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ABSTRACT. We show that the rate of mixing of the Weil-Petersson flow on non-exceptional
(higher dimensional) moduli spaces of Riemann surfaces is at most polynomial.
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1. INTRODUCTION

The Weil-Petersson flow WPt is the geodesic flow associated to the Weil-Petersson
metric gWP on the moduli spaces M(S) = Mg,n of Riemann surfaces S of genus g > 0
and n > 0 punctures with 3g − 3 + n > 1.

The Weil-Petersson (WP) metric is a natural object from the point of view of hyperbolic
geometry of Riemann surfaces: for example, the WP metric has a simple expression in
terms of the Fenchel-Nielsen coordinates (see Wolpert [Wo83]), the growth of hyperbolic
lengths of simple closed curves in Riemann surfaces is related to the volumes of moduli
spaces equipped with the WP metric (see Mirzakhani [Mir]), and the thermodynamical
invariants of the geodesics flows on Riemann surfaces allows the calculation of the Weil-
Petersson metric (see McMullen [McM]).

The Weil-Petersson flow is a dynamically interesting object: indeed, the WP metric is
an incomplete negatively curved, Riemannian (and, in fact, Kähler) metric; in particular,
the WP flow is an example of a singular hyperbolic flow.

The dynamics of the WP flow has the following properties:

• Wolpert [Wo03] proved that the WP flow WPt is defined for all times t ∈ R for
almost every initial data with respect to the finite Liouville measure µ induced by
the WP metric;

• Brock, Masur and Minsky [BMM] showed that the WP flow is transitive, its peri-
odic orbits are dense and its topological entropy is infinite;

• Burns, Masur and Wilkinson [BMW] proved that the WP flow is ergodic and mix-
ing (and even Bernoulli) non-uniformly hyperbolic flow whose metric entropy is
positive and finite.
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Intuitively, the ergodicity and mixing properties obtained by Burns, Masur and Wilkin-
son say that almost every WP flow orbit becomes equidistributed and all regions of the
phase space are mixed together after a long time passes.

However, the arguments employed in [BMW] – notably involving Wolpert’s curvature
estimates for the WP metric, McMullen’s primitive of the WP symplectic form, Katok and
Strelcyn’s work on Pesin theory for systems with singularities, and Hopf’s argument for
ergodicity of geodesic flows – do not provide rates of mixing for the WP flow. In other
words, even though the WP flow mixes together all regions of the phase space after a
certain time, it is not clear how long it takes for such a mixture to occur.

1.1. Main results. The goal of this paper is to prove that the rate of mixing of the WP flow
is at most polynomial when the moduli space Mg,n is non-exceptional, i.e., 3g−3+n > 1.

Theorem 1.1. Consider the WP flow WPt on the unit cotangent bundle of Mg,n. Suppose
that 3g − 3 + n > 1. Then, the rate of mixing of WPt is at most polynomial: if the decay
of correlations has the form

(1.1) Ct(f, g) :=

∣∣∣∣∫ f · g ◦WPt −
∫
f

∫
g

∣∣∣∣ 6 c t−γ‖f‖C1‖g‖C1 ∀ t > 1

for some constants c > 0 and γ > 0, then γ 6 10.

Remark 1.2. Of course, the “precise” rate of mixing depends on the choice of functional
spaces where the test functions live. Nevertheless, as it is explained in Remark 2.7 below,
the arguments used in the proof of Theorem 1.1 can be adapted to show that, if we replace
the C1-norms by Ck+α-norms, then one has an upper bound γ 6 2(k + α) + 8 for the
polynomial speed of decay of correlations of the WP flow. In other terms, our proof of
Theorem 1.1 is sufficiently robust to show that the rate of mixing of the WP flow is not
exponential (nor super-polynomial) even after “natural” modifications of the functional
space of test functions.

Our proof of Theorem 1.1 is based on the following geometric features of the WP met-
ric. The volume of a ε-neighborhood of the boundary of the completion of Mg,n is ∼ ε4,
i.e., the cusp at infinity of Mg,n is polynomially large from the point of view of the WP met-
ric. We henceforth call this boundary the Cauchy boundary. Using this fact, we construct
a non-negligible set (of volume ∼ ε8) of unit tangent vectors whose associated geodesics
stay almost parallel to certain parts of the Cauchy boundary of Mg,n for a non-trivial frac-
tion of time (of order∼ 1/ε). This implies that the WP flow takes a polynomially long time
to mix certain non-negligible regions near the Cauchy boundary of Mg,n with any given
compact subset of Mg,n, and, hence, the rate of mixing is not very fast in the sense that the
exponent γ appearing in (1.1) is not large (i.e., γ 6 10).

Logically, the argument described in the previous paragraph breaks down in the excep-
tional cases of the WP flow on the unit tangent bundle of the moduli spaces Mg,n with
3g − 3 + n = 1 because the Cauchy boundary of Mg,n with respect to the WP metric
reduces to a finite collection of points whenever 3g − 3 + n = 1. Therefore, there are no
WP geodesics travelling almost parallel to the boundary in the exceptional cases, and one
might expect that the WP flow is exponentially mixing in these situations.

In a forthcoming paper [BMMW], we will show that this is indeed the case: the WP
flow on the unit tangent bundle of Mg,n is exponentially mixing when 3g − 3 + n = 1.

1.2. Questions and comments. Our Theorem 1.1 motivates the following question: is
the WP flow on the unit tangent bundle of Mg,n genuinely polynomially mixing when
3g − 3 + n > 1?
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We contrast with the case of the Teichmüller flow where it is known that it is exponen-
tially mixing [AGY].

We believe that this is a subtle question related to the geometry of the WP metric.
Indeed, from the heuristic point of view, the exact rate of mixing for the WP flow depends
on how fast most WP flow orbits near the Cauchy boundary of Mg,n come back to compact
parts of Mg,n (compare with our proof of Theorem 1.1), and this is somewhat related to
how close to zero the sectional curvatures of the WP metric can be. Unfortunately, the best
available expansion formulas (due to Wolpert) for the curvatures of WP metric near the
Cauchy boundary of Mg,n do not help us here: for example there are sectional curvatures
that are at least as close to zero as something of order −e− 1

ε , where ε is the distance to the
boundary of the completion. What then would be important is how large a measure set of
planes have these curvatures close to 0.

We also mention a recent result of Hamenstädt [H] connecting the Teichmüller and
Weil-Petersson flows. She shows that there is a Borel subset E of the unit tangent bundle
Q of quadratic differentials which is invariant under the Teichmüller flow and is of full
measure for every invariant Borel probability measure, and there is a measurable map
λ : E → T 1Tg,n to the unit tangent bundle for the Weil-Petersson metric which conjugates
the Teichmüller flow into the Weil-Petersson flow. This conjugacy induces a continuous
injection of the space of all Teichmüller invariant Borel probability measures on Q into the
space of all WP invariant Borel probability measures on T 1Tg,n. Its image contains the
Lebesgue Liouville measure.

2. PROOF OF THEOREM 1.1

The basic references for the next subsection are Wolpert’s papers [Wo08] and [Wo09]
(see also Section 4 of [BMW]).

2.1. Background and notations. Let Tg,n be the Teichmüller space of Riemann surfaces
M of genus g > 0 with n > 0 punctures. Recall that the fiber T ∗MTg,n of the cotan-
gent bundle T ∗Tg,n of Tg,n can be identified with the space of integrable meromorphic
quadratic differentials φ on M . In this context, the Weil-Petersson metric is

〈φ, ψ〉WP =

∫
M

φψ(ds2)−1

where ds2 is the hyperbolic metric associated to the underlying complex structure of M .
The Weil-Petersson metric is Γg,n-invariant where Γg,n is the mapping class group. In par-
ticular, the Weil-Petersson metric induces a metric on the moduli space Mg,n = Tg,n/Γg,n.
The geodesic flow WPt of the Weil-Petersson metric gWP := 〈, 〉WP on the unit tangent
bundle T 1Mg,n := T 1Tg,n/Γg,n of the moduli space Mg,n is called Weil-Petersson flow.

The Teichmüller space Tg,n is a complex manifold of dimension 3g−3+n homeomor-
phic to a ball. In terms of the identification of the cotangent bundle T ∗Tg,n with the space
of integrable meromorphic quadratic differentials, the natural almost complex structure J
on Tg,n simply corresponds to the multiplication by i. Also, a concrete way of construct-
ing a homeomorphism between Tg,n and a ball of real dimension 6g − 6 + n uses the
Fenchel-Nielsen coordinates

(`α, τα)α∈P : Tg,n → (R+ × R)3g−3+n
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obtained by fixing a pants decomposition P = {α1, . . . , α3g−3+n} (maximal collection
of non-peripheral, homotopically non-trivial simple closed curves with disjoint represen-
tatives) of M , and letting `α(M) be the hyperbolic length of the unique geodesic of M in
the homotopy class of α and τα(M) be a twist parameter.

The WP metric is incomplete: it is possible to escape Tg,n in finite time by following
a WP geodesic along which a simple closed curve α of hyperbolic length `α shrinks into
a point after time of order `1/2α . The metric completion of Tg,n with respect to the WP
metric is the augmented Teichmüller space Tg,n obtained by adjoining lower-dimensional
Teichmüller spaces of noded Riemann surfaces. Alternatively, the Cauchy boundary ∂Tg,n
of the Teichmüller space Tg,n equipped with the WP metric is

∂Tg,n =
⋃
σ

Tσ

where Tσ is a Teichmüller space of noded Riemann surfaces where a certain collection σ
of non-peripheral, homotopically non-trivial, simple closed curves with disjoint represen-
tatives are pinched.

The mapping class group Γg,n acts on the augmented Teichmüller space Tg,n and the
quotient

Mg,n := Tg,n/Γg,n

is the so-called Deligne-Mumford compactification of the moduli space Mg,n.
The picture below illustrates, for a given ε > 0, the portion of Mg,n (with 3g−3+n > 1)

consisting of M ∈ Mg,n such that a non-separating simple closed curve α has hyperbolic
length `α(M) 6 (2ε)2.

α

`
1/2
α = 2 ε

`
1/2
α = 0Tα/Γg,n

FIGURE 1. A portion of a neighborhood of ∂Mg,n when 3g − 3 + n > 1.

Remark 2.1. The stratum Tα/Γg,n in Figure 1 is non-trivial because 3g − 3 + n > 1.
Indeed, by pinching α as above and by disconnecting the associated node, we get Riemann
surfaces with genus g − 1 and n + 2 punctures whose moduli spaces are isomorphic to
Tα/Γg,n. Thus, the complex orbifold Tα/Γg,n has complex dimension

3(g − 1)− 3 + (n+ 2) = 3g − 3 + n− 1 > 0,
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and, a fortiori, it is non-trivial.
Evidently, this argument breaks down for exceptional (3g − 3 + n = 1) moduli spaces

Mg,n: for example, by pinching a curve α as above in an once-punctured torus and by
removing the resulting node, we obtain thrice punctured spheres (whose moduli space is a
single point), so that the boundary stratum of M1,1 reduces to a point.

This difference between the structure of the boundaries of non-exceptional and excep-
tional moduli spaces partly explains the different rates of mixing of the WP flow on Mg,n

depending on whether 3g − 3 + n > 1 or 3g − 3 + n = 1 (cf. Subsection 1.1).

The WP metric is a negatively curved Kähler metric, i.e., the sectional curvatures of the
WP metric gWP are negative and the the symplectic Weil-Petersson 2-form

ωWP (v, Jw) := gWP (v, w)

is closed. Furthermore, Wolpert showed that the symplectic WP form ωWP admits the
following simple expression

ωWP =
1

2

∑
α∈P

d`α ∧ dτα

in terms of the Fenchel-Nielsen coordinates (`α, τα)α∈P .
The geometry of the WP metric near ∂Mg,n was described by Wolpert in terms of

several asymptotic formulas. In the sequel, we recall some of Wolpert’s formulas.

Lemma 2.2. Denote by ρ0(M) the systole of M and let

Eρ := {M ∈Mg,n : ρ0(M) 6 ρ}.
Then, the WP volume of Eρ is

vol(Eρ) ' ρ4

Proof. Wolpert proved (in page 284 of [Wo08]) that gWP has asymptotic expansion

gWP ∼
∑
α∈σ

(4 dx2α + x6αdτ
2
α)

near Tσ , where xα := `
1/2
α /
√

2π2.
This gives that the volume element

√
det(gWP ) of the Weil-Petersson metric near Tσ

is ∼
∏
α∈σ

x3α. Furthermore, this asymptotic expansion of gWP also says that the distance

between M and Tσ is comparable to minα∈σ xα(M). By putting these two facts together,
we see that

vol(Eρ) ' ρ4

This proves the lemma. �

Let Tσ be a boundary stratum of the augmented Teichmüller space Tg,n. We consider
collections χ of simple closed curves such that each β ∈ χ is disjoint from all α ∈ σ. We
let B be the set of (σ, χ).

An element (σ, χ) ∈ B is a combined length basis at a point M ∈ Tg,n whenever the
set of tangent vectors

{λα(M), Jλα(M), grad `β(M)}α∈σ,β∈χ
is a basis of TMT, where `γ is the length parameter in the Fenchel-Nielsen coordinates, J
is the usual complex structure of Tg,n, and λα := grad `1/2α .

This notion can be extended to Tσ as follows. We say a collection χ is a relative basis
at a point Mσ ∈ Tσ whenever (σ, χ) ∈ B and the length parameters {`β}β∈χ is a local
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system of coordinates for Tσ near Xσ . In other words, χ is a relative basis at Xσ ∈ Tσ if
and only if {grad`β}β∈χ is a basis of TXσTσ .

In this setting, Wolpert proved the following results:

Theorem 2.3 (Wolpert [Wo08]). For any point Mσ ∈ Tσ , there exists a relative length
basis χ. Furthermore, the WP metric 〈., .〉WP can be written as

〈., .〉WP ∼
∑
α∈σ

(
(d`1/2α )2 + (d`1/2α ◦ J)2

)
+
∑
β∈χ

(d`β)2

where the implied comparison constant is uniform in a neighborhood U ⊂ T of Xσ .
In particular, there exists a neighborhood V ⊂ T of Xσ such that (σ, χ) is a combined

length basis at any X ∈ V ∩ T.

Before writing down the next formula for the WP metric, we need the following nota-
tions. Given µ an arbitrary collection of simple closed curves on a surface S of genus g
with n punctures, we define

`µ(X) := min
α∈µ

`α(X) and `µ(X) := max
α∈µ

`α(X)

where X ∈ Tg,n. Also, given a constant c > 1 and a basis (σ, χ) ∈ B, we will consider
the following region of Teichmüller space:

Ω(σ, χ, c) := {X ∈ T : 1/c < `χ(X) and `σ∪χ(X) < c}

Wolpert [Wo09] proved several (uniform) estimates (on the regions Ω(σ, χ, c)) for the
WP metric (and its sectional curvatures) in terms of the basis λα = grad`1/2α , α ∈ σ and
grad`β , β ∈ χ. For our purposes, we will need just the following asymptotic formula:

Theorem 2.4 (Wolpert [Wo09]). Fix c > 1. Then, for any (σ, χ) ∈ B, and any α, α′ ∈ σ
and β, β′ ∈ χ, the following estimate hold uniformly on Ω(σ, χ, c): for any vector v ∈
TΩ(σ, χ, c), we have∥∥∥∥∇vλα − 3

2π`
1/2
α

〈v, Jλα〉Jλα
∥∥∥∥
WP

= O(`3/2α ‖v‖WP )

As it was observed in Lemma 4.15 of [BMW], this theorem implies the following
Clairaut-type relation. Given v ∈ T 1Mg,n, let us consider the quantity

rα(v) :=
√
〈v, λα〉2 + 〈v, Jλα〉2

and the complex line
L = span{λα, Jλα}.

By definition, rα(v) measures the size of the projection of the unit vector v in the complex
line L. In particular, we can think of v as “almost parallel” to Tα/Γg,n whenever the
quantity rα(v) is very close to zero.

Lemma 2.5. Fix c > 1. For every (σ, χ) ∈ B, α ∈ σ, γ : I → Tg,n a WP-geodesic
segment, and t ∈ I with γ(t) ∈ Ω(σ, χ, c), we have

r′α(t) = O(fα(t)3)

where rα(t) :=
√
〈λα, γ̇(t)〉2 + 〈Jλα, γ̇(t)〉2 and fα(t) :=

√
`α(γ(t)).
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Proof. By differentiating rα(t)2 = 〈λα, γ̇(t)〉2 + 〈Jλα, γ̇(t)〉2, we see that

2rα(t)r′α(t) = 2〈λα, γ̇(t)〉〈∇γ̇(t)λα, γ̇(t)〉+ 2〈Jλα, γ̇(t)〉〈J∇γ̇(t)λα, γ̇(t)〉.
Here, we used the fact that the WP metric is Kähler, so that J is parallel.

Now, we observe that, by Wolpert’s formulas (cf. Theorem 2.4), one can write∇γ̇(t)λα
and J∇γ̇(t)λα as

∇γ̇(t)λα =
3〈γ̇(t), Jλα〉

2πfα(t)
Jλα +O(fα(t)3)

and

J∇γ̇(t)λα = −3〈γ̇(t), Jλα〉
2πfα(t)

λα +O(fα(t)3)

Since max{|〈γ̇(t), λα|, |〈γ̇(t), Jλα〉|} 6 rα(t) (by definition), we conclude from the
previous equations that

2rα(t)r′α(t) =
3

πfα(t)
(〈λα, γ̇(t)〉〈Jλα, γ̇(t)〉2 − 〈λα, γ̇(t)〉〈Jλα, γ̇(t)〉2)

+ O(rα(t)fα(t)3)

= 0 +O(rα(t)fα(t)3).

This proves the lemma. �

2.2. Construction of certain long segments of WP geodesics close to ∂Mg,n. After
these preliminaries on the geometry of the WP metric, we are ready to begin the proof of
Theorem 1.1.

Fix α a non-separating (non-peripheral, homotopically non-trivial) simple closed curve.
We want to locate certain regions near Tα/Γg,n taking a long time to mix with the compact
part of Mg,n. For this sake, we will exploit Lemma 2.5 to build nice sets of unit vectors
traveling in an “almost parallel” way to Tα/Γg,n for a significant amount of time.

More precisely, recall the complex line L = span{λα, Jλα}. Intuitively, L points in the
normal direction to a “copy” of Tα/Γg,n inside a level set of the function `1/2α as indicated
below:

`
1/2
α = ε

`
1/2
α = 0

L

p

Using L, we can formalize the notion of “almost parallel” vector to Tα/Γg,n. We will
show that unit vectors almost parallel to Tα/Γg,n whose footprints are close to Tα/Γg,n
always generate geodesics staying near Tα/Γg,n for a long time. More concretely, given
ε > 0, let us define the set

Vε := {v ∈ T 1Mg,n : fα(v) 6 ε, rα(v) 6 ε2}

where fα(v) := `
1/2
α (p) and p ∈ Mg,n is the footprint of the unit vector v ∈ T 1Mg,n.

Equivalently, Vε is the disjoint union of the pieces of spheres Sε(p) := {v ∈ T 1
pMg,n :
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rα(v) 6 ε2} attached to points p ∈ Mg,n with `α(p) 6 ε2. The following figure summa-
rizes the geometry of Sε(p):

`
1/2
α = ε

`
1/2
α = 0

L

p

ε2

Sε(p)

v

In this setting, we will show that a geodesic γv(t) originating at any v ∈ Vε stays in a
(2ε)2-neighborhood of Tα/Γg,n for an interval of time [0, T ] of size of order 1/ε.

`
1/2
α = ε

`
1/2
α = 0

p

`
1/2
α = 2 ε

v

γv(t)
t ∼ 1/ε

U

FIGURE 2. WP geodesic segment travelling almost parallel to ∂Mg,n.

Lemma 2.6. There exists a constant C0 > 0 (depending only on g and n) such that√
`α(γv(t)) = fα(t) 6 2ε

for all v ∈ Vε and 0 6 t 6 1/C0ε.

Proof. By definition, v ∈ Vε implies that fα(0) 6 ε. Thus, it makes sense to consider the
maximal interval [0, T ] of time such that fα(t) 6 2ε for all 0 6 t 6 T .
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By Lemma 2.5, we have that r′α(s) = O(fα(s)3), i.e., |r′α(s)| 6 B · fα(s)3 for some
constant B > 1/4 depending only on g and n. In particular, |r′α(s)| 6 B · fα(s)3 6
B · (2ε)3 for all 0 6 s 6 T . From this estimate, we deduce that

rα(t) = rα(0) +

∫ t

0

r′α(s) ds 6 rα(0) +B · (2ε)3t = rα(0) + 8Bε3t

for all 0 6 t 6 T . Since the fact that v ∈ Vε implies that rα(0) 6 ε2, the previous
inequality tell us that

rα(t) 6 ε2 + 8Bε3t

for all 0 6 t 6 T .
Next, we observe that, by definition, f ′α(t) = 〈γ̇(t), grad`1/2α 〉 = 〈γ̇(t), λα〉. Hence,

|f ′α(t)| = |〈γ̇(t), λα〉| 6
√
〈γ̇(t), λα〉2 + 〈γ̇(t), Jλα〉2 = rα(t)

By putting together the previous two inequalities and the fact that fα(0) 6 ε (as v ∈ Vε),
we conclude that

fα(T ) = fα(0) +

∫ T

0

f ′α(t) dt 6 ε+ ε2T + 4Bε3T 2

Since T > 0 was chosen so that [0, T ] is the maximal interval with fα(t) 6 2ε for all
0 6 t 6 T , we have that fα(T ) = 2ε. Therefore, the previous estimate can be rewritten as

2ε 6 ε+ ε2T + 4Bε3T 2

Because B > 1/4, it follows from this inequality that T > 1/C0ε where C0 := 8B.
In other words, we showed that [0, 1/C0ε] ⊂ [0, T ], and, a fortiori, fα(t) 6 2ε for all

0 6 t 6 1/C0ε. This completes the proof of the lemma. �

Geometrically, this lemma says that the WP geodesic flow does not mix Vε with any
fixed ball U in the compact part of Mg,n of Riemann surfaces with systole > (2ε)2: see
Figure 2 above.

Once we have Lemma 2.6 in our toolbox, it is not hard to infer some upper bounds on
the rate of mixing of the WP flow on T 1Mg,n when 3g − 3 + n > 1.

2.3. End of proof of Theorem 1.1. Suppose that the WP flow WPt on T 1Mg,n has a rate
of mixing of the form

Ct(a, b) =

∣∣∣∣∫ a · b ◦WPt −
(∫

a

)(∫
b

)∣∣∣∣ 6 Ct−γ‖a‖C1‖b‖C1

for some constants C > 0, γ > 0, for all t > 1, and for all choices of C1-observables a
and b.

Let us fix once and for all an open ball U (with respect to the WP metric) contained in
the compact part of Mg,n: this means that there exists ε0 > 0 such that the systoles of all
Riemann surfaces in U are > ε20.

Take a C1 function a supported on the set T 1U of unit vectors with footprints on U
with values 0 6 a 6 1 such that

∫
a > vol(U)/2 and ‖a‖C1 = O(1): such a function

a can be easily constructed by smoothing the characteristic function of U with the aid of
bump functions.

Next, for each ε > 0, take a C1 function bε supported on the set Vε with values 0 6
bε 6 1 such that

∫
bε > vol(Vε)/2 and ‖bε‖C1 = O(1/ε2): such a function bε can also

be constructed by smoothing the characteristic function of Vε after taking into account the
description of the WP metric near Tα/Γg,n given by Theorems 2.3 and 2.4 above and the
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definition of Vε (in terms of the conditions `1/2α 6 ε and rα 6 ε2). Furthermore, this
description of the WP metric gWP near Tα/Γg,n combined with the asymptotic expansion
gWP ∼ 4dx2α+x6αdτα where xα := `

1/2
α /
√

2π2 and τα is a twist parameter (see the proof
of Lemma 2.2 above) says that vol(Vε) ∼ ε8: indeed, the condition fα = `

1/2
α 6 ε on

footprints of unit tangent vectors in Vε provides a set of volume ∼ ε4 and the condition
rα 6 ε2 on unit tangent vectors in Vε with a fixed footprint provides a set of volume
comparable to the Euclidean area πε4 of the Euclidean ball {~v ∈ R2 : |v| 6 ε2} (cf.
Theorem 2.3), so that

vol(Vε) =

∫
{`1/2α (p)6ε}

vol({v ∈ T 1
pMg,n : rα(v) 6 ε2}) ∼ (πε4) · ε4 ∼ ε8

In summary, for each ε > 0, we have a C1 function bε supported on Vε with 0 6 b 6 1,
‖bε‖C1 = O(1/ε2) and

∫
bε > c0ε8 for some constant c0 > 0 depending only on g and n.

Given γ > 10, our plan is to use the observables a and bε to contradict the inequality

Ct(a, bε) =

∣∣∣∣∫ a · bε ◦WPt −
(∫

a

)(∫
bε

)∣∣∣∣ 6 Ct−γ‖a‖C1‖bε‖C1

for t ∼ 1/ε and ε > 0 sufficiently small.
In this direction, we apply Lemma 2.6 to obtain a constant C0 > 0 such that Vε ∩

WP 1
C0ε

(T 1U) = ∅ whenever 2ε < ε0. Indeed, since Vε is a symmetric set (i.e., v ∈ Vε if
and only if−v ∈ Vε), it follows from Lemma 2.6 that all Riemann surfaces in the footprints
of WP− 1

C0ε
(Vε) have a systole 6 (2ε)2 < ε20. Because we took U in such a way that all

Riemann surfaces in U have systole > ε20, we obtain WP− 1
C0ε

(Vε) ∩ T 1U = ∅, that is,

Vε ∩WP 1
C0ε

(T 1U) = ∅, as it was claimed.

Now, we observe that the function a · bε ◦ WPt is supported on WP−t(Vε) ∩ T 1U
because a is supported on T 1U and bε is supported on Vε. It follows from the claim in the
previous paragraph, we deduce that a · bε ◦WP 1

C0ε
≡ 0 whenever 2ε < ε0. Thus,

C 1
C0ε

(a, bε) :=

∣∣∣∣∫ a · bε ◦WP 1
C0ε
−
(∫

a

)(∫
bε

)∣∣∣∣ =

(∫
a

)(∫
bε

)
By plugging this identity into the polynomial decay of correlations estimateCt(a, bε) 6

Ct−γ‖a‖C1‖bε‖C1 , we get(∫
a

)(∫
bε

)
= C 1

C0ε
(a, bε) 6 CC

γ
0 ε
γ‖a‖C1‖bε‖C1

whenever 2ε < ε0 and 1/C0ε > 1.
We affirm that the previous estimate implies that γ 6 10. In fact, recall that our choices

were made so that
∫
a > vol(U)/2 where U is a fixed ball, ‖a‖C1 = O(1),

∫
bε > c0ε

8

for some constant c0 > 0 and ‖bε‖C1 = O(1/ε2). Hence, by combining these facts and
the previous mixing rate estimate, we get that(

vol(U)

2

)
c0ε

8 6

(∫
a

)(∫
bε

)
6 CCγ0 ε

γ‖a‖C1‖bε‖C1 = O(εγ
1

ε2
),

that is, ε10 6 Dεγ , for some constant D > 0 and for all ε > 0 sufficiently small (so that
2ε < ε0 and 1/C0ε > 1). It follows that γ 6 10, as we claimed. This completes the proof
of Theorem 1.1.
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Remark 2.7. In the statement of the previous proposition, the choice of C1-norms to
measure the rate of mixing of the WP flow is not very important. Indeed, an inspection
of the construction of the functions bε in the argument above reveals that ‖bε‖Ck+α =
O(1/ε2(k+α)) for any k ∈ N, 0 6 α < 1, thanks to [Wo15]. In particular, the proof of the
previous proposition is sufficiently robust to show also that a rate of mixing of the form

Ct(a, b) =

∣∣∣∣∫ a · b ◦ ϕt −
(∫

a

)(∫
b

)∣∣∣∣ 6 Ct−γ‖a‖Ck+α‖b‖Ck+α
for some constants C > 0, γ > 0, for all t > 1, and for all choices of Ck+α-observables a
and b holds only if γ 6 8 + 2(k + α).

In other words, even if we replace C1-norms by (stronger, smoother) Ck+α-norms in
our measurements of rates of mixing of the WP flow (on T 1Mg,n for 3g− 3 +n > 1), our
discussions so far will always give polynomial upper bounds for the decay of correlations.

We finish with the following result which answers a question of F. Ledrappier to the
authors. In spite of the fact that the metric is not complete we have

Theorem 2.8. The WP metric is stochastically complete, i.e., the lifetime of the corre-
sponding Brownian motion associated to the Laplace-Beltrami operator of the WP metric
is infinite.

Proof. This follows from the following argument. By Lemma 2.2 the volume of a ε-
neighborhood Nε of the Cauchy boundary ∂M(S) of the moduli space M(S) equipped
with the WP metric is∼ ε4. Therefore, the lower Minkowski codimension lim inf

ε→0

log vol(Nε)
log ε =

4 is greater than 2 and, by Masamune [Mas], the Cauchy boundary ∂M(S) is an almost
polar set. By combining this with the facts that the total volume of M(S) is finite and
the Cauchy boundary ∂M(S) is bounded, we deduce from the results of Grigoryan and
Masamune [GM] that the WP metric is stochastically complete. �
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