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Abstract. We consider the action of SL(2,R) on a vector bundle H preserving an
ergodic probability measure ν on the base X. Under an irreducibility assumption
on this action, we prove that if ν̂ is any lift of ν to a probability measure on the
projectivized bunde P(H) that is invariant under the upper triangular subgroup,
then ν̂ is supported in the projectivization P(E1) of the top Lyapunov subspace
of the positive diagonal semigroup. We derive two applications. First, the Lya-
punov exponents for the Kontsevich-Zorich cocycle depend continuously on affine
measures, answering a question in [MMY]. Second, if P(V) is an irreducible, flat
projective bundle over a compact hyperbolic surface Σ, with hyperbolic foliation F
tangent to the flat connection, then the foliated horocycle flow on T 1F is uniquely
ergodic if the top Lyapunov exponent of the foliated geodesic flow is simple. This
generalizes results in [BG] to arbitrary dimension.

To the memory of Jean-Christophe.

1. Introduction

Let G denote the group SL(2,R), and for t ∈ R, let

at =

(
et 0
0 e−t

)
, ut+ =

(
1 t
0 1

)
, and ut− =

(
1 0
t 1

)
.

Let A = {at : t ∈ R}, U+ = {ut+ : t ∈ R}, and U− = {ut− : t ∈ R}. The
group G is generated by A,U+ and U−. We denote by P = AU+ the group of upper
triangular matrices, and we recall that the group P is solvable and hence amenable:
any action of P on a compact metric space admits an invariant probability measure
(see, e.g. [EW, Section 8.4]). Recall that PSL(2,R) admits a natural identification
with the unit tangent bundle T 1H2 where H2 is the upper half plane endowed with
the hyperbolic metric. Through this identification, the left action of SL(2,R) on itself
induces an identification of A = {at} with the geodesic flow, and U+ (resp. U−) with
the unstable (resp. stable) horocycle flow of H2.

In this paper, we consider the following situation. Suppose G acts on a separable
metric space X, preserving an ergodic Borel probability measure ν. By the Mautner
phenomenon (see e.g. [Moz]), ν is ergodic with respect to the action of the diagonal
group A. Let H → X be a continuous vector bundle over X with fiber a finite
dimensional vector space H, and write H(x) for the fiber of H over x ∈ X. Suppose
that G acts on H by linear automorphisms on the fibers and the given action on
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the base. We denote the action of g ∈ G on H by g∗, so for v ∈ H(x), we have
g∗v ∈ H(gx).

Assume that H is equipped with a Finsler structure (that is, a continuous choice
of norm {‖ · ‖x : x ∈ X} on the fibers of H), and that with respect to this Finsler,
the action of G on H satisfies the following integrability condition:

(1)

∫
X

sup
t∈[−1,1]

(
log ‖at∗‖x

)
dν(x) < +∞,

where, for g ∈ G, ‖g∗‖x denotes the operator norm of the linear action of g∗ on the
fiber over x with respect to the Finsler structure:

‖g∗‖x := sup
{v∈H:‖v‖x=1}

‖g∗v‖gx.

Since the A-action on X is ergodic with respect to ν, the Oseledets multiplicative
ergodic theorem implies that there exists a at-equivariant splitting

(2) H(x) =
m⊕
j=1

Ej(x),

defined for ν-almost every x ∈ X, and real numbers λ1 > · · · > λm (called the
Lyapunov exponents of the A-action) such that for ν-a.e. x ∈ X and all v ∈ Ej(x),

lim
|t|→∞

1

t
log
‖at∗v‖atx
‖v‖x

= λj.

Definition 1.1 (ν-measurable invariant subbbundle). A ν-measurable invariant sub-
bundle for the G action on H is a measurable linear subbundle W of H with the
property that g∗ (W(x)) = W(gx), for ν-a.e. x ∈ X and every g ∈ G.

Definition 1.2 (irreducible). We say that the G action on H is irreducible with
respect to the G-invariant measure ν on X if it does not admit ν-measurable invariant
subbundles: that is, if W is a ν-measurable invariant subbundle, then either W(x) =
{0}, ν-a.e. or W(x) = H(x), ν-a.e.

We note that the bundles Ej in the splitting (2) are not invariant in the sense of
Definition 1.1, since they are (in general) equivariant only under the subgroup A and
not under all of G.

Let P(H) be the projective space of H (i.e., the space of lines in H), and let
P(H) be the projective bundle associated to H with fiber P(H). Then G also acts
on P(H) via the induced projective action on the fibers. The space P(H) may not
support a G-invariant measure, but since P is amenable and P(H) is compact, it will
always support a P -invariant measure. In particular, for any P -invariant measure µ
on X, there will be a P -invariant measure µ̂ on P(H) that projects to µ under the
natural map P(H) → X. For such a µ, denote by M1

P (µ) the (nonempty) set of all
P -invariant Borel probability measures on P(H) projecting to µ on X.
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We can now state our main theorem.

Theorem 1.3. Suppose that the G-action on π : H → X is irreducible with respect
to the G-invariant (and therefore P -invariant) measure ν on X, and let ν̂ ∈M1

P (ν).
Disintegrating ν̂ along the fibers of P(H), write

dν̂([v]) = dηπ(v)([v]) dν(π(v)),

where [v] ∈ P(H) denotes the line determined by {0} 6= v ∈ H. Then for ν-a.e.
x ∈ X, the measure ηx on P(H)(x) is supported on P(E1(x)), where as in (2), E1(x)
is the Lyapunov subspace corresponding to the top Lyapunov exponent of the A-action.

In particular, if E1 is one-dimensional, then #M1
P (ν) = 1.

The same conclusions of Theorem 1.3 hold when G = SL(2,R) is replaced by any
rank 1 semisimple Lie group, and P denotes the minimal parabolic subgroup of G
(i.e. the normalizer of the unipotent radical of G).
P -invariant measures are a natural object of study, as they are closely related to

stationary measures of a G-action. Suppose that G acts on a space Ω, and let m
be a Borel probability measure on G. Recall that a probability measure ρ on Ω is
m-stationary if m ∗ ρ = ρ, where for A ⊂ Ω measurable, we define

m ∗ ρ(A) =

∫
G

ρ(gA) dm(g).

A compactly supported Borel probability measurem onG is admissible if the following
two conditions hold: first, there exists a k ≥ 1 such that the k-fold convolution m?k

is absolutely continuous with respect to Haar measure; second, supp(m) generates
G as a semigroup. Furstenberg ([Fur63a], [Fur63b], restated as [NZ, Theorem 1.4]),
proved that there is a 1–1 correspondence between P -invariant measures on Ω and
m-stationary measures for admissible m. In fact any m-stationary measure on Ω is
of the form λ ∗ ν̂ where λ is the unique m-stationary measure on the Furstenberg
boundary of G (which is in our case the circle G/P ) and ν̂ is a P -invariant measure
on Ω.

Remark. In light of the discussion above, for any admissible measure m on G,
Theorem 1.3 also gives a classification of the m-stationary measures on H projecting
to ν.

In the context where X = SL(2,R)/Γ, with Γ cocompact (or of finite covolume),
H a flat H-bundle over X, and H = R2, C2 or C3, Theorem 1.3 was proved by
Bonatti and Gomez-Mont [BG], where irreducibility is replaced with the equivalent
hypothesis that ρ(Γ) is Zariski dense, where ρ is the monodromy representation.

Some constructions used in the proof of Theorem 1.3 are also used in [EM] in their
classification of SL(2,R) invariant probability measures on moduli spaces.
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2. Applications and the irreducibility criterion

The irreducibility hypothesis in Theorem 1.3 is not innocuous. Checking for the
non-existence of invariant measurable subbundles is in general an impossible task, but
there are two restricted contexts where it is feasible, on which we focus here:

• Suppose that X = G/Γ, for some discrete subgroup Γ ⊂ G, and H is a flat
bundle over X = G/Γ with monodromy representation ρ : Γ→ GL(H). Then
G acts transitively on X, the P -invariant measures on X are all algebraic by
[Moz] (which uses Ratner’s Theorem), and irreducibility is then equivalent to
the condition that there are no invariant algebraic subbundles of H. In the
case where ν is Haar measure, irreducibility of the associated G-action reduces
to the condition that ρ is an irreducible representation. In Subsection 2.1 we
derive some consequences of Theorem 1.3 in this context.
• If the bundle H admits a Hodge structure (not necessarily G-invariant) then

checking irreducibility can sometimes be reduced to showing that there are no
invariant subbundles that are compatible with the Hodge structure, a much
simpler task (since such subbundles must be real-analytic). In particular,
the condition that G acts transitively on the base in the previous setting
can be relaxed. This has been established rigorously by Simion Filip for the
Kontsevich-Zorich action, and we use Theorem 1.3 in Subsection 2.2 to deduce
further results in that context.

The mantra here is that for such Hodge bundles whose base supports a
G-invariant measure, any measurable G-invariant subbundle must come from
algebraic geometry. For the Kontsevich-Zorich action, this has been estab-
lished in [EFW].

We now describe the applications in more detail.

2.1. Linear representations of G-lattices.
The first application concerns the dynamics of the horocycle flow of a foliation

with hyperbolic leaves. If a manifold M has a 2-dimensional foliation F whose leaves
carry continuously varying hyperbolic structures, then there is a natural G-action on
the unit tangent bundle T 1F ⊂ T 1M to the leaves, induced by the identification of
T 1H2 with PSL(2,R) mentioned in the introduction. This gives rise to the foliated
geodesic and horocyclic flows on T 1F .

The dynamical properties of these flows have geometric consequences for the foli-
ations, including properties of harmonic measures (A probability measure on M is
harmonic with respect to the foliation F if it is invariant under leafwise heat flow:
see [Ga]). In particular, a probability measure on M is harmonic along the leaves of
F if and only if it is the projection of a P -invariant measure on T 1F ([Mar, BaMa]).
We consider here the special case of foliations induced by representations of surface
groups into linear groups. First, we discuss the suspension construction.

2.1.1. The suspension construction and a criterion for simplicity.
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Let Γ < SL(2,R) be a lattice, and let ρ : Γ → GL(H) be a representation, where
H = Rk or Ck, k ≥ 2. Then Γ acts on SL(2,R)×H by the diagonal action

γ : (g, v) 7→ (gγ−1, ρ(γ)v).

The group G = SL(2,R) also acts on SL(2,R)×H, by left multiplication in the first
factor, and trivially in the second factor. The Γ and G actions commute.

Define the suspension of ρ:

Hρ = SL(2,R)×H/Γ;

it is a H-bundle over SL(2,R)/Γ admitting the quotient (left) G-action. The orbits
of this G action foliate Hρ; this foliation is the quotient of the horizontal foliation of
SL(2,R)×H by Γ.

The suspension construction is quite general: if Γ is the covering group of a normal
cover M̂ of a manifold M , and ρ : Γ→ Aut(X) is a homomorphism into the automor-
phism group of an object X, then there is an associated fiber bundle Xρ → M with

fiber X obtained by taking the quotient of M̂ ×X by the diagonal action of Γ, acting
in the first factor by deck translations and in the second factor by ρ. If a group G
acts Γ-equivariantly on M̂ , then it acts Γ-equivariantly on M̂ × X, trivially in the
second component. This induces a G-action on Xρ. This suspension construction is
also used to construct the Kontsevich-Zorich cocycle in the next section.

Returning to lattices in SL(2,R), the following result gives a concrete criterion for
establishing when the Lyapunov exponents of the A-action on Hρ with respect to
Haar measure on SL(2,R)/Γ are all distinct, a property often referred to as simple
Lyapunov spectrum.

Theorem 2.1. [BF, Corollary 5.5] Let Γ < SL(2,R) be a lattice and ρ : Γ→ SL(H)
be a representation. If ρ(Γ) is Zariski dense in SL(H), then the Lyapunov spectrum
for the A-action on Hρ, with respect to Haar measure on G/Γ, is simple.

Theorem 2.1 is proved in the context of Kontsevich-Zorich cocycles in [EMat, The-
orem 1], by combining the main result of [GM] and [GR] with [Fur67, Theorem 3],
(whose proof is given in [Fu71]). It is straightforward to adapt the proof in [EMat] to
give a proof of Theorem 2.1. The formulation in [BF] is more general than stated here
and fits into a general theory (building on a long tradition initiated by Furstenberg)
connecting Lyapunov spectrum with the theory of boundary actions.

2.1.2. Foliated geodesic and horocyclic flows. The suspension construction gives a
natural way to construct a foliated bundle with hyperbolic leaves and compact leaf
space. Namely, given a representation ρ : Γ→ GL(H) of a lattice Γ < SL(2,R), one
constructs the projective bundle P(Ȟρ) over the hyperbolic surface H/Γ by suspending
the induced projective action of Γ on P(H), with Γ acting by isometries on the first
factor of Ȟ = H× P(H).

The bundle P(Ȟρ) does not carry a SL(2,R) action, but it does carry a natural fo-
liation (equivalently, a flat connection). In particular, the (trivial) horizontal foliation
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of Ȟ by hyperbolic planes descends under the Γ-quotient to a foliation Fρ of P(Ȟρ)
by hyperbolic surfaces. The leaf space of this foliation is P(H), and the monodromy
representation for Fρ is ρ. Since the leaves of Fρ carry a Riemannian structure, the
unit tangent bundle T 1Fρ to the foliation Fρ carries a natural flow, the foliated geo-
desic flow. The construction of the foliated geodesic flow of a representation can be
carried out quite generally, whenever Γ = π1(M), with M a Riemannian manifold
(see, e.g. [BF, Example 5.2]).

Now recalling that the unit tangent bundle to H/Γ is SL(2,R)/Γ, we note that in
the present setting T 1Fρ is naturally identified with the bundle P(Hρ), obtained by
again suspending the action of Γ on P(H), this time with Γ acting by right multi-
plication on the first factor of H = SL(2,R) × P(H). There is a natural projection
P(Hρ) to P(Ȟρ) induced by the projection SL(2,R)/Γ → H/Γ. The bundle P(Hρ)
admits an SL(2,R) action; the action of A on P(Hρ) is the foliated geodesic flow, and
the action of U+ is the foliated (positive) horocycle flow.

Note that the bundle P(Hρ) is the projectivization of the bundle Hρ → SL(2,R)/Γ,
which is the suspension of the ρ-action on H defined above. This bundle also admits
a SL(2,R) action. Bonatti and Gomez-Mont proved the following result, which con-
nects the dynamics of the foliated horocycle flow U+ on P(Hρ) with the Lyapunov
exponents of the A-action on Hρ.

Theorem 2.2 ([BG]). Let ρ : Γ → GL(3,C) satisfy the integrability condition (1),
which holds automatically if G/Γ is compact. If there is no ρ(Γ)-invariant measure
on CP2, and the largest Lyapunov exponent for the A-action on Hρ has multiplicity 1,
then there is a unique probability measure invariant under the foliated horocycle flow
on P(Hρ) and projecting to Lebesgue/Haar measure on SL(2,R)/Γ. In particular, if
SL(2,R)/Γ is compact, then the foliated horocycle flow is uniquely ergodic.

Our result generalizes the Bonatti–Gomez-Mont theorem to linear representations
of Γ in arbitrary dimension:

Theorem 2.3. Let H = Ck or Rk, for k ≥ 2, and let ρ : Γ → GL(H) satisfy
the integrability condition (1), which holds automatically if G/Γ is compact. If the
representation ρ is irreducible (i.e., if ρ(Γ) has no proper invariant subspace of H),
and the largest Lyapunov exponent for the A-action on Hρ has multiplicity 1, then
there is a unique probability measure invariant under the horocycle flow on P(H) and
projecting to Lebesgue/Haar measure on SL(2,R)/Γ. In particular, if SL(2,R)/Γ is
compact, then the foliated horocycle flow is uniquely ergodic.

Proof. We first observe that the condition that ρ is an irreducible representation
implies that the G-action on Hρ is irreducible. Suppose that there were a proper,
nontrivial G-invariant ν-measurable subbundle of H. Since the base G/Γ = T 1Σ
consists of a unique G-orbit, this bundle must be continuous (indeed analytic). This
bundle projects to a continuous subbundle in HΣ,ρ invariant under the monodromy of
Fρ. Fixing a point x ∈ X and considering the monodromy representation of π1(x,Σ)
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on the fiber of HΣ,ρ over x, this monodromy-invariant subbundle of HΣ,ρ restricts to
a ρ(Γ)-invariant subspace of H, which gives a contradiction.

Since E1 is one-dimensional, the fibers of P(E1) consist almost everyhere of a single
point, and so P(E1) is the image of a measurable section σ : SL(2,R)/Γ→ P(H). Let
µ+ := σ∗ν be the pushforward of Lebesgue/Haar measure ν on SL(2,R)/Γ to P(H)
under σ, which is invariant under the P action and ergodic under both A and U+

actions.
Suppose that µ is another measure on invariant under U+ and projecting to ν. If µ

is absolutely continuous with respect to µ+, then ergodicity of µ+ with respect to U+

implies that µ = µ+. We may assume that µ is not absolutely continuous with respect
to µ+ Taking the singular part of µ, saturating by the U+ action, and renormalizing
to be a probability, we obtain a measure µ1 that is U+ invariant and singular with
respect to µ+. The projection of this measure to G/Γ is absolutely continuous with
respect to ν and hence is equal to ν. The disintegration of µ1 along fibers assigns
measure 0 to P(E1).

Now push forward µ1 along the action of a−t and average, obtaining a limit measure
ν that is P -invariant and projects to ν. The details of this construction are worked
out in [BG, Sections 4 and 5].

Since we took averages over negative time, Oseledets’ theorem implies that ν is not
supported on P(E1). But this is a contradiction, by Theorem 1.3, since the G-action
on H is irreducible. �

In light of Theorem 2.1, we obtain a simple criterion for unique ergodicity of the
foliated horocycle flow when Γ is cocompact.

Corollary 2.4. Let H = Ck or Rk, for k ≥ 2, and let ρ : Γ → GL(H) satisfy
the integrability condition (1). If the image ρ(Γ) is Zariski dense in GL(H), then
there is a unique probability measure invariant under the horocycle flow on P(H) and
projecting to Lebesgue/Haar measure on SL(2,R)/Γ.

In particular, if SL(2,R)/Γ is compact and ρ : Γ → GL(H) is any representation
with Zariski dense image, then the foliated horocycle flow is uniquely ergodic.

In light of the results in [BaMa], we also obtain the following immediate corollary
to Theorem 1.3, which we state for simplicity in the cocompact setting.

Corollary 2.5. Let Γ < SL(2,R) be a cocompact lattice, let H = Ck or Rk, for
k ≥ 2, and let ρ : Γ→ GL(H) be a representation such that ρ(Γ) is Zariski dense.

Consider the compact manifold M = P(Ȟρ) → H/Γ, and let Fρ be the horizontal
foliation by hyperbolic surfaces. Then there is a unique probability measure on M that
is harmonic with respect to Fρ.

Matsumoto [M] recently showed that the same results do not hold for general
foliations by hyperbolic surfaces: on a (3-dimensional) solvmanifold, he constructs a
foliation with hyperbolic leaves whose foliated horocycle flow is not uniquely ergodic
(although it nonethess admits a unique harmonic measure).
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2.2. The Kontsevich-Zorich cocycle.
In our second application of Theorem 1.3, we deduce the continuity of Lyapunov

exponents of affine invariant measures.

Flat surfaces and strata. Suppose g ≥ 1, and let β = (β1, . . . , βm) be a partition
of 2g − 2. Let the Teichmüller space Ω(β) be the space of pairs (M,ω) where M is
a Riemann surface of genus g and ω is a holomorphic 1-form on M (i.e. an Abelian
differential) whose zeroes are labelled from 1 to m, and such that the zero labeled
i has multiplicity βi. In Ω(β), (M,ω) and (M ′, ω′) are identified if there exists a
holomorphic diffeomorphism f : M → M ′ isotopic to the identity, pulling back ω′ to
ω and preserving the labeling of the zeros. The space Ω(β) is smooth and contractible.

We also consider the moduli spaceH(β) whose definition is the same as that of Ω(β)
except that in H(β), (M,ω) and (M ′, ω′) are identified if there exists a holomorphic
diffeomorphism f : M →M ′ (not necessarily isotopic to the identity) pulling back ω′

to ω and preserving the labeling of the zeroes. We will refer to H(β) as a stratum of
Abelian differentials.

Let S be a closed topological surface of genus g, and let Σ be a collection of m
pairwise distinct points in S. The group Diff+(S,Σ) of diffeomorphisms of S fixing
the points in Σ acts on Ω(β), with stabilizer containing the subgroup Diff0(S,Σ) of
null-isotopic diffeomorphisms. Considering the quotient action, one obtains a properly
discontinuous action of the mapping class group Mod(S,Σ) := Diff+(S,Σ)/Diff0(S,Σ)
on Ω(β), with quotientH(β). Thus, the spaceH(β) is an orbifold with universal cover
Ω(β). For any β, there is a k-fold finite cover H(β)k of H(β) in which these orbifold
points disappear: H(β)k is a smooth manifold covered by Ω(β).

For each (M,ω) ∈ H(β), the form ω defines a canonical flat metric on M with
conical singularities at the zeros of ω. Thus we refer to points of H(β) as flat surfaces
or translation surfaces. For an introduction to this subject, see the survey [Zo2].

Affine measures and manifolds. There is a well-studied action of G = SL(2,R) on
Ω(β); in this action, g ∈ G acts linearly on translation structures via post-composition
in charts. This action preserves the subset Ω1(β) ⊂ Ω(β) of marked surfaces of (flat)
area 1. This G-action commutes with the action of Mod(S,Σ) and so descends to an
action on H(β) preserving the space H1(β) of flat surfaces of area 1.

An affine invariant manifold is a closed subset of H1(β) that is invariant under this
G action and which in period coordinates (see [Zo2, Chapter 3]) looks like an affine
subspace. Each affine invariant manifold N is the support of an ergodic SL(2,R)-
invariant probability measure νN . Locally, in period coordinates, this measure is (up
to normalization) the restriction of Lebesgue measure to the subspace N , see [EM]
for the precise definitions. It is proved in [EMM] that the closure of any SL(2,R)
orbit is an affine invariant manifold; this is analogous to one of Ratner’s theorems
in the theory of unipotent flows. (In genus 2, this result was previously proved by
McMullen [McM]).

To state our result, we will need the following:
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Theorem 2.6 ([EMM, Theorem 2.3]). Let Nn be a sequence of affine manifolds in
H(β), and suppose νNn → ν. Then ν is a probability measure. Furthermore, ν is the
affine measure νN , where N is the smallest submanifold with the following property:
there exists some n0 ∈ N such that Nn ⊂ N for all n > n0.

In particular, the space of ergodic P -invariant probability measures on H1(β) is
compact in the weak-star topology.

Since H1(β) is not compact, the weak star topology is defined using compactly sup-
ported functions. In particular, νNn → ν if and only if for any compactly supported
continuous function φ on H1(β), we have that

∫
φ dνNn →

∫
φ dν.

Remark 2.7. In the setting of unipotent flows, Theorem 2.6 is due to Mozes and
Shah [MS].

The Kontsevich-Zorich cocycle. The Hodge bundle H over H(β) is constructed
in a similar fashion to the suspension construction in Subsection 2.1. We start with
the bundle Ĥ over Ω(β) whose fiber over (M,ω) is the cohomology group H1(M,R)
(viewed as a 2g-dimensional real vector space). As Ω(β) is contractible, this bundle
is trivial, diffeomorphic to Ω(β)×R2g. We then consider the natural (right) action of

the group Γ = Mod(M,Σ) on Ĥ, where γ ∈ Γ acts by pullback in the fibers, and we

set H := Ĥ/Γ, which is a bundle over H(β). The Hodge bundle fails to be a vector
bundle over the orbifold points of H(β), but passing to a finite branched cover, the
corresponding Hodge bundle over H(β)k is a smooth vector bundle, and the G-action
lifts to this bundle. As the results below concern affine measures, which behave well
under finite branched covers, we will henceforth assume that H is a vector bundle
over H(β).

There is a natural (left) G-action on Ĥ that is the standard G action on Ω(β) and
trivial on the fibers. This descends as in Subsection 2.1 to a G action on H. This
G action is often described by measurably trivializing H and describing elements of
this action using elements of the symplectic group Sp(2g,Z). To be precise, if we
choose a fundamental domain in Ω(β) for the action of the mapping class group Γ,
then we have the cocycle α̃ : SL(2,R)×H1(β) → Γ where for x in the fundamental
domain, α̃(g, x) is the element of Γ needed to return the point gx to the fundamental
domain. Then, we define the Kontsevich-Zorich cocycle α(g, x) by

α(g, x) = ρ(α̃(g, x)),

where ρ : Γ → Sp(2g,Z) is the homomorphism given by the action on cohomology.
The Kontsevich-Zorich cocycle can be interpreted as the monodromy of the Gauss-
Manin connection restricted to the orbit of SL(2,R), see e.g. [Zo2, page 64].

Henceforth we will conflate action and cocycle and simply refer to this G-action on
H as the Kontsevich-Zorich cocycle. We further restrict (i.e. pull back) the bundle
H to the space H1(β) of flat surfaces of area 1. As the G-action on H(β) preserves
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H1(β), we thus have a restricted G action on the bundle H→ H1(β). The discussion
that follows concerns this action (cocycle) on this bundle.

There is a way to choose a Finsler structure on the Hodge bundle H over H1(β) so
that the Kontsevich-Zorich cocycle satisfies the integrability condition (1) with respect
to any affine measure ν on any such F . Moreover this integrability is uniform: there
exists C depending only on the genus such that for any x ∈ H1(β), any t ∈ [−1, 1]
and any v ∈ H(x),

C−1‖v‖x ≤ ‖at∗v‖atx ≤ C‖v‖x.
(see [AGY, Subsection 2.2.2] or [EMM, Section 7.2]). In particular,

(3)

∫
Z

sup
t∈[−1,1]

(
log ‖at∗‖x

)
dν(x) < ε.

The Lyapunov exponents of the Kontsevich-Zorich cocycle are defined with respect to
this Finsler structure; they exist and are constant almost everywhere with respect to
any ergodic affine measure. These exponents appear in other areas of dynamics, for
example in the study of deviations of ergodic averages of interval exchange tranforma-
tions [Zo] [Fo1], [Bu] and in the study of the diffusion rate of the periodic wind-tree
model [DHL].

The Lyapunov spectrum of the Kontsevich-Zorich cocycle has been studied exten-
sively. Building on numerical experiments by Zorich, it was conjectured by Kont-
sevich in [K] that for the Masur-Veech measures, the Lyapunov spectrum is simple:
this Kontsevich-Zorich Conjecture has been proved partially by Forni in [Fo1] and
then fully by Avila and Viana [AV]. For other affine measures ν the situation is
more complicated (and in particular the spectrum need not be simple). Also the sum
of the Lyapunov exponents (and in some cases the Lyapunov exponents themselves)
can be computed explicitly. Recent papers in which the Lyapunov spectrum of the
Kontsevich-Zorich cocycle plays a major role include [Au1, Au2, Au3, AEZ, Ba1, Ba2,
BoM0̈, CM1, CM2, DM, DZ, DD, EKMZ, EKZ, EKZ2, EMat, Fi1, Fi2, Fi3, FFM,
Fo2, F3, FM, FMZ1, FMZ2, FMZ3, KZ1, GH1, GH2, Mat, MY, MYZ, MMY, MW,
Mö, P1, P2, P3, T, Yu, YZ, W].

The following theorem answers a question asked in [MMY].

Theorem 2.8. Let Nn be a sequence of affine manifolds, and suppose the affine
measures νNn converge to the (affine) measure ν (as in Theorem 2.6). Then the
Lyapunov exponents of νNm (with respect to at) converge to the Lyapunov exponents
of ν.

The proof of Theorem 2.8 depends on Theorem 1.3 and the following theorem of
S. Filip:

Theorem 2.9 ([Fi1]). Let α denote (some exterior power of) the Kontsevich-Zorich
cocycle restricted to an affine invariant submanifold N . Let νN be the affine measure
whose support is N , and suppose α has a νN -measurable almost-invariant subbundle
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W (see Definition 1.1). Then W agrees νN -almost everywhere with a continuous
one.

In fact it is proved in [Fi1] that the dependence of any such W(x) on x is polynomial
in the period coordinates.

Simplicity of Lyapunov Spectrum of Teichmüller curves. We recall that a
Teichmüller curve is a closed SL(2,R) orbit on H1(β). Teichmüller curves (which
are submanifolds of real dimension 3) are the smallest possible affine manifolds; any
other type of affine manifold has dimension greater than 3.

By the Kontsevich-Zorich classification [KZ2], the stratum H(4) (in genus 3) has
two connected connected components H(4)hyp and H(4)odd. The connected compo-
nent H(4)hyp consists entirely of hyperelliptic surfaces.

As a consequence of some recent results, we obtain the following:

Theorem 2.10. All but finitely many Teichmüller curves in H(4) have simple Lya-
punov spectrum.

Theorem 2.10 was shown in [MMY] to follow from a conjecture of Delecroix and
Lelièvre (stated in [MMY]). Our proof below is unconditional; however it is much
less explicit and is completely ineffective. It also depends on the very recent results
of Filip [Fi1], Nguyen-Wright [NW], and [ANW].

Proof of Theorem 2.10. Suppose there exist infinitely many Teichmüller curves
Nn ⊂ H1(4) with multiplicities in the Lyapunov spectrum. By Theorem 2.6, the Nn
have to converge to an affine manifold N (in the sense that the affine measures νNn
will converge to the affine measure νN ). Furthermore, N cannot be a Teichmüller
curve (since by Theorem 2.6, N must contain all the Nn for n sufficiently large,
and thus dimN > 3). By the main theorems of [NW] and [ANW] the only proper
affine submanifolds of H1(4) that are not Teichmüller curves are the two connected
components H1(4)hyp and H1(4)odd and the Prym locus P of H1(4)odd. Thus N must
be either H1(4)hyp or H1(4)odd or P . The Lyapunov spectrum of both H1(4)hyp and
H1(4)odd is simple by [AV], and the Lyapunov spectrum of P is simple by [MMY,
§6.6] This contradicts Theorem 2.8. �

Remark 2.11. We expect that the applicability of the proof of Theorem 2.10 to
increase as our knowledge of the classification of affine invariant manifolds increases.

Remark 2.12. It remains a challenge to find an approach to the Delecroix-Lelièvre
conjecture itself which would leverage some equidistribution results.

3. Construction Of An Invariant Subspace

We write B := {us+ : s ∈ [−1, 1]} for the “unit ball” in U+, and Bt for atBa−t =
{us+ : s ∈ [−e2t, e2t]}. We also write

B[x] = {ux : u ∈ B} ⊂ X, Bt[x] = {ux : u ∈ Bt} ⊂ X.
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Similarly, we use the notation

U+[x] = {ux : u ∈ U+} ⊂ X.

Recall that ν denotes a G-invariant measure on X that is ergodic for the action of
A = {at}. In what follows, when we write “almost all x” we mean “all x outside a
set of ν-measure 0.”

3.1. The forward and backward flags. We consider the forward and backward
flags for the action of at on fibers, which define the Oseledets decomposition; let

{0} = E≥n+1(x) ⊂ E≥n(x) ⊂ · · · ⊂ E≥1(x) = H(x)

be the forward flag, and let

{0} = E≤0(x) ⊂ E≤1(x) ⊂ · · · ⊂ E≤n(x) = H(x)

be the backward flag. This means that for almost all x and for v ∈ E≥i(x) such that
v 6∈ E≥i+1(x),

(4) lim
t→+∞

1

t
log
‖at∗v‖
‖v‖

= λi,

and for v ∈ E≤i(x) such that v 6∈ E≤i−1(x),

(5) lim
t→−∞

1

t
log
‖at∗v‖
‖v‖

= λi.

By e.g. [GM, Lemma 1.5], for a.e. x and every i, we have

(6) H(x) = E≤i(x)⊕ E≥i+1(x).

The bundles E1, . . . ,En in the Oseledets decomposition are then defined by the almost
everywhere transverse intersections Ei := E≤i ∩E≥i. Note that E≤1 = E1, E≥n = En

and in general, E≤j = E1 ⊕ E2 ⊕ · · ·Ej and E≥j = Ej ⊕ Ej+1 ⊕ · · ·En almost
everywhere.

The bundles E≥i and E≤i are evidently A-equivariant; for almost all x ∈ X and
every t ∈ R, we have

(7) at∗ (E≤j(x)) = E≤j(a
tx), at∗ (E≥j(x)) = E≥j(a

tx).

Lemma 3.1. For almost all x ∈ X, u ∈ U+ and ū ∈ U−, we have

(8) u∗ (E≤j(x)) = E≤j(ux), ū∗ (E≥j(x)) = E≥j(ūx).

Proof. Equation (4) means that the bundle E≥j(x) is characterized by the fact that
the forward rate of expansion of vectors in E≥j(x) under at∗ is no more than λj. For
any s, t ∈ R the vectors v ∈ Hx, for some x ∈ X, and w = (us−)∗(v) satisfy

at∗(w) = (u
exp(−t)·s
− )∗(a

t
∗(v)).

Since the measure ν is G-invariant, almost every point x is recurrent for at. Thus

the sequence of linear maps (u
exp(−t)·s
− )∗ tend to the identity for large t > 0 for which
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at∗x is close to x. As a consequence, if the rates of expansion of the vectors v and
w are defined, they are the same. This proves the invariance of the bundle E≥j(x)
under U−. �

Remark 3.2. If for some j ≥ 2, the bundle E≥j were also invariant under almost
every u ∈ U+, then because G is generated by A,U+ and U−, the bundle would be
invariant under G, violating the irreducibility hypothesis on the action of G.

As remarked before, the bundles Ei and therefore E≥i and E≤i are measurable. This
implies that, for any Borel probability measure for which these bundles are almost
everywhere defined, they are continuous when restriction to a set whose measure is
arbritrarily close to 1. This implies the following statement.

Lemma 3.3. Let E ⊂ H be a measurable subbundle of H. For any compact subset
K ⊂ X and any probability measure θ on K with respect to which the bundle is defined
θ-almost everywhere, there is a set Y ⊂ X of full θ-measure such that any y ∈ Y
admits a subset Gy ⊂ Y with the following properties:

• θ(Gy ∩ U) > 0, for any neighborhood U of y;
• the bundle E is continuous on Gy.

The map from R to U+ defined by t 7→ u+
t defines a measure on U+ by the push-

forward of Lebesgue measure on R. This measure coincides with the Haar measure
on U+. We refer to this measure as Lebesgue measure on U+ and denote it by | · |.
The previous lemma, the U+-invariance of ν and Fubini’s theorem imply:

Corollary 3.4. In our setting there is a subset Y ⊂ X of full ν-measure such that
for all y ∈ Y :

• the bundles E≥j(uy) are well-defined for Lebesgue-almost every u ∈ B;
• there exists a measurable set Gy ⊂ B such that |Gy ∩ U | > 0, for any neigh-

borhood U of the identity in B, and such that u 7→ E≥j(uy) is continuous on
Gy.

3.2. The forward flag and the unstable horocycle flow: defining the inert
flag. Our strategy for proving Theorem 1.3 is to show that if the measure ν̂ is not
supported in E1, then there is a nontrivial subbundle of some E≥j that is G-invariant,
obtaining a contradiction.

To this end, we define the inert flag

(9) {0} = F≥n+1(x) ⊆ F≥n(x) ⊆ F≥n−1(x) ⊆ . . .F≥2(x) ⊆ F≥1(x) = H(x).

where F≥j(x), for j = 1, . . . ,m are defined by

(10) F≥j(x) = {v ∈ H(x) : for almost all u ∈ B, u∗v ∈ E≥j(ux)}.
In other words, v ∈ F≥j(x) if and only if, for almost all u ∈ B we have

(11) lim sup
t→∞

1

t
log ‖at∗u∗v‖ ≤ λj.
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From the definition it follows that the F≥j(x) are vector subspaces of H(x) that
decrease with j, and thus they indeed form a flag.

Lemma 3.5. For almost every x ∈ X, the following hold:

(a) F≥j(x) ⊂ E≥j(x);
(b) F≥j(x) = {v ∈ H(x) : for almost all u ∈ U+, u∗v ∈ E≥j(ux)};
(c) F≥j(x) is A-equivariant; i.e., at∗ (F≥j(x)) = F≥j(a

tx), for all t ∈ R; and
(d) for almost all u ∈ U+, we have u∗ (F≥j(x)) = F≥j(ux).

E�j(x)

Ej�1(x)

F�j(x)

E�j(ux)

u(F�j(x)) = F�j(ux)

u(Ej�1(x)) = Ej�1(ux)
u(E�j(x))

Figure 1. Invariance properties of E≤j−1,E≥j, and F≥j under almost
every u ∈ U+.

Proof.
(a) Consider x ∈ X such that (6) holds both for x and for almost every point in
B[x] and such that x belongs to the set Y described in Corollary 3.4. Since (6) holds
almost everywhere, Fubini’s theorem implies that the set of such x has full measure
in X. Pick such an x, and let v ∈ F≥j(x). Then we can write v = v≥j +v≤j−1, where
v≥j ∈ E≥j(x), and v≤j−1 ∈ E≤j−1(x). We have u∗v = u∗v≥j + u∗v≤j−1.

If v≤j−1 6= 0, then (8) implies that for almost every u ∈ U+, we have 0 6= u∗v≤j−1 ∈
E≤j−1(ux).

By our choice of x, we have E≤j−1(ux) ∩ E≥j(ux) = ∅ for almost every u ∈ U+.
Now suppose u ∈ Gx, where Gx ⊂ B given by Corollary 3.4. We decompose u∗v≥j as
the sum of a vector in E≥j(ux) and a vector in E≤j−1(ux); since both of these spaces
vary continuously in u ∈ Gx, if u ∈ Gx is sufficently close to the identity in U+, then
the component of u∗v≥j in E≤j−1(ux) is arbitrarily small, and in particular smaller
than u∗v≤j−1.

This shows that u∗v /∈ E≥j(ux) for u ∈ Gx sufficiently close to the identity. But
Corollary 3.4 implies that the set of such u has positive Lebesgue measure in B; this
contradicts the assumption that v ∈ F≥j(x). Therefore v≤j−1 = 0, and v ∈ E≥j(x),
proving (a).
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(c) Note that for t ≥ 0, atB[x] = Bt[atx] ⊃ B[atx]. It follows that

(12) at∗(F≥j(x)) ⊂ F≥j(a
tx).

In particular, the dimension of F≥j(x) is a measurable function, with values in
{0, . . . , dim(H)}, and which is nondecreasing along at-orbits. Thus the sets {x ∈
X : dim(F≥j(x)) ≥ i} are positively invariant by at, t ≥ 0. As the measure ν is
assumed to be A-ergodic, it follows that there exists i ∈ {0, . . . , dim(H)} such that,
for ν-almost every x, the dimension of F≥j(x) is equal to i. For such a ν-generic x,
the inclusion in (12) becomes an equality:

at∗(F≥j(x)) = F≥j(a
tx),

proving item (c).
(b) Consider now an x such that (c) holds, a vector v ∈ F≥j(x), and a large t > 0.

Now a−t∗ v belongs to F≥j(a
−tx). Since atB[a−tx] = Bt[x], we deduce that for every

t > 0,

F≥j(x) = {v ∈ H(x) : for almost all u ∈ Bt(x), u∗v ∈ E≥j(ux)}.
As t > 0 was arbitrary, this establishes (b).

(d) Consider x satisfying (a) and (b), and let v ∈ F≥j(x). Then for almost every
u ∈ U+, we have u∗v ∈ E≥j(ux). Fix such a u, and suppose that u∗v /∈ F≥j(ux).
This implies there there exists a positive measure set of u′ ∈ U+ such that u′u∗v /∈
E≥j(u

′ux). But this violates the assumption that v ∈ F≥j(x). Thus for almost all
u ∈ U+, we have u∗ (F≥j(x)) ⊂ F≥j(ux). The reverse inclusion is proved by applying
u−1. This gives (d). �

3.3. The inert flag is G-invariant.

Lemma 3.6. For almost all ū ∈ U− and almost all x ∈ X, ū∗ (F≥j(x)) = F≥j(ūx).

Proof. It is enough to show that (outside a set of measure 0), for all v ∈ F≥j(x),
we have ū∗v ∈ F≥j(ūx). Hence, in view of the definition (10) of F≥j, it is enough to
show that for almost all u ∈ U+ and ū ∈ U−,

(13) (uū)∗v ∈ E≥j(uūx).

We may write uū = ū′u′a where ū′ ∈ U−, u′ ∈ U+, a ∈ A. Let

w = (u′a)∗v.

Then, by Lemma 3.5 (c) and (d), w ∈ F≥j(u
′ax). By Lemma 3.5 (a), F≥j(u

′ax) ⊂
E≥j(u

′ax). Therefore

(uū)∗v = (ū′u′a)∗v = ū′∗w ∈ ū′∗ (Fj(u
′ax)) ⊂ ū′∗ (E≥j(u

′ax)) .

But, by (8),
ū′∗ (E≥j(u

′ax)) = E≥j(ū
′u′ax) = E≥j(uūx).

Thus, (13) holds. �
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In view of Lemma 3.5 (c), (d) and Lemma 3.6, we have proved the following:

Proposition 3.7. The subspaces F≥j(x) are equivariant under the action of SL(2,R).

3.4. Relaxing the definition of the components of the inert flag.

Lemma 3.8. There exists a subset Ω ⊂ X with ν(Ω) = 1 with the following property.
For j ∈ {0, . . . , n}, x ∈ Ω, and v ∈ H(x), let

(14) Qj(v) = {u ∈ B : u∗v ∈ E≥j(ux)}.
Then either |Qj(v)| = 0, or |Qj(v)| = |B| (and thus v ∈ Fj(x)).

Proof. Fix j ∈ {0, . . . , n}. For a subspace V ⊂ H(x), let

Qj(V) = {u ∈ B : u∗V ⊂ E≥j(ux)}.
Let d be the maximal number such that there exists Y ⊂ X with ν(Y ) > 0 such
that for x ∈ Y there exists a subspace V ⊂ H(x) of dimension d with |Qj(V)| > 0.
For a fixed x ∈ Y , let W(x) denote the set of subspaces V of dimension d for which
|Qj(V)| > 0. Then, by the maximality of d, if V and V′ are distinct elements ofW(x)
then Qj(V) ∩Qj(V

′) = ∅. Fix a measurable collection of subspaces Vx ∈ W(x), for
x ∈ Y , such that |Qj(Vx)| is maximal (among elements of W(x)).

For x ∈ Y , u ∈ B and t > 0, consider the set

D(u, x) := {z ∈ B−t : zu ∈ Qj(Vx)}.
Let ε > 0 be arbitrary, and suppose x ∈ Y . The Vitali covering lemma implies that
there exists t0 > 0 and a subset Q(Vx)

∗ ⊂ Q(Vx) ⊂ B such that

(15) |Q(Vx) \Q(Vx)
∗| < ε|Q(Vx)|,

and for all u ∈ Q(Vx)
∗ and all t > t0, we have

(16) |D(u, x)| ≥ (1− ε)|B−t|.
(In other words, Q(Vx)

∗ are “points of (1 − ε) density” for Q(Vx), relative to the
collection of (small) balls {B−tu : u ∈ Q(Vx), t > t0}.) Let

Y ∗ = {ux : x ∈ Y, u ∈ Q(Vx)
∗}.

Then, since ν(Y ) > 0, the U+-invariance of ν and (15) imply that ν(Y ∗) > 0. Let
Ω = {x ∈ X : a−tx ∈ Y ∗ infinitely often.}. Poincaré recurrence implies that
ν(Ω) = 1. Suppose x ∈ Ω. We can choose t > t0 such that a−tx ∈ Y ∗. Note that

(17) B[x] = atB−t[a−tx].

Let x′ = a−tx ∈ Y ∗, and let Vt,x = (at)∗Vx′ . Then in view of (16) and (17), we have

(18) |Q(Vt,x)| ≥ (1− ε)|B|.
By the maximality of d (and assuming ε < 1/2), Vt,x does not depend on t. Hence,
for every x ∈ Ω, there exists V ⊂ H(x) such that dim V = d and |Q(V)| ≥ (1− ε)|B|.
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Since ε > 0 is arbitrary, for each x ∈ Ω, there exists V ⊂ H(x) with dim V = d, and
|Q(V)| = |B|. Now the maximality of d implies that if v 6∈ V then |Q(v)| = 0. �

4. Proof of Theorem 1.3

Now suppose that there is more than one Lyapunov exponent on H (so that λ2 <
λ1). Then for almost all x, F≥2(x) is a proper, nontrivial subspace of F≥1(x) = H(x).

Suppose also that the cocycle is irreducible with respect to the measure ν (so there
are no non-trivial proper equivariant ν-measurable subbundles). Then it follows from
Proposition 3.7 that for all j ≥ 2 and ν-almost all x,

(19) F≥j(x) = {0}.
Let ν̂ ∈MP (ν) be any P -invariant measure on the total space of the projectivized

bundle P1(H) that projects to ν. We may disintegrate ν̂ as follows:

dν̂([v]) = dν(π(v)) dηπ(v)([v]).

Lemma 3.8 and (19) imply that for almost every x ∈ X and every v ∈ H(x) \ {0}:
(20) |{u ∈ B : u∗v ∈ E≥2(ux)}| = 0.

In other words, for almost every x and every nonzero v ∈ H(x), we have u∗v /∈
E≥2(ux), for almost every u ∈ B.

The U+-invariance of ν̂ then implies the following claim.

Claim 4.1. For ν-almost all x, the disintegration ηx of ν̂ is supported in the set
P (H(x) \ E≥2(x)).

Proof. First notice that almost all P -invariant measures in the P -ergodic desintegra-
tion of ν̂ project on ν. Therefore it is suffices to prove the claim under the extra
assumtion that ν̂ is ergodic for P .

We argue by contradiction, assuming that there is a measurable set Z contained
in P(E≥2) and a positive ν-measure set Y ⊂ X such that ηy(Z(y)) > 0 for y ∈ Y ,
where Z(y) = Z ∩ P(H(y)). In other words ν̂(Z) > 0. As the bundle E≥2 and the
disintegrations ηy are equivariant under the action of {at}, we may assume that Y
and Z are invariant under the action of at.

Since P is amenable, and ν̂ is ergodic with respect to P , the Mean Ergodic Theorem
for amenable actions (see [EW, Theorem 8.13]) implies that for ν̂-almost every point
[v] in P(H) there is a set C[v] ⊂ P of positive measure with respect to Haar measure
on P , such that for h ∈ C[v], we have h∗([v]) ∈ Z, and therefore h∗([v]) ∈ P(E≥2(hx)),
where x ∈ X is the base point of [v].

As Z is invariant under the action of at, the set C[v] is invariant under the action
of at on the group P ; it follows that C[v] intersects U+ in a set of positive Lebesgue
measure. According to Lemma 3.8, this implies that [v] ∈ F≥2(x). In particular,
one gets that F≥2(x) is not trivial for ν-almost every point x ∈ X, contradicting the
assumption of ν-irreducibility. �
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Using the A-invariance of ν̂ and Oseledets’ theorem, we obtain the next claim,
which gives the main conclusion of Theorem 1.3:

Claim 4.2. ηx must in fact be supported in P(E1(x)) for η-a.e. x.

Proof. To any point [v] of PH(x) \P(E≥2(x)) at a point x generic for ν for which the
Lyapunov spaces are well defined, we associate a real number α([v]) as follows: there
is a vector v ∈ [v] so that v = v1 + α([v])v≥2 where v1 ∈ E1(x) and v≥2 ∈ E≥2(x)
are unit vectors.

As at preserves the Lyapunov spaces, the set where α is defined is invariant under
the action of at on PH. Furthermore, by definition of the Lyapunov spaces one gets

lim
t→+∞

α((at)∗([v])) = 0,

for any [v] ∈ PH(x) \ P(E≥2(x)), where x is generic for ν.
The previous claim said that α is well defined ν̂-almost everywhere. We want to

prove that α vanishes ν̂-almost everywhere.
Otherwise, there is a compact interval [a, b] ⊂ (0,+∞) so that ν̂(Za,b) > 0 where

Za,b = {(x, [v]) : α([v]) ∈ [a, b]}. Thus Za,b is a set of positive measure but every
point in Za,b has only finitely many positive return times for at in Za,b, contradicting
the Poincaré recurrence theorem. This contradiction concludes the proof. �

If, moreover, the top Lyapunov exponent λ1 is simple, it follows that for almost all
x, ηx must be the Dirac measure supported on P(E1(x)). Hence, in this case, there
is only one invariant measure. �

5. Proof of Theorem 2.8

We begin with the general observation (due to Furstenberg) that Lyapunov expo-
nents of a cocycle on H can be computed explicitly as integrals over P(H).

Let π : H→ X be a bundle with an A = {at} action, and let ‖·‖x be a Finsler on H.
Let ν be an ergodic A-invariant probability measure on X satisying the integrability
condition (1). Define σ : A× P(H)→ R by

(21) σ(at, [v]) = log
‖at?(v)‖g(π(v))

‖v‖π(v)

,

where v is any nonzero vector representing the projective class [v] := Fv ∈ P(H)
(where F is the base field). Note that σ is a real-valued cocycle over the action of A
on P(H). By (1), this cocycle is integrable with respect to any probability measure
ν̂ on P(H) projecting to ν.

Denote by λ1(ν) the top Lyapunov exponent for at with respect to ν, as in (2). Let

Z1(ν) = {v ∈ P1(H) : v ∈ P(E1(π(v)))},
where E1 is as in (2).

We recall the following elementary result:
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Lemma 5.1. Let ν̂ be any at-invariant measure on P(H) that projects to ν and is
supported in Z1(ν). Then

λ1(ν) =

∫
P1(H)

σ(a1, [v]) dν̂([v]).

(Here a1 means at for t = 1).

Proof. Suppose t ∈ N. Since σ is a cocycle,

σ(at, [v]) =
t∑

n=1

σ(a1, [at−n∗ v])).

Since ν̂ is at-invariant, integrating both sides over P1(H) with respect to ν̂ and divid-
ing both sides by t, we get

(22)
1

t

∫
P1(H)

σ(at, [v]) dν̂([v]) =
1

t

t∑
n=1

∫
P1(H)

σ(a1, [v]) dν̂([at−n∗ v]) =

=

∫
P1(H)

σ(a1, [v]) dν̂([v]).

However, in view of the assumption that ν̂ is supported in Z1, it follows from ergodicity
of ν and the multiplicative ergodic theorem that the left-hand side of (22) tends to
λ1(ν) as t→∞. �

Proof of Theorem 2.8.
Let Nn, N , νNn , νN be as in Theorem 2.8. Fix the Finsler structure ‖ · ‖x on the

Hodge bundle over H1(β) so that the Kontsevich-Zorich cocycle satisfies the uniform
integrability condition in (3).

By [EM, Theorem A.6] (which is essentially due to Forni [Fo1]), the Kontsevich-
Zorich cocycle restricted to the affine manifold N is semisimple. This means that
after passing to a finite cover, we have the direct sum decomposition

(23) H1(M,R) =
m⊕
i=1

Wi(x)

where the Wi are G-equivariant, and the restriction of the cocycle to each Wi is
strongly irreducible. The map x 7→ Wi(x) is a priori only measurable, but Theo-
rem 2.9 implies that it is continuous (and in fact real analytic).

Note that by Theorem 2.6, we have Nn ⊂ N for sufficiently large n. Then, for
sufficiently large n, the decomposition (23) also holds for each Nn.

It is clearly enough to prove the theorem for the restriction of the cocycle to each
Wi. We thus let H(x) = Wi(x) (for some fixed i), and we may now assume that
the restriction αH : G ×H → H of the Kontsevich-Zorich cocycle to H is strongly
irreducible on N .
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Let λ1(Nn) and λ1(N ) denote the top Lyapunov exponents of αH with respect to
the affine measures νNn and νN .

Note that for νNn-a.e. x ∈ X the set P(E1(x)) ⊂ P(H)(x) is closed, and the set
Z1(νNn) is P -invariant. Then by the amenability of P , for each n there exists a
P -invariant measure ν̂n on P1(H) such that ν̂n projects to νNn and is supported in
Z1(νNn). By Lemma 5.1,

(24) λ1(Nn) =

∫
P1(H)

σ(a1, [v]) dν̂n([v]),

where σ : A× P(H)→ R is the cocycle defined by (21).
Let ν̂ be any weak-star limit of the measures ν̂n. Then ν̂ is a P -invariant measure

that projects to νN . By Theorem 1.3, (each ergodic component of) ν̂ is supported in
Z1(νN ).

Therefore, by Lemma 5.1,

(25) λ1(N ) =

∫
P1(H)

σ(a1, [v]) dν̂([v]).

Although X = H1(β) is not compact, it follows from [EMas] that for every δ > 0
there exists a compact set Kδ ⊂ H1(β) such that for every G-invariant measure ν,
we have ν(Kδ) > 1− δ. Given ε > 0, let δ > 0 be given by the uniform integrability
assumption (3), and fix the compact set Kδ.

Consider the restriction PKδ(H) of P(H) to this compact set. The weak convergence
ν̂n → ν̂ implies that the integral of the continuous, compactly supported function
1PKδ (H) · σ with respect to ν̂n converges to the integral with respect to ν̂, and the
integral of 1PH \PKδ (H)) · σ with respect to all ν̂n and ν̂ is less than ε, by the uniform

integrability assumption (3). Since ε > 0 is arbitrary, we conclude that the integrals
in (25) converge as n→∞ to the integral in (24), and so λ1(Nn)→ λ1(N ).

To show convergence of other Lyapunov exponents, it suffices to repeat the argu-
ment for the cocycle acting on exterior powers of H1(M,R). We note that the cocycle
remains semisimple in this setting and the analogue of (23) still holds (see [Fi1]). �
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Ann. Sci. Éc. Norm. Supér. (4) 47 (2014), no. 2, 309–369. 10
[DD] J. Daniel, B. Deroin. Lyapunov exponents of the Brownian motion on a Khler manifold.

arXiv:1702.02551 [math.DS] (2017). 10
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