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ABSTRACT. Let M be a compact manifold without boundary equipped with a Riemannian
metric g of negative curvature. In this paper, we introduce the marked Poincaré determinant
(MPD), a homothety invariant of g depending on differentiable periodic data of its geodesic flow.
The MPD associates to each free homotopy class of closed curves in M a number which measures
the unstable volume expansion of the geodesic flow along the associated closed geodesic. We
prove a local MPD rigidity result in dimension 3: if g is sufficiently close to a hyperbolic
metric go and both metrics have the same MPD, then they are homothetic. As a by-product
of our proof, we show the Lichnerowicz Laplacian of gg is injective on the space of trace-free
divergence-free symmetric 2-tensors, which, to our knowledge, is the first result of its kind in
negative curvature.

1. INTRODUCTION

In this paper, we introduce an invariant of a closed, negatively curved manifold that measures
the unstable volume expansion of its geodesic flow around periodic orbits. This invariant, the
marked Poincaré determinant, can be viewed as a first-order variant of the marked length
spectrum, as it depends on differentiable data of the flow. We prove several rigidity results
for this invariant on hyperbolic manifolds, including a local analogue of Hamenstadt’s marked
length rigidity for hyperbolic 3-manifolds [Ham99].

To prove our main result, we establish a geometric fact of independent interest. Namely, on
a closed hyperbolic 3-manifold, the Lichnerowicz Laplacian on TT tensors (see Section 1.2) is
injective. To our knowledge, this is the first result of its kind in negative curvature.

We now state our results. Throughout this paper, we assume M is a C* compact manifold
without boundary (which we will from now on refer to as a closed manifold) of dimension n > 2,
and g is a C'™ Riemannian metric on M of negative sectional curvature (which we will from
now on refer to as a negatively curved metric). We let (¢');cr denote the geodesic flow of (M, g).

1.1. Marked Poincaré rigidity. We first define the marked Poincaré determinant. Let SM
denote the unit tangent bundle of (M, g) and let X be the vector field on SM which generates
(¢")ter. Suppose v € SM is tangent to a closed geodesic v, and let T = £,(y) be the period of v.
Consider a Poincaré section of v tangent to X (v)+ C T,SM, where the orthogonal complement
is taken with respect to the Sasaki metric. The associated linearized Poincaré map of + is the
map

Dy¢" : X(v)* = X(v)*

obtained by restricting D,¢* : T,SM — T,SM.
Recall that since (M, g) is negatively curved, the flow (¢')cr is Anosov, and the Anosov
splitting T(SM) = RX @& E, & E, is invariant under D,¢'. In particular, the stable (resp.

unstable) bundle E,(v) (resp. E,(v)) is invariant under D,¢*.
1



2 KAREN BUTT, ALENA ERCHENKO, TRISTAN HUMBERT, THIBAULT LEFEUVRE, AMIE WILKINSON

Now let C denote the set of free homotopy classes of closed curves in M. For a negatively
curved metric g, every nontrivial free homotopy class ¢ of closed curves in M contains a unique
geodesic representative 7,(c). This allows us to make the following definition:

Definition 1.1. We define the marked Poincaré determinant (MPD) to be
Py:C—R, crdet(Dyo"], ),
where v = (1,(0)Y(0) and T = £,(7,(c)).

In the language of smooth dynamics, the functional log(P,) measures the integrals of the
unstable Jacobian around periodic orbits (see (1.2)).

Remark 1.2. The MPD is invariant under homothety: for any constant ¢ > 0 and any smooth
¢ € Diff’(M) (the elements of Diff(M) homotopic to the identity), we have Py = P, 4.

The main result of this paper is the following rigidity result, which says that in a neighborhood
of a hyperbolic metric gy in dimension 3, the functional P, characterizes go up to homothety.

Theorem 1.3. Let (M, go) be a closed hyperbolic 3-manifold. Then there is N € N and € > 0
such that for any smooth negatively curved metric g with ||g — gollox < €, one has Py = Py, if
and only if there exists a smooth diffeomorphism ¢ € Diff°(M) together with a constant ¢ > 0
so that ¢*g = cqp.

Remark 1.4. From our proof one can also obtain a stability estimate on P,, similar to the
stability estimates for the marked length spectrum in [GL19, GKL22].

Motivated by the local rigidity statement of Theorem 1.3, we propose the following conjecture.

Conjecture 1. Let M be a smooth closed manifold of dimension 3 and let g1 and g5 be two
smooth negatively curved metrics on M. Suppose that Py, = P,,. Then there exists ¢ € DiffO(M)
together with a constant ¢ > 0 so that ¢*g1 = cgs.

A key step in our proof is establishing the solenoidal injectivity of the derivative dy, P, that is,
injectivity on the space of divergence-free symmetric 2-tensors (also called solenoidal tensors);
these provide a transversal to the orbit of gy under Diff’(M). We believe that a suitable uniform
injectivity statement holds for d,P for g in a sufficiently small C™ neighborhood of go. The
methods of this paper should then also give the following stronger rigidity statement: there
exists a suitable CV-neighborhood U of gy so that for any g1, g2 € U, we have P, = P,, if and
only if g; and gy are homothetic (and the homothety is homotopic to the identity).

In the case dim(M) > 3, we can verify the solenoidal injectivity of dg,P for symmetric 2-
tensors tangent to conformal deformations. This yields the following local rigidity result in the
conformal class of a hyperbolic metric gy.

Theorem 1.5. Let (M, go) be a closed hyperbolic manifold of dimension n > 2. Then there is
N € N and € > 0 such that for any smooth negatively curved metric g conformally equivalent
to go with ||g — gollcy < €, one has Py, = Py, if and only if there exists a constant ¢ > 0 so that

g = Cgo-

In Sections 1.3, 1.4, and 1.5, we provide further context and motivation for Theorems 1.3
and 1.5. Before that, we proceed to state our next main result concerning the spectrum of the
Lichnerowicz Laplacian in dimension 3.
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1.2. Injectivity of the Lichnerowicz Laplacian. We reduce the injectivity of dg,P to the
injectivity of the Lichnerowicz Laplacian on trace-free divergence-free symmetric 2-tensors. We
note that such symmetric 2-tensors are often called TT tensors for short, where “T'T” stands
for “traceless and transverse”. (As mentioned above, the divergence-free condition implies
transversality to the orbit of the diffeomorphism group of M.)

Theorem 1.6. Let (M, go) be a closed hyperbolic 3-manifold. Let Ay denote its Lichnerowicz
Laplacian. Then Ap s injective on TT tensors.

Remark 1.7. This holds for hyperbolic surfaces as well, since in this case ApS = 25 for any
TT tensor S (see Remark 5.8).

For any (M, g), the operator Ay introduced by Lichnerowicz in [Lic61] is a second-order dif-
ferential operator acting on tensors, which is a generalization of the Hodge-de Rham Laplacian
acting on differential forms. If S is a TT tensor and s — g, is a family of metrics such that
Os|s=0 gs = S, we have that

ALS = 28s|5:0 RngS, (11)

where Ric,, denotes the Ricci tensor of g, see [Bes87, Theorem 1.174 d)]. As such, the spectrum
of Ay, arises prominently in the study of stability of Einstein manifolds, see for instance [Bes87,
Chapter 12.H]. The Lichnerowicz Laplacian appears in our study of P, because the unstable
Jacobian of the geodesic flow in negative curvature is given by the mean curvature of unstable
horospheres (Lemma 3.1), which in turn satisfies a Riccati equation involving the Ricci tensor
(the trace of (2.12)).

In positive curvature, the injectivity of Ay follows from Bochner/Weitzenbock formulas,
which imply Ay > 0, see for instance [Sch22; MST24, RST19] and the references therein. For
non-compact hyperbolic manifolds, positivity of Ay also holds when n > 9, as shown by Delay
[Del02].

To the best of our knowledge, Theorem 1.6 is the first injectivity result on Ay for a compact
negatively curved manifold. One possible reason for this is the fact that for compact hyperbolic
manifolds, the operator Ay acting on TT tensors is not always positive. In particular, it was
shown by Flaminio [Fla95, Theorem C] for n = 3, and by Maubon [Mau00] for n > 3, that
there exist closed hyperbolic manifolds (M™, go) of dimension n for which —n is in the spectrum
of Ap. (Their results are formulated in terms of the rough Laplacian, which is related to Ap
via a Weitzenbock formula; see (2.9).) Moreover, [Flad5, Proof of Theorem C] shows that the
values A € R for which there exists a closed hyperbolic 3-manifold with A in the spectrum of Ay,
on TT tensors are dense in [—3, +00). Thus, the injectivity statement cannot be proven from
Bochner identities, and a new (geometric in our case) interpretation of elements in Ker(Ap) is
required.

Mean root curvature. Our proof of Theorem 1.6 involves studying the mean root curvature k
of (M, go) (see Definition 2.3), a geometric invariant introduced by Osserman—Sarnak [OS84],
which provides a lower bound for the Liouwille entropy hyi,n—the measure-theoretic entropy of
the geodesic flow (¢} );cr with respect to the Liouville measure on SM (the normalized measure
induced by g which is locally given by the product of the Riemannian volume on M and the
spherical Lebesgue measure on the fibers).

We note that the aforementioned results of Flaminio and Maubon about the existence of
negative eigenvalues of Ay are better known by their implications for the Liouville entropy;
namely, there exist hyperbolic manifolds (M, gy) and one-parameter families (gs)se(—e,) With

constant total volume, such that 9%|,—ohriou(gs) > 0. On the other hand, Katok proved that
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hriou(9) < hLiou(go) for any negatively curved metric that is conformally equivalent, but not
isometric, to a locally symmetric metric go (and has same total volume) [Kat82]. In other
words, while hpiou(g) always has a critical point at a hyperbolic metric, this critical point can
be a saddle point in higher dimensions. As a consequence of our proof of Theorem 1.6, we
obtain that whenever (M, go) is a hyperbolic 3-manifold for which hr,, has a saddle point, the
mean root curvature x has a saddle point as well.

Theorem 1.8. There exist hyperbolic 3-manifolds (M, go) for which the functional k(g), re-
stricted to negatively curved metrics of the same total volume as go, has neither a local mazimum
nor a local minimum at gg.

Remark 1.9. The fact that hy;,, and k have saddle points at gy hyperbolic is related to the fact
that the total scalar curvature has a saddle point. See also [Kni97] for a formula relating the
Hessians of the Liouville entropy and the total scalar curvature.

1.3. Marked length spectrum rigidity. Theorems 1.3 and 1.5 can be viewed as a dynam-
ically flavored variant of a marked length spectrum rigidity result, more specifically, the local
rigidity result of Guillarmou-Lefeuvre [GL19]. The marked length spectrum L, of (M, g) is
the function which associates to each free homotopy class the length of its unique geodesic
representative:

Ly:C—=R, ¢ Ly(vy(c)).

Remark 1.10. If (M, go) is a real hyperbolic (normalized to have constant sectional curvature
—1) manifold of dimension n > 2, then log Py, = (n— 1)L, (see Lemma 3.1). For other locally
symmetric metrics, log Py, and L,, also agree up to a multiplicative constant, (see [Kat82, p.
347] for the values of the constants), but outside of the locally symmetric cases, neither of these
two functionals determines the other.

It is conjectured that whenever g and gy are negatively curved (and more generally Anosov)
with £, = L,,, then g and gy are isometric (more specifically, there exists ¢ € Diff’(M) such
that ¢*g = go) [BKB*85, Conjecture 3.1]. In other words, the mapping g — L, is (globally)
injective on the space of isometry classes of negatively curved metrics on M.

Prior to the formulation of this global marked length spectrum rigidity conjecture, Guillemin—
Kazhdan considered a related problem, motivated by considerations on the spectrum of the
Laplacian. They proved the following deformation rigidity result: if (M, go) is a closed nega-
tively curved surface and there is a smooth one-parameter family (gs)se(—c,) With L, = Ly,
for all s, then there is a smooth family ¢, € Diff’(M) with ¢*g, = go [GK80]. We emphasize
that Guillemin and Kazhdan’s deformation rigidity, more specifically, the smoothness of the
family s — ¢, is not implied by global rigidity. Their proof additionally establishes the in-
jectivity of the linearization d,L, also known as the geodesic X-ray transform, on the space of
(divergence-free) symmetric 2-tensors.

In dimension 2, global marked length spectrum rigidity was resolved by Otal and Croke
independently [Ota90, Cro90| for the negatively curved case (see also [GLP25] for the more
recent extension to the Anosov case). In higher dimensions, the conjecture was shown to
hold if g is conformally equivalent to g by Katok [Kat88], and if gy is locally symmetric
by Hamenstadt, leveraging the minimal entropy rigidity theorem of Besson—Courtois—Gallot in
dimension at least 3 [BCG95]. More recently, Guillarmou-Lefeuvre [GL19] (see also subsequent
work of Guillarmou—Knieper—Lefeuvre [GKL22]) proved the following local rigidity result: for
any negatively curved (M™, go), there exists N = N(n) € N and € = £(gp) > 0 such that for any
negatively curved g with ||g — gollcv < €, the equality £, = L£,, implies g and gy are isometric.
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Theorems 1.3 and 1.5 are partial analogues of these higher dimensional marked length spec-
trum rigidity results, replacing £, with P,. (Note that in dimension 2, injectivity of g — P,
follows from known results, as we will elaborate on in Section 1.4 below.)

Weighted marked length spectrum rigidity. The question of injectivity of g — P, also fits into
the framework of “weighted” marked length spectrum rigidity proposed by Khalil and Lafont
[GRH22, §1.5] and studied by Gogolev and Rodriguez Hertz [GRH22|. The setup is to consider
weight functions f; : S9"M — R and fo : S92M — R and to suppose that they match on all
periodic orbits, i.e.,

/

frdly, o = / fadly,,
91 () Vg2 (€)
for all ¢ € C. The question is whether this implies g; and g, are homothetic.

Usual marked length spectrum rigidity corresponds to both weight functions f; and f, iden-
tically equal to 1. The Poincaré rigidity question we are considering in this paper corresponds

to taking f; and f5 to be the unstable Jacobians of g; and gy, respectively. Indeed, we have

log Py(c) = / " JU(v) dly, ), (1.2)
Yglc

where J%(v) = 4|,_glog(det(Dy¢'|pu)) = 4%|i—o det(D,¢'|g«) denotes the unstable Jacobian.
Note that in [GRH22], the Khalil-Lafont conjecture was established for M of dimension n = 2
and weight functions of regularity C" for r > 2, whereas our weight function J“(v) is only C''*
and n > 3.

1.4. Poincaré rigidity in dimension 2. When M has dimension n = 2, global injectivity
of g — P, on Anosov metrics follows by combining work of de la Llave [dIL92] and Gogolev—
Rodriguez Hertz [GRH24] on smooth rigidity of Anosov flows in dimension 3 with work of
Guillarmou-Lefeuvre—Paternain [GLP25] on marked length spectrum rigidity. (Note that when
g has constant negative curvature, £, = P, by Remark 1.10.) By (1.2), the hypothesis P,, =
Py, together with the Livsic theorem, implies that the unstable Jacobians of ¢! and ¢, are
cohomologous. De la Llave proved that if this is the case for two C%-conjugate Anosov flows in
dimension 3, then the conjugacy is in fact C*°.

While two geodesic flows are not conjugate unless £, = L,,, they are always orbit equivalent
via, e.g., the Morse correspondence (see for instance [Gro00]). As was explained to us by Andrey
Gogolev, de la Llave’s argument can be adapted from conjugacies to orbit equivalences; as such
Py, = Py, implies the Morse correspondence is C°. For negatively curved metrics, this implies
g1 and gy are homothetic [Ham99, Corollary 4.6]. For Anosov metrics, [GRH24, Theorem 7.1,
part 2] gives that the flows gbzl and ¢g2 are C'° conjugate up to a constant rescaling. It now
follows from marked length spectrum rigidity [GLP25] that g; and go are homothetic.

1.5. Rigidity of entropies and of Lyapunov exponents.

Lyapunov rigidity. Our main results are closely related to work of Butler on characterizing
symmetric spaces by their Lyapunov spectra [But18, But17]. Note that if v is a periodic point
of ¢! with period T and V' € T,(SM) is an eigenvector of D,¢! with eigenvalue o, then one
checks that the Lyapunov exponent A(v, V') is given by

log || Dy¢' (V 1
Av, V) := limsup og [ D" (V)| _ og\a]'
t—o00 t T

(1.3)
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As such, the functional A, := (logP,)/L, associates to each free homotopy class ¢ the sum of
the positive Lyapunov exponents of the closed geodesic v,/(c).

If (M",g) has constant negative curvature, then at every periodic orbit, the n — 1 positive
Lyapunov exponents are all equal. Butler proved that, in dimension at least 3, this prop-
erty characterizes metrics of constant sectional curvature among all negatively curved metrics
[But18]. More generally, if the Lyapunov exponents of g on periodic orbits follow the same
“projective pattern” as those of a negatively curved locally symmetric space gg, then g and
go are homothetic [But17]. This can be viewed as another analogue of Hamenstéidt’s afore-
mentioned result characterizing such metrics by the lengths of their closed geodesics. (As in
[Ham99], the n > 3 hypothesis is used to apply [BCG95].)

Entropy rigidity. The techniques in the present paper are also closely related to the techniques
in the work of Flaminio [Fla95] and the third-named author [Hum25] on Katok’s entropy con-
jecture [Kat82]. This conjecture, which remains a major open problem, states that if (M, g)
is negatively curved and its topological entropy hiop(g) coincides with its Liouville entropy
hriou(g), then g is locally symmetric. Katok established this in dimension 2 [Kat82], and there
are partial results in higher dimensions due to Flaminio [Fla95] and the third-named author
[Hum?25].

The reason their work is related to ours is that the functional P, is the integral of J* around
periodic orbits (1.2), while Pesin’s formula expresses the Liouville entropy as the integral of the
same function over SM:

hiion(g) = /S T (w)dm,, (1.4)

where m, is the Liouville measure.
Thus, the coincidence of the functionals A, implies coincidence of the Liouville entropies. On
the other hand, we note that this is not implied by coincidence of the P, functionals.

Local injectivity of A;. We note that it follows from Katok’s entropy conjecture that A, char-
acterizes locally symmetric metrics. Indeed, if A, = Ay for some locally symmetric metric gy,
then A, is a constant, and, hence, Ji'(v) is cohomologous to a constant, which in turn implies
Piop(9) = hriou(g). We deduce that A, determines any real or complex hyperbolic metric in
a small enough neighborhood [F1a95, Hum25|, and that it characterizes any locally symmetric
metric (globally) in its conformal class [Kat82].

It also follows from the methods of the present paper and [F1a95, Hum25] that dg, A is injective
on TT tensors for gy being a real or complex hyperbolic metric.

As emphasized above, the local rigidity of P, is much more difficult to obtain than that of
A, because the differential operator R appearing in the derivative d,,P is not positive, whereas
for A, the differential operator 7 appearing in dg A is computed in [Flad5, Proposition 5.1.1]
and is positive on TT tensors; see [Fla95, Hum25].

1.6. Strategy of the proof.

Microlocal techniques. At a high level, the scheme of the proof of our main theorem is similar
to Guillarmou and the fourth-named author’s proof of local marked length spectrum rigidity in
[GL19]. We Taylor expand P, (more precisely, a closely related functional we will denote by @)
about g = gg using properties of the generalized X-Ray transform introduced by Guillarmou in
[Guil7]. In order to apply this machinery, we must establish the solenoidal injectivity of the
derivative dg,®.
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We remark that if s — g, is a family of metrics such that P,, = P, for all s, then
dgo® (0s]5=09s) = 0, so solenoidal injectivity of d, ® is closely related to deformation rigid-
ity. In simple terms, the generalized X-ray transform is the key to upgrading deformation
rigidity to local rigidity. A similar scheme was used by the third-named author in the context
of entropy rigidity [Hum25|.

Injectivity. The majority of the paper is devoted to establishing the solenoidal injectivity of
dg® for a hyperbolic 3-manifold (M3, gg). While the derivative of L, is easily computed at
any metric g using the fact that geodesics minimize length in their free homotopy class, the
functional P, is more difficult to understand due to the presence of the unstable Jacobian.
A standard computation shows that the unstable Jacobian is given by tr(U,), where U, is the
second fundamental form of horospheres (Lemma 3.1). Using that U, is a solution of the Riccati
equation, we can use work of Flaminio [F1a95] to simplify the derivative of U, at a hyperbolic
metric. The injectivity statement on d®,, reduces to the solenoidal injectivity (on tensors with
zero mean) of an explicit differential operator R on the space of symmetric 2-tensors (defined
in Proposition 3.2), which is a constant multiple of the Lichnerowicz Laplacian Ay (see (2.8)
below) on T'T tensors. Using the fact that Ay, preserves T'T tensors (see Lemma 5.2), we reduce
the solenoidal injectivity of R to the injectivity of Ay on TT tensors, which is the statement
of Theorem 1.6 above.

We recall that, to establish Theorem 1.6, we study a geometric invariant of negatively curved
manifolds (M, g) known as the mean root curvature k(g), which satisfies k(g) < hriou(g) [OS84].
We first notice from [Fla95, Proposition 5.1.1] that elements in the kernel of Ay define infinites-
imal directions S for which the Hessian of the Liouville entropy vanishes: d? (hion)(S,S) = 0.
Since k(go) = hriou(go) and since go is a critical point of both x and hrio,, we deduce that
d2 r(S,S) < d (hriow)(S,S) = 0 by Taylor expanding near go. In Proposition 5.5, we com-
pute the Hessian of x in any trace-free direction. In dimension n = 3, using the fact that
the curvature tensor is completely determined by the Ricci tensor (Lemma 5.7), we show that
d2 k(S,S) > 0if S # 0, which concludes the proof of the injectivity.

Our computation of the Hessian of s also allows us to deduce that whenever (M, go) is a
hyperbolic 3-manifold for which hy;,, has a saddle point, then so does k£ (Theorem 1.8).

Organization of the paper. In Section 2, we recall some properties of symmetric 2-tensors,
i.e., tangents to the deformations s — g,. In Section 3, we compute the linearization of ®,. In
Section 4, we use the generalized X-Ray transform to prove the main theorem, assuming the
injectivity of dg,® (Theorem 4.1). We note this argument works for any (M, go) for which d,,®
is injective, and does not use that n = 3. In Section 5, we reduce the desired injectivity to
Theorem 1.6. We then establish Theorems 1.6 and 1.8. We also show Theorem 1.5 in Section
D.
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2. PRELIMINARIES

Let (M, g) be a closed negatively curved manifold. Let dvol, denote the volume form asso-
ciated to g and Vol (M) = [,, dvol its total volume. Let SYM := {(z,v) € TM |||v|y = 1} be
its unit tangent bundle. We denote by (Qbf,)teR the geodesic flow generated by g on SIM.

2.1. Symmetric tensors. Let C*(M; S™T*M) be the smooth sections of the bundle of sym-
metric m-tensors on M. Note that the scalar product g on T'M extends naturally to a scalar
product on C*°(M; S™T*M), which we will denote by (-,-) z2(ar;smr=ar) (0r (-, -) when there is
no risk of confusion). The trace is given by

try : C®(M; S™T*M) — C®(M; S™"T*M), S Sylei,ei...), (2.1)
=1

where (e;); is a g-orthonormal basis of T,,M. Note that for m = 2, the space of symmetric
2-tensors splits as

C>°(M; S2T* M) = C*(M; S2T*M) & C=(SM)g, (2.2)

where C®(M; S3T*M) := {S € C*(M; S*T*M) | try(S) = 0} denotes the bundle of trace-free
tensors. We will frequently identify symmetric tensors and functions on the unit tangent bundle
SM as follows. Let

* L C°(M; SMTM) — C°(SM),  7,S(z,v) = Sy(v, ..., v). 2.3
T+ C%( ) (SM), m,S(x,v) (v, ) (2.3)

m times.

The Levi-Civita connection V, acts naturally on m-tensors, but it does not preserve the
symmetry. We thus introduce the symmetrized covariant derivative:

D, :=SymoV,: C®(M;S™T*M) — C(M; S™T*M).

We note the following relation between the symmetrized covariant derivative and the generator
of the geodesic flow (see [Lef25, Lemma 14.1.9)):

XgT = Ty1 Dy (2.4)
The formal adjoint of D, is the divergence operator Dy:

Df = —try0V, : C®(M; S™T*M) — C(M; S™ 'T*M).

g

The rough Laplacian is given by
Vi Vg C%(M; S"T*M) — C(M; S™T™M). (2.5)

When there is no risk of confusion on the metric, we will suppress the g subscripts.
We will need the following identity (see for instance [GKL22, §2.2]):

1
* R — 1 2.
/S mSdmy = o /M r(S) dvol,, (2.6)

where dm,, is the Liouville measure associated to ¢ (normalized so that we have a probability
measure). In particular, we will use that if tr(S) has zero mean for dvol,, then 73S has mean-
zero for dm,.
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2.2. Decomposition of the space of symmetric tensors. There exists a natural gauge
given by the action of the group Diff’(M) of smooth diffeomorphisms homotopic to the identity.
We define

O(g) :={0"g| ¢ € DIfi*(M)},  Ty,O(g0) = {Lvgo | V € C(M;TM)}.

We will prove an injectivity result of the derivative of the Poincaré determinant on a “transverse
slice” to T,0(g). This is natural since P is invariant under isometries: P, = Py, for any
¢ € Diff°(M). We remark the following fact:

T,0(g) = {Dgp | p € C*(M; TM)}.

In particular, a natural transverse slice is provided by the kernel of the adjoint D} [Lef25, Theo-
rem 14.1.10]. Elements of C>(M; S™T*M)NKer(D}) are called divergence-free (or solenoidal)
tensors. For any S € C(M; S™T*M), there exists a unique pair

(p.h) € C®(M; 8™ 'T*M) x (C®(M; S"T*M) NKer(D})), S=Dgp+h.
Using (2.4), the above decomposition can be written as 7,S = X (7}, _,p) + 7 h. In particular,
using [DS03] and the Livsic theorem,
S € Ran(Dy) <= ke () =0 < /(WSS)CZ&, =0 V periodic orbits 7, (2.7)
Y

where Ilker(py) is the orthogonal projection onto Ker(Dy).

We recall the following lemma which allows one to “project” a metric g onto solenoidal
tensors. It was obtained in this form in [GKL22, Lemma 2.4], but the idea goes back to Ebin
[Ebi68].

Lemma 2.1 (Slice lemma). Let k > 2, and o € (0,1). Then there exists a neighborhood U of
g in the C**-topology such that for any g € U, there is a unique ¢, € Diff’(M) of regularity
CFbhe close to identity, such that gbz,g' € Ker(Dy) is divergence-free. Moreover, there exists
e >0 and C' > 0 such that

19" = glleka <€ = 659" — gllore < Cllg = gllcra
2.3. Curvature tensors. For v € SIM, the normal bundle is
N, (v) == A{w e T, M | g,(v,w) = 0}.
The curvature tensor of g is
Ry, € C*(SM;End(N,)), Ry(v)(w):=Ry(w,v)v,

where R, is the Riemannian curvature tensor of g.

The sign convention is such that for a hyperbolic metric gy, one has Ry, = —Id. The Ricci
tensor is
Ric, € C*(SYM; S*T*M), Ric,(v,w) := tr,(y — R, (v, y)w Zg (v, e;)w, e;),

for any g-orthonormal basis (e;)i,. For gy hyperbolic, one has Ricy, = —(n — 1)Id. The scalar
curvature 1s

Scal, € C*(M), Scal,(z) := try(Ricy)(x ZRICQ €i, i),
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for any g-orthonormal basis (e;)I,. For go hyperbolic, one has Scaly,, = —n(n — 1). The total
scalar curvature is

S(9) ::/ Scal,dvol,.
M

Definition 2.2. The Lichnerowicz Laplacian is given by
(AL)gS == V,VyS5 + Ricg 0 S+ S o Ric, — 2R, (5), (2.8)

where, for any g-orthonormal basis (e;)!,
R (S) ZS s(ei, X)Y,e;), SoRicy(X,Y) ZS g€, X)e, Y).

Note that when g = g is a hyperbolic metric, one has
ALS =V*VS —2nS + 2tr(S)go, (2.9)
see [F1a95, Proof of Proposition 1.3.3].

Definition 2.3. The mean root curvature of g is
k(g) == /s Mtr((—Rg(v))l/z)dmg(v), (2.10)

where (—Ry(v))Y? denotes the square root of the positive symmetric operator —Ry(v).
Recall that by work of Osserman and Sarnak [OS84], one has
k(9) < hriou(9), (2.11)

where hyiou(g) is the metric entropy of the g-geodesic flow with respect to the Liouville measure.
Moreover, equality in (2.11) holds if and only if g is locally symmetric.

2.4. Riccati equation. For each v € S9M, let U,(v) € End(N,(v)) denote the second funda-
mental form of the unstable horosphere determined by v. Then U, € C*(S9M,End(N,)) is a
positive solution of the Riccati equation

Xy (Uy) + (Uy)* + Ry = 0, (2.12)

where X, denotes the natural action of X, on sections of C*(S9M, End(N,)) that are differen-
tiable in the flow direction. We note that for g = gy hyperbolic, one has Uy, (v) = Idpr).

3. LINEARIZATION OF THE POINCARE DETERMINANT

In this section, we compute the first derivative of the Poincaré determinant at a hyperbolic
metric gg. We start by expressing the Poincaré determinant using the positive solution to the
Riccati equation U,. For a closed geodesic v, we denote by df, the (non-normalized) one-
dimensional Lebesgue measure supported on +.

Lemma 3.1. Let (M™,g) be a smooth closed negatively curved manifold. Let D, = logP,.
Then

VeelC, Dylc)= / tr(Ug)dgvg( )
Yg(c)
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Proof. Let v := ~,(c) and let v = +/(0) € S;M. For J(t) a Jacobi field along (t), we
will use the notation J'(t) for the covariant derivative V.. J(t). Let V € T,(SM) and let
(Vi, Vi) € T.M & T,M denote its decomposition into horizontal and vertical components.
Then

D¢'(V) = (J(t), J'(1)),
where J is the Jacobi field along v with initial conditions (J(0),J'(0)) = (Vi, Vi), see for
instance [Bal95, Proposition 1.13].

Let U(v) denote the second fundamental form of the unstable horosphere determined by v.
We make the identification

N@w) = E*(v), w— (w,U(v)w) e E*(v), (3.1)

where the right-hand side is understood in terms of the identification T, M & T, M = T,(SM)
using horizontal and vertical components. Using (3.1), we can view D¢!|g. as a linear map
A(t) : N(v) = N(¢'v). Whenever J(t) is an unstable Jacobi field along (), one checks that
J'(t) = U(¢'v)(J(t)). This means that the map A(t) : N(v) = N (¢'v) satisfies the equation

D t
ZA(t) = U(6'0)A(t),

where 2 denotes covariant differentiation along y(t). Therefore,

%det A(t) = det A(t) tr (A(t)*%/l(t)) = %log det A(t) = tr(U(¢™)).

Integrating the above from 0 to T' completes the proof. O

By [Con92|, the mapping
CHM(M; S*T*M) — C*(SM), g+~ Tr(U,) (3.2)

is C*=3 for any v € (0,1). Since the map g + 7.(g) is also smooth, we deduce that D, is
smooth in g. We now compute its first derivative at a hyperbolic metric gq.

Proposition 3.2. Let (M", go) be a closed hyperbolic manifold and let @, = Dy/D,,. Then for
any S € C®(M; S*T*M), the map dg,®(S) : C — R is given by

1 .
Ve el dg®(S)(e) = (C)/ o™ (S)de,,,
9o Ygo (€

where R(S) = 3dg,Ric(S) = ALS — 3Dy, D: (S) — 3 Vd(tr(S)).

T4

Proof. Let (gx)xe(—e,) be a deformation of gy such that di[x—ogx = S. Fix a free homotopy
class ¢ € C. In the following computation, we will write v, instead of v,(c). Differentiating, we

obtain
a)\|,\:0 (/ tI‘(U)\)dﬂY) = a)\’)\zo </ (n — 1)d€)\) —|—/ tl‘(a)\b\:oU)\)dgo,
oY A Yo

where we used that tr(Uy) = n — 1. For the first term, we have

1
8A|>\0/ dly = Ox|x=0lgy (72) = Onlaz0(Lgo (72) + Ly, (70)) = aA|,\0/ (v, v) = 5/ 55,
X Yo Y0

where we used that 7y minimizes the gp-length in its free homotopy class.
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The second term was computed by Flaminio (see [Fla95, Corollary 4.3.2] ') and is equal to

1 . %
/ tl“(a)\|>\:0U>\)d€’yo(c) = 5/ (8A|>\:0R1C>\ - (TL - 1)71-25)6%70(0)‘
Yo(c) Yo(c)

Using [Bes87, 1.174 and 1.180 b)], we have
: 1 .
8A|)\:0RIC>\ = éALS - Dgngo(S) - Vd(tl‘(S)),

which completes the proof. 0

4. LoCAL RIGIDITY OF THE POINCARE DETERMINANT

In this section, we will show Theorem 1.3 under the hypothesis that the operator R defined
in Proposition 3.2 is solenoidal injective on tensors with zero mean. Let

Vo :=Ker(D;; ) N{cgo | c € R} (4.1)

Elements of V,, are the divergence-free symmetric 2-tensors tangent to volume-preserving de-
formations of go. Note that if S = cgy or S € Ran(D,)), then S € Ker(R) by Remark 1.2 and
(2.7), respectively. Let Ilke(ps ) denote the orthogonal projection onto Ker(Dj ). We will say

90
that R is solenoidal injective on tensors with zero mean if HKer(DZO)R is injective on V.

Theorem 4.1. Let (M", go) be a closed hyperbolic manifold such that R is solenoidal injective
on tensors with zero mean. Then there is N € N and € > 0 such that for any negatively curved
metrics g with ||g — gol|ox < € and Vol (M) = Vol (M), one has Py, = Py, if and only if there
exists ¢ € Diff°(M) such that ¢*g = go.

Remark 4.2. In Theorem 5.1, we show that the operator R is solenoidal injective on tensors
with zero mean in dimension n = 3 which, together with Theorem 4.1, implies Theorem 1.3.

The key tool in the proof is the generalized X-Ray transform II. For any smooth function
f € C®(SM) such that [, fdmg =0, we define

I/, f) = / (F o or, f)uedt, (4.2)

where the integral converges by the exponential decay of correlations [Liv04], see for instance
[GKL22, Equation (2.6)]. A microlocal definition of the operator II was given originally in
[Guil7]. This operator was used crucially by Guillarmou-Lefeuvre in their proof of the local
rigidity of the marked length spectrum [GL21, GKL22] and by Humbert for the proof of Katok’s
entropy conjecture near real and complex hyperbolic metrics [Hum25].

We will use the following properties of II:

(1) One has IIX = 0, see [Guil7, Theorem 1.1].
(2) The operator 7o, I : C*(SM) — C*(M, S?T*M) is bounded for all s > 0 not an integer
by Bonthonneau-Lefeuvre [GBL23, Lemma 5.10], see also [Lef25, Lemma 16.2.11].

We now define the generalized Poincaré X-Ray transform Q(S) := ma, IImsR(S). In analogy
with the case of the geodesic X-ray transform, the injectivity of R(S) on solenoidal tensors
with zero mean implies a coercive estimate for ().

!Note that in [Fla95] U is the negative Riccati solution, so the multiples of 73S differ by a sign.
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Lemma 4.3. For any s ¢ Z, there is C > 0 such that for any S € V,, which is orthogonal to
Ker(Iker(p; ) Rlvy, ) one has ||Sc: < CIQ(S)|cs-1. In particular, if Ikexp; )R is injective on
Vg, then Q) is elliptic and injective on Vy,. We have

VS €V, ISlles < CIQMS)|cs-1- (4.3)

Proof. This follows from the proof of [Hum25, Proposition 3.3] because the operator R differs
from the operator in [Hum25, Proposition 3.3] only by sub-principal terms. U

We can now prove Theorem 4.1.

Proof of Theorem 4.1. Let g be such that ||g — gol[cv < € for a small € and a large N to be
determined later and such that Vol, (M) = Voly, (M). We use the slice lemma (Lemma 2.1)
and let S = ¢7g — go € V,,- We Taylor expand ®, near g = go to obtain, using Proposition 3.2,

0=205—1=2¢,—1= T R(S)dly () + OIS 5.0 ) (4.4)

o
(n - 1)£go (C) Yo(c)
for all ¢ € C and where the O is uniform in ¢ € C. This means that

L
lgo(c)

By the approximate Livsic theorem of Gouézel and Lefeuvre [GL21] (see also [Lef25, Theorem
11.1.5]), one has

[ RO = 0USIE), Veee (45)
Yo(c

mR(S) = Xu + h,

where u,h € C*(SM), and ||h]jce < C||lm3R(S)||&n7[1S]|%5.. Here, the constants C, o, 7 > 0
are uniform in S and only depend on the geodesic flow of gy. Since R is a differential operator
of order 2, we have ||T5R(S)||c1 < C||S]|¢s, which implies that

Ihllee < ClISlea 1SN < ClSI -

Using property (2) above, we have

o TThlow < Cllhllon < OS5

Next, using property (1) above, we have Q(S) = m,I1h. Applying the coercive estimate (4.3),
we find

ISller+a < CIQ(S) e = Cllma.Ihllce < C'[|S||gEw

Interpolating between Holder spaces, we obtain

ISlIgts < CllSliersallSllEn,
for N=5+4+a+ %. This yields

[Sllcrea < ClIS[lcr+al|SllEn-

Now, suppose that ||S||cx < 1/(2C). This forces S = 0. O



14 KAREN BUTT, ALENA ERCHENKO, TRISTAN HUMBERT, THIBAULT LEFEUVRE, AMIE WILKINSON

5. INJECTIVITY ON V,, IN DIMENSION 3
In this section we show the following result.

Theorem 5.1. Let (M3, gy) be a closed hyperbolic 3-manifold. Then HKer(D;O)”R 15 injective
on Vy,.

We will reduce the above statement to the injectivity of R. We start with some preliminary
considerations which are valid in any dimension. In particular, this will allow us to quickly
complete the proof of Theorem 1.5, the local rigidity of P, in a conformal class in any dimension.

Lemma 5.2. Let (M™,go) be a hyperbolic manifold. Let S be a divergence-free symmetric
2-tensor. Then the symmetric 2-tensor R(S) is also divergence-free.

Proof. Since gq is hyperbolic, we have the following additional commutation relation:
V'V, D; S = —(n+1)D; S — 2Dy, (tr(S5)), (5.1)
see [DFG15, Equation (C.1)]. For S € C*(M,S?*T M) a symmetric 2-tensor, write S = Sygo +

Sa, where Sy € C°(M) and S trace-free, see (2.2). Using the definition of R in Proposition 3.2,
together with (2.9), we see that if S is divergence-free, then

4R(S) = V*VS — 2nS;.
This means that
D3 (V*VS —2nSy) = 2Dy, (tr(S)) — 2nD; Sy = 2nDg,(So) — 2n.D} Ss.
The last line is zero by the divergence-free condition:
0= D;OS = D;OSQ — tI'(V(Sogo)) = D;OSQ — VSO, (52)
which completes the proof. 0

Using the previous lemma, we obtain the following

Proposition 5.3. Let (M", go) be a hyperbolic manifold. Let S € Vg, N Ker(llkex(p; yR). Then
R(S) = 0.

Proof. Suppose that S € Ker(Dy )NKer(Ilker(p; )R). This means there exists p € C*°(M;T"M)
such that R(S) = Dg,p. By the previous lemma, we have D» R(S) = 0, which gives

HR(S)H%Q(M;SQT*M) = <R(S)a Dgop>L2(M;S2T*M) = <D;0R<S)7P>L2(M;SQT*M) =0,
as desired. 0
In light of Proposition 5.3, Theorem 5.1 reduces to the following
Proposition 5.4. Let (M3, go) be a closed hyperbolic 3-manifold. Then R is injective on Vg, .

Now recall from Proposition 3.2 that R(S) = $ALS — iVd(tx(S)) for S € ker(D},). Using
(2.9) and the fact that V*V commutes with the trace, we deduce that A commutes with the
trace as well. In particular, for any S € V,,, write S = Sy + Spgo where Sy € C*°(M) has mean
zero and Sy is trace-free. Then R(S) = 0 if and only if R(S2) = 0 and R(Spgo) = 0. Since
Ar(Sog0) = (ASy)go, where ASy is the usual Laplacian on functions, we see that Az (Spgo) =0
implies that Sy = 0 since [, Spdvol = 0.

From these above considerations, we deduce two things. First, Proposition 5.4 reduces to
showing:

VS € Ker(D, ) NKer(tr), R(S)=0 = S=0,
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which is equivalent to the injectivity of Ay = 49)[x=oRic) on Ker(tr) N Ker(D} ) stated in
Theorem 1.6. Second, we can now complete the proof of Theorem 1.5.

Proof of Theorem 1.5. We showed that Ay, is injective on conformal perturbations in V,,. Since
A, commutes with the trace, for any Sygo € V,, with Sy € C*(M), one has Spgo L Ker(Ap).
In particular, the coercive estimate (4.3) can be applied to Spgo. This means that the proof of
Theorem 4.1 goes through for Sygg, which gives the desired result. O

5.1. Mean root curvature. The proofs of Theorems 1.6 and 1.8 rely on the following expres-
sion of the Hessian of the mean root curvature s, defined in Section 2.3, at gq.

Proposition 5.5. Let (M", go) be a closed hyperbolic manifold of dimension n. Let (gx)ae(—ee)
be a perturbation of go such that tr(0x|x=ogx) = 0. Then writing S = Ox|x=09gx,

3(n—1 . 1 . :
R azok(N) = %/ (735 (v))* dmo(v) + 5/ 758 (v)Ox [a=oRicy (v) dmg(v)
SOM SOM
1 1
- - t — 2\d — 0| :
T (@ heaBs )P dmo(o) = g R -0S(0)
To differentiate k(g), we will identify the different unit tangent bundles SYM with SM :=
S9 M by rescaling each fiber:

Wy SPM — SIM, (z,v)— (z, ). (5.3)

> vl

Define the measure dm, = Vydm,, := (\Ifg_l)*dmg which is a probability measure on SM.

Lemma 5.6. Let (gx)re(—c,) be a perturbation of a metric gy such that Voly(M) is constant.
Then Oxdm, = %tr(@,\g,\) dmy, where the subscript A denotes the objects corresponding to gy.

Proof. For any A, the Liouville measure dm, of g\, decomposes as

Vfe C®(S™M), / f(z,v)dmy(z,v) = W/M/SzAMf(x,U)dSﬁA(v)dvol,\(x),

SIAM
where dS9* denotes the Lebesgue measure on the sphere fiber S9*M and where w,_; > 0 is
the volume of S"~!. We note that for any x € M, the map ¥y : S,M — S9 M preserves the
fibers. Moreover, we check that U, commutes with rotations of the sphere. Hence, W5 (dS9) is
invariant by all rotations and we deduce that W} (dS9*) = dS,. In particular,

VfeC®(SM), x,v)dm x,v:—/ x,v)dS,(v)dvoly(x).
rec(su). [ s = oo [ [ feois. e
Thus, since dydvoly, = 1tr(drgr)dvoly (see for instance [Bes87, Proposition 1.186]), this con-
cludes the proof. O
Proof of Proposition 5.5. We differentiate x(\) twice and evaluate at A = 0. Since tr(S) = 0,

Lemma 5.6 gives 0y|y=odmy = 0. In particular, using Ry = —Id, we have

Flror(N) = o ( . tr((—Rol/?(v))dmA) — Ry ( | mtr«—m%))dm)
=) [ 0o (s ) o2 [ s () ot (= )

+ / tr<a§|,\:0(—R)\)l/2)dmo + (n — 1) / a§|)\:0d7’h)\.
SM SM
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We first remark that the last term above vanishes. Indeed, since dm, is a probability measure
for any A, one has [g, 03[x=odmy = 93[x=01 = 0. To simplify the first term, we start by
computing

1 1 1 1 3
o PO g 82__:__*82_ e *52.
)\l)\_OHUHA 27T2 ’ )\’/\—OHUH)\ 27T2< )\|)\—Og)\)+ 4(7T2 )

=:90

Using (2.6), we have

1
>(Go)dmg = ———— tr(go)dvoly.
[ mitiamo = s [ antn)avol
But since (gx)ae(—e,) is a perturbation which preserves the total volume, one has
1 1
0 = 9}|a=0Volx(M) = —/ tr(go)dvoly + —/ tr(S)dvoly.
2 )y 4 Ju

Since S is trace-free, the first term is equal to

2 1 _3(n—1) TS (oN2 dime (v
n=1) [ oo (o ) dma = [ msame. G

Next, we compute, using again that Ry = —Id,
1 1 .
8,\|>\:0tr((—R,\)1/2) = §tr(8>\|)\:0(—R>\>(—R0)_1/2) = —§8>\|)\:0RIC)\.

This means that the second term becomes

1 1 .
2/ a0 () Ox[acotr ((—R2) ) dmg = —/ 755 (v)0x|a=oRicy (v) dmg(v). (5.5)
SM [[v]]A 2 Jsm
Next, we compute the second derivative of the curvature term using Ry = —Id,

1 1
(83 r=o(—R2)"?) = §tf(5x\§:o(—RA)(—Ro)_l/z) - ;Ltr((—GA\A=ORA)2(—RO)_3/2)
1 ) 1
= —§a§|>\:0R1C/\ - Ztr((8>\|)\:0R)\)2) .
To conclude the computation, applying (2.6) to the Ricci tensor and differentiating twice gives

. 1
8/2\|,\:0R1C,\dm0 = W /]\/[ 8§|A:08ca1,\dvolo.

SM
Since tr(S) = 0, one has dy| =odvol, = 0, and thus
1 1
2 _ icad - - 2 B i —/ 2 _dvol
SM Ailr=oRicadmg nVol(M)a’\L\*OS(gA) nVol(M) M@)‘L\*O VOx
1

_ 2
— TLVOI(M) a)\ |/\:08(g/\)7

where we used that Vol(g,) is constant. In total, the third term is equal to

2 1/2 _ 1 2 1
/SM tr (95 a=o(—R») / Ydmg = _Z/SOM tr((Or[a=o R (v))?)dmo(v) — 2nvol (M)

Combining this above equation with (5.4) and (5.5) and finishes the proof. O

9 r=0S(gy)-
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5.2. Using dimension 3. For n = 3, we use the fact that the curvature tensor is completely
determined by the Ricci tensor to simplify the Hessian, more specifically, the third term in the
statement of Proposition 5.5.

Lemma 5.7. Let n =3 and let S € Ker(D} ) NKer(tr). Let (ga)re(—c.c) be a perturbation of go
such that Ox|x=0gx = S. Assume Ox|x=oRicy(v) = uS for some p € R. Then

V(z,v) € SM, O\=oBa(v) = (k+ 1)(m35)Idn(aw) + (1 + 2) Sz n(a0)-
Proof. Let (v1,vs,v3) be a gg-orthonormal basis of T,,M. Then
M(WSS)(M) = 8,\\A:0RiC,\(U1) = 9o (8)\’)\:0R)\(U1)U27 U2) + 9o <8A|)\:0R)\(U1)U37U3)-
We now write
90 (Orxzo R (v1)v2,v2) = Ox|rzo (ga (Ra(v1)va, v2)) — |/\ 09x Ro(m)w,vz)
= Ox|a= o(g,\(R,\ Cil Uz,UQ)) + T

where we used that Ry = —Id. Let H(v,w) := O\|r= O(Q)\(R)\< v)w w)) Note that H is sym-
metric since for any A, one has gy (Rx(v)w, w) = gx (RA( ), v) by symmetry of the curvature
tensor Ry. Exchanging the roles of vy, vs, v3 yields

H(vy,v2) + m5S(v2) + H(v1,v3) + 155 (vs) = pumy S(vr)
H(vg,v1) + 755 (v1) + H(vg,v3) + 735 (v3) = pmsS(vg)
H(v3,v9) + 755 (ve) + H(vs,v1) + 35 (v1) = pmsS(v3).
Now, we use that tr(S) = 7155(v1) + 755 (ve) + 755 (v3) = 0 to get
H(vi,v3) + H(vy,v3) = (u+ 1)m3S(v1)
H(vg,v1) + H(va,v3) = (p+ 1)m3S(v2)
H(vg,va) + H(vs,v1) = (pu + 1)m35(v3).
Subtracting the last line from the sum of the first two lines, using tr(S) = 0 again yields
2H (v1,v9) = —2(p+ 1)m3S(v3) <= H(vy,v2) = —(pu+ 1)m3S5(vs).
This means that
Jdo (a)\‘)\:(]R)\(’lh)UQ, 1)2) = H(Ul, Ug) + W;S(’Ug) = —<,U + 1)71';5(?]3) + W;S(Ug).
Using tr(S) = 0 a final time gives
90(Orx=oRa(v1)v2,v2) = (u+ 1)m55(v1) + (1 + 2)m5.5 (va). (5.6)
Since (5.6) holds for any unit vector vy € N'(x,vy), the proof is now complete. O

Remark 5.8. If (M, go) is a hyperbolic surface, then for any go-orthonormal basis (vq,v2) of
T, M, a similar computation to above shows

Ox|r=oRicy(v1) = go (a)\’)\:OR)\(Ul)U% 712) = OAla=0 (QA (R,\(U1)02> 712)) — Ox|x=09x(Ro(v1)va, v2)
= O\|r=o(gx (Ra(v1)va, v2)) + 5.5 (va)
= Oalr=o (K (ve, v2) (Jloaflaflvzllx — ga(ve, v2)?)) + 755 (v2)
1 1
= Ox|a=0 K\ (v1, v2) — §7T§S<U1) - 57755(“2) + 35 (v2)
= —W;S(Ul),
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where we used that tr(S) = 0 and that if S is trace-free, divergence-free, then 0y|,—o K, = 0,
see [Bes87, Theorem 1.174 e)]. As a consequence, A;S = —25, and is, in particular, injective.

As a direct consequence of Lemma 5.7 we obtain:

Corollary 5.9. Under the hypotheses of Lemma 5.7, one has

\ (1 +2)?
[ (@R 0)P)dmo(s) = (=20 1)+ (127738 a0+ ey | oasero

Proof. We compute the square:
(Oalr=oRa(v))* = (e + 1)*(m38 () *Id|pwy + 200 + 1) (1t + 2)(735(0)) S| ()
+ (,u + 2)2(533'/\/(3;77)))2.

Taking the trace and integrating gives
/ tr((Ox[rzoRa(v))?) dmo(v)
SM

=20+ D1+ e+ 2 [ er((Sulvien)?) dmo0)

SM

F2Aat D) [ mS(0) (Salyion) dim
SM ‘/_( )
=—73S(v

=2+ DS+ (u+2 [ (e ) dmofo).

Since tr((S|nw)))?) = S(v2, v2)? + S (vs, v3)* + 25 (vg, v3)?, for any orthonormal basis (v, v2, vs),

we see that
3

3
Dt ((Salwean)?) = tr(S2) + (w35 (w))*
i=1 =1
Integrating over SM yields

1 1
tr((S, MQdmv:—/ tr(S3)dmo(v) + |35 = =———|IS|I* + |75 S]%,
| (o)) dmote) = 5 [ tx(S2)ima(o) + 7SI = o ISP + 73S
where in the last equality we used the definition of || - ||z2(ar;527+a1). In total, we obtain the
desired equality. 0

Proof of Theorem 1.6. Let S € C°°(M; S*T* M) be a trace-free divergence-free tensor such that
ArLS = 0. By (2.9), this means that V*V.S = 6S. Let (g))xe(—e,) be a perturbation of gy such
that Ox|x=0gx = S. Using [F1a95, Proposition 5.1.1], we see that

A3 a=0hLiou(gx) = 0. (5.7)

Now, using (2.11) and the fact that hriou(go) = k(go), we first see that gy is a critical point of
both the Liouville entropy and the mean root curvature. Then, since k() < hriou(A), a Taylor
expansion near gg gives

3 |r=or(N) < 0. (5.8)
Now suppose that ApS = 0. Using Proposition 5.5, we get

2 _ § * 2 o 1/ 2 _ 1 2
O3lr=ow(A) = SImS|" = 7 SOMtr(@A!A:oRA(v)) )dmo(v) Gvolan) AP=0S(92)-
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Now, we use [Bes87, Proposition 4.55] to compute the Hessian of the total scalar curvature S
evaluated at a trace-free, divergence-free tensor S :

0ir=0S(9x) = (S, —3V*'VS + 8) = =2[[S|1 72 (aris2ranys
where we used that V*VS — 65 = ALS = 0. Finally, we use Corollary 5.9 with ¢ = 0 to get

3 1 1
2 _9 2 1 2 2 2 2
O31h-0r(3) = SIm3SI = SSIE = 3 ISIE + sz ISV = ISP
Using (5.8), this forces ||m35||*> = 0, and thus S = 0 which completes the proof. O

Proof of Theorem 1.8. Let S be a TT tensor. Let (g)ie(—c,) be a perturbation of gy such that
O\ |a=0gxr = S and 0y|r=oRicy(v) = uS for some p € R. Using Proposition 5.5, Corollary 5.9,
and [Bes87, Proposition 4.55], we obtain

3 p op+l  (p+2)? (n+2)° 2
2 _ e = _ 2 . 2
Oxh-on(A) = (2 HER i )ImS v evaan ) 17

4

(2—p) 2

ot 2) (B - Gl

Using [F1a95, Proof of Theorem C] (see also [Mau00]), there exists a hyperbolic manifold
(M, go) and a variation (gx)ae(—e, such that dx|x—oRicx = udx|rx=ogx for p € [—3,0). For this
variation, the previous computation shows that 9%|y=or(A\) > 0, which shows that gy is not
a local maximum of k. By [Kat82], if ¢ is a negatively curved metric conformally equivalent
to go of the same total volume, then hpion(g) < hriou(go) for g # go. By [OS84], we have
k(9) < hriou(g). Since k(go) = hriou(g0), we conclude that k(g) < k(go). Thus, x does not have

a local maximum or local minimum at go. 0
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