I4VK8eMzc3kSVDv5r3Y3Iomg0hCOtW55bmz8EVaGEU7HuXaiaYzJAPdoy1KJBdX+aHLrGB1ZpYvCSNmSBk3U3xMjLLQeisB2Cmz6et5Lxf+8VmLCC3/EZJwYKsl0UZhwZCKUPo66TFFi+NASTBSztyLSxwoTY+PJ2RC8+ZcXSb1c8s5Kp7c2jRuYIgsHcAhF8OAcKnANVagBgT48wjO8OMJ5cl6dt2nrkjOb2Yc/cN5/ABOykJE=</latexit>

x′
2

<latexit sha1_base64="1MXAVCLexl6sKtn62MAxM5dNXsM=">AAAB6nicbVDLSgNBEOyNj8T4inqUwGAQPIXdgI9jwIt6imgekCxhdjKbDJmdXWZm1bDkE7x4UMSrX+TNb/AjdDbJQRMLGoqqbrq7vIgzpW3708osLa+sZnNr+fWNza3tws5uQ4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8Dz1m3dUKhaKWz2KqBvgvmA+I1gb6eahW+kWSnbZngAtEmdGStXi91f26r5Y6xY+Or2QxAEVmnCsVNuxI+0mWGpGOB3nO7GiESZD3KdtQwUOqHKTyaljdGiUHvJDaUpoNFF/TyQ4UGoUeKYzwHqg5r1U/M9rx9o/cxMmolhTQaaL/JgjHaL0b9RjkhLNR4ZgIpm5FZEBlphok07ehODMv7xIGpWyc1I+vjZpXMIUOdiHAzgCB06hChdQgzoQ6MMjPMOLxa0n69V6m7ZmrNnMHvyB9f4DV1yQ2g==</latexit>x2

Figure 15. Configuration in Conclusion (3) of Proposition 5.6.

Proof. Recall the functions κ < µ < λ that were introduced in § 2.2.4, and
let

κ0 = supκ, λ0 = inf λ, µ0 = supµ, ν0 = sup µ
λ ,

β ∈ (max{λ−1
0 , ν0, κ0}, 1).

Item (5) of Proposition 2.1 states that the tangent bundles of the center
plaques Pc(w) are θ-Hölder continuous, for some θ ∈ (0, 1); we denote by
Cθ > 0 a Hölder constant. The center bundle Ec on Λ is also Hölder
continuous, with some exponent α > 0 and Hölder constant Cα > 0.

The following choices of constants could be compressed, but to make
things easier to read, we have chosen to leave the choices as closely aligned
as possible with their application in the proof. The proof is broken into 4
steps; we indicate where appropriate in which step each choice is used.

Let ε, η > 0, ∆, L > 1 be given. We choose ∆̃ > 1, δ̃, η̃ ∈ (0, 1), satisfying:

• ∆̃4(1 + δ̃)2 ≤ min{L,∆} (Steps 1 and 3),

• ∆̃2 exp
(
Cαη̃

α/(1− λ−α0 )
)
< 2 (Steps 1 and 2), and

• η̃ < η/̃4 (Step 1).

Let ε2 = ε2(δ̃, η̃) be given by Lemma 5.3, and r0 < min{ε2, η̃, 1} such that

• exp(Cθ(2η̃
−1r0)θ/(1− βθ)) < ∆̃1/2 (Steps 1 and 2).

As in § 1.1, the size of local manifolds is ε0. Fix `0 ≥ 1 such that

• κ`00 ε0 < r0 (Step 0),

and choose `3 ≥ 1 such that for every w ∈ Λ,
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• f `3
(
Wuu(w, r0

λ0(1+δ̃)
)
)
⊇ Wuu(f `3(w), R) (Step 3).

Now choose integers N1, N2 ≥ 1 such that

• η̃−1 max{ν0, λ
−1
0 }N2 < βN2 (Step 2),

• 5r0µ
`3
0 β

N2 < ε (Step 3),

• exp(Cθ`3(5µ`30 β
N2)θr0) < ∆̃ (Step 3),

• βN1 ≤
(
η̃λ0(1 + δ̃)‖Df‖N2

)−1
(Step 2), and

• 2µ0η̃
−1κn1−1

0 < βn1 for any integer n1 ≥ N1 (Step 1).

Finally we choose ε5 = ε5(ε,R,∆, L, η) ∈ (0, 1) satisfying

• ε5µ
i
0 < ε0 for all 0 ≤ i ≤ `0 (Step 1),

• exp(Cθ`0(2ε5µ
`0
0 )θ) ≤ ∆̃1/2 (Steps 1 and 2), and

• 2µ`0+N1−1
0 ε5 < η̃−1‖Df−1‖−(N1−1)r0 (Step 1).

Having chosen the constants, we continue to the proof. Fix ε̃ ∈ (0, ε5)
and z ∈ Λ. We will choose integers n1, n2 ≥ 0 and consider the points:

z0 := fm0(z), z1 := fm1(z), z2 := fm2(z), and z3 := fm(z), where

m0 = `0, m1 = `0 +n1, m2 = `0 +n1 +n2, m = m3 = `0 +n1 +n2 +`3.

We denote ε̃i = Length(fmi(Pc(z, ε̃))) for i ∈ {0, 1, 2}.
We fix round unstable disks D1, D2, D3 centered at z1, z2, z3:

D1 :=Wuu(z1, η̃ε̃1), D2 =Wuu
(
z2,

r0
λ0(1+δ̃)

)
, D3 =Wuu(z3, R).

Iterations at Step 0 are a preparation, ensuring that all distances are small
during the two next steps. The disk D1 will ensure Conclusion (3) holds at
Step 1. The disk D2 will be shown to be included in fn2(D1) and will ensure
Conclusion (2) holds at Step 2. Finally iterating at Step 3 will be used to
recover the unstable size R: the disk D3 gives D = f−m(D3). Conclusion
(1) is obtained in this last step.

Step 0: Iterate `0 times. Prove that the images of local stable manifolds
through any w ∈ Λ have diameter less than r0 and that ε̃0 ≤ 2ε̃µ`00 .

The size of the stable manifolds is controlled by the condition κ`00 ε0 < r0.

Then observe that ε̃0 = Length(f `0(Pc(z, ε̃))) ≤ 2ε̃µ`00 .

Step 1: Iterate until the first time n1 that Diam(fn1(Ws(z0, r0))) is smaller
than η̃ Length(fm0+n1(Pc(z, ε̃))). Prove ε̃1 < βn1r0 and for all z′ ∈ f−m1(D1),

cm1(z′, ε̃) < ∆̃ and 1
2 ε̃1 ≤ Length(fm1(Pc(z′, ε̃))) ≤ 2ε̃1.

Then prove Conclusion (3) for all z′ ∈ f−m1(D1).

Here are the details. For k ≥ 0, Length(fm0+k(Pc(z, ε̃))) < 2µm0+k
0 ε̃, and

the diameter of fk(Ws(z0, r0)) is at least ‖Df−1‖−kr0. Our choices of ε̃, ε̃5

give 2µm0+N1−1
0 ε̃ < η̃−1‖Df−1‖−(N1−1)r0, which implies n1 ≥ N1.

The diameter of fn1−1(Ws(z0, r0)) is at most 2κn1−1
0 r0, and is greater

than η̃ · Length(fm0+n1−1(Pc(z, ε̃))), by our choice of n1. It follows that



34 A. AVILA, S. CROVISIER, A. WILKINSON

<latexit sha1_base64="UmVxmSdj6CGKIDavb9ugq4aia/o=">AAACAHicdVDLSsNAFJ34rPUVdeHCzWARXIWJ9rkruOmygn1AG8NkOmmHTh7MTIQSsvFX3LhQxK2f4c6/cdJWUNEDFw7n3Mu993gxZ1Ih9GGsrK6tb2wWtorbO7t7++bBYVdGiSC0QyIeib6HJeUspB3FFKf9WFAceJz2vOlV7vfuqJAsCm/ULKZOgMch8xnBSkuueZwOA6wmBHPYy27TJMnclEckc80SslC1jBoViKwKsuuX9oI0ajVoW2iOElii7Zrvw1FEkoCGinAs5cBGsXJSLBQjnGbFYSJpjMkUj+lA0xAHVDrp/IEMnmllBP1I6AoVnKvfJ1IcSDkLPN2ZXyt/e7n4lzdIlF93UhbGiaIhWSzyEw5VBPM04IgJShSfaYKJYPpWSCZYYKJ0ZkUdwten8H/SvbDsqlW5LpearWUcBXACTsE5sEENNEELtEEHEJCBB/AEno1749F4MV4XrSvGcuYI/IDx9gkFxpdi</latexit>Wuu
loc

<latexit sha1_base64="ogawGhsaW4dxcSPu/j/DChhupbk=">AAAB6nicdVDLSgMxFM3UR2t9VV1KIVgEV0Ompa3uCrpQVxXtA9qhZNJMG5rJDElGKaWf4MaFIm79Ind+gx+h6VRBRQ9cOJxzL/fe40WcKY3Qq5VaWFxaTmdWsqtr6xubua3tpgpjSWiDhDyUbQ8rypmgDc00p+1IUhx4nLa80fHMb11TqVgorvQ4om6AB4L5jGBtpMuTntPLFZCNKuioXILILqOiU3ISgqrFKnRslKBQy7+/pc9v8vVe7qXbD0kcUKEJx0p1HBRpd4KlZoTTabYbKxphMsID2jFU4IAqd5KcOoX7RulDP5SmhIaJ+n1iggOlxoFnOgOsh+q3NxP/8jqx9g/dCRNRrKkg80V+zKEO4exv2GeSEs3HhmAimbkVkiGWmGiTTtaE8PUp/J80i7ZTscsXJo0zMEcG7II9cAAcUAU1cArqoAEIGIBbcA8eLG7dWY/W07w1ZX3O7IAfsJ4/AFeukN0=</latexit>

D1

<latexit sha1_base64="ZlXcEFF76SzCVWI8DHL6MvkNsH0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCruC0TJgo10ENwkka5idzCZDZmfWmVkhLGn8AxsLRWwt/Ql/wM6/cfIoNPHAhcM593LvPWHCmTau++3klpZXVtfy64WNza3tneLuXl3LVBHqE8mlaoZYU84E9Q0znDYTRXEcctoIBxdjv3FPlWZS3JhhQoMY9wSLGMHGSo3oNhMdb9QpltyyOwFaJN6MlKqlu88H/6NS6xS/2l1J0pgKQzjWuuW5iQkyrAwjnI4K7VTTBJMB7tGWpQLHVAfZ5NwROrJKF0VS2RIGTdTfExmOtR7Goe2MsenreW8s/ue1UhOdBxkTSWqoINNFUcqRkWj8O+oyRYnhQ0swUczeikgfK0yMTahgQ/DmX14k9ZOyVymfXts0rmCKPBzAIRyDB2dQhUuogQ8EBvAIz/DiJM6T8+q8TVtzzmxmH/7Aef8BuQGS3Q==</latexit>

fn1

<latexit sha1_base64="liVg41mWKPcwkpyqNFu6vRvs1zs=">AAAB9HicdVBNSwMxEJ31s9avqkcvwSLowSWrttVbQQ96q2C10K4lm2ZtaDa7JtlCWfo7vHhQxKs/xpv/xrRVUNEHA4/3ZpiZFySCa4PxuzM1PTM7N59byC8uLa+sFtbWr3ScKsrqNBaxagREM8ElqxtuBGskipEoEOw66J2M/Os+U5rH8tIMEuZH5FbykFNirOSHN9mebHvDndO2t9suFLGLy4f4uISwW8Le0YE3IceVCvJcPEaxugtj1NqFt1YnpmnEpKGCaN30cGL8jCjDqWDDfCvVLCG0R25Z01JJIqb9bHz0EG1bpYPCWNmSBo3V7xMZibQeRIHtjIjp6t/eSPzLa6YmPPIzLpPUMEkni8JUIBOjUQKowxWjRgwsIVRxeyuiXaIINTanvA3h61P0P7nad72yW7qwaZxP0oAcbMIW7IAHFajCGdSgDhTu4B4e4cnpOw/Os/MyaZ1yPmc24Aec1w8ilpHF</latexit>

f−n1(D1)
<latexit sha1_base64="wQ6uIORobhda1ZME36jq5+XYxY4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjworeK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0/9Rze6WyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur27KNdu8zgKcAwncAYeXEINbqAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcS5Y2z</latexit>z0 <latexit sha1_base64="szFPmvv+ugqLKRZGw1+5Z4tHsn8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9mVUj0WvOitgv2AdinZNNuGJtklyQp16V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3mdx6p0iySD2YaU1/gkWQhI9hk0tPAPR+UK27VnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqx69Wr9vlZp3OVxFOEETuECPLiCBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHc/KN5A==</latexit>

z00
<latexit sha1_base64="G+QpOCkzgo/LT3RvYSznZoWvF38=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0lEqseCF71VsB/QhrLZbtqlu5uwuxFC6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Db3u09UaRbJR5PG1Bd4LFnICDa5lA7d82G15tbdOdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/DyjDC6awySDSNMZniMe1bKrGg2s/mt87QmVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCW/8jMk4MVSSxaIw4chEKH8cjZiixPDUEkwUs7ciMsEKE2PjqdgQvOWXV0nnsu416o2Hq1rzvoijDCdwChfgwTU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9ya43j</latexit>

y0
0

<latexit sha1_base64="YlfCHBsA3Q85irsMg16RvHGafZw=">AAAB7HicbVBNS8NAEJ31s9avqkcvi0XqqSQi1WPBi94qmLbQhrLZbtqlm03Y3Qgh9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5QSK4No7zjdbWNza3tks75d29/YPDytFxW8eposyjsYhVNyCaCS6ZZ7gRrJsoRqJAsE4wuZ35nSemNI/lo8kS5kdkJHnIKTFW8rKBU6sNKlWn7syBV4lbkCoUaA0qX/1hTNOISUMF0brnOonxc6IMp4JNy/1Us4TQCRmxnqWSREz7+fzYKT63yhCHsbIlDZ6rvydyEmmdRYHtjIgZ62VvJv7n9VIT3vg5l0lqmKSLRWEqsInx7HM85IpRIzJLCFXc3orpmChCjc2nbENwl19eJe3LutuoNx6uqs37Io4SnMIZXIAL19CEO2iBBxQ4PMMrvCGJXtA7+li0rqFi5gT+AH3+ANOgjhQ=</latexit>

y00
0

<latexit sha1_base64="7GRj8/M8vYNxwyoqM+KDjY9MPXw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRapp7IrUj0WvOitgv2AdinZNNvGZpMlyQrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjPzO09UaSbFg0lj6kd4JFjICDZWaqcDt1qtDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+BlWhhFOp6V+ommMyQSPaM9SgSOq/Wx+7RSdWWWIQqlsCYPm6u+JDEdap1FgOyNsxnrZm4n/eb3EhNd+xkScGCrIYlGYcGQkmr2OhkxRYnhqCSaK2VsRGWOFibEBlWwI3vLLq6R9UfPqtfr9ZaVxl8dRhBM4hXPw4AoacAtNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz81DY5F</latexit>

y000
0

<latexit sha1_base64="fMvoJJeL9tlzV2wYh5KZiST3xoE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRapp7IrUj0WvOitgv2AdinZNNvGZpMlyQrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjPzO09UaSbFg0lj6kd4JFjICDZWaqcDr1qtDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+BlWhhFOp6V+ommMyQSPaM9SgSOq/Wx+7RSdWWWIQqlsCYPm6u+JDEdap1FgOyNsxnrZm4n/eb3EhNd+xkScGCrIYlGYcGQkmr2OhkxRYnhqCSaK2VsRGWOFibEBlWwI3vLLq6R9UfPqtfr9ZaVxl8dRhBM4hXPw4AoacAtNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz82lI5G</latexit>

y000
1

<latexit sha1_base64="nRMMRBfWKps7D8WNhybOJ6I4jKE=">AAAB7HicbVBNS8NAEJ31s9avqkcvi0XqqSQi1WPBi94qmLbQhrLZbtqlm03Y3Qgh9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5QSK4No7zjdbWNza3tks75d29/YPDytFxW8eposyjsYhVNyCaCS6ZZ7gRrJsoRqJAsE4wuZ35nSemNI/lo8kS5kdkJHnIKTFW8rKBW6sNKlWn7syBV4lbkCoUaA0qX/1hTNOISUMF0brnOonxc6IMp4JNy/1Us4TQCRmxnqWSREz7+fzYKT63yhCHsbIlDZ6rvydyEmmdRYHtjIgZ62VvJv7n9VIT3vg5l0lqmKSLRWEqsInx7HM85IpRIzJLCFXc3orpmChCjc2nbENwl19eJe3LutuoNx6uqs37Io4SnMIZXIAL19CEO2iBBxQ4PMMrvCGJXtA7+li0rqFi5gT+AH3+ANUmjhU=</latexit>

y00
1

<latexit sha1_base64="scGqd+JFmwJ1OdXIH9QUVc4Ipu8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbRU0lEqseCF71VsB/QhrLZbtqlu5uwuxFC6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Db3u09UaRbJR5PG1Bd4LFnICDa5lA6982G15tbdOdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/DyjDC6awySDSNMZniMe1bKrGg2s/mt87QmVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCW/8jMk4MVSSxaIw4chEKH8cjZiixPDUEkwUs7ciMsEKE2PjqdgQvOWXV0nnsu416o2Hq1rzvoijDCdwChfgwTU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9z8I3k</latexit>

y0
1

<latexit sha1_base64="l4iUavQJESRGEMa9BAftIX0vhtU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9mVUj0WvOitgv2AdinZNNuGJtklyQp16V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3mdx6p0iySD2YaU1/gkWQhI9hk0tPAOx+UK27VnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqx69Wr9vlZp3OVxFOEETuECPLiCBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHdXeN5Q==</latexit>

z01

<latexit sha1_base64="krzvcbfbIT0h/2uX4xv/qZGWZkk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjworeK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0/9TzeqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPK161Ur27KNdu8zgKcAwncAYeXEINbqAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcUaY20</latexit>z1

<latexit sha1_base64="oX6vCFsvZch5O/zFZaHtsVIrsv0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VtB/QhrLZTtqlm03Y3Qih9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfTZagH9Gh5CFn1FjpIeu7/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcx/oQqw5nAaamXakwoG9Mhdi2VNELtT+anTsmZVQYkjJUtachc/T0xoZHWWRTYzoiakV72ZuJ/Xjc14bU/4TJJDUq2WBSmgpiYzP4mA66QGZFZQpni9lbCRlRRZmw6JRuCt/zyKmldVL1atXZ/Wanf5XEU4QRO4Rw8uII63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcRX42y</latexit>y0
<latexit sha1_base64="miMyujU1BhIJi4o8j7aubkO/Q18=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VtB/QhrLZTtqlm03Y3Qih9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfTZagH9Gh5CFn1FjpIet7/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcx/oQqw5nAaamXakwoG9Mhdi2VNELtT+anTsmZVQYkjJUtachc/T0xoZHWWRTYzoiakV72ZuJ/Xjc14bU/4TJJDUq2WBSmgpiYzP4mA66QGZFZQpni9lbCRlRRZmw6JRuCt/zyKmldVL1atXZ/Wanf5XEU4QRO4Rw8uII63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcS442z</latexit>y1

<latexit sha1_base64="ZD0YnM+DOWLZJ+la8vz53wqy9pA=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBHqJiTFtroruNFdBfuANobJdNIOnUzCzESoof6KGxeKuPVD3Pk3TtoIKnpg4HDOvdwzx48Zlcq2P4yl5ZXVtfXCRnFza3tn19zb78goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXn5xnfveWCEkjfq2mMXFDNOI0oBgpLXlmKR2ESI0xYrA1u8GVO8859syybZ3Zds2pQtuy58hIrdZw6tDJlTLI0fLM98EwwklIuMIMSdl37Fi5KRKKYkZmxUEiSYzwBI1IX1OOQiLddB5+Bo+0MoRBJPTjCs7V7xspCqWchr6ezJLK314m/uX1ExWcuinlcaIIx4tDQcKgimDWBBxSQbBiU00QFlRnhXiMBMJK91XUJXz9FP5POlXLqVv1q5Ny8zKvowAOwCGoAAc0QBNcgBZoAwym4AE8gWfj3ng0XozXxeiSke+UwA8Yb5/3SpRe</latexit>Pc(z1)
<latexit sha1_base64="iKhDT31UVY8fXh7oukctv0TVNME=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0Wsm5IU2+qu4EZ3FewD2hgm00k7dDIJMxOhDcVfceNCEbf+hzv/xkkbQUUPDBzOuZd75ngRo1JZ1oexsLi0vLKaW8uvb2xubZs7uy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe6OL1G/fESFpyG/UOCJOgAac+hQjpSXX3E96AVJDjBhsTG9xceLaxyeuWbBK55ZVscvQKlkzpKRSqdlVaGdKAWRouOZ7rx/iOCBcYYak7NpWpJwECUUxI9N8L5YkQniEBqSrKUcBkU4ySz+FR1rpQz8U+nEFZ+r3jQQFUo4DT0+mUeVvLxX/8rqx8s+chPIoVoTj+SE/ZlCFMK0C9qkgWLGxJggLqrNCPEQCYaULy+sSvn4K/yetcsmulqrXp4X6VVZHDhyAQ1AENqiBOrgEDdAEGEzAA3gCz8a98Wi8GK/z0QUj29kDP2C8fQJeVJSP</latexit>

Pc(z01)
<latexit sha1_base64="n08juyhAKI6Wv6/+R+mMPJMX1kg=">AAAB/XicdVDLSgMxFM34rPU1PnZugkWsm5IpttVdwY3uKtgHtOOQSTNtaOZBkhHaofgrblwo4tb/cOffmGlHUNEDgcM593JPjhtxJhVCH8bC4tLyympuLb++sbm1be7stmQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbHV2kfvuOCsnC4EaNI2r7eBAwjxGstOSY+0nPx2pIMIeN6S0pThx0fOKYBVQ6R6hilSEqoRlSUqnUrCq0MqUAMjQc873XD0ns00ARjqXsWihSdoKFYoTTab4XSxphMsID2tU0wD6VdjJLP4VHWulDLxT6BQrO1O8bCfalHPuunkyjyt9eKv7ldWPlndkJC6JY0YDMD3kxhyqEaRWwzwQlio81wUQwnRWSIRaYKF1YXpfw9VP4P2mVS1a1VL0+LdSvsjpy4AAcgiKwQA3UwSVogCYgYAIewBN4Nu6NR+PFeJ2PLhjZzh74AePtE1zOlI4=</latexit>

Pc(z00)
<latexit sha1_base64="LYZFOPRBhh+ujA/T9z3UHjR7tBw=">AAAB/HicdVDLSgMxFM34rPU12qWbYBHqZsgU2+qu4EZ3FewD2nHIpJk2NPMgyQh1qL/ixoUibv0Qd/6NmXYEFT0QOJxzL/fkeDFnUiH0YSwtr6yurRc2iptb2zu75t5+R0aJILRNIh6Jnocl5SykbcUUp71YUBx4nHa9yXnmd2+pkCwKr9U0pk6ARyHzGcFKS65ZSgcBVmOCOWzNbkjlzkXHrllG1hlCNbsKkYXmyEit1rDr0M6VMsjRcs33wTAiSUBDRTiWsm+jWDkpFooRTmfFQSJpjMkEj2hf0xAHVDrpPPwMHmllCP1I6BcqOFe/b6Q4kHIaeHoySyp/e5n4l9dPlH/qpCyME0VDsjjkJxyqCGZNwCETlCg+1QQTwXRWSMZYYKJ0X0VdwtdP4f+kU7XsulW/Oik3L/M6CuAAHIIKsEEDNMEFaIE2IGAKHsATeDbujUfjxXhdjC4Z+U4J/IDx9gn1xZRd</latexit>Pc(z0)

Figure 16. Choice of n1 and D1 in the proof of Proposi-
tion 5.6: after n1 iterations, the stable and unstable distances
are smaller than η̃ times the center lengths.

ε̃1 < 2µ0η̃
−1κn1−1

0 r0. Our choice of N1 and the fact that n1 ≥ N1 imply

that 2µ0η̃
−1κn1−1

0 < βn1 . Hence ε̃1 < βn1r0.
Now we do the distortion and comparison estimates for z′ ∈ f−m1(D1).

Claim. For all z′ ∈ f−m1(D1), we have cm1(z′, ε̃) < ∆̃ and

1
2 ε̃1 < Length(fm1(Pc(z′, ε̃))) < 2ε̃1.

Proof. First we note that for any 0 ≤ k < m0 = `0,

Length(fk(Pc(z, ε̃))) ≤ 2ε̃µk0 < ε5µ
k
0 < ε0.

By definition of n1, each 0 ≤ k < n1 satisfies

Length(fm0+k(Pc(z, ε̃))) ≤ η̃−1 Diam(fk(Ps(z0, r0))) ≤ 2η̃−1κk0r0 < η̃−1βkr0.

Fix an arbitrary z′ ∈ f−m1(D1). An inductive argument gives that for all
0 ≤ k ≤ m1:

1
2Length(fk(Pc(z, ε̃))) < Length(fk(Pc(z′, ε̃))) < 2Length(fk(Pc(z, ε̃))).

With the definition in §5.1.2, these inequalities imply

ck+1(z′, ε̃) ≤ exp(Cθ`0(2ε5µ
`0
0 )θ) exp(Cθ(2η̃

−1r0)θ/(1− βθ)) < ∆̃.

The distortion estimate in Lemma 5.1 then gives

Length(fk+1(Pc(z′, ε̃))) �
∆̃
‖Dfk+1(z′)|Ec‖2ε̃.

Note that d(f i(z), f i(z′)) ≤ η̃λi−m1
0 ε̃1 < η̃λi−m1

0 . In particular

∣∣ log ‖Df
k+1(z′)|Ec‖

‖Dfk+1(z|Ec )‖

∣∣ < Cα

k∑

i=0

(η̃λi−m1
0 )α < Cαη̃α

1−λα0
.



MINIMALITY OF STRONG FOLIATIONS OF ANOSOV DIFFEOMORPHISMS 35

We thus obtain∣∣∣∣ log
Length(fk(Pc(z′,ε̃)))
Length(fk(Pc(z,ε̃)))

∣∣∣∣ ≤
Cαη̃α

1−λα0
+ 2 log ∆̃ < log 2,

with our choices of r0, ∆̃. This completes the induction. As explained before,

this implies cm1(z′, ε̃) < ∆̃. �

To prove Conclusion (3) of the proposition, we fix z′ ∈ f−m1(D1) and
points x0, x1, x2 ∈ Pc(z, ε̃) and x′0, x

′
1, x
′
2 ∈ Pc(z′, ε̃) with xi ^ x′i and

dcz′(x
′
i, x
′
j) > η ε̃ for i 6= j.

Let x′′0 ∈ Ws
loc(x0) ∩ Λ be the point satisfying Ws

loc(x
′
0) ∩ Wuu

loc(x
′′
0) 6= ∅,

guaranteed by x0 ^ x′0. Since 2ε̃1 < 2βn1r0 < 2ε2, we are in the position to
apply Lemma 5.3 to the points fm1(xi), f

m1(x′i); we just need to show that
the center distances between the points fm1(x′i), f

m1(x′j) are larger than

η̃maxi d
c
fm1 (z′)(f

m1(z′), fm1(x′i)) and that maxi d
c
fm1 (z′)(f

m1(z′), fm1(x′i)) is

larger than the stable distance between fm1(x), fm1(x′′) and the unstable
distance between fm1(z) and fm1(z′).

For i 6= j, since by assumption dcz′(x
′
i, x
′
j) >

η
2Length(fk(Pc(z′, ε̃))) and

as we have controlled the distortion cm1(z′, ε̃) < ∆̃, we obtain

dcfm1 (z′)(f
m1(x′i), f

m1(x′j)) >
η∆̃
2 Length(fm1(Pc(z′, ε̃))) > η∆̃ε̃1

4 > η̃∆̃ε̃1.

Since maxi d
c
z′(z

′, x′i) <
1
2Length(Pc(z′, ε̃)), we also get

max
i
dcfm1 (z′)(f

m1(z′), fm1(x′i)) <
∆̃
2 Length(fm1(Pc(z′, ε̃))) < ∆̃ε̃1.

On the other hand, our choice of n1 implies that

dsfm1 (z)(f
m1(x), fm1(x′′)) < η̃ Lengthfn1(Pc(z, ε̃)) = η̃ε̃1 < ∆̃ε̃1.

Finally, by our choice of D1, we get duu(fm1(z), fm1(z′)) < η̃ε̃1 < ∆̃ε̃1.
Thus the hypotheses of Lemma 5.3 are satisfied. Item (2) gives for i 6= j

dcfm1 (z)(f
m1(xi), f

m1(xj)) �1+δ̃
dcfm1 (z′)(f

m1(x′i), f
m1(x′j)).

Taking ratios, iterating by f−m1 , and using the distortion controls, we get

d
c
z(x1, x0)

d
c
z(x2, x0)

�
∆̃2(1+δ̃)2

d
c
z′(x

′
1, x
′
0)

d
c
z′(x

′
2, x
′
0)

;

which gives Conclusion (3), since ∆̃2(1 + δ̃)2 ≤ L.

Step 2: Iterate until the first time n2 that the inner radius of fn2(D1) is
greater than r0

λ0(1+δ̃)
. Hence D2 ⊂ fn2(D1). Prove n2 ≤ N2, ε̃2 < βn2r0 and

Length(fn2(Pc(w, 2ε̃1))) < 5ε̃2 and cn2(w, 2ε̃1) < ∆̃ for all w ∈ D1.

Here are the details. Since the inner radius of fk(D1) is at most ‖Df‖kη̃ε̃1 <

‖Df‖kη̃βN1r0, and since βN1 ≤
(
η̃λ0(1 + δ̃)‖Df‖N2

)−1
, we obtain n2 ≥ N2.
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The definition of n2 and Item (1) of Lemma 5.3 imply, for 0 ≤ k ≤ n2,

InnerRadius(fk(D1)) ≤ λk−n2
0 r0.

Write γ := fm1(Pc(z, ε̃)). The definition of ν0 gives

Length(fk(γ))/Length(γ)

InnerRadius(fk(D1))/Radius(D1)
< νk0 .

Since Radius(D1) = η̃ Length(γ), we obtain

Length(fk(γ)) ≤ η̃−1Length(fk(γ))/Length(γ)

InnerRadius(fk(D1))/Radius(D1)
InnerRadius(fk(D1))

≤ η̃−1νk0λ
k−n2
0 r0 < βn2r0 ≤ βkr0,

since n2 ≥ N2, and N2 was chosen so that η̃−1 max{ν0, λ
−1
0 }N2 < βN2 . In

particular ε̃2 < r0β
n2 and cn2(z1, 2ε̃1) < ∆̃.

We next need to show that cn2(w, 2ε̃1) < ∆̃ for all w ∈ D2.

Claim. For all w ∈ f−n2(D2), we have cn2(w, 2ε̃1) < ∆̃ and

Length(fn2(Pc(w, 2ε̃1))) < 5ε̃2.

Proof. The proof is identical to the proof of the claim in Step 1. �

Step 3: Iterate `3 times. Prove f `3(D2) ⊇ Wuu(f `3(z2), R) = D3 and

c`3(w, 5ε̃2) < ∆̃ for all w ∈ D2.

Finish the proof of the proposition.

Our choice of `3 implies that f `3(D2) ⊇ Wuu(f `3(z2), R). By Steps 1
and 2, the length of fm(Pc(z′, ε̃)) for z′ ∈ f−m(Wuu(fm(z), R)) is less than

5µ`30 ε̃2 < 5µ`30 β
n2r0 which is smaller than ε, by our choice of N2. This gives

Conclusion (1) of Proposition 5.6. We also get, for all w ∈ D2,

c`3(w, 5ε̃2) < exp(Cθ`3(5µ`30 β
n2r0)θ) < ∆̃.

Since D ⊂ f−m2(D2) ⊂ f−m1(D1), and using for any z′ ∈ D the distortion
controls cm1(z′, ε̃′), cn2(fm1(z′), 2ε̃1), c`3(fm2(z′), 5ε̃2), we get from the pre-

vious steps cm(z′, ε̃) < ∆̃4 < ∆. Together with Lemma 5.1 this implies that
Conclusion (2) of Proposition 5.6 holds.

Using again D ⊂ f−m1(D1), we deduce from Step 1 that Conclusion (3)
holds. This completes the proof of Proposition 5.6. �
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6. A criterion for existence of cu-discs: proof of Theorem C

We continue to fix a C1+ diffeomorphism f : M →M and an f -invariant
uu-lamination Λ ⊂ M that is s-transverse and satisfies the property SH,
retaining the notation of the previous sections in this part of the paper. In
this section, we prove that Λ contains a cu-disk, establishing Theorem C.

We fix τ > 0 small. By Proposition 4.6, the s-transversality property of
Λ is satisfied at scale τ for any x ∈ Λ, between arcs γ, γ′ contained in the
strong unstable plaque Wuu(x,R). Moreover, there exists χ > 0 such that

(2) ρcγ(0)(γ(0), γ′(0)) > χ, and ρcγ(1)(γ(1), γ′(1)) > χ.

Let K be the Wuu-section of Λ given by the SH property as in § 2.4.2.
By enlarging R if necessary, for any x ∈ Λ, the set Wuu(x,R) meets some
point of K. Let K0 = ∩n≥0f

n(K) be its hyperbolic core.

We prove by induction the following property:

Proposition 6.1. For any δ > 0 sufficiently small, there exists ε6 = ε6(δ)
such that for any ε ∈ (0, ε6) and any N ≥ 0, there are points x0, . . . , xN ∈ Λ
that satisfy:

(1) xN ∈ K0 and x0, . . . , xN−1 ∈ Pc(xN ),
(2) dcxN (x0, xN ) ∈ [ε/‖Df‖, ε], and

(3) for 0 ≤ i ≤ N , we have d
c
xN

(x0, xi) �(1+δ) i d
c
xN

(x0, x1).

Proof of Proposition 6.1. Fix δ > 0 arbitrarily. We choose some numbers

L,∆, δ̃ > 1 close to 1, which will control the Lipschitz constant of holonomies
and distortion under iteration, such that

∆2L3(1 + δ̃)2 < 1 + δ.

We fix ε > 0 smaller than ε6 := min(χ/‖Df‖, ε1) where ε1(∆) is given by
Corollary 5.2 applied to the hyperbolic set K.

We then prove the property inductively on N . The case N = 0 is trivial.
The case N = 1 will be explained at the end of the proof. We now assume
the property for N − 1 ≥ 2 and prove it for N .

Let η = 1/[(1 + δ̃)L(N + 1)], let ε3(R, η, L), ε4(η/L,L) > 0 be given
by Lemmas 5.4 and 5.5 and let ε5(ε/‖Df‖, R, η,∆, L) > 0 be given by

Proposition 5.6. We fix ε̃ > 0 smaller than min{ε/‖Df‖, ε3, ε4, ε5, ε6(δ̃)}.
We apply the inductive assumption for δ̃, ε̃ to get N points x̃0, . . . , x̃N−1.
They all belong to Pc(x̃N−1), with x̃N−1 ∈ K0.

The s-transversality of Λ gives arcs γ, γ′ ⊂ Wuu(x̃N−1, R). Lemma 4.1
shows that one can parametrize them so that γ′(t) ∈ Pcs(γ(t)) for all t.

For each t, one can define points huut (x̃0), . . . , huut (x̃N−1) in Pc(γ′(t))
as in § 5.1.4: one first moves x̃i by uu-holonomy to some point x̃′i(t) ∈
Wuu(x̃i) ∩ Pcs(γ′(t)); one then projects along the leaves of Ŵs

γ′(t) so that

huut (x̃i) belongs to Ŵs
γ′(t)(x̃

′
i(t)).
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<latexit sha1_base64="3BDQ8vUvboAG9dEOUlW3EUGfB1s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2A9sQ9lsNu3SzSbsTsRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJXCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVDDpVC8gQIlb6ea0ziQvBUMr6d+65FrIxJ1j6OU+zHtKxEJRtFKD10UMuTkqef2yhW36s5AlomXkwrkqPfKX90wYVnMFTJJjel4bor+mGoUTPJJqZsZnlI2pH3esVTRmBt/PLt4Qk6sEpIo0bYUkpn6e2JMY2NGcWA7Y4oDs+hNxf+8TobRlT8WKs2QKzZfFGWSYEKm75NQaM5QjiyhTAt7K2EDqilDG1LJhuAtvrxMmmdV76J6fndeqd3kcRThCI7hFDy4hBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8Af/VkH4=</latexit>

x̃0

<latexit sha1_base64="6v6FwcRpkKkDe104MzF7zWwA5vA=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4McxIUI8BPXiSCGaBZAw9PT1Jk56F7ho1DPkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6XiKFRtv+tnJLyyura/n1wsbm1vZOcXevoeNUMV5nsYxVy6OaSxHxOgqUvJUoTkNP8qY3uBz7zQeutIijOxwm3A1pLxKBYBSNdN9BIX1OnrrZzYkz6hZLdtmegCwSZ0ZKMEOtW/zq+DFLQx4hk1TrtmMn6GZUoWCSjwqdVPOEsgHt8bahEQ25drPJ1SNyZBSfBLEyFSGZqL8nMhpqPQw90xlS7Ot5byz+57VTDC7cTERJijxi00VBKgnGZBwB8YXiDOXQEMqUMLcS1qeKMjRBFUwIzvzLi6RxWnbOypXbSql6NYsjDwdwCMfgwDlU4RpqUAcGCp7hFd6sR+vFerc+pq05azazD39gff4A2KuSGg==</latexit>

x̃N�1

<latexit sha1_base64="30UBdf7A8oI+FGo1OAhfenB0V+4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2A9sQ9lsJu3SzSbsbsRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVcG9f9dgorq2vrG8XN0tb2zu5eef+gqZNMMWywRCSqHVCNgktsGG4EtlOFNA4EtoLh9dRvPaLSPJH3ZpSiH9O+5BFn1FjpoWu4CJE89bxeueJW3RnIMvFyUoEc9V75qxsmLItRGiao1h3PTY0/pspwJnBS6mYaU8qGtI8dSyWNUfvj2cUTcmKVkESJsiUNmam/J8Y01noUB7YzpmagF72p+J/XyUx05Y+5TDODks0XRZkgJiHT90nIFTIjRpZQpri9lbABVZQZG1LJhuAtvrxMmmdV76J6fndeqd3kcRThCI7hFDy4hBrcQh0awEDCM7zCm6OdF+fd+Zi3Fpx85hD+wPn8AQFokH8=</latexit>

x̃1

<latexit sha1_base64="AX6ML7wbHCZIRvaAHNGXKDZhtYo=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQxiPBh2g0SPQS+eJIJ5QBLC7OxsMmR2dpnplYQlv+LFgyJe/RFv/o2Tx0ETCxqKqm66u7xYcA2O821l1tY3Nrey27md3b39A/sw39BRoiir00hEquURzQSXrA4cBGvFipHQE6zpDW+nfvOJKc0j+QjjmHVD0pc84JSAkXp2vgNc+AyPeun9RXlyVoTznl1wSs4MeJW4C1JAC9R69lfHj2gSMglUEK3brhNDNyUKOBVskuskmsWEDkmftQ2VJGS6m85un+BTo/g4iJQpCXim/p5ISaj1OPRMZ0hgoJe9qfif104guO6mXMYJMEnni4JEYIjwNAjsc8UoiLEhhCpubsV0QBShYOLKmRDc5ZdXSaNcciulysNloXqziCOLjtEJKiIXXaEqukM1VEcUjdAzekVv1sR6sd6tj3lrxlrMHKE/sD5/AGGOk2A=</latexit>

x̃0
N�2(t)

<latexit sha1_base64="PKtP7P5YjVm8BioIrFM0UGQRfoY=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBaxXkoiUj0WvXisYD+gDWGz2bZLN5uwOymW0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBYngGhzn2yqsrW9sbhW3Szu7e/sH9uFRS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwupv57TFTmsfyESYJ8yIykLzPKQEj+bbdAy5Chp/8zJ2eV+DCt8tO1ZkDrxI3J2WUo+HbX70wpmnEJFBBtO66TgJeRhRwKti01Es1SwgdkQHrGipJxLSXzS+f4jOjhLgfK1MS8Fz9PZGRSOtJFJjOiMBQL3sz8T+vm0L/xsu4TFJgki4W9VOBIcazGHDIFaMgJoYQqri5FdMhUYSCCatkQnCXX14lrcuqW6vWHq7K9ds8jiI6Qaeoglx0jeroHjVQE1E0Rs/oFb1ZmfVivVsfi9aClc8coz+wPn8AUFaS0A==</latexit>

x̃0
1(t)

<latexit sha1_base64="qIIR7OUgmEimBW5DrslR4h1oHfk=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBaxXkoiUj0WvXisYD+gDWGz2bZLN5uwOymW0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBYngGhzn2yqsrW9sbhW3Szu7e/sH9uFRS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwupv57TFTmsfyESYJ8yIykLzPKQEj+bbdAy5Chp/8zJmeV+DCt8tO1ZkDrxI3J2WUo+HbX70wpmnEJFBBtO66TgJeRhRwKti01Es1SwgdkQHrGipJxLSXzS+f4jOjhLgfK1MS8Fz9PZGRSOtJFJjOiMBQL3sz8T+vm0L/xsu4TFJgki4W9VOBIcazGHDIFaMgJoYQqri5FdMhUYSCCatkQnCXX14lrcuqW6vWHq7K9ds8jiI6Qaeoglx0jeroHjVQE1E0Rs/oFb1ZmfVivVsfi9aClc8coz+wPn8ATs2Szw==</latexit>

x̃0
0(t)

<latexit sha1_base64="0yaXGFQnghxcFwik3mGclPZ2RNY=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLWzZAptra7ohuXFewD26Fk0kwbmmSGJCOUoX/hxoUibv0bd/6N6UNQ0QMXDufcy733BDFn2iD04WRWVtfWN7Kbua3tnd29/P5BS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfDXz2/dUaRbJWzOJqS/wULKQEWysdNcbYiHwadGc9fMF5JbKqFb1IHKRRalkSRl5tUoFenMFoQJYotHPv/cGEUkElYZwrHXXQ7HxU6wMI5xOc71E0xiTMR7SrqUSC6r9dH7xFJ5YZQDDSNmSBs7V7xMpFlpPRGA7BTYj/dubiX953cSEVT9lMk4MlWSxKEw4NBGcvQ8HTFFi+MQSTBSzt0IywgoTY0PK2RC+PoX/k1bJ9Spu5ea8UL9cxpEFR+AYFIEHLkAdXIMGaAICJHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJ36CQbA==</latexit>

�0(t)
<latexit sha1_base64="LNaHDYgAnJYIet5r34x3dteoAbg=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9WBJRKrHggiepIL9gDaEzXbbLt1swu5ErKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAtiwTU4zreVW1ldW9/Ibxa2tnd2i/beflNHiaKsQSMRqXZANBNcsgZwEKwdK0bCQLBWMLqa+q0HpjSP5D2MY+aFZCB5n1MCRvLtYndIAD/66e2pOynDiW+XnIozA14mbkZKKEPdt7+6vYgmIZNABdG64zoxeClRwKlgk0I30SwmdEQGrGOoJCHTXjo7fIKPjdLD/UiZkoBn6u+JlIRaj8PAdIYEhnrRm4r/eZ0E+pdeymWcAJN0vqifCAwRnqaAe1wxCmJsCKGKm1sxHRJFKJisCiYEd/HlZdI8q7jVSvXuvFS7zuLIo0N0hMrIRReohm5QHTUQRQl6Rq/ozXqyXqx362PemrOymQP0B9bnD2EIkkg=</latexit>

x̂N�1(t)

<latexit sha1_base64="F7MYsl6oUjSmGDzPV/JWtdNIuAQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMiOAxgnlAsoTZyWwyZPbhTG8wLPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W7m19Y3Nrfx2YWd3b/+geHjU1FGiGG+wSEaq7VHNpQh5AwVK3o4Vp4Enecsb3cz81pgrLaLwAScxdwM6CIUvGEUjud0hRfLUS51pGc97xZJdsecgq8TJSAky1HvFr24/YknAQ2SSat1x7BjdlCoUTPJpoZtoHlM2ogPeMTSkAdduOj96Ss6M0id+pEyFSObq74mUBlpPAs90BhSHetmbif95nQT9azcVYZwgD9likZ9IghGZJUD6QnGGcmIIZUqYWwkbUkUZmpwKJgRn+eVV0ryoONVK9f6yVLvN4sjDCZxCGRy4ghrcQR0awOARnuEV3qyx9WK9Wx+L1pyVzRzDH1ifP9wEkYg=</latexit>

x̂1(t)
<latexit sha1_base64="cX8WPGBgCrfGPdjpuftopHHtmPQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMiOAxgnlAsoTZyWwyZPbhTG8wLPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W7m19Y3Nrfx2YWd3b/+geHjU1FGiGG+wSEaq7VHNpQh5AwVK3o4Vp4Enecsb3cz81pgrLaLwAScxdwM6CIUvGEUjud0hRfLUS+1pGc97xZJdsecgq8TJSAky1HvFr24/YknAQ2SSat1x7BjdlCoUTPJpoZtoHlM2ogPeMTSkAdduOj96Ss6M0id+pEyFSObq74mUBlpPAs90BhSHetmbif95nQT9azcVYZwgD9likZ9IghGZJUD6QnGGcmIIZUqYWwkbUkUZmpwKJgRn+eVV0ryoONVK9f6yVLvN4sjDCZxCGRy4ghrcQR0awOARnuEV3qyx9WK9Wx+L1pyVzRzDH1ifP9p8kYc=</latexit>

x̂0(t)

<latexit sha1_base64="xHbUBPjHzYIziW/IImbKZdSmOBM=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoMQL2FXJHoMiOAxgnlIsoTeyWwyZGZ3mekVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7QAMlyLiDRQoeTvRHFQgeSsY3cz81hPXRsTRA44T7isYRCIUDNBKj90BKAVlPO8VS27FnYOuEi8jJZKh3it+dfsxSxWPkEkwpuO5CfoT0CiY5NNCNzU8ATaCAe9YGoHixp/MD57SM6v0aRhrWxHSufp7YgLKmLEKbKcCHJplbyb+53VSDK/9iYiSFHnEFovCVFKM6ex72heaM5RjS4BpYW+lbAgaGNqMCjYEb/nlVdK8qHjVSvX+slS7zeLIkxNySsrEI1ekRu5InTQII4o8k1fy5mjnxXl3PhatOSebOSZ/4Hz+ACzHkAY=</latexit>

�(t)

<latexit sha1_base64="30T50T06hVDb2C7HU3NhDcqTNXE=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHaDRI8BETxJBPOAZA2zs5NkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/W0vLK6tr67mN/ObW9s5uYW+/oaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3vJz4zQeutIjCOxzF3A1oPxQ9wSga6b6DQvqcPHXTm9PyuFso2iV7CrJInIwUIUOtW/jq+BFLAh4ik1TrtmPH6KZUoWCSj/OdRPOYsiHt87ahIQ24dtPp1WNybBSf9CJlKkQyVX9PpDTQehR4pjOgONDz3kT8z2sn2LtwUxHGCfKQzRb1EkkwIpMIiC8UZyhHhlCmhLmVsAFVlKEJKm9CcOZfXiSNcsmplCq3Z8XqVRZHDg7hCE7AgXOowjXUoA4MFDzDK7xZj9aL9W59zFqXrGzmAP7A+vwB2yGSHg==</latexit>

x̃N�2
<latexit sha1_base64="AgxQiWsiNZyy5z9T0EdZ9d6/Hqk=">AAAB+HicbVBNS8NAEN34WetHox69LBahHixJkeqxIIInqWA/oA1ls920SzebsDsRa+gv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/xYcA2O822trK6tb2zmtvLbO7t7BXv/oKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH11N/dYDU5pH8h7GMfNCMpA84JSAkXp2oTskgB976e1ZZVKC055ddMrODHiZuBkpogz1nv3V7Uc0CZkEKojWHdeJwUuJAk4Fm+S7iWYxoSMyYB1DJQmZ9tLZ4RN8YpQ+DiJlSgKeqb8nUhJqPQ590xkSGOpFbyr+53USCC69lMs4ASbpfFGQCAwRnqaA+1wxCmJsCKGKm1sxHRJFKJis8iYEd/HlZdKslN1quXp3XqxdZ3Hk0BE6RiXkogtUQzeojhqIogQ9o1f0Zj1ZL9a79TFvXbGymUP0B9bnD2KQkkk=</latexit>

x̂N�2(t)

<latexit sha1_base64="Ro/FEYEC+XL1yusgH00FZn3V6Q0=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRiEpAl3ItEyIIJlBPMBSQxzm02yZHfv2N0TwpHGxr9iY6GIrf/Bzn/jXpJCEx8MPN6bYWZeEHGmjed9O5mV1bX1jexmbmt7Z3fP3T+o6zBWhNZIyEPVDEBTziStGWY4bUaKggg4bQSjq9RvPFClWSjvzDiiHQEDyfqMgLFS1z1O2gLMkADH1cl9QvSk0B6AEFAwxWLXzXslbwq8TPw5yaM5ql33q90LSSyoNISD1i3fi0wnAWUY4XSSa8eaRkBGMKAtSyUIqjvJ9IsJPrVKD/dDZUsaPFV/TyQgtB6LwHamJ+tFLxX/81qx6V92Eiaj2FBJZov6MccmxGkkuMcUJYaPLQGimL0VkyEoIMYGl7Mh+IsvL5P6Wckvl8q35/nK9TyOLDpCJ6iAfHSBKugGVVENEfSIntErenOenBfn3fmYtWac+cwh+gPn8wewepgQ</latexit>Pcs(�(t))

<latexit sha1_base64="cN1nu2+BqaNzZy8jtJCRfcMYOow=">AAACBnicbVBNSwMxEM36WevXqkcRgkVsL2VXpHosiOCxgv2AtpbZNG1Dk+ySZIWy9OTFv+LFgyJe/Q3e/Dem7R609cHA470ZZuYFEWfaeN63s7S8srq2ntnIbm5t7+y6e/s1HcaK0CoJeagaAWjKmaRVwwynjUhREAGn9WB4NfHrD1RpFso7M4poW0Bfsh4jYKzUcY+SlgAzIMBxZXyfED3Ot/ogBJzmTaHQcXNe0ZsCLxI/JTmUotJxv1rdkMSCSkM4aN30vci0E1CGEU7H2VasaQRkCH3atFSCoLqdTN8Y4xOrdHEvVLakwVP190QCQuuRCGzn5GY9703E/7xmbHqX7YTJKDZUktmiXsyxCfEkE9xlihLDR5YAUczeiskAFBBjk8vaEPz5lxdJ7azol4ql2/Nc+TqNI4MO0THKIx9doDK6QRVURQQ9omf0it6cJ+fFeXc+Zq1LTjpzgP7A+fwBGsuYQQ==</latexit>

Pcs(�0(t))

<latexit sha1_base64="3W9aHy9Gl5OWYVaGei3V1rHRMzA=">AAAB7nicdVDLSgMxFM34rPVVdekmWERXQ2awY7sriOCygn1AO5RMmmlDk8yQZIQy9CPcuFDErd/jzr8xfQgqeuDC4Zx7ufeeKOVMG4Q+nJXVtfWNzcJWcXtnd2+/dHDY0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsaX8389j1VmiXyzkxSGgo8lCxmBBsrtXtDLAQ+65fKyPUrqFb1IHKRhe9bUkFeLQigN1cQKoMlGv3Se2+QkExQaQjHWnc9lJowx8owwum02Ms0TTEZ4yHtWiqxoDrM5+dO4alVBjBOlC1p4Fz9PpFjofVERLZTYDPSv72Z+JfXzUxcDXMm08xQSRaL4oxDk8DZ73DAFCWGTyzBRDF7KyQjrDAxNqGiDeHrU/g/afmuF7jB7UW5fr2MowCOwQk4Bx64BHVwAxqgCQgYgwfwBJ6d1Hl0XpzXReuKs5w5Aj/gvH0CPriPjA==</latexit>

�0

<latexit sha1_base64="L99nHhB6lPAabekKYj4Ua2k4tUo=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ0acabsriOCygn1AO5RMmmljk8yQZIQy9B/cuFDErf/jzr8xfQgqeuDC4Zx7ufeeKOVMG4Q+nJXVtfWNzcJWcXtnd2+/dHDY0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsaX8789j1VmiXy1kxSGgo8lCxmBBsrtXpDLATul8rI9ZFXCyoQuQh5vh9YUqtVfc+DnlVmKIMlGv3Se2+QkExQaQjHWnc9lJowx8owwum02Ms0TTEZ4yHtWiqxoDrM59dO4alVBjBOlC1p4Fz9PpFjofVERLZTYDPSv72Z+JfXzUxcDXMm08xQSRaL4oxDk8DZ63DAFCWGTyzBRDF7KyQjrDAxNqCiDeHrU/g/aZ27XuAGNxfl+tUyjgI4BifgDHigAurgGjRAExBwBx7AE3h2EufReXFeF60rznLmCPyA8/YJ/BGPcQ==</latexit>�

<latexit sha1_base64="FlUyFOWvG6gwiseqEYmDgJUiDkY="></latexit>Pc(x̃N�1)

<latexit sha1_base64="BcSOnXAQMQ4plmqRC2wEbHiG3GI=">AAACA3icdVBNS8NAEN3U7/pV9aaXxSK2l5JEbfUmiOCxgq1CE8tku22X7iZhdyOUUPDiX/HiQRGv/glv/hs3toKKPhh4vDfDzLwg5kxp2363clPTM7Nz8wv5xaXlldXC2npTRYkktEEiHsmrABTlLKQNzTSnV7GkIAJOL4PBSeZf3lCpWBRe6GFMfQG9kHUZAW2kdmEz9QToPgGO66NrUvJ6IATslnS53C4U7crRYdU9cLFdse2au1fNiFvbd/ewY5QMRTRBvV148zoRSQQNNeGgVMuxY+2nIDUjnI7yXqJoDGQAPdoyNARBlZ9+/jDCO0bp4G4kTYUaf6rfJ1IQSg1FYDqzg9VvLxP/8lqJ7h76KQvjRNOQjBd1E451hLNAcIdJSjQfGgJEMnMrJn2QQLSJLW9C+PoU/0+absWpVqrn+8Xj00kc82gLbaMSclANHaMzVEcNRNAtukeP6Mm6sx6sZ+tl3JqzJjMb6Aes1w/FFJb8</latexit>

Pc(�0(t)) <latexit sha1_base64="h7vN9SEpPbQY5ErfgdB67XEVIXg=">AAACAnicdVBNS0JBFJ1nX2ZfVqtoMySBbuT5NLWdEEFLg9RATe4bRx2cee8xMy+Qh7Tpr7RpUUTbfkW7/k3z1KCiDlw4nHMv997jBpwpbdsfVmJpeWV1Lbme2tjc2t5J7+41lR9KQhvE5768dkFRzjza0Exzeh1ICsLltOWOz2K/dUulYr53pScB7QoYemzACGgj9dIHUUeAHhHguD69IdnOEISArM7leumMnT+tlp0TB9t52644xXJMnErJKeKCUWJk0AL1Xvq90/dJKKinCQel2gU70N0IpGaE02mqEyoaABnDkLYN9UBQ1Y1mL0zxsVH6eOBLU57GM/X7RARCqYlwTWd8r/rtxeJfXjvUg2o3Yl4QauqR+aJByLH2cZwH7jNJieYTQ4BIZm7FZAQSiDappUwIX5/i/0nTyRfK+fJlKVM7X8SRRIfoCGVRAVVQDV2gOmoggu7QA3pCz9a99Wi9WK/z1oS1mNlHP2C9fQJcQ5bL</latexit>Pc(�(t))

<latexit sha1_base64="N6mnLYu4I0WB8mH4o+lSWQSU3Z8=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NBiAfDbpDoMSCCJ4lgHpCsy+xkkgyZfTDTK4ZlvfgrXjwo4tW/8ObfOEn2oNGChqKqm+4uLxJcgWV9GbmFxaXllfxqYW19Y3PL3N5pqjCWlDVoKELZ9ohiggesARwEa0eSEd8TrOWNzid+645JxcPgBsYRc3wyCHifUwJacs294W0Sx6kLpS5w0WP43k2ujivpkWsWrbI1Bf5L7IwUUYa6a352eyGNfRYAFUSpjm1F4CREAqeCpYVurFhE6IgMWEfTgPhMOcn0gxQfaqWH+6HUFQCeqj8nEuIrNfY93ekTGKp5byL+53Vi6J85CQ+iGFhAZ4v6scAQ4kkcuMcloyDGmhAqub4V0yGRhIIOraBDsOdf/kualbJdLVevT4q1iyyOPNpHB6iEbHSKaugS1VEDUfSAntALejUejWfjzXifteaMbGYX/YLx8Q3S7JZ/</latexit>

huu
t (x̃N�2)

<latexit sha1_base64="mpy0MVtGZzK3akWgk6cchDfURQI=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkItVlQQSXFewD2hgmk2k7dPJg5kYsMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4vFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y0uJ377nknFo/AWxjFzAjIIeZ9TAlpyzYPhXZokmQuVHnDhM/zgpnZ24pplq2pNgReJnZMyytFwza+eH9EkYCFQQZTq2lYMTkokcCpYVuolisWEjsiAdTUNScCUk07vz/CxVnzcj6SuEPBU/T2RkkCpceDpzoDAUM17E/E/r5tA/8JJeRgnwEI6W9RPBIYIT8LAPpeMghhrQqjk+lZMh0QSCjqykg7Bnn95kbROq3atWrs5K9ev8jiK6BAdoQqy0Tmqo2vUQE1E0SN6Rq/ozXgyXox342PWWjDymX30B8bnD7vKle8=</latexit>

huu
t (x̃1)

<latexit sha1_base64="/Tki8xN2V1dEbg1fGW8nVHA6mFs=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkItVlQQSXFewD2hgmk2k7dPJg5kYsMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4vFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y0uJ377nknFo/AWxjFzAjIIeZ9TAlpyzYPhXZokmQuVHnDhM/zgplZ24pplq2pNgReJnZMyytFwza+eH9EkYCFQQZTq2lYMTkokcCpYVuolisWEjsiAdTUNScCUk07vz/CxVnzcj6SuEPBU/T2RkkCpceDpzoDAUM17E/E/r5tA/8JJeRgnwEI6W9RPBIYIT8LAPpeMghhrQqjk+lZMh0QSCjqykg7Bnn95kbROq3atWrs5K9ev8jiK6BAdoQqy0Tmqo2vUQE1E0SN6Rq/ozXgyXox342PWWjDymX30B8bnD7pEle4=</latexit>

huu
t (x̃0)

Figure 17. Holonomy to two different Pc-plaques.

By Lemma 4.1, one can also project each x̃′i(t) to Pc(γ(t)) and define

a point x̂i(t): this is the unique point in Pc(γ(t)) such that Ŵs
γ(t)(x̂i(t))

intersects Wuu
loc(x̃

′
i(t)). In this way, huut (x̃i) and x̂i(t) are suus-related. Each

point x̂i(t) is the image of x̃i under a composition of two operations: first
the strong unstable holonomy huut : Pc(x̃0) → Pc(γ′(t)), and second, the
suus-holonomy relation between Pc(γ′(t)) and Pc(γ(t)).

Remember that we have assumed N ≥ 2, so that x̂0(t), x̂1(t) are defined.
By Items (1) in Lemmas 5.4 and 5.5, the points x̂0(t) and x̂1(t) are distinct.
We then consider the function

φ(t) :=
d
c
γ(t)(x̂N−1(t), γ(t))

d
c
γ(t)(x̂0(t), x̂1(t))

.

Note that it does not depend on the choice of a center orientation and that
it is continuous. The point x̂N−1(t) is the projection of γ′(t) = x̃′N−1(t) to
Pc(γ(t)). We recall that γ′(0) and γ′(1) are on different sides ofWuu(x̃N−1, R)

relative to γ; hence d
c
γ(0)(x̂N−1(0), γ(0)), d

c
γ(1)(x̂N−1(1), γ(1)) have different

signs and satisfy

|dcγ(0)(x̂N−1(0), γ(0))| > χ and |dcγ(1)(x̂N−1(1), γ(1))| > χ.

On the other hand |dcγ(t)(x̂0(t), x̂1(t))| does not vanish and is smaller than

χ. One deduces that φ(0), φ(1) have different signs and have modulus larger
than 1. In particular there exists t̂ such that φ(t̂) = 1. We set ẑ := γ(t̂).

Consider the points x̂N := ẑ and x̂i := x̂i(t̂). All the points huut (x̃i)
belong to Pc(γ′(t)), all the points x̂i belong to Pc(γ(t)) and γ′(t) belongs
to Pcs(γ(t)). By our choice of η, Items (2) in Lemmas 5.4 and 5.5 hold, and
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<latexit sha1_base64="3BDQ8vUvboAG9dEOUlW3EUGfB1s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2A9sQ9lsNu3SzSbsTsRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJXCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVDDpVC8gQIlb6ea0ziQvBUMr6d+65FrIxJ1j6OU+zHtKxEJRtFKD10UMuTkqef2yhW36s5AlomXkwrkqPfKX90wYVnMFTJJjel4bor+mGoUTPJJqZsZnlI2pH3esVTRmBt/PLt4Qk6sEpIo0bYUkpn6e2JMY2NGcWA7Y4oDs+hNxf+8TobRlT8WKs2QKzZfFGWSYEKm75NQaM5QjiyhTAt7K2EDqilDG1LJhuAtvrxMmmdV76J6fndeqd3kcRThCI7hFDy4hBrcQh0awEDBM7zCm2OcF+fd+Zi3Fpx85hD+wPn8Af/VkH4=</latexit>

x̃0

<latexit sha1_base64="6v6FwcRpkKkDe104MzF7zWwA5vA=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4McxIUI8BPXiSCGaBZAw9PT1Jk56F7ho1DPkPLx4U8eq/ePNv7CwHTXxQ8Hiviqp6XiKFRtv+tnJLyyura/n1wsbm1vZOcXevoeNUMV5nsYxVy6OaSxHxOgqUvJUoTkNP8qY3uBz7zQeutIijOxwm3A1pLxKBYBSNdN9BIX1OnrrZzYkz6hZLdtmegCwSZ0ZKMEOtW/zq+DFLQx4hk1TrtmMn6GZUoWCSjwqdVPOEsgHt8bahEQ25drPJ1SNyZBSfBLEyFSGZqL8nMhpqPQw90xlS7Ot5byz+57VTDC7cTERJijxi00VBKgnGZBwB8YXiDOXQEMqUMLcS1qeKMjRBFUwIzvzLi6RxWnbOypXbSql6NYsjDwdwCMfgwDlU4RpqUAcGCp7hFd6sR+vFerc+pq05azazD39gff4A2KuSGg==</latexit>

x̃N�1

<latexit sha1_base64="30UBdf7A8oI+FGo1OAhfenB0V+4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2A9sQ9lsJu3SzSbsbsRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVcG9f9dgorq2vrG8XN0tb2zu5eef+gqZNMMWywRCSqHVCNgktsGG4EtlOFNA4EtoLh9dRvPaLSPJH3ZpSiH9O+5BFn1FjpoWu4CJE89bxeueJW3RnIMvFyUoEc9V75qxsmLItRGiao1h3PTY0/pspwJnBS6mYaU8qGtI8dSyWNUfvj2cUTcmKVkESJsiUNmam/J8Y01noUB7YzpmagF72p+J/XyUx05Y+5TDODks0XRZkgJiHT90nIFTIjRpZQpri9lbABVZQZG1LJhuAtvrxMmmdV76J6fndeqd3kcRThCI7hFDy4hBrcQh0awEDCM7zCm6OdF+fd+Zi3Fpx85hD+wPn8AQFokH8=</latexit>

x̃1

<latexit sha1_base64="DWbCXINKGv9HsB68m5yic2of5Hk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoC0siRV0WdOFKKtgHNDFMJpN26OTBzEQsIWs3/oobF4q49Qvc+TdO2iy09cCFwzn3cu89bsyokIbxrZUWFpeWV8qrlbX1jc0tfXunI6KEY9LGEYt4z0WCMBqStqSSkV7MCQpcRrru6CL3u/eECxqFt3IcEztAg5D6FCOpJEffT60AySFGDHazuzRJspolKfMIfHDS62MzO3L0qlE3JoDzxCxIFRRoOfqX5UU4CUgoMUNC9E0jlnaKuKSYkaxiJYLECI/QgPQVDVFAhJ1OXsngoVI86EdcVSjhRP09kaJAiHHgqs78bjHr5eJ/Xj+R/rmd0jBOJAnxdJGfMCgjmOcCPcoJlmysCMKcqlshHiKOsFTpVVQI5uzL86RzUjdP642bRrV5WcRRBnvgANSACc5AE1yBFmgDDB7BM3gFb9qT9qK9ax/T1pJWzOyCP9A+fwCtUZo/</latexit>Wuu(x̃N�1)
<latexit sha1_base64="7mba5NeCWo4isjuaoigKRajbQjw=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAhuLElB67IggiupYB+QxjKZTNqhk0mYuVFL6F+40IULRdz6L+78G6ePhbYeuHA4517uvcdPBNdg29/WwuLS8spqbi2/vrG5tV3Y2W3oOFWU1WksYtXyiWaCS1YHDoK1EsVI5AvW9PvnI795x5TmsbyBQcK8iHQlDzklYKTbNnARMPzQya6Oy8NOoWiX7DHwPHGmpFgtPj+6okJqncJXO4hpGjEJVBCtXcdOwMuIAk4FG+bbqWYJoX3SZa6hkkRMe9n46iE+NEqAw1iZkoDH6u+JjERaDyLfdEYEenrWG4n/eW4K4ZmXcZmkwCSdLApTgSHGowhwwBWjIAaGEKq4uRXTHlGEggkqb0JwZl+eJ41yyTktnVybNC7QBDm0jw7QEXJQBVXRJaqhOqJIoSf0it6se+vFerc+Jq0L1nRmD/2B9fkDzCWVCA==</latexit>

x̃N−2

<latexit sha1_base64="DWbCXINKGv9HsB68m5yic2of5Hk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoC0siRV0WdOFKKtgHNDFMJpN26OTBzEQsIWs3/oobF4q49Qvc+TdO2iy09cCFwzn3cu89bsyokIbxrZUWFpeWV8qrlbX1jc0tfXunI6KEY9LGEYt4z0WCMBqStqSSkV7MCQpcRrru6CL3u/eECxqFt3IcEztAg5D6FCOpJEffT60AySFGDHazuzRJspolKfMIfHDS62MzO3L0qlE3JoDzxCxIFRRoOfqX5UU4CUgoMUNC9E0jlnaKuKSYkaxiJYLECI/QgPQVDVFAhJ1OXsngoVI86EdcVSjhRP09kaJAiHHgqs78bjHr5eJ/Xj+R/rmd0jBOJAnxdJGfMCgjmOcCPcoJlmysCMKcqlshHiKOsFTpVVQI5uzL86RzUjdP642bRrV5WcRRBnvgANSACc5AE1yBFmgDDB7BM3gFb9qT9qK9ax/T1pJWzOyCP9A+fwCtUZo/</latexit>Wuu(x̃N�1)

<latexit sha1_base64="CcmNGB7n/xFOa9qbEuWZWw88OhU="></latexit>

�Ws
ẑ

<latexit sha1_base64="KBdGjgHKV6oWroOsJ1uKKkx7RRE=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3YRE+9wVRHBZwT6giWUynbRDJw9mJkKNXfgrblwo4tbfcOffOGkjqOiBgcM593LPHDdiVEjT/NAWFpeWV1Zza/n1jc2tbX1nty3CmGPSwiELeddFgjAakJakkpFuxAnyXUY67vgs9Ts3hAsaBldyEhHHR8OAehQjqaS+vp/YPpIjjBhsTq9x0R4hCW+P+3rBNOpmuVo6haZhzpCScqler0ErUwogQ7Ovv9uDEMc+CSRmSIieZUbSSRCXFDMyzduxIBHCYzQkPUUD5BPhJLP8U3iklAH0Qq5eIOFM/b6RIF+Iie+qyTSs+O2l4l9eL5ZezUloEMWSBHh+yIsZlCFMy4ADygmWbKIIwpyqrBCPEEdYqsryqoSvn8L/SfvEsCpG5bJUaJxndeTAATgERWCBKmiAC9AELYDBHXgAT+BZu9cetRftdT66oGU7e+AHtLdPXaOVtw==</latexit>Pc(ẑ)

<latexit sha1_base64="3W9aHy9Gl5OWYVaGei3V1rHRMzA=">AAAB7nicdVDLSgMxFM34rPVVdekmWERXQ2awY7sriOCygn1AO5RMmmlDk8yQZIQy9CPcuFDErd/jzr8xfQgqeuDC4Zx7ufeeKOVMG4Q+nJXVtfWNzcJWcXtnd2+/dHDY0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsaX8389j1VmiXyzkxSGgo8lCxmBBsrtXtDLAQ+65fKyPUrqFb1IHKRhe9bUkFeLQigN1cQKoMlGv3Se2+QkExQaQjHWnc9lJowx8owwum02Ms0TTEZ4yHtWiqxoDrM5+dO4alVBjBOlC1p4Fz9PpFjofVERLZTYDPSv72Z+JfXzUxcDXMm08xQSRaL4oxDk8DZ73DAFCWGTyzBRDF7KyQjrDAxNqGiDeHrU/g/afmuF7jB7UW5fr2MowCOwQk4Bx64BHVwAxqgCQgYgwfwBJ6d1Hl0XpzXReuKs5w5Aj/gvH0CPriPjA==</latexit>

�0
<latexit sha1_base64="L99nHhB6lPAabekKYj4Ua2k4tUo=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ0acabsriOCygn1AO5RMmmljk8yQZIQy9B/cuFDErf/jzr8xfQgqeuDC4Zx7ufeeKOVMG4Q+nJXVtfWNzcJWcXtnd2+/dHDY0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsaX8789j1VmiXy1kxSGgo8lCxmBBsrtXpDLATul8rI9ZFXCyoQuQh5vh9YUqtVfc+DnlVmKIMlGv3Se2+QkExQaQjHWnc9lJowx8owwum02Ms0TTEZ4yHtWiqxoDrM59dO4alVBjBOlC1p4Fz9PpFjofVERLZTYDPSv72Z+JfXzUxcDXMm08xQSRaL4oxDk8DZ63DAFCWGTyzBRDF7KyQjrDAxNqCiDeHrU/g/aZ27XuAGNxfl+tUyjgI4BifgDHigAurgGjRAExBwBx7AE3h2EufReXFeF60rznLmCPyA8/YJ/BGPcQ==</latexit>�

<latexit sha1_base64="X0nvfUY6gmKJBFShtc+X7Ri5nRs=">AAACAHicbVA9SwNBEN3zM8avqIWFzWIQYhPuRKKNEBDBMoL5gFwIc5tNsmT37tidE2JI41+xsVDE1p9h579xc0mhiQ8G3r43w868IJbCoOt+O0vLK6tr65mN7ObW9s5ubm+/ZqJEM15lkYx0IwDDpQh5FQVK3og1BxVIXg8G1xO//sC1EVF4j8OYtxT0QtEVDNBK7dyh3wekj/SK+j1QCgrpG0/bubxbdFPQReLNSJ7MUGnnvvxOxBLFQ2QSjGl6boytEWgUTPJx1k8Mj4ENoMebloaguGmN0gPG9MQqHdqNtK0Qaar+nhiBMmaoAtupAPtm3puI/3nNBLuXrZEI4wR5yKYfdRNJMaKTNGhHaM5QDi0BpoXdlbI+aGBoM8vaELz5kxdJ7azolYqlu/N8+WYWR4YckWNSIB65IGVySyqkShgZk2fySt6cJ+fFeXc+pq1LzmzmgPyB8/kDoW2VLA==</latexit>

ẑ = �(t̂)

Figure 18. Proof of Proposition 6.1: choice of ẑ.

we obtain for 0 ≤ i 6= j 6= k < N

d
c
ẑ(x̂i, x̂j)

d
c
ẑ(x̂j , x̃k)

�L2

d
c
x̃N−1

(x̃i, x̃j)

d
c
x̃N−1

(x̃j , x̃k)
.

This, our inductive assumption and d
c
ẑ(x̂0, x̂1) = d

c
ẑ(x̂N−1, x̂N ) give

(3) d
c
ẑ(x̂0, x̂i) �L2(1+δ̃)2

i d
c
ẑ(x̂0, x̂1) for i = 1, . . . , N .

When Ec is not uniformly expanded we need to move the point ẑ = x̂0.
Proposition 5.6 implies that there exist an integer m ≥ 1 and a disk D ⊂
Wuu(x̃0, R) such that fm(D) =Wuu(fm(ẑ), R) and that for any z ∈ D, the
distortion of fm on Pc(ẑ) is controlled by ∆.

Claim. For every xN := z ∈ D, there exist points x0, . . . , xN−1 in Pc(z, ε̃)∩
Ws
loc(Λ), such that for any 0 < i ≤ N , we have

d
c
z(x0, xi) �L3(1+δ̃)2

i d
c
z(x0, x1).

Proof. Fix z ∈ D. The points x̂i ∈ Pc(ẑ) have been obtained by projecting
points x̃′i close to ẑ. The points xi are obtained similarly by projecting x̃′i
to P(z) using Lemma 4.1, so that Ŵs

z (xi) intersects Wu
loc(x̃

′
i).

In this way the points x̂i and xi are suus-related. Combining Item (3) in
Proposition 5.6 with (3), one gets the desired inequalities of the claim. �

Next, we select z ∈ D such that fm(z) ∈ K and set xN = z. We also fix
x0, . . . , xN−1 ∈ Pc(xN , ε̃)∩Ws

loc(Λ) given by the previous claim. Finally, we
choose n so that dcfn(z)(f

n(xN ), fn(x0)) ∈ [ε/‖Df‖, ε).
Note that n > m by Item (1) in Proposition 5.6. Item (2) in Proposi-

tion 5.6 and Corollary 5.2 then imply

d
c
fn(z)(f

nx0, f
nxi)

d
c
fn(z)(f

nx0, fnx1)
�∆2

d
c
z(x0, xi)

d
c
z(x0, x1)

.
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With our choice of numbers L,∆, δ̃, this ensures for any 0 < i ≤ N
dfn(z)(f

nx0, f
nxi) �(1+δ) i d

c
fn(z)(f

nx0, f
nx1).

For a sequence ε̃k → 0, we repeat the construction of points xi(k) and for-
ward times nk →∞. Extracting convergent subsequences fnk(xi(k))→ xi,
we obtain the points x0, . . . xN ∈ Λ satisfying the Item (3) in Proposition 6.1.
The points x0(k), . . . , xN−1(k) belong to the center plaque Pc(xN (k)) and
to the union of local stable manifolds of Λ, with x0(k) ∈ K, and so the limits
x0, . . . , xN belong to Λ, with x0 ∈ K0, and lie an interval in Pc(x0) whose
length is contained in [ε/‖Df‖, ε]. We have thus checked all the inductive
assumptions when N ≥ 2.

In the case N = 1, the proof is similar but simpler: we select the points
ẑ and then x1 in a similar way as xN , but we do not consider points x̃i,
i ≥ 1. The projection of some point x̃′0 ∈ Wuu(x̃0) to Pc(x0, ε̃) defines the
point x1 6= x0 but we do not need to check the estimates of the claim. As
before the points x0, x1 are obtained as limits of sequences fnk(xi(k)). The
proposition is now proved.�

Having proved Proposition 6.1, we fix δ, ε > 0 arbitrarily and let N →∞.
Extracting a subsequence of center plaques produced by Proposition 6.1,
we obtain a center plaque Pc(x, ε) ⊂ Λ, with x ∈ K0. Recall that K0 is a
compact hyperbolic set so that Pc(x, ε) is contained in the unstable set of x.
In particular, the union Dcu(y) of the local Wuu plaques through the points
y ∈ Pc(x, ε) is contained in the unstable manifold of x, which is tangent at
points of Λ to Ec ⊕Euu, and which is contained in Λ by construction. This
proves that Λ contains a cu-disk, completing the proof of Theorem C. �
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[28] Y. Pesin, Y. Sinăı, Gibbs measures for partially hyperbolic attractors. Ergod. Th.
Dynam. Syst. 2 (1982), 417–438.

[29] R. Potrie, Partial hyperbolicity and foliations in T3. J. Mod. Dyn. 9 (2015),
81–121.

[30] C. Pugh, M. Shub, A. Wilkinson, Hölder foliations. Duke Math. J. 86 (1997),
517–546.

[31] E. Pujals, M. Sambarino, A sufficient condition for robustly minimal foliations.
Ergod. Th. Dynam. Syst. 26 (2006), 281–289.

[32] M. Ratner, Strict measure rigidity for unipotent subgroups of solvable groups.
Invent. Math. 101 (1990), 449–82.

[33] M. Ratner, On measure rigidity of unipotent subgroups of semisimple groups.
Acta. Math. 165 (1990), 229–309.

[34] M. Ratner, On Raghunathan’s measure conjecture, Ann. of Math. 134 (1991),
545–607.



42 A. AVILA, S. CROVISIER, A. WILKINSON

[35] M. Ratner, Raghunathan’s topological conjecture and distributions of unipotent
flows. Duke Math. J. 63 (1991), 235–290.

[36] F. Rodriguez-Hertz, J. Rodriguez-Hertz, R. Ures, Some results on the integra-
bility of the center bundle for partially hyperbolic diffeomorphisms. Partially
hyperbolic dynamics, laminations, and Teichmüller flow, 103–109. Fields Inst.
Commun. 51 American Mathematical Society, Providence, RI, 2007.

[37] J. Rodriguez-Hertz, R. Ures, J. Yang, Robust minimality of strong foliations
for DA diffeomorphisms: cu-volume expansion and new examples. Trans. Amer.
Math. Soc. 375 (2022), 4333–4367.

[38] N. Shah, Ph.D. thesis, Tata Institute for Fundamental Research.
[39] A. N. Starkov, Solvable homogeneous flows. Math. Sbornik 176 (1987), 242–259.
[40] A. N. Starkov, The ergodic decomposition of flows on homogenous spaces of finite

volume. Math. Sbornik 180 (1989), 1614–1633.

Artur Avila
Institut für Mathematik, Universität Zürich
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