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AsstrACT. We introduce the notion of nonuniform center bunching for partially
hyperbolic diffefomorphims, and extend previous results by Burns-Wilkinson and
Avila-Santamaria-Viana. Combining this new technique with other constructions
we prove that Cl-generic partially hyperbolic symplectomorphisms are ergodic.
We also construct new examples of stably ergodic partially hyperbolic diffeomor-
phisms.

RESSERREMENT CENTRAL NON-UNIFORME ET LA GENERICITE DE L'ERGODICITE PARMI LES
Cl-sYMPLECTOMORPHISMES PARTIELLEMENT HYPERBOLIQUES

RésumE. Nous introduisons une notion non-uniforme de resserrement central pour
les difféomorphismes partiellement hyperboliques qui nous permet de généraliser
quelques résultats de Burns - Wilkinson et Avila - Santamaria - Viana. Cette nouvelle
technique est utilisée, en combinaison avec d’autres constructions, pour démontrer

hyperboliques de classe C. De plus, nous obtenons de nouveaux exemples de dy-
namiques stablement ergodiques.

1. INTRODUCTION

1.1. Abundance of Ergodicity. Let (M, w)be a closed (ie, compact without bound-
ary) symplectic C* manifold of dimension 2N. Let Diffclu(M) be the space of w-
preserving C! diffeomorphisms, endowed with the C! topology. Let m be the
measure induced by the volume form vV, normalized so that m(M) = 1.

Let PH. (M) be the set of diffeomorphisms f € Diff, (M) that are partially hy-
perbolic, i.e., there exists an invariant splitting T.M = E*(x) ® E°(x) @ E°(x), into
nonzero bundles, and a positive integer k such that for every x € M,

I(DIE )M > 1> IDFAIE (),
IDFFIE* )T > IDFAES @)l = D FAIE ) HIT > IDFAES ()l

Such a splitting is automatically continuous.

1.1)

Theorem A. The set of ergodic diffeomorphisms is residual in PH_,(M).

Our result is motivated by the following well-known conjecture of Pugh and
Shub [PS]: There is a C* open and dense subset of the space of C* volume-preserving
partially hyperbolic diffeomorphisms formed by ergodic maps. Among the known results
in this direction, we have:

e F and M. A. Rodriguez-Hertz, and Ures [RRU| proved that C"-stable ergod-
icity is dense among C” volume-preserving partially hyperbolic diffeomor-
phisms with one-dimensional center bundle, forall 7 > 2. (See also [BMVW]|
for an earlier result.)
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e F and M. A. Rodriguez-Hertz, Tahzibi, and Ures [RRTU] proved that er-
godicity holds on a C! open and dense subset of the C? volume-preserving
partially hyperbolic diffeomorphisms with two-dimensional center bundle.

Together with the result from Avila [A], it follows that ergodicity is C! generic
among volume-preserving partially hyperbolic diffeomorphisms with center di-
mension at most 2. On the other hand, the techniques yielding the results above
seem less effective for the understanding of the case of symplectic maps, and indeed
Theorem [A]is the first result on denseness of ergodicity for non-Anosov partially
hyperbolic symplectomorphisms, even allowing for constraints on the center di-
mension. Our approach develops some new tools of independent interest, as we
explain next.

1.2. Center Bunching Properties. To support their conjecture, Pugh and Shub [PS]
provided a criterion for a volume-preserving partially hyperbolic map to be er-
godic, based on the property of accessibility, together with some technical hypothe-
ses. A significantly improved version of this criterion was obtained by Burns and
Wilkinson [BW]: accessibility and center bunching imply ergodicity. Dolgopyat and
Wilkinson [DW] showed that accessibility is open and dense in the C! topology, but
center bunching is not a dense condition unless the center dimension is 1 (which
cannot happen for symplectic maps). In this paper we introduce and exploit a
weaker condition, called nonuniform center bunching.

In the context of general (not necessarily volume-preserving) partially hyper-
bolic diffeomorphisms, the center bunching hypothesis in [BW] is a global, uniform
property, requiring that at every point in the manifold, the nonconformality of the
action on the center bundle be dominated by the hyperbolicity in both the stable
and unstable bundles. By contrast, the nonuniform center bunching property in-
troduced here is a property of asymptotic nature about the orbit of a single point;
it is the intersection of a forward bunching property of the forward orbit and a
backward bunching property of the backward orbit. The precise definitions are
slightly technical (see Section [2). However, for Lyapunov regular points (which
by Oseledets’ theorem have full probability), forward (resp. backwards) center
bunching means that the biggest difference between the Lyapunov exponents in
the center bundle is smaller than the absolute value of the exponents in the stable
(resp. unstable) bundle. The set CB* of forward center bunched points for a par-
tially hyperbolic diffeomorphism f has the useful property of being ‘W*-saturated,
meaning that it is a union of entire stable manifolds of f; similarly the set CB~ of
backward center bunched points is W*-saturated, i.e. a union of unstable mani-
folds.

Our next main result, Theorem @ generalizes the core result of [BW] (Theo-
rem 5.1 of that paper). It states that for any C? partially hyperbolic diffeomor-
phism, the set of Lebesgue density points of any bi essentially saturated set meets CB* in
a ‘W¢-saturated set and CB~ in a ‘W"-saturated set. (A bi essentially saturated set is
one that coincides mod 0 with a ‘W*-saturated set and mod 0 with a ‘W*-saturated
set.)

Burns and Wilkinson [BW] obtain their ergodicity criterion as a simple con-
sequence of their technical core result. Indeed, assuming accessibility (or even
essential accessibility), ergodicity in [BW] follows in one step from the core result,
using a Hopf argument; it is not necessary to establish local ergodicity first (as one
does in proving ergodicity for hyperbolic systems). It is unclear to us whether the
the Burns-Wilkinson criterion for ergodicity can be improved by replacing uni-
form center bunching by almost everywhere nonuniform center bunching, in part
because the uniform version in [BW] is by nature not a “local ergodicity” result. In
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reality, it is possible to deduce a new ergodicity criterion (Corollary [C) from The-
orem (Bl Namely, ergodicity follows from almost everywhere nonuniform center
bunching together with a stronger form of essential accessibility, where we only
allow su-paths whose corners are center-bunched points. While this accessibility
condition is far from automatic, it can be verified in some interesting classes of
examples: see §1.4below.

1.3. Outline of the Proof of Theorem [Al Let us explain how nonuniform center
bunching combines with other ingredients to yield Theorem [A] Take a symplecto-
morphism with the following C! generic properties:

(a) it is stably accessible, by Dolgopyat and Wilkinson [DW];
(b) all central Lyapunov exponents vanish at almost every point, by Bochi [B].

Notice that property (b) implies almost every point is center bunched. But Theo-
rem [B|requires C? regularity. This is achieved by taking a perturbation, which still
has property (a), but loses property (b). What happens is that each point in some
set of measure close to 1 has small center Lyapunov exponents and thus is center
bunched.

Before getting useful consequences from Theorem B} we need to provide a local
source of ergodicity. This is achieved through a novel application of the Anosov—
Katok [AK] examples. (By comparison, [RRTU] uses Bonatti-Diaz blenders.) We
proceed as follows. By perturbing, we find a periodic point whose center eigen-
values have unit modulus. Perturbing again, we create a disk tangent to the center
direction that is invariant by a power of the map. We can choose any dynamics
close to the identity on this disk, so we select an ergodic Anosov-Katok map. Er-
godicity is spread from the center disk to a ball around the periodic point using
Theorem [B| and then to the whole manifold by accessibility. (In fact, since the
set of center bunched points is not of full measure, a G5 argument is necessary to
conclude ergodicity — see Section B|for the precise procedure.)

1.4. Further Applications of Nonuniform Center Bunching. By means of our
ergodicity criterion (Corollary [C) we construct an example of a stably ergodic par-
tially hyperbolic diffeomorphism that is almost everywhere nonuniformly center
bunched (but not center bunched in the sense of [BW]) in a robust way.

We also prove in this paper an extension of Theorem [B] to sections of bun-
dles over partially hyperbolic diffefomorphisms. This result, Theorem [D} brings
into the nonuniform setting a recent result of Avila, Santamaria and Viana [ASV],
which they use to show that the generic bunched SL(n,R) cocycle over an ac-
cessible, center bunched, volume-preserving partially hyperbolic diffeomorphism
has a nonvanishing exponent. The result from [ASV] has also been used in es-
tablishing measurable rigidity of solutions to the cohomological equation over
center-bunched systems; see [W]. Theorem [D|has similar applications in the set-
ting where nonuniform center bunching holds, and we detail some of them in
Section[6l

We conceive that our methods may be further extended to apply in certain “sin-
gular partially hyperbolic” contexts where partial hyperbolicity holds on an open,
noncompact subset of the manifold M but decays in strength near the boundary.
Such conditions hold, for example, for geodesic flows on certain nonpositively
curved manifolds. Under suitable accessibility hypotheses, these systems should
be ergodic with respect to volume.
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1.5. Questions. Combining results of [DW] and Brin [Br], one obtains that topo-
logical transitivity holds for a C' open and dense set of partially hyperbolic sym-
plectomorphisms. On the other hand, the C'-interior of the ergodic symplectomor-
phisms is contained in the partially hyperbolic diffeomorphisms [HT), [SX]. This
suggests the following natural question.

Question 1. Can Theorem[A]be improved to an open (and dense) instead of residual
set?

Notice that it is not known even whether the set of C! Anosov ergodic maps has
non-empty interior.

Dropping partial hyperbolicity, recall that C' generic symplectic and volume-
preserving diffeomorphisms are transitive by [ABC] and [BC], while ergodicity is
known to be C’-generic among volume-preserving homeomorphisms by [OU]. So
the following well-known question arises:

Question 2. Ts ergodicity generic among C! symplectic and volume-preserving
diffeomorphisms?

1.6. Organization of the Paper. In Section[2]we define nonuniform center bunch-
ing, state Theorem B} and derive Corollary [C|from it.

In Section 3 we prove Theorem [A] following the outline given in As we
have explained, the proof uses the existence (after perturbation) of a periodic point
with elliptic central behavior. Such a result goes along the lines of [BDP, [HT, SX],
but we have not been able to find a precise reference. In Section {4, which can be
read independently from the rest of the paper, we provide a proof of this result by
reducing it to its ergodic counterpart and applying the Ergodic Closing Lemma.
This approach is different from the one taken in the literature. For this reason,
we included an appendix explaining how to use it to reobtain some results from
[BDP].

The proof of Theorem [B} despite having much in common with [BW], is given
here in full detail in Section [f] In Section [f] we formulate and prove the more
general Theorem [D] The new examples of stably ergodic maps are constructed in
Section[7]

Acknowledgements. We would like to thank N. Gourmelon for the idea used in the
proof of Lemma4.3] This research was partially conducted during the period A. A.
served as a Clay Research Fellow. J. B. is partially supported by CNPq, and A. W.
is partially supported by the NSE.

2. NonuN1ForM CENTER BuncHING AND CONSEQUENCES

Throughout this section, f denotes a fixed C? partially hyperbolic of a closed
manifold M of dimension d. (We do not require f to be symplectic or even volume-
preserving.) Using a result of Gourmelon [G], we take a Riemannian metric ||| on
M for which relations (L.I) hold with k = 1.

Remark 2.1. The notion of partial hyperbolicity we use in this paper is called relative.
There is a stronger form of partial hyperbolicity, called absolute, which asks for the
existence of a Riemannian metric such that [|(Df|E*(x))7||"! > max(1, [Df|E*(y)l)
and min(1, |[(DfIES(y)) Y1) > IDfIES(z)|| for every x, y, z € M; see [AV].

2.1. Saturated Sets. If ¥ is a foliation with smooth leaves, a set X € M is said to
be F-saturated if it is a union of entire leaves of 7. We say that a measurable set X
is essentially F -saturated if it coincides Lebesgue mod 0 with a ¥ -saturated set.
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We also say that a set X is F -saturated at a point x if there exist 0 < 69 < 61 such
that for any z € X N B(x, 0p), we have #(z,61) € X. (Here ¥(z,01) denotes the
connected component of ¥ (z) N B(z, 1) containing z.)

A measurable set X is called bi essentially saturated if it is both essentially “W*-
saturated and essentially ‘W*-saturated. (Here ‘W* and ‘W* are the unstable and
stable foliations of the partially hyperbolic diffeomorphism f.)

2.2. Nonuniform Center Bunching. If A : V — W is a linear transformation
between Banach spaces, we denote by m(A) the conorm of A, defined by

A= inf |A®@)].
m(A) UE\},Illlvllzln @l

If A is invertible, then m(A) = ||A7Y| L.
We say that a point p € M is forward center bunched if there exist 0 > 1 and a
sequence 0 = iy < ij < --- such that i1 /ix — 1 and for every k > 0,

ID g 1 EF
m(D firH|EF)
The point p is called backwards center bunched if it is forward center bunched with
respect to f~!. The set of forward, resp. backwards, center bunched points is

denoted by CB™, resp. CB™. Also denote CB = CB" N CB™. It is easy to see that
these sets are f-invariant. Moreover, in Section 5| we show:

Proposition 2.2. CB* is ‘W*-saturated and CB™ is W"-saturated.

||Dfik(p)fik+l_ik|ES”_l > @ik,

A much deeper property is:

Theorem B. Let f be a C? partially hyperbolic diffeomorphism. Let X be a bi essentially
saturated set, and let X denote the set of Lebesgue density points of X. Then X N CB™ is
W-saturated and X N CB™ is ‘W'-saturated.

We remark that the hypotheses of Theorem B|are weaker than the center bunch-
ing hypothesis in [BW]. In the setting of [BW], CB* = CB~ = M and one takes
ix = k in the definition of forward center bunching. (In fact, the center bunching
hypothesis in [BW] is equivalent to the condition CB" = CB~ = M see Remark
below.)

Another remark is that, as in [BW], it is essential that X is both essentially “W*-
saturated and essentially W*-saturated in order to conclude anything.

2.3. Relation with Lyapunov Spectrum. Let us formulate sufficient conditions for
center bunching in terms of Lyapunov exponents.

Oseledets” Theorem asserts that there exists a set of full probability (that is,
a Borel set of full measure with respect to any f-invariant probability) where
Lyapunov exponents and Oseledets’ splitting are defined (see for example [Arno)}
Theorem 3.4.11 and Remark 4.2.8]). The elements of this set are called Lyapunov
reqular points.

If p € M is a Lyapunov regular point, we write the Lyapunov exponents (with
multiplicity) of f at p as:

M2 2> 22> A1 22 A

Ell EC ES
(The braces are shorthands meaning that dim E* = k, dim E€ = { —k, dim E* = d—{(.)
We say the Lyapunov spectrum of f at p satisfies the forward center bunched condition
if
A1 = Ag < =Apsa,
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and the backwards center bunched condition in the case that
A1 — A < Ag.

Notice that if f is symplectic then, by the symmetry between the exponents, the
forward and the backwards center bunching conditions are equivalent to:

2 k41 < Ak

Proposition 2.3. A Lyapunov regular point is forward (resp. backwards) center bunched
if and only if its spectrum satisfies the forward (resp. backwards) center bunched condition.

Proof. We only need to prove the forward part of the proposition, and the back-
wards part will follow by symmetry.
Fix a point p and define

1) ©(,n) =Dy 1EN - m(Dyig f1E) - ID s f1ENT i 2 0.

Assume that p is forward center bunched. Let 6 and i be as in the definition of
forward center bunching; then O(i, k1 — ix) > 0% 7%. We have

(0, i) = ©(0,i1)O(i1,ia — i1) -+ - O(ig-1, i — ix-1) > 0%,

and in particular

(2.2) lim sup 1 log ®(0,n) > 0.
n—+o0 N
If p is Lyapunov regular then the lim sup above equals —Az1 + A — Ak Thus p
has center bunched Lyapunov spectrum.
Conversely, assume that the point p is Lyapunov regular and has center bunched
Lyapunov spectrum. Fix some 7 with 0 < T < =Az11 — Agqq + A,. We claim that

(2.3) for every 6 > 0 there exists c; > 0 such that ©(j, n) > cse/e™ for all j, n > 0.

Before giving the proof, let us see how to conclude from here. Letiy = 0. Inductively
define ix,q as the least i > i such that Oy, i — i) > e("/?(=)_ Let us see that this
sequence of times satisfies the requirements of the definition of forward center
bunching, with 6 = 7/2. For any 6 > 0, we have

Cée—ﬁikef(ikﬂ—ik—l) < O(ip, fgp1 — i — 1) < T2 ik =ik=1)
It follows that if i is sufficiently large (depending on 0) then (ix+1 — ix)/ix < 36/7.
This proves that ix,1/ix — 1 and hence that p € CB*.

We are left to prove (2.3). For 1 <i < d = dim M, let E'(p) be the Oseledets space
corresponding to the Lyapunov exponent A;(p). (This notation is not standard
because those spaces are not necessarily different.) A consequence of the Lyapunov
regularity of p is that, for eachi = 1,...,d, the quotient n™* log ||D,, f"(v)|| converges
to A; uniformly over unit vectors v € E(p). Thus for every § > 0 there exists Ks > 1
such that

Kgle“’_é)" <D, f" ()l < K" for all unit vectors v € E'(p) and n > 0.
Hence, for each n, j > 0, we have
(24) ID i f" il < 1Dy £+ |l /(D 1) < KGe2lehitom

Another consequence of Lyapunov regularity (see [Arno, Corollary 5.3.10]) is that
the angles between (sums of different) Oseledets spaces along the orbit of p are
subexponential. In particular, for each 6 > 0 we can find K} > 1 such that

1D iy f "< .
il —— < ngé(””) , foreachn,j=>0.
maxXie[r+14) 1D figp) f " |Eill

(K(/s)flefé(]”rn) <
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It follows from (2.4) that there exists K{' > 1 such that
ID fign f"|Esll < Ky e*lelen#20 - for each n, j > 0.

This controls the first term in (2.I). The other two are dealt with in an analogous
way, and (2.3) follows. ]

Remark 2.4. If p € CB" then we have seen that holds, where © is defined
by 2.I). Let us show that condition alone does not imply forward center
bunching. First notice that if p € CB* then

(2.5) liminf ni log ©(ju, 1) > 0 for any sequences j,, 1,, with n,,, > 11—0]m — o0,

e 0 120 1 0
S IR e s A )

Assume that Dy, fle- equals C for every j > 0, while the sequence Dy, flgs, j > 0
is given by:

A,B,A, A, B,B,A (4 times), B (4 times), A (8 times), B (8 times), ...

Notice that for every n > 0, wehave ||D, f"|g:|| = e, m(D, f"|gc) = 1,and [|D,, f ||| =
e®/4" 50 condition is satisfied. On the other hand, if j = 2"*! + 2™ — 2 and
n = 2" then Dy, f" = B" and therefore ©(j, n) = e"/4". Hence does not hold
and so p is not forward center bunched.

Remark 2.5. If CB* = CB™ = M then f is center bunched in the sense of [BW].
Indeed, let ©®,(j, 1) be as in (2.1), with a subscript to indicate dependence on the
point. Assuming CB* = M, compactness implies that there exists 0 > 1 and m such
that for every p € M there exists i with 1 < i < m such that ©,(0,7) > 6. It follows
that there is ¢ > 0 such that ©,(0,n) > c6"/™. We reason analogously for f~'. The
conclusion follows from an adapted metric argument along the lines of [G].

Now let

2.4. An Ergodicity Criterion. Let us extract a criterion for ergodicity from Theo-
rem [B] (It is not used in the proof of Theorem[A] so the reader can skip the rest of
this section.)

Corollary C. Let f be a C? partially hyperbolic volume-preserving diffeomorphism. Let
CB = CB* N CB™ be the set of center bunched points. Assume that almost every pair of
points x, y € CB can be connected by an su-path whose corners are in CB.

Let X be a bi essentially saturated set such that X N CB has positive measure. Then X
has full measure in CB. If CB has full measure, then f is ergodic, and in fact a K-system.

In Section [7] we give applications of Corollary [C]to prove stable ergodicity of
certain partially hyperbolic diffeomorphisms that are not center bunched.

Proof of Corollary[C] Let f and X satisfy the hypotheses of Corollaryand let X be
the set of Lebesgue density points of X. Then for almost every x € XNCB and almost
every y € CB, there is an su-path from x to y with corners xo = x,x1,...,xx = y all
lying in CB (that is, so that x; lies in CB N (W*(xi31) U W*(xi11)), fori = 0,...,k—1).
Fix such an x and y and such an su-path. Applying Theorem [B|inductively to each
pair x;, x;11, we obtain that x; lies in X, fori=1,...k and so Y€ X. This implies
that almost every y € CB lies in X, and hence X has full measure in CB.

A standard argument shows that a volume-preserving partially hyperbolic dif-
feomorphism is ergodic if and only if every bi essentially saturated, invariant set
has measure 0 or 1. Moreover, f is a K-system if every bi essentially saturated set,
invariant or not, has measure 0 or 1 (see [BW], Section 5). If CB has full measure,
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then any bi essentially saturated set has 0 or full measure in CB, and hence has
measure 0 or 1. It follows that f is ergodic, and in fact a K-system. ]

3. Proor oF THEOREM

For ¢ > 0, let us call a difffomorphism f € PH. (M) e-nearly ergodic if for an
bi essentially saturated and mod 0 invariant set X, either m(X) < e or m(X) > 1— e
The bulk of the proof of Theorem[A] consists in showing the following:

Proposition 3.1. For any € > 0, the e-nearly ergodic diffeomorphisms form a dense subset
of PH. (M).

In §§3.1} 3.2 and B.3|we review some results from the literature, which are used
to prove the proposition in Then in we explain how Proposition
implies Theorem [A]

3.1. Zero Center Exponents. Given f € PH. (M), the partially hyperbolic splitting
TM = E" @ E° @ E* is not necessarily unique. We consider from now on only the unique
splitting of minimal center dimension. If this center dimension is constant on a C'-
neighborhood of f, we say that f has unbreakable center bundle. Such f’s form an

open dense subset of PH., (M) (by upper-semicontinuity of the center dimension).
To get center bunching, we will use the following:

Theorem 3.2 (Bochi [B], Theorem C). There is a residual set R C PHi,(M) such that if
f € R then all Lyapunov exponents in the center bundle vanish for a.e. point.

In other words, A°(f) = 0 for generic f, where

c — : 1 n [ —_ 1 n [
)\(f)—nlirpooﬁfMlogllDf |Ef||dm—1rn1fEfMlog||Df |Ef|| dm.

Notice that A°(f) is an upper semicontinuous function of f. Therefore, for any
0>0,thesetof f e PH! (M) with A¢( f) < 0is open and dense (and thus, by [Z], it
contains C?> maps).

3.2. Accessibility. There are two results about accessibility that we will need: one
says that it is frequent, and the other gives a useful consequence.

Theorem 3.3 (Dolgopyat and Wilkinson [DW]). There is an open and dense subset of
PH_ (M) formed by accessible symplectomorphisms.

Theorem 3.4 (Brin [Br])). If f is a C? volume-preserving partially hyperbolic diffeomor-
phism with the accessibility property then almost every point has a dense orbit.

In fact, Brin proved the result above for absolut partially hyperbolic maps.
Another proof was given by Burns, Dolgopyat, and Pesin, see [BuDP, Lemma 5].
Their proof applies to relative partially hyperbolic maps (the weaker definition
taken in this paper): the only necessary modification is to use the property of
absolute continuity of stable and unstable foliations in the relative case, which is
proven by Abdenur and Viana in [AV]].

1A related notion, e-ergodicity, was considered by [T]].
2See Remark
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3.3. Creating an Ergodic Center Disk. The last ingredient we will need in the
proof of Proposition [3.1]is Lemma 3.8 below, whose proof needs its own prepara-
tions. We begin finding a suitable periodic point:

Theorem 3.5. Let f have unbreakable center. There exists a C'-perturbation f that has a
periodic point with dim E° eigenvalues of modulus 1.

This result can be obtained along the lines of [SX]| or [HT] (which prove sym-
plectic versions of the results of [BDP]). In Section {4f we give a different proof,
relying on [B] and the Ergodic Closing Lemma [M].

The following symplectic pasting lemma is established using generating func-
tions, see [AMI:

Lemma 3.6. Let f € Diff] (M). Given ¢ > 0 there is 6 > 0 such that if U C M is an open
set of diameter less than 6, and g : U — M is a C"-symplectic map that is 5-C'-close to
fIU, then g can be extended to some § € Diff, (M) that is e-Cl-close to f.

The Anosov—Katok constructions enter here:

Theorem 3.7. Let L : R?N — RN be a symplectic linear map with all eigenvalues of
modulus 1. Then there exist an arbitrarily small neighborhood U of 0 in R*N and an
ergodic symplectic diffeomorphism g : U — U that is C*-close to L|U.

Proof. We may assume that L has only simple eigenvalues A!,..., A%}, all in the
unit circle. For 1 < i < N, let E' be the L-invariant two-dimensional subspaces
associated to the eigenvalues A;, A7!. Let A; : E' - R? be linear maps conjugating
L|E' to rigid rotations R;. Fix € > 0. If g; : ID — ID are area-preserving maps of the
unit disk D c R? that are C®-close to R;|ID, then the formula

g(x) = eAIlgl(e_1A1x1)+- . -+3A;,1gN(e_1ANxN), wherex = x1 +--- + xy with x; € Ei,

defines, on a small neighborhood U of 0 in R*N, a symplectic map g : U — U that
is C*-close to L|U. Now using a well known result of Anosov and Katok [AK]], we
choose maps g; as above that are weakly mixing. It follows (see [P], Theorem 2.6.1)
that g is weakly mixing (and hence ergodic) as well. ]

Lemma 3.8. For all f ina C' dense subset of PH. (M), the following properties hold: The
map f is C2, and there is a immersed closed disk D¢ such that:
1) the tangent space T,D* coincides with E°(x) at each x € D¢;
2) there is some € such that D is f-invariant, and moreover D° N f(D) = @ for
0<i<{
3) the restriction of f¢ to D is ergodic (with respect to the Riemannian volume mc);
4) the disk is center bunched in the sense that

IDAESN - _
m(Df|E(x))

5) fis dynamically coherent in a box neighborhood B of D¢ (that is, there are foliations
We, WHe, W< in the box B that integrate the distributions E¢, E* @ E°, E° & E°).

min (m(Df|E"(x)), IDFIE*()I|™") forall x € D5;

Proof. We will explain how to perturb a given f in order to obtain the desired
properties.

First use Theorem to perturb f and find a periodic point p of period ¢
such that all eigenvalues of Df‘|E°(p) have modulus 1. Also assume that these
eigenvalues are distinct and their arguments are rational mod 27, so that D f¢|E¢(p)
is diagonalizable and a power of it is the identity.

Take a neighborhood U of p that is disjoint from f/(U) for 1 <i < ¢ -1, and
such that there is a symplectic chart ¢ : U — R, (that is, the form ¢.w coincides
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with Y, dp; A dg;, where p1, ..., pn, q1, . .., n are coordinates in R?N.) We can
also assume that ¢(p) = 0 and D¢(p) sends the spaces E*(p), E°(p), and E*(p) to the
planes p1 -+ pu, Pus1 - - - PNGu+1 - -GN, and gy - - - q,, respectively (where u = dim E*.)

Using Lemma we can perturb f so that ¢ o f¢ o ¢p~! coincides with the linear
map D¢(p) o Dft(p) o Ddp~1(0) on a neighborhood of p. For simplicity, we omit the
chart in the writing, thus

f[(xur X, Xs) = (Lu(xy), Le(xc), Ls(xs))-

Recall that there is a power of L, that is the identity. So, if necessary changing the
point p and the period ¢, we can assume L. is the identity.

Next we use Theorem[3.7] Let g : D° — D¢ be an ergodic symplectic diffeomor-
phism, where the disk D° ¢ RY™E is contained in the chart domain. Consider the
(symplectic) map

G(xy, xc, xs) = (Ly(xw), g(x;), Ls(xs)), defined in a neighborhood of (0, 0, 0).

Now use Lemmaagain to find a global f : M — M close to f, such that (still in
charts)
ff(xu, Xc, Xs) = G(xy, X, Xs) in a neighborhood of (0, 0, 0).

Rename f to f. Then f has all the desired properties. m|
3.4. Getting Near-Ergodicity.

Proof of Proposition Fix an open set U C PH. (M) and ¢ > 0. Let 6 > 0 be small.
Using Theorems nd we can assume that the set U is composed of maps f
that are accessible and satisfy A°(f) < 0. With a good choice of 6, the latter property
implies that for any f € U, the measure of the set of Lyapunov regular points
whose Lyapunov spectrum satisfies the center bunching condition is at least 1 — ¢.
Thus, by Proposition[2.3}

m(CB*) > 1-e.

Now take f € U given by Lemma3.8] Thus we have a center bunched disk D*
that is ergodic (w.r.t. the measure m.) by a power f¢, disjoint from its first £ — 1
iterates, and has a dynamically coherent box neighborhood B.

We will prove that f is e-nearly ergodic. So take any bi essentially saturated set
mod 0 invariant set X. Let X; be the (invariant) set of its Lebesgue density points,
and Xy = M \ X;. By Proposition 2.2/and Theorem [B, X; N CB" is ‘W*-saturated
and X; N CB™ is W"-saturated for both j = 0, 1.

The map f* has the invariant ergodic measure m,, supported on D¢. Thus, for
some i € {0, 1} (that will be kept fixed in the sequel),

mc(Xi) =0.

By Oseledets” Theorem, m.-almost every point is Lyapunov regular for f¢, and
hence for f as well. By Property 4 in Lemma all these points have cen-
ter bunched Lyapunov spectrum, and thus are (forward and backwards) center
bunched, by Proposition[2.3] Hence for m.-almost every x € D, the unstable man-
ifold W*(x) is contained in X;_;. Dynamical coherence gives a foliation W" in
the box B (which integrates E" @ E°); let D“ be the leaf that contains D¢, with an
induced Riemannian volume measure m,,. It follows from the absolute continuity
of the W* foliation that

Mu(X; N D) = 0.

Since the set Y; = X; N CB" is ‘W*-saturated and m,..(Y; N D) = 0, absolute
continuity gives m(Y; N B) = 0. It follows that m(Y;) = 0; indeed if the invariant set
Y; had positive measure then, by Theorem it would have a positive measure
intersection with every set of nonempty interior, for example the box B. Recalling
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that m(CB") > 1 — ¢, we get that m(X;) < . This means that either m(X) < ¢ or
m(X) > 1 — ¢, as we wanted to prove. O

3.5. The G5 Argument. We now explain how Proposition 3.1 implies Theorem [A]
Given f € Diff. (M) and a continuous function ¢ : M — R, define functions:

n—1
P = Y (), g0 = lim pru() (defined ae).
i=0

For ¢ € C°(M,R), a € R, and ¢ > 0, let G(p,a,¢) be the set of f such that
mles 2al 21 —¢orml[ps <a]l 21— e. (Here [pf > a] is a shorthand for the set of
x € M where ¢f(x) exists and is greater than or equal to a.)

Lemma 3.9. G(p,4a, €) is a Gs subset of Diffflu(M).
Proof. Define
F(p,a,a)= {f,' mlps >a] > oc}.
So we have
G(p,a,e)=F(pal-e)UF(-p,—-al-¢),

We are going to prove that (¢, 4, a) is a G;. Since the finite union of Gs’s is a G(s,
the lemma will follow.
Let ¢, a, o be fixed. Given b < a, B < a, and ny, 11 € N with ny < ny, let

U(D, B, no, n1) be the set of f such that the set [maxne[no,nl] Prn > b] has measure > f.
Then U, B, np, n1) is open.
We will check that:

(3.1) Fpaa) =) U U@®Bpm0m),

b<a p<a ng m>ng

where b and f are take rational values. First, we have:

[pf > al = llimsup gy, > al = | )| Jlpsn > bl modo.

b<a ng nxng

Then we have the following equivalences:

mlps >al>a & VYb<a, Yn, m(U[qof,n>b]]2a

nx=ngp

m
> Vb<a, ¥ny, VB <a, dny > nyp s.t. m(U[qof,n > b]) >a.

n=np

This proves (3.1)), and hence that ¥ (¢, 4, @) is a Gs. O

Proof of Theorem[A] First, we claim that if f is a e-nearly ergodic map, then f €
G(p,a,¢) for any ¢ € C/(M,R) and a € R. Indeed, let X be the (invariant) set
of points x € M where limsup ¢f,(x) > a. This is a bi essentially saturated set,
because it is “Ws-saturated and it coincides mod 0 with the “W*-saturated set
[limsup ¢ -1, > a]. Since f is e-nearly ergodic, m(X) is either less than ¢ or greater
than 1 — ¢. So either m[p; > a] or m[p; < a] is greater than 1 — ¢, showing that
feglp.a, o).

3Proof: M Ay UN By =NA1 N NA)U (B N--NBy).
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It follows from Propositionthat the sets G(@, a, €) are dense in PH! (M), while
Lemma [3.9|says they are Gs. Thus to complete the proof of the theorem, we need
only to see that the set of ergodic diffeomorphisms is precisely

() 6@.a0),

Pp4a,e

where ¢ varies on a dense subset D of C°(M, R), and a and ¢ take rational values.
Indeed, if f is not ergodic then we can find ¢ € D,a <band 0 < € < 1/2 such that
[pf < a] and [ > b] both have measure greater than ¢. Then f cannot belong to

G(p,a,e)NG(p,b,¢). o

4. A Proor or THEOREM [3.5]

The following is the symplectic version of Mafié’s Ergodic Closing Lemma [M],
proved by Arnaud [Arnal. If f € Diffl,(M) and x € M, we say that x is f-closable if
for every & > 0 there exists a e-perturbation f € Diff! (M) such that x is periodic for
f and moreover d(f'x, f'x) < ¢ for every i between 0 and the f-period of x.

Theorem 4.1 ([Arnal). For every f € Diff’ (M), m-almost every point is f-closable.

The first step to obtain Theorem B.5]is to find an “almost elliptic” periodic point,
that is a periodic point whose center eigenvalues are close to the unit circle:

Lemma 4.2. Let f € PH. (M) have unbreakable center. Then for every ¢ > 0 there exists
an e-perturbation f and a periodic point x of period p for f such that all eigenvalues u; of

D fP|E€(x) satisfy [log |uil| < ep.
Proof. Let f and ¢ be given. Write D°f = Df|E‘. Since the eigenvalues of a sym-
plectic map are symmetric, to prove the lemma it suffices to find an e-perturbation
f with a periodic point x of period p such that:
(4.1) ID " (x)|| < €™ for some m > 1.

Due to Theorem we can assume that A°(f) = 0. Therefore there exists k such
that ,1( fM log ||ID¢ fkll dm < €. Hence, for all x in a set of positive measure,

m—1

. 1 c i
42) i g L oI <

By Theorem we can take an f-closable point x such that holds. If x is
periodic then follows with f = f. Otherwise, let f; € PH_,(M) be a sequence
converging to f in the C! topology such that x is periodic (of period p;) for f;. Then
pj — oo. Letm; = |p;/k|. We estimate:

mj—1

1 ¢ b 1y ¢ ek gik 1 cf.
s log [ID°f;" (0l < p— ; log [ID*f; (f;" (DIl + ; log [ID* fjlleo

As j — oo, the right hand side converges to the left hand side of #.2). Thus the
result follows with f = f; for j sufficiently large. O

Next we see how the eigenvalues can be adjusted:

Lemma 4.3. Let € > 0. Let Ay, ..., A, be symplectic matrices and let 2d be the number
of eigenvalues i of Ay - - Ay (counted with multiplicity) such that L log|u| < €. Then
there exist symplectic matrices By, . .., B, such that ||B; — Id|| < e* — 1 and A,B,, - - - A1B1
has exactly 2d eigenvalues (counted with multiplicity) in the unit circle.
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Proof. Assume the matrices have size 2N X 2N. Let {p1,...,pn,q1,.-.,qn} be the
canonical symplectic and orthonormal basis of R?.

Write Al = A;---A;. Let Ay > --- > A; be the Lyapunov exponents of A" and let
{0} = Fg € F1 € -+~ € F; = R?N be the Lyapunov filtration of A", that is, A"(F;) = F;
and the action of A" on F;/F;_; has eigenvalues of modulus e"i. Let r(i) be the
dimension of F;. Let m > 0 be maximal with A,, > 0, and let 0 < u < m be maximal
with A, > €. Notice that dim F;_,/F,, = 2d.

Let Fi,‘ = AX(F;), 0 < k < n — 1. There exists symplectic orthogonal matrices Co,

.., Cu—1 such that if i < m then CkFi.‘ is spanned by p1, ..., pyp. It follows that if
i > m then Cka is spanned by p1, ..., pa, G, - - -, Gr(i)—d-

Let us consider a symplectic matrix A such that Apy = pr and Agyx = gk, unless
r(i-1) < k < r(i) forsomeu < i < m, in which case we let Apy = e~%/"py, Aqy = e!/"qy.

Let B, = C;lACk. Then T = A,B, - -+ A1B; preserves the spaces F;, 0 <i < t, and
T acts on F;/F;_1 as A", unless u <i < mork—m < i < k—u, in which case T
acts as e M A", Tt follows that the action of T on Fi_,/F, has only zero Lyapunov
exponents. The result follows. O

Proof of Theorem[3.5} By Lemma [4.2 we can perturb f and create an “almost ellip-
tic” periodic point. Lemma says that the derivatives along this orbit can be
perturbed to become completely elliptic. Using Lemma [3.6| we can realize this by
a further perturbation of the diffeomorphism. ]

The argument above could have been carried out by appealing to the easier
cocycle version of [B] obtained in [BV]: see the Appendix of this paper.

5. Proor oF THEOREM

We adopt as much as possible notation that is consistent with the notation in
[BW], as the proof of Theorem [B|has many parallels with the proof of Theorem 3.1
there. A few statements are also adapted bearing in mind the needs of the proof
of Theorem D] given in the appendix.

5.1. Density. If v is a measure and A and B are v-measurable sets with v(B) > 0,
we define the density of A in B by:
v(A N B)
v(B)
A point x € M is a Lebesgue density point of a measurable set X € M if
lri_r)r(} m(X : By(x)) = 1.

V(A :B) =

The Lebesgue Density Theorem implies that if X is a measurable set and X is the
set of Lebesgue density points of X, then m(X A X) = 0.

Lebesgue density points can be characterized using nested sequences of mea-
surable sets. We say that a sequence of measurable sets Y, nests at point x if
Yoo Y1 DY, D---D{x},and

() Yo = 0.
n
A nested sequence of measurable sets Y, is regular if there exists 0 > 0 such that,
for all n > 0, we have m(Y,) > 0, and

(Y1) 2 om(Yy).

Two nested sequences of sets Y, and Z, are internested if there exists a k > 1 such
that, for all n > 0, we have

Yn+k g ZTH and Zn+k g Y‘rl~
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The following lemma is a straightforward consequence of the definitions.

Lemma 5.1 ([BW], Lemma 2.1). Let Y, and Z, be internested sequences of measurable
sets, with Y, reqular. Then Z,, is also regular. If the sets Y, have positive measure, then so
do the Z,, and, for any measurable set X,
,}Eﬂ,m(X:Y’l)zl = ,}E{}om(X5ZH)=1-

5.2. Foliations and Absolute Continuity. Let # be a foliation with smooth d-
dimensional leaves. An open set U C M is a foliation box for ¥ if it is the image of
R x R? under a homeomorphism that sends each vertical R?-slice into a leaf of
¥ . The images of the vertical R?-slices are called local leaves of F in U.

A smooth transversal to ¥ in U is a smooth codimension-d disk in U that intersects
each local leaf in U exactly once and whose tangent bundle is uniformly transverse
to TF. If 71 and 7, are two smooth transversals to ¥ in U, we have the holonomy
map hg : T1 — T2, which takes a point in 7; to the intersection of its local leaf in U
with 5.

If S € M is a smooth submanifold, we denote by mg the volume of the induced
Riemannian metric on S. If ¥ is a foliation with smooth leaves, and A is contained
in a single leaf of # and is measurable in that leaf, then we denote by m#(A) the
induced Riemannian volume of A in that leaf.

A foliation ¥ with smooth leaves is transversely absolutely continuous with bounded
Jacobians if for every angle a € (0, /2], there exists C > 1 and Ry > 0 such that, for
every foliation box U of diameter less than Ry, any two smooth transversals 71, 7>
to ¥ in U of angle at least @ with ¥, and any m,,—measurable set A contained in 7;:

(5.1) C™1e,(A) < ey (i (A)) < Criey (A),

The foliations W* and ‘W* for a partially hyperbolic diffeomorphism are trans-
versely absolutely continuous with bounded Jacobians (see [AV]).

Let F be an absolutely continuous foliation and let U be a foliation box for .
Let 7 be a smooth transversal to ¥ in U. Let Y € U be a measurable set. For a
point g € 7, we define the fiber Y(q) of Y over g to be the intersection of Y with the
local leaf of # in U containing g. The base ty of Y is the set of all g € 7 such that
the fiber Y(q) is mg-measurable and m#(Y(q)) > 0. The absolute continuity of
implies that 7y is m,-measurable. We say “Y fibers over Z” to indicate that Z = ty.

If, for some ¢ > 1, the inequalities

—1 < m’)’"(Y(q)) <c
my(Y(q'))
hold for all 4,4’ € ty, then we say that Y has c-uniform fibers. A sequence of

measurable sets Y, contained in U has c-uniform fibers if each set in the sequence
has c-uniform fibers, with c independent of n.

Proposition 5.2 ([BWI, § 2.3). Suppose that the foliation F is absolutely continuous
with bounded Jacobians. Let U be a foliation box for ¥, and let T be a smooth transversal
to ¥ in U. Let Y, and Z, be sequences of measurable subsets of U with c-uniform fibers.

1) Suppose that there exists 6 > 0 such that:
(@) foralln >0,

m(ty,,,) = omq(ty,);

b) forall n > 0, there are points z € 1y, .,z € Ty, with
p 0

n+1/

mT(YnH (Z)) 2 émT(Yn (Z,))'

Then Y, is regular.
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2) Suppose that ty, = tz,, for all n and that Y,, and Z,, both nest at a common point
x. Then, for any set X C U that is essentially ¥ -saturated at x, we have the
equivalence:

limm(X:Y,)=1 < limm(X:Z,) =1.

n—oo n—oo

3) For every measurable set X that is F -saturated at x, we have the equivalence:

lim m(X:Y,) =1 & lim m(tx:1y,) =1
n—o0 n—oo

5.3. Construction of an Adapted Metric. We begin with some notation. Again fix
the diffeomorphism f: M — M. For x € Mand j € Z we denote by x; the jth iterate
fi(x). If a, B are positive functions defined on the forward orbit O*(p) = {p;; j > 0}
of some p € M, we write a < f3 if there exists a positive constant A < 1 such that for
ally € O*(p):
) <A
pY)
Notice that if a,f happen to extend from O*(p) to continuous functions on M
satisfying the pointwise inequality @ < f, then compactness of M implies that
a<B.
If « is a positive function, and j > 1 is an integer, let
aj(x) = a(x)a(x) - a(xj-1),
and
o) = ) ate ) ate)
We set ag(x) = 1. Observe that «; is a multiplicative cocycle; in particular, we have
a_i(0)™ = aj(x).
Lemma 5.3. Let f: M — M be C! and partially hyperbolic, and let p € CB*. Then there
exist functions B, v, 9, y, 7: O*(p) = Ry, bounded from below, and a Riemannian metric
I/l defined on To- M with the following properties:
Dv<yp<land ¥ <1;
2) for yin O*(p),
IDyflele < v(y) < p(1) <MDy fler) < Dy fleclle < P()™ < 9) ™ < mu(Dy flee);

3) limsup;_,, B(p))'// = 1,
4) forallv e TyMand j > 0:

(5.2) lloll < lllls < B(p))lioll.

Proof. Let ||[l; be a Riemannian metric on To+(,)M that coincides with ||| on each
of the three spaces E°(p;), E°(p;), and E“(p;), but with respect to which those three
spaces are orthogonal. Notice that there exists a constant C > 1 such that C!|jo]| <
[oll; < Cl[v|| for every v € To-)M.

Let us define another Riemannian metric |||l on Tp+)M as follows. Let i be
as in the definition of forward center bunching. With respect to the inner product
induced by [||l;, the linear map D, f i1~k can be written in a unique way as OkPZ+1 ik
where Py : Ty, M — T, M is selfadjoint positive and Oy : Ty, M — T, M is an
isometry: indeed Pi(ik”_ik) = (Dp, f'7%)" - Dy, f*1~%. Notice that Py preserves the
spaces E*(p;,), E°(p;,), and E*(p;,). Define |||, on To+)M so that for iy < j < i1, the
map

Dy, f175 - P 2 (T, My ) = (T, M, )
isanisometry. By construction, foreach iy < j < ix4+1, and for each subbundle F = E*,
E¢, E*, we have ||D,, fllli" ™ = |IDp, f17%|]| and ma(Dy, flp)1 7 = m(D, fi17%p).
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The definitions of partial hyperbolicity and forward center bunching then imme-
diately imply that there exists p < 1 such that

IDy flesll2 < p*ma(Dy fle-) min{l, Dy fle:ll;"}, and
max{L, |IDy flello} < p?mo (D, fle«)
for every y € O*(p).
Notice that |||| and ||||; coincide for Tp‘.kM for each k. Let C; > 1 be minimal
such that C;lllvll < [Pl < Cjllol| for every v € T, M. The condition i41/ix — 1

then implies that C;/ I 5 1. Let D; > C; be a sequence such that D; < Djy; <
p~'D; and D;/j — 1. For every j > 0, let [[lx = Djlllla over T,,M, and B(p;)
D;C;. For y € O*(p), we define v(y) = p_1/4||Dyf|E5”*, y(y) = p1/4m*(Dyf|Ec),

() = (PYIDy fleello) ™Y, and 9(y) = (p*m, (D, flg«))*. All desired properties are
straightforward to check. ]

We next show that the sets CB* and CB™ are respectively ‘W* and ‘W"-saturated.

Proof of Proposition We will use the previous lemma and its proof. Let p € CB*
and g € W(p), and let p; = f/(p), g; = f/(q). Choose invertible linear maps
Aj: TyM - Ty M, bounded and with bounded inverses with respect to |||, that
preserve the bundles E° and E°, and such that A]leDq). fAjis exponentially close to
Dy, f (here we use that Df and the bundles E° and E° are Holder). This implies that
A]leDq,. fAj is also exponentially close to D), f with respect to [I|+. It follows that
there exists 0 > 0 such that

A7 Dy fA el - mu(A;! Dy fA )™ - AL Dy fA el <106

iyl j+1

for every sufficiently large j. Let i, be as in the definition of forward center bunching
for p. By the proof of the previous lemma, |||« and |||| coincide modulo a constant
factor over E*(p;,) and E°(p;,), so

A Dy, fo7 A el m(AL! Dy, o1 Ay lee) ™ IATL Dy, fo Ayl < (1= o)

Tk+1 Tk+1

for every k sufficiently large. Since the maps A;, AJTl are uniformly bounded with

respect to |||, and preserve E° and E¢, we see that there exists # > 1 such that every
k>0,

“in,,k fiy;k+n_ink |Ef ||
m(innk fink+n_ink|EC) :

||Dql }\fink-m_inklESH_l > (1 + 6)ink+r1_iuk
nk

Since iyk4n/ine = 1, we conclude that g € CB*.
It follows by symmetry that CB™ is ‘W*-saturated. O

Fix Ry > 0 less than injectivity radius of M in the original ||| metric. Let exp
denote the exponential map for the ||-|| metric. Consider the neighborhood N5, of

O*(p) defined by
Nr, = | Bpj,Ro),

j20
where B(x, r) denotes the ball of radius r centered at x in the original Riemannian
metric. The manifold Ny, carries the restriction of the original Riemannian metric.
When we speak of volumes and induced Riemannian volumes on submanifolds
of Ng,, it will always be with respect to this metric.
We introduce two other metrics on Ny, that will be used in this proof, one of
them closely related to (and comparable to) the original metric. The first metric is
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the flat ||-|| metric, denoted ||-[|,, which is the (locally) flat Riemannian metric defined
as follows. For x € B(p;, Ry), and v, w € T:M, we set

1

(v,w), = (Dxexp, ! (v), Dy exp, ' (w))y,,

where we make the standard identification T,(T,M) =~ (T,M). In the distance
dy, induced by this metric, we have, for q,q" € B(p;,Ro), d,(q,9") = ||exp;j1(q) -
exp;i1 (@)lly;- Compactness of M implies that [|-|| and |||, are comparable.

Next we extend the [|[|x» metric, which is defined on To-+ )M, to a flat metric |||«

on Ng, using the same type of construction. For x € B(p;, Ro), and v, w € Ty,M, we

set

1

(v, W)y = {(Dy expr;f (v), Dy exp;/1 (w))*,p I

Denote by d, the distance induced by this Riemannian metric, so that, for 4,4’ €
B(pj, Ro), we have d.(q,q') = llexp,, ' (9) — exp;, ' (7")lx-

The results of this section imply that on B(pj, Ro), we have Kd, < d. < B(p))d,,.
Thus on any component B(pj, Ro), the x and b metrics are uniformly comparable.
The degree of comparability decays subexponentially as j — oo. For g € Ny, and
r > 0 sufficiently small, we denote by B, (g, r) the d,-ball of radius r centered at 4.

By uniformly rescaling the [|||, and ||||. metrics by the same constant factor, we
may assume that for some R > 1, and any x € M, the Riemannian balls B, (x, R)
and B(x, R) are contained in foliation boxes for both “W* and “W*". We assume both
R and R are large enough so that all the objects considered in the sequel are small
compared with R and Ry.

5.4. Fake Invariant Foliations. Let r : O*(p) — R, be any positive function such
that sup ., 1(pj) < Ro. Denote by N the following neighborhood of 0% (p):

Ne=|_| By x().
720

If ¥ is a foliation of N;, and B4 (x, 7) is contained in a foliation box U for ¥, then
we will denote by ¥, (x, r) the intersection of the local leaf of F at x with B, (x,r).
Notice that F (x, 1) € F (x, K~17).

Proposition 5.4. For every ¢ > 0, there exist functions r, R: O*(p) — R satisfying:

r(p; R(p;
r<R, sup R(y) <Ry, inf (pj+1) >e ¢, and inf (pj1) >e7¢,
ye0*(p) 20 1(pj) 20 R(pj)

and such that the neighborhood Nr is foliated by foliations W, W, We, W and W
with the following properties, for each f € {u,s, c, cu, cs}:

1) Almost tangency to invariant distributions: For each q € Ny, the leaf WS (9)

is C! and the tangent space Tq’T/l\/ﬁ (q) lies in a cone of ||| «-angle e about EF(q) and
also within a cone of ||||-angle ¢ about EP(q).
2) Local invariance: for each y € O*(p) and q € B(y, t(y)),

FWP(@q,x(y) € WE(qr), and 1 (WE(q1,x(1))) € WE(g).

3) Exponential growth bounds at local scales: The following hold for all n > 0
and y € O*(p).
(a) Suppose that q; € By (yj, x(yj)) for0 < j<n—1.

Ifg’ € Wi(q,x(y)), then g, € W*(@qn, x(yy)), and
s (Gn, 07) < Vva(W)dx(q,q).
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If g € We(qj,x(y)) for 0 < j < n—1, then g, € WS(q,), and

du(@n, 9) < Pu(y) " du(q,9")-
(b) Suppose that q_; € Bx(yu—j,¥) for0 < j<n-—1
If g € W"(q,x(yn)), then q’_,, € W*(q-n, x(y)), and

d*(ﬂ—nz q,,,,) S ﬁn(y)d*(q, q,)
Ifq’_]. € ;M\/”‘(Q—j, r(yn—j) for0<j<n—1,thenq’, € @”‘(q_n), and

d*(Q—n/ 1/7/_,1) S yn(y)ild* (q/ ‘7,)

4) Coherence: W and We subfoliate Wes; W and We subfoliate Wer,
5) Uniqueness: W*(p) = (VVs(p, R(p)) and ’W”(p) W“(p, R(p)).
6) Regularity: The foliations W, W, We, W and W< and their tangent

distributions are uniformly Holder continuous, in both the d and d metrics.
7) Regularity of the strong foliation inside weak leaves: the restriction of the

foliation W to each leaf of We is absolutely continuous with bounded jacobians,
and the restriction of the foliation W to each leaf of We i absolutely continuous

with bounded jacobians (with respect to the standard Riemannian metric and
volume).

There exists a constant L > 0 such that for any p” € W*(p), the We- holonomy

map h: fWC(p) - (Wc(p ) is L-bi-Lipschitz at p. That is, for all g € (Wc(p) we
have:

L'd.(p,q) < du(H(p), h*(q)) < Ldx(p, q).

Proof of Proposition[5.4] The proof follows closely the proof of Proposition 3.1 in
[BW]. Our construction will be performed in two steps. In the first, we construct
foliations of each tangent space T,M, y € O(p). In the second step, we use the
exponential map exp, to project these foliations from a neighborhood of the origin
in TyM to a neighborhood of y.

The argument diverges slightly from the argument in [BW] in that, because we
are in the nonuniform setting, the Holder continuity of Df (in this case Lipschitz
continuity) must be used explicitly in the construction of the fake foliations.

Step 1. We extend the ||||«-metric on To+(,)M to a metric on To(,)M, which we also
denote by |||+, by setting it equal to ||-|| on |_| j<0 Ty;M. Extend the function B to O@p)
by setting B(p;) = 1 for j < 0.

Fix a constant R; < Ry such that the diameter of f(B(x, R1)) is less than Ry, for
all x € M. For v € Ty, M, |[v]l < Ry, let filw) = exp;jl+1 of o exppj(v). Then Dof; = Dy f
and so, since f is C2:

53)  fi@ =Dy f@+0(0l?), and  |ID.f; - D, fll < O(lol),
uniformly in j. Fix a family of smooth bump functions {#, : R — [0, 1], > 0} with
the properties that ;| < 37!, B,(t) = 1 for |#| < 12, and B,(t) = O for [t| > 412.

Forr € (0,Ry), define Fj, : T, M — T}, (M) by:

Fj (v) = ﬁr(llvll )fi(©) + (1 = B(IIol*)Dy, f ().
One easily checks using (5.3) that dci(Fjr, Dy, f) < O(r), uniformly in j and that
Fi(v) = f(v) for |[0]| <7, and F]r(v) Dy, f(v) for |[v]| > 2r.
For any function r: O(p) — R, with sup, ., 1(y) < R, define a C? bundle map

Fy: TopyM — Top)M, by setting Fy = Fyp,),jon T, M. Then F; covers f : O(p) — O(p),
and has the following properties:
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1) F; coincides with explljjl+1 ofo exp, on the ||-||-ball of radius r(p;) in T,,M and
with Dy, f outside the ball of radius 2r(p;)

2) The C! distance from F, to Df on approaches 0 uniformly as [rlc — 0. In
particular, on T, M, we have dci(Fy, Dy, f) < O(x(p)))-

When measured in the ||-||x-metric, the C! distance between two functions on Ty, (M)
is multiplied by B(p;). It follows that:
3) On T, M, we have dci(Fy, Dy, f)x < O(B(pjr(p;)), uniformly in j; that is,
dci (Fr, D)+ < O(BY).

Let ¢ > 0 be given. Fix €1 < ¢ such that

(5.4) e > sup max{ (y), "(y)
ye0*(p)

v(y) v(y) () v(y)}
v v YW vy )

For ¢ > 0, define a function R.: O(p) — R, by

c, ifj<0
ce i, if j> 0.

Rc(p]) = {

Since limsup,_,,, B(pj)Rc(pj) = 0, the argument above shows that dai(Fr,, Df)x
tends to 0 uniformly as ¢ — 0. This also implies that the C! distance in the original
Riemannian metric ||| tends to 0 uniformly in c.

Since Df is uniformly partially hyperbolic in both metrics, we may choose ¢ suf-
ficiently small so that F = Fg_ is uniformly partially hyperbolic in both |[|-|| and ||-]|«
metrics. Note that F is C'*L¥ in the |||, metric, with Lipschitz constant of DF, DF!
on Ty, M bounded by a constant L(p;) > 0 with the property limsup,_,, L(p;)"// = 1.

F is uniformly C? in ||| metric. Note also that F is C'¢ in the |||, metric, with
Holder constant of DF, DF on T, M bounded by a constant. If ¢ is small enough,
the equivalents of inequalities (3)—(6) will hold for TF.

If c is sufficiently small, standard graph transform arguments give stable, un-
stable, center-stable, and center-unstable foliations for F, inside each T,M. These
foliations are uniquely determined by the extension F and the requirement that
their leaves be graphs of bounded functions. We obtain a center foliation by in-
tersecting the leaves of the center-unstable and center-stable foliations. While TM
is not compact, all of the relevant estimates for F are uniform, and it is this, not
compactness, that counts.

The uniqueness of the stable and unstable foliations imply, via a standard ar-
gument (see, e.g. [HPS], Theorem 6.1 (e)), that the stable foliation subfoliates the
center-stable, and the unstable subfoliates the center-unstable.

We now discuss the regularity properties of these foliations of TM. Our foliations
of TM have been constructed as the unique fixed points of graph transform maps.
We can apply the above results to the F-invariant splittings of TTM as the sum of
the stable and center-unstable bundles for F and as the sum of the center-stable
and unstable bundles for F. It follows from the pointwise Holder section theorem
(see [PSW], Theorem A) that both the center-unstable and unstable bundles and
the corresponding foliations are Holder continuous as long as F is C!*® for some
6 > 0. Since F is C'*® uniformly in both ||| and |||l metrics, it follows that the
bundles are uniformly Holder in both metrics.

We obtain the Holder continuity of the center-stable and stable bundles for F,
and the corresponding foliations by thinking of the same splittings as F; ! -invariant.
Holder regularity of the center bundle and foliation is obtained by noticing the the
center is the intersection of the center-stable and center-unstable.
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The absolute continuity with bounded Jacobians of the unstable foliation inside
of the center-unstable foliation is a standard result, using only partial hyperbolicity,
dynamical coherence, the fact that F is uniformly C'*°, and the Holder continuity of
the bundles in the partially hyperbolic splitting. Similarly, the stable foliation for F
is absolutely continuous with bounded Jacobians when considered as a subfoliation
of the center-stable.

The Lipschitz continuity of the stable inside of the center-stable is proved in
Lemma 5.5 below.

Step 2.  We now have foliations of T,M, for each y € O(p). We obtain the
foliations W*, W*, W*, W, and “W* by applying the exponential map exp, to
the corresponding foliations of T,M inside the ball around the origin of radius

R.(y)-

If c is sufficiently small, then the distribution Eg lies within the angular ¢/2-cone

about the parallel translate of Ei, for every B € {u,s,c,cu,cs}, y € O*(p), and all
q € B(y,Rc(y)). Combining this fact with the preceding discussion, we obtain that
property (1) holds if c is sufficiently small.
Property (2) — local invariance — follows from invariance under F, of the
g)l(ia;cions of TM and the fact that exp f(y)(F(y, v)) = f(expy(y, v)) provided |[v]| <
()
Having chosen ¢, we now choose ¢; small enough so that, for all y € O*(p),

f(B(y,2R., (1)) € B(f(y),Re(y)) and f(B(y, 2R, (v))) € B(f~'(y),Re(y)), and so
that, for all g € f(B(y, R, (v))),

q E’Ws(l% R.() = du(f@), f(@) <v(y)di(q,9),
g e W@ R,(y) = dul(f @) f@) < W) du(, 9,
g eWSQR,(Y) = dulf@), f@) < PW) " dulq,7),
g eW'QR,(Y) =  d(f7@), @) <y W) e, ).

WesetR=R.andr=R

Property (3) — exponential growth bounds at local scales — is now proved by
a simple inductive argument.

Properties (4)—(7) — coherence, uniqueness, regularity and regularity of the
strong foliation inside weak leaves — follow immediately from the correspond-
ing properties of the foliations of TM discussed above, except for the Lipschitz
continuity statement, which we now prove:

Lemma 5.5. The W* holonomy maps between We manifolds are Lipschitz at p.
Proof of Lemma Fix a function p satisfying vy~ < p < min{1, 7}, and such that
K < e €, where

k= sup max{(vy~' p (), (P (W)}
yeO*(p)

Note that this is possible because implies that SUP, o+ (y) max{vy 1 (y), vy 1y 1 (y)} <
e~2¢1, Fix a constant A € (x,e~¢1). Observe that
(5.5 sup (vy 97N (y)) < x,
yeO*(p)
since p < min{1, y}.
Since B(pj)l/ /' — 1 as j — oo, there exists a constant C > 0 such that

sup B(p;)(xA™'Y < C.
j>0
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Let 0 be the Holder exponent of the partially hyperbolic splitting, in the *-
metric, and let H be the 68-Holder norm. Choose 6 > 0 and N > 0 such that:

o H(©0vip)?) + (oa7i(p)™)°) <1/2— e foralln > Nand j=0,...,n,
e pn(p) < 6/3, and
* 1-A-456Csup, ., ¥(y) > 0.

Finally, choose K > 20 satisfying:

80B(pj+1) (kA1)
K > sup 3 ,
jen 1= A =46B(pjs1)/*1y(pjs1)

and let L = 3 + 2K. - -
We will show that for each p’ € W (p, 6/3), and for every g € W¢ (p):

loc
du(p,q) < pn(p) = L7'du(p,q) < du(H*(p), 1°(q)) < L'du(p, q),

where I°: W, (p) = W<(p’) is the W*-holonomy map. We prove the righthand
inequality; the proof of the lefthand inequality is given by switching the roles of p
and p’.

Letp’ € W5 (p,6/3) be given, and let g € WS (p, pn(p)). Denote by g’ the image of
g under /* (by definition #*(p) = p’). Fix n > N such that p,(p) < d«(p,q) < pr-1(p).
Note that d,(p,p’) < 6/3 <0 and d4(q,9") < 6, by the triangle inequality.

Lemma 5.6. For j=0,...,n, we have {p;, p}, q]-,q;} c N;. Moreover:

1) pa(P)yi(p) < du(pj,q7) < pua(p)Pi(p)~", and
2) max{dx(pj, p}), d(qj, q7)} < dv(p)-

Proof. The proof is a simple inductive argument using Part 3 of Proposition |
We will work in ||-||-exponential coordinates in N;. For j € N and x € B, ((p)), 1),
denote by % the point exp;j1 (x). Note that p; = 0. Let v; = §; — pj, let U;, = q; - p;.,
and let w; = v - v;. Lemmaﬁimphes that for j = 0,...,1, we have (p,y;)(p) <
llvjllx < (Pn—lﬁfl)(zﬂ) and [[wjlls < du(pj, P}) +dx(q),9)) < 20v(p). Let i : T, M — E,,
be the linear projection with kernel (E* & Es)p/_, and let n;‘s :TyM — (E" & Es)p/ be
the linear projection with kernel Ej .
The vectors v; and v} lie in uniform cones about E;j with respect to the splitting
T,M=E, ® (E*o® ES)p],:
Lemma5.7. For j =0,...n, we have |7 @)llx < Hllojlle, I @)llx < 31101, Nl <

30 (o)l and (101 < 3@l

Proof. ij‘T/l\/C and Tq/f/Vl\/C both lie in the e-cone about E(p;), and the tangent distri-
bution to ‘W¢ is Holder continuous. Hence tan A*(Tp/(WC, Tp;_’WC) < Hd,(pj, }a})6 <
H(6vi(p))®, and tan &, (T, W*, Ty W) < Hd.(q), q})e < H(5vi(p))°. Furthermore
tan £ (T, W, T, W) < Hd«(pj, q;)° < H(pu(p)7j(p)™")°. This implies that

tan £, (T W<, Ty W) < H((0vi)°) + (pu()750) %) < 1/2 -
for j=0,...,n, by our choice of 6. ]

Since the points {p;, p;., qj, q;.} all lie in NV, in which F coincides with f = exp™' ofo
exp, we have that ¥; = F/(%), for x € {p,p’,q,q’}. The Mean Value Theorem implies
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that v; = fol Dp,+10,F(vj) dt and v;_l = fol Dp +w/F(Z) ) dt; subtracting these expres-

sions, we obtain:

1
Wj-1 = j(; (D;i,+tvj1:_l(vj) Ly +tv’F ' ))
and
1
() = [ 5 (D 0 = D F )
Then ||T(‘]?_1(wj_1)||* < (D) + (IT) where

D= f H Dyer,F ™ (0 = 0))
m = fo

1
(H)Sfo B(ppllvj = Oill«llollx dt < B(pp)llw;ll«llo)lls,

dt,

*

dt.

(ﬂ Dp/+tv}F 7T Dp +tv 1)(0;)
*

We have

since DF ! is Lipschitz with norm B(p;) on T, M.

We next estimate the expression (I). Since D, F™' = D, f~!, which sends the
splitting (E* © E° @ Es)pj to (E" ® E° ® E°),, | and has norm on E° bounded by yp)™,
we have that:

me Dy F (w))| dt <y il

Hence

1
OE fo 5Dy ™ (05)|

1
-1
Sj(; nj_l (DﬁjF —D,,—I.HZ,F w]

dt

dt+

n 1Dy F )”* dt

< fo 1 ey (D P! - Dﬁ,.mip-l)(w,-)”* dt + y(pj)-lnn;wju*
< Bpllojll«liwjlle +y(p) " Imcwjll,
again using the Lipschitz continuity of DF~!. We conclude that
Iy @oj-Dlle < () il + B(py) (lollalleolle + lfojllelio’l)
< () ImSwjll +26B(p))vi(p) (Ilojlls + 1107)1),
using the bound |lwjllx < 26vi(p).

(5.6)

Claim. Forj=0,...,n,wehave ||7'(§ij|,., < KAyi(p)llvolls and IIZJ}II,ar < (3+2KM)|vjll«
Proof. We prove it by backwards induction on n. The base case is j = n. Observe
that:

(o n)(p() 7a(P)pu(p) < 200"y u@llvolle < KA"yu(p)loolls-

I walls < llwnlle < 26va(p) =26

Since ||wy||* < 20v,(p) < 20A™(py)n(p) < 20A"||v,|l4, we also obtain that

lonlls < loall + llon = o3lls = oallx + llwnlls < [[oall(1 +20A") < [[oall+ (3 + 2KA™).
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Now suppose that the claim holds for some (j + 1) < . Then, by (5.6):

IS (@)l < Y1) I wjiall + 26B(p1a)visa () (Iojsalls + 110,11+
< y(p) KAy @)llvolls + 20B(pje1)vjn ()(E + 2KA ][0l
< KAy i(p)llvoll + 26B(pjs)lloolle (v ™) (p)(& + 2KAT)
< KnAy;(p)llvolls,
where

Wy P N (p)
K/\j+l

Kj+1 .
<A+ 85B(Pj+1)m7/(}ﬂj+1) +46B(pjs1)K Y (pja),

by (5.5). Then 1 < 1, since

1= A+80B(pjs1) Y(pjs1) + 46B(pj) vy P i (0)y(pjn)

80B(pjs1)(kA™1)/*1
> : )
1= A —=46B(pj1)x/ y(pjs1)

This implies that ||n;(w]')||* < K/\f)/]-(p)vaII*, completing the inductive step for the

first assertion of the claim.
Finally, to prove the inductive step for the second part of the claim, we have:

121 < lloglle +llo; — o711
< Moyl + 17507 = )l + (0 = o)l
< llojlle + ISl + Il + I @)l
< llojlls + KAy jp)lloolls + 5lojllx + 510/l

< llvjllx + KA lojll + Sllojlls + 510/l

Solving for ||v;.||*, we obtain that ||U;-||* <3+ 2K/U)||vj||*, as desired. O

The claim finishes the proof of Lemma 5.5} setting, j = 0 we see that

dx (1 (p), 1°(q)) = llogllx < B+ 2K)l[vollx = L (p, q)-
o

O

Given this proposition, the proof now proceeds as the proof of Theorem 5.1 in
[BWI], with a few modifications, which we will describe in the sequel.

5.5. Distortion Estimates in Thin Neighborhoods. Fix p € M satisfying the
bunching hypotheses of Theorem B} Henceforth the entire analysis will take place
in a neighborhood of the forward orbit of p.

We choose ¢ > 0:

e much smaller than 7/2, which is the *-angle between the bundles of the
partially hyperbolic splitting over O* (p).
e small enough that

v(y) P(y) v(y) }

67 €z max{v(y)’ "W 30 W)

yeO*(p)
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Letr, R: O*(p) = R, and foliations ‘W u :VT/S, :VT/C, :VT/“‘ and :VT/CS be given by
Proposition using this value of ¢. By uniformly rescaling the |||, metric on
N, we may assume that

inf r(y)>1.
yeO*(p) 2

We may also assume that if x, y € B«(pj, r), then wes x)N w “(y), Wes ) NWY (y),
(’VT/C“(x) N (ws(y) and "W”‘(x) N W, (y) are single points. We denote by m, the
measure mz;, induced by the volume form ||-|.

Wa
We next choose functions o, 7: O*(p) — R, satisfying

(5.8) o <minfl,9}, and v<T<0Y,

and such that x = SUP, o+ () 0P (y) < ¢ (this is possible because of ). Note
that these inequalities also imply that

<oy <oyy <o

For the rest of the proof, except where we indicate otherwise, cocycles will be
evaluated at the point p. We will also drop the dependence on p from the notation;
thus, if a is a cocycle, then a,,(p) will be abbreviated to a,,.

Using these functions and the fake foliations, we next define a sequence of thin

neighborhoods T, of W7 (p, 1). We first define a neighborhood S, in wes (p) by:

Se= | Witwow,
xeWs (p,1)

and then define the neighborhood T, by:

(5.9) To=f"| ) Wiet)uWiem)|.
ZEf”(Sn)

Lemma 5.8 (c.f. [BWI, Lemma 4.3). The set T, is well-defined. There exists C > 0 and
0 < x < 1 such that, for every n > 0,

fI(T) € Bu(pj, Ci),
forj=0,...,n

Proof. Suppose first that x € Wi (p,1) and y € (TVC(x, o0,). By part 3(a) of Proposi-
tion[5.4] we then have

yj € Wilx;, 97 0n) € Wilx;, 1) € Bu(p),2),

for 0 < j < n. In fact, since 0 < min{p, 1}, the quantity )?]Tlon < )?]Tl

0j < «/ is
exponentially small in j, as is the x-diameter of f/(‘W*(p, 1)). This implies that for
some C > 0 and for every n > 0,

(5.10) f1(Sn) € Bu(p;, Cx’), forj=0,...,n

For every x € S,, we have that B, (x,, T,) C B«(pn, 1(ps)), and so the set T, is
well-defined by (5.9). Proposition implies that the leaves of W} and W)

loc
are uniformly contracted by f~! as long as they stay near the orbit of p. Because

K < ¢, theimage of f"(T},), for n sufficiently large, remains in the neighborhood N;
of O*(p) in which the fake foliations are defined and the expansion and contraction
estimates hold.

Combining these facts with (5.10), we obtain the conclusion. |



NONUNIFORM CENTER BUNCHING AND GENERIC ERGODICITY 25

Lemma 5.9 (c.f. [BW], Lemma 4.4). Let @ : M — R be a positive, uniformly Holder
continuous function. Then there is a constant C > 1 such that, for all n > 0 and all
x,y €Ty,

an(y) <

ay(x)

Proof. Since d < K™'d,, Lemma [5.8 implies that the diameter of f/(T,) remains
exponentially small in the d metric, for j = 0,...,n. Since f is C*® the lemma
follows from the following elementary distortion estimate:

cl<

Lemma 5.10 ([BW], Lemma 4.1). Let @ : M — IR be a positive Holder continuous
function, with exponent 6 > 0. Then there exists a constant H > 0 such that the following
holds, for allp,q € M, B> 0andn > 1:

n-1

dpi,q:)’ <B =

e HB < an(p) < oHB
P ~ a(9)

<e”,

and
n

diw_i,0_) <B = e‘HBsa’”—(ws HB
) Ap-iea-)" @)

O

5.6. Juliennes. The next step is to define juliennes. For each x € W (p,1) one
defines a sequence {E”(x)},,zo of center-unstable juliennes, which lie in the fake
center-unstable manifold ‘/M\/C”(x) and shrink exponentially as n — oo while be-
coming increasingly thin in the Wr-direction.
Define, for all x € W*(p, 1),

B(x) = Wi (x, 0,).
Note that .

si= | J B

xeWs(p,1)

For y € S,, we may then define two types of unstable juliennes:

i) = f Wiy, )
and
Jn(y) = f_n((Wi(yn/ Tn))-
Observe that for all y € S,,, the sets/]:’j(y) and J;;(y) are contained in T),.
For each x € W*(p,1) and n > 0, we then define the center-unstable julienne

centered at x of order n: - -
Je = Tua).
9€B;, (v)

Note that, by their construction, the sets Tf,“ (x) are contained in T, for all n > 0 and
x € Wip,1).

The crucial properties of center unstable juliennes are summarized in the next
three Propositions. We state them in a slightly more general form than we will
need for the proof of Theorem B} the more general formulation will be used in the
proof of Theorem D}

Proposmon 5.1 (c.f. [BWI, Proposition 5.3). Let x,x € W*(p,1), and let h* :
(WC“(x) - "W“‘(x) be the holonomy map induced by the stable foliation “W*. Then
the sequences hs( Jo4(x)) and ]f,”(x ) are internested.
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Proposition 5.12 (c.f. [BW], Proposition 5.4). There exist 6 > 0 and ¢ > 1 such that,
forall x € W*(p,1),and all q,q" € S,,, the following hold, for all n > 0:

L m(E (@) _

c < —-
i)
1 my(J}; (‘7))
e T P

mu( 1(‘7)) = 6mu(]n(q))
and _ N
ey (Jy1h1 (X)) = Ottty (] ().

Proposition 5.13 (c.f. [BWI, Proposition 5.5). Let X be a measurable set that is both W*-
saturated and essentially ‘W*"-saturated at some point x € W*(p). Then x is a Lebesgue
density point of X if and only if:

lim 70X : J%(x)) = 1.
n—o0
Assuming these propositions, we conclude the:

Proof of Theorem|B| Let X be a bi essentially saturated set, and let X° be an essential
Wre-saturate of X. Since m(X A X°) = 0, the Lebesgue density points of X are
precisely the same as those of X*. Suppose that x € W*(p, 1) is a Lebesgue density
point of X®. Proposition [5.13|implies that x is a cu-julienne density point of X°.

To finish the proof, we show thatevery x’ € ‘W*(p, 1) is a cu-julienne density point
of X°. Then by Proposition every x’ € W*(p, 1) is a Lebesgue density point of
X*,and so W*(p, 1) c X. Notice that if p satisfies the hypotheses of Theorem thes
so does every p’ € W5(p). Hence if W3(p) N X # @, then W*(p) C X, completing
the proof.

Let 1 : Wer (x) — — Weu (x") be the holonomy map induced by the stable foliation

We. The sequence I* (]”‘ (x)) c Weu (") nests at x’.
Transverse absolute continuity of #* with bounded Jacobians implies that

m (X J0) =1 = lim M) : () = 1.
n—00 n—oo
Since X® is s-saturated, we then have:
lim i (¢ ) =1 = lim i (OC () = 1
Since we are assuming that x is a cu-julienne density point of X°, we thus have
lim 77,,(X° : 1 (J%(x))) = 1.
n—o0
Working inside of Weu (x"), we will apply Lemma5.1|to the sequences /° (E” (x))
and [¢(x"), which both nest at x’. Proposition implies that these sequences
are internested. Proposition implies that [7*(x") is ular with respect to the

induced Riemannian measure ., on W(x’). Lemma

lim 7, (X PR )) =1 &= lim 7,(X° : J9() = 1,

.1lnow implies that

and so x’ is a cu-julienne density point of X*. It follows from Proposition that
x’ is a Lebesgue density point of X°, and thus of X. ]

We extract from this proof a proposition that will be used in the proof of Theo-

rem D}
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Proposition 5.14. Let Y C (WC”(p) be a measurable subset, let x € W*(p, 1), and let Y’
be the image of Y under ‘W*-holonomy. Then p is a cu-julienne density point of Y if and
only if x is a cu-julienne density point of Y’.

5.7. Julienne Quasiconformality. Here we prove Proposition The proof is
taken mutatis mutandis from [BW].

By a simple argument reversing the roles of x and x’, it will suffice to show that
k can be chosen so that

(5.11) B (@) €T,
for all n > k, whenever x and x’ satisfy the hypotheses of the proposition.
In order to prove that k can be chosen so that (5.11) holds, we need two lemmas.
Lemma 5.15. There exists a positive integer ki such that, for all x,x" € W*(p),
i (B(x) € BS, (),
forall n > ky, where b @C“ L(x) — 7M\/C“(x’) is the local W holonomy.

Proof. Proposmonulmphes that i is L- L1psch1tz at x, for some L > 1. Therefore
the image of W5 (x,0,) under J* is contained in We ‘(x',Lo,) € W (X', 04-k,), for
any k; large enough so that o_, > L. ]
Lemma 5.16. There exists a positive integer k ko such that the following holds for every
integer n > k. Suppose q,q9’ € Sn withq' € Ws(q) Lety e ]"(q) and let y' be the image
of y under ‘W* holonomy from "WCO“C (q) to (WC“(q ). Then

3// € ]Z_kz(z,)/
for some z' € W', 0rk,)-

Proof. Let z’ be the unique point in W*(y’) N W*(g’). It is not hard to see that
z} €N, forj=0,...,n—1and that z, is the unique point in W*(y;) N W*(g;). It
will suffice to prove that d, (v}, z;,) = O(t,) and d, (g, z") = O(on).

We have dy(qu, yn) < 1, because y € f"(‘W'(qu, T4)). By Proposition 5.4, 3(a),
we also have that d,(q,,9,) = O(vs) and du(yn, ;) = O(vy), since dy(q,q’) and
d«(y,y’) are both O(1). Note that qn ar and z;, are, respectively, the images of y, and

y,, under W “—hononomy between (W"S (yn) and (W“(qn) Uniform transversality
of the foliations W" and W< implies that

du Yy 20) = Omax{du (Gu, Yn), dx(Yn, y)}) = O(Tn),

since v < T.

We next show that d.(q’,z") = O(0,). By the triangle inequality,

A (@, 2) < A (@ @) + A Gy Y) + A (Yo, Y3) + A (Y 23)-

All four of the quantities on the right-hand side are easily seen to be O(t,). Since
q;, and z;, lie in the same We-leaf at d,~distance O(ty), Propositionnow implies
that d,(¢’,z') = O((yn)"'74). But T and o were chosen so that T < yo. Hence
(Yu) 7y < 0p and du(q',2’) = O(0y), as desired. O
Proof of Proposition[5.11} As noted above, it suffices to prove the inclusion (5.1T).
For g € B{(x), let ¢’ = I°(q). Then ¢’ € B;_kl (x") by Lernrna Hence 9,9’ € S,
and we can apply Lemma to obtain

e | 1@,
zeQ
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where
Q = U B;7k2 (q,)
geB; ()
For k > ky, we have:
U@ e
zeQ zeQ

It therefore suffices to find k > k; such that Q C B;_k(x’). This latter inclusion holds
if:

On—ky + On—k, < Op—k,
which is obviously true for all n > k, if k is sufficiently large. O
5.8. Julienne Measure. Next we give the:

Proof of Proposition Recall that we are using the standard Riemannian volumes
and induced Riemannian volumes on submanfiolds (not the ||-||-volumes).

Lemma 5.17 (cf. inequalities (21), [BWI]). There exists a constant C1 > 1 such that, for
alln > 0:

(W@, Ta(p))
< — <
(W (s, Ta(p)))

forallq,q’ € Sy, where (/V\Vi(x, r) = ’!/A\/” (x) N By (x, 1), and m,, is the induced Riemannian
metric on “W"-leaves.

(5.12) c

1,

Proof. Recall that the flat ||-[|, metric on T, M and the Riemannian metric in a neigh-
borhood of p,, (viewed in exponential coordinates at p,;) are uniformly comparable.
We will estimate the ratio in using the volume on T, M induced by ||-[|,.

On T,,M, the ||-||.-metricis also flat: the ball of radius 7, at g, isjust a translate by
gn—4q;, of a||-||x-ball of radius 7, at g},. Viewed in the ||]|, metric, a %-ball of radius 7,
in T,,, M is an ellipsoid with eccentricity bounded by K™!B,,. The intersection of such

a ball centered at g, of radius 7,(p) with w "“(qn) gives the set "/M\/”(qn, T4(p)). Since
the leaves of W"(g,) are tangent to a uniformly Holder continuous distribution, the

volumes of these sets are uniformly comparable to the intersection of T,,‘W*"(g,)
with By (qn, Ta(p)). This is also a (u-dimensional) ellipsoid, call it &(g,). Similarly
we have an ellipsoid £(g;,) centered at g;,.

The distance between the spaces T;, W"(q,,) and T, W*(q,) (translated by g, —q;,)
is of the order of d(gy, q;l)e, for some O € (0,1], and so is bounded by cf", where
B = k% < 1. The bound on the eccentricity of B4 (g,, T,) then implies that the ratio
between the u-dimensional volumes of &(g,,) and &(g;,) is bounded above by D,, =
C’'(1+cK™'B,B")" and below by D;, for some constant C’. Since limsup, ,  B}/" =
1, there exists a constant D such that D,, < D for all n. We conclude that there exists
a constant C satisfying (5.12), for all n and all 4,4’ € S,.. i

Let ES, EC, and E* be the tangent distributions to the leaves of ‘W*, W*, and ‘W*,
respectively. They are Holder continuous by Proposition[5.4} part 6. Furthermore,
the restrictions of these distributions to T,, are invariant under D ff yforj=1,...n.
We next observe that the Jacobian Jac(Df"|=,) is nearly constant when restricted to
the set T,,. More precisely, we have:

Iz

Lemma 5.18. There exists C, > 1 such that, foralln > 1, and all y,y’ € T,,

L TacDf)m)
2 = D)) =
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Proof. By the Chain Rule, these inequalities follow from Lemma with a
Jac(Df |§M). m]

Letge Sy, and let X C ’]Ej(q) be a measurable set (such as ’]z;(q) itself). Then:

700 = [ Tae(T 1"l d (o).
X
From this and Lemma [5.18 we then obtain:

Lemma 5.19. There exists C3 > O such that, for all n > 0, for any q,q4' € S,, and any
measurable sets X C [1(q), X" C Ji(q"), we have:

1 Wlu(fn(X) mu(X) <G, ﬁu(fn(X))
m(f1(X)) ~ mu(X’) T ml(f(X7)
Recall that f”(’]z;(q)) = (Wi(q,,, 1,), for g € S,. The first conclusion of Proposi-
tion now follows from 1) and Lemma with X = J#(g) and X’ = Ji(q).

The second conclusion is proved similarly.
We next show that there exists 6 > 0 such that

(T2, (@)
@@w
foralln > 0and all g € S,,. To obtain (5.13), we will apply Lemma5.I9with g = ¢/,
X = ]Z+1(’7)' and X’ = ],ﬁ‘(q). This gives us:

(@) (@)

— — 2Cy ——— :

my(J5(9)) my(f"(J3(q)))
But f(J,,(9)) = £ (W (Gus1, Tus1)) and f1(J4(g)) = W (qu, ), and hence:
A T @) _ (WG, Ts1))
m(f(Ta@) (W (g, T)

We show that this ratio is uniformly bounded below away from 0. Since T,+1/7,
is uniformly bounded, and f is uniformly C! in the x-metric on N,, there exists

(5.13) > 5,

a constant u < 1 (independent of n) such that f ‘1(@1(%“, Tn+1)) contains the set

W4 (qn, uts). Since |I|lx is a locally flat metric, the set B.(qx, 1i7,) is just the set
B, (qn, Tn) dilated (in exponential coordinates at p;) from g, by a factor of u. Since
the leaves of the W*" foliation are uniformly smooth, the volumes of (‘/4\/3 (gn, Cty)
and W " (qn, Tn) in the ||-||-metric are therefore uniformly comparable. This implies
that their Riemannian volumes are comparable.

To prove the final claim, we begm by observing that, considered as a subset of
‘W”‘(x) the set ]C”(x) fibers over B ¢ (x) with W-fibers ]”( ). We have just proved

that these fibers are c-uniform. Since ,+1/0, = 0(p,) is uniformly bounded away
from 0, the ratio
;n\C(B;H(x)) _ n’ic((WC(x, Opn+1))

B () m(We(x, 0,))

is bounded away from 0, uniformly in x and #n. Thus the sequence of bases B c(x)

of ]"“(x) is regular in the induced Riemannian volume mc Proposition 5.4} part 7.
implies that, considered as a subfoliation of weu (x), W is absolutely continuous
with bounded Jacobians. Prop051t10n1mphes that the sequence ]fj‘ (x) is regular,
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with respect to the induced Riemannian measure i,,. This proves the final claim
of Proposition 5.12} o

5.9. Julienne Density. We now come to the:

Proof of Proposition We must show that if a measurable set X is both W*-
saturated and essentially ‘W*-saturated ata pointx € W~ (p, 1), then xis a Lebesgue
density point of X if and only if

1}1_15)10 ;ﬁcu(x :Eu(x)) =1

As in [BW]], we will establish the following chain of equivalences:

x is a Lebesgue density point of X = ;}1_{1010 m(X:By(x)) =1
= ;}1_% mX:Cy(x)) =1
= ;}1_{1010 m(X:Dy(x)) =1
= ;}1_{1010 m(X: Ey(x)) =1
= ;}1_1)1010 m(X:Fy(x)) =1
= ;}1_1)1010 m(X:Gux)) =1
= lim g, (X:J}') = 1.

The sets B, (x) through G, (x) are defined as follows. The set B,,(x) is a x-Riemannian
ball in M:

Bu(x) = By(x, 0n).
The sets C,,(x), D,(x) and E, (x) will fiber over the same base D¢’ (x), where
piw= ) B
x’ E"Wi (x,00)
Proposition part (4) implies that D$(x) is contained in the C! submanifold
We(x); the sequences D¢’ (x) and ‘WS (x, 0,) are internested. Let
G = | ) Wiqow,
q€Dy (x)
and let

D.® = | i@

q€D;; (x)
The set E,(x) is nearly identical to D, (x), with the difference that the J-fibers are
replaced with J;;-fibers:

E@= U o= |J 7= |J .

qeD5; (x) ¥ E(/M\/; (x,00) x' €W (x,01)

The rightmost equality follows from the fact that ‘Wi (x,04) = W5 (x,04,), for all
x € ‘W3(p,1) (Proposition 5.4} part (5))
We define F,(x) to be the foliation product of J*(x) and W (x, 0,):

Fu(x) = U W (g) N W ().
eI (), ' €Ws (x,00)
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This definition makes sense since the foliations :VT/ “ and ‘W* are transverse. Finally,
let
G = ) Wi@ow.
geTi(x)
We now prove these equivalences, following the outline described above.

First, recall that B, (x) is a round d,-ball about x of radius ¢,,. The forward impli-
cation in the first equivalence is obvious from the definition of B, (x). The backward
implication follows from this definition and the fact that the ratio 0,41/, = 0(pn)
of successive radii is less than 1, and is bounded away from both 0 and 1 indepen-

dently of n. From this we also see that B, (x) is regular.
The set C,(x) fibers over D¢ (x), with fiber ‘WY (x oy) over x’ € D¥(x). The

sequence D¢’ (x) internests with the sequence of disks Wcs (x, 0,), by continuity and
transversality of the foliations We and W". Continuity and transversality of the

foliations ‘W* and W then imply that C,(x) and B, (x) are internested.
To prove the equivalence

Iim m(X:C,(x)) =1 < lim m(X : D,(x)) =1,

we note that C,(x) and D, (x) both fiber over D*(x), with “W"-fibers. Since X is
essentially ‘W"-saturated at x, Proposition [5.2]implies that it suffices to show that
the fibers of C,(x) and D,(x) are both c-uniform. The fibers of of C,(x) are easily
seen to be uniform, because they are all comparable to balls in ‘W* of fixed radius
o,. The fibers of D, (x) are the unstable juliennes J;(x’), for x € D{’(x). Uniformity
of these fibers follows from Proposition

We next prove:

Lemma 5.20. The sequences D,(x) and E,(x) are internested.

Proof. Recall that

pw=|J @ ad Ew@= ] T

q€D;; (x) q€D;; (x)
Internesting of the sequences D, (x) and E,(x) means that there is a k > 0 such that,
foralln >k,
Dy(x) CEy(x) and  E,(x) € Dy—i(x).
We will show that there is a k for which the first inclusion holds. Reversing the

roles of of ‘W and ‘W" in the proof gives the second inclusion.
Suppose y € D,(x). Then y € Ji(q) = f7(WY(qu, 1n)), for some q € D5 (x); in
particular,

(5.14) A (Yn, Gn) = O(Tn).

Let 4 be the unique point of intersection of ‘W”(y) with Wes (x). We will show that
y € E,—k(x), for some k that is independent of n. In order to do this, it suffices to

show that § € DS, (x) and y € T (@) = £~ W@u-r, Tut):
In order to prove that § € DY’ (x) it will suffice to show that
(5.15) d*(q, Q) =o0(on)
(in fact, O(c,) would suffice, but the argument gives 0(0,,)). In order to prove that

y €] . (9) it will suffice to show that
(5.16) Ay (Yn,Gn) = O(ty).
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Equation ll follows easily from l| Since y, and §, lie in the same W
leaf, Proposition |5.4|and (5.16) imply that

(5.17) dx(y,q) = O0utu) = 0(0n),
since #7 < 0. Similarly, Proposition 5.4|and imply that
(5.18) dx(y,9) = 0(0n)-

Applying the triangle inequality to (5.17) and (5.18) gives (5.15]

It remains to prove (5.16). Recall from the construction of the fake foliations in
Proposition[5.4Jthat, at any point zin the neighborhood N of the orbit of p in which

the fake foliations are defined, the tangent space T, W V" (2) lies in the ¢-cone about

T, W"(z) = E"(z). Furthermore, the angle between T, wWes (z) and either T, W (z) or
T,‘W*(z) is uniformly bounded away from 0. Note that 4, is the unique point in

w "(ya) N wes (xy) and gy, is the unique point in W*(y,,) N W*(x,,); combining this
with gives:
d*(]/n/ﬁn) = O(d*(]/n/ Qn)) = O(1y).

This completes the proof. o
We next show:

Lemma 5.21. E,(x) and F,(x) are internested, as are F,,(x) and G, (x).

Proof. The sets E, (x) and F (x) both fiber over the same base W- % (x,0,). The fibers
of E, (x) are the cu-]uhennes Jo(x'), for X’ € % (x, on) the fibers of F, (x) are images

of ]C”(x) under W?-holonomy from ‘W“”(x) to “W”‘(x) for ¥ € W s(x,0n). It
follows immediately from Proposition - 5.11] that the sequences E,(x) and F,(x) are
internested.

To see that F,,(x) and G,(x) are internested, suppose that g’ lies in the boundary

of the fiber of F,(x) that lies in W*(q) for some g € ]“‘(x) Then q € ]”‘(x ) for a

point x” that lies in the boundary of W (x,0,). The diameters of ]f,” (x) and ]f[‘ (x)
are both O(0,), and d.(x, x") = 0,. Hence, if k is large enough, we will have

Optk < d*(fi, q/) < Op—k-

Thusall points on the boundary of the fiber of F,,(x) in W} (q) lie outside W (g, 0,.+x)
and inside ‘W (g, 0,—k). O

We now know that any two of D, (x), E,(x), F,(x) and G,(x) are internested. As
discussed above, to prove the fourth through sixth equivalences, it now suffices to
show:

Lemma 5.22. The sequence G,(x) is regular for each x € W*(p, 1).
Proof. The set
) wi@on
g€y (x)
fibers over E”(x), with W¢-fibers W5 (g, 0,). Since W? is absolutely continuous,

Proposition 5.2)implies that regularity of G (x) follows from regularity of the base

sequence and fiber sequence. Proposmon implies that the sequence ]C"(x) is
regular in the induced measure i1,,. As we remarked above, the ratio 0,4+1/0, =
o(py) is uniformly bounded below away from 0. Consequently, the ratio

Mg ((Wi (q/ On+1 ))
ms(Wi(q,01))
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is bounded away 0, uniformly in x, g, and n. The regularity of G,(x) now follows
from Proposition[5.2] m]

To prove the final equivalence, we use the fact that G,(x) fibers over Tfj‘(x)
with c-uniform fibers and apply Proposition Here we use the fact that X is
‘Wr-saturated. This completes the proof of Proposition[5.13} i

6. COCYCLE SATURATION

We now explain a generalization of Theorem [B|involving saturation properties
of sections. This brings the results of [ASV] into the nonuniform setting. We
review the notations from [ASV]. In this discussion M denotes a closed manifold
and f: M — M a partially hyperbolic diffeomorphism.

A Hausdorff topological space P is refinable if there exists an increasing sequence
of countable partitions Q; < @, < --- < @, < --- into measurable sets such that any
sequence (Qn)nenw With Q, € @, and (N Q, # @ converges to a point 1 € P in the
sense that every neighborhood of 7 contains all Q, for n sufficiently large. Every
separable metric space is refinable.

We shall consider continuous fiber bundles X over M with fiber a Hausdorff
topological space P. Such a fiber bundle is refinable if P is refinable.

A fiber bundle 7: X — M has stable and unstable holonomies if, for every x,y € M
with y € W*(x) and * € {u, s}, there exists a homeomorphism h;,y: nl(x) - nl(y)
with the following properties:

1) My =Idpay, and by, o by =} ;
2) the map (x,y,1,d.(x, y)) — h;y(n) is continuous on its domain (a subset of
M x M x X x [0, 0)), where d.(x, y) stands for the distance between x and y
in W)
Our main result concerns the saturation properties of sections of refinable bundles
with stable and unstable holonomies. In analogy with the definition of stable
saturated set, we say that a section W: M — X is h’-saturated if, for every x € M
and y € W*(x):
W(y) = 1, (V).
We similarly define h*-saturated sections (the terms s-invariant and u-invariant are
used in [[ASV]]). A section is bisaturated if it is both h°- and h"-saturated. A section W
is bi essentially saturated if there exist an I*-saturated section W* and a h*-saturated
section W* such that W = W = W* almost everywhere with respect to volume
on M.

Examples:
1) Let X = M x {0,1} and set I} , () = 7. In this trivial example, if A ¢ M is
a (‘W8 W"/bi) - saturated set, then x — (x, 14(x)) is an (k°/h"/bi) - saturated
section. If A is bi essentially saturated, then so is the associated section.
2) (cf. [W], Proposition 4.7) Every Holder-continuous function iy: M — R de-
termines stable and unstable holonomy maps on the bundle MXR, invariant
under the skew product (x, 1) = (f(x), n + P(x)).
If ¥: M — Ris a continuous solution to the cohomological equation

6.1) p=Wof-V,

then W is a bisaturated section. Moreover, if f is C?, volume-preserving
and ergodic, ¥: M — R is measurable, and the equation (6.1) holds almost

“This can be reformulated, in view of (1), as requiring that (x, y, 1) — h;/y(q) is continuous when we
restrict x and y to belong to local ‘W leaves.
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everywhere with respect to volume, then W is a bi essentially saturated
section.

3) (cf. [ASV]) Let A: M — SL(n,R) be a Holder-continuous matrix-valued
cocycle. If this cocycle is dominated (in the sense of [ASV]), then it de-
termines in a natural way stable and unstable holonomies on the refinable
fiber bundle X = Mx M(RP"!), where M(RP"™!) is the space of probability
measures on the projective space RP"~!.

Suppose that the Lyapunov exponents of A,(f) = (Ao f" ) (Ao f1)--- A
vanish almost everywhere. Then A determines a bi essentially saturated
section of the bundle X. These results are proved in [ASV] and used to show
that the generic such cocycle over an accessible, center-bunched partially
hyperbolic diffeomorphism has a nonvanishing exponent.

Our main result expands Theorem [Bto include bi esentially saturated sections.
Following [ASV], we introduce an analogue for measurable sections of the notion
of density point for measurable sets.

Let t: X — M be a refinable bundle. We say that p € M is a point of measurable
continuity for a section W: M — X, if there exists € X such that p is a Lebesgue
density point of W~1(V), for every open neighborhood V of nin X. If such an n
exists, it is unique, and is called the density value of W at p.

Let MC(W) be the set of points of measurable continuity of W. We define a
measurable section W: MC(W) — X by setting W(p) to be the density value of W at
p. Then MC(¥) has full volume in M, and W = W almost everywhere, with respect
to volume (see Lemma 7.10, [ASV]).

Theorem D (cf. Theorem 7.6, [ASV]). Let f be C* and partially hyperbolic, and let X
be a refinable fiber bundle with stable and unstable holonomies.
Then, for any bi essentially saturated section V: M — X:

1) MC(VW) N CB* is ‘Ws-saturated, and the restriction of W to MC(W) N CB* is
h®-saturated;

2) MC(W) N CB™ is W-saturated, and the restriction of W to MC(¥) N CB™ is
h"-saturated;

Proof. The proof follows the same lines as Theorem 7.6 in [ASV]. The proof there
adapts the proof of the main result in [BW], and we correspondingly adapt the
proof of Theorem [B| here.

We first prove the theorem under the assumption that the bundle X has stable
and unstable holonomies. We prove the first part of the theorem; the second part
follows from the first, replacing f by f~!. Let t: X — M be a refinable bundle with
stable and unstable holonomies. The holonomy maps /° and h* define foliations
7F° and F* of X; the leaf of £~ through a point € X is:

T ) = e, (1) Y € W ().
We similarly define for r > 0 the local leaf:
F (1) =l , (D y € Wi(n(n), 7).

Observe that a section @ is *-saturated if and only if its image ®(M) C X is a union
of whole leaves of .

Fix a bi essentially saturated section W: M — X. Recall that bi essential satu-
ration of W means that there exist an h*-saturated section W* and a h*-saturated
section W" such that W* = W* = W almost everywhere.

Fix x € MC(W) N CB*, and let 1 = W(x) be the density value of W at x. Note that
1 is also a density value for W* and W*. We will show that for every y € W*(x, 1),
h,(n) is a (the) density value of W at y. Since CB* is W¢-saturated, this will
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simultaneously establish that MC(W)NCB™* is W¢-saturated and that the restriction
of W to MC(W) N CB* is h-saturated.

To this end, fix y € W?(x, 1), and let V be a neighborhood of h;y(r)) in X. Note
that 11} , (1) lies on the local leaf (1, 1). To show that 1, (1)) is a density value for
W at y, we must show that y is a density point of ¥~1(V).

Continuity of the stable holonomy maps in X and stable saturation of \V* together
imply that (W¥)~}(V) is ‘W*-saturated at y; recall this means that there exist 0 < &y <
61 such that for any z € B(y, 50) N (W¥)"}(V), we have W*(z,6;) ¢ W;1(V). Similarly,
(W")"L(V) is W"-saturated at y, and so W~1(V) is bi essentially saturated at y.

Fix ¢ > 0 and 6 > 0 such that 7}(B(y, €)) N N5 C V, where

No= | ) 7@

2eB(n,0)

is the union of the local 7* leaves through B(n, 6) in X. Since N is saturated by local
F°(-,1) leaves, and the section W* is h*-saturated, it follows that the set (W*)~!(Ns)
is saturated by local ‘W*(-, 1)-leaves. The set W~1(B(1), )) is bi essentially saturated
at x and coincides mod 0 with the set (W*)™'(B(7, 6)), which is h'-saturated at x.
Since x € MD(W), it is a Lebesgue density point of W~'(B(7,6)). But x is also an
element of CB*, and so Proposition[5.13|implies that x is a cu-julienne density point
of (¥*)71(B(n, 9)), and hence of (W¥*)"1(Ny) as well.

Now, since (W¥)"}(Nj) is saturated by local “W*(-,1)-leaves, and x € CB*(f),
Proposition implies that y is also a cu-julienne density point of (W)™ (Nj).
Thus y is a cu-julienne density point of B(y, €) N (W¥)~}(N;). But

B(y, &) N (V") (Ny) = (W*) " (n "' (B(y, €)) N Ni) < (W*)(V);

since the latter set is ‘W*-saturated and essentially ‘W*-saturated at y, and since
y € CB*(f), Propositionimplies that i is a Lebesgue density point of (¥*)71(V).
Finally, since (¥*)"(V) = W~}(V) mod 0, we obtain that y is a Lebesgue density
point of W=(V). This completes the proof of Theorem@ O

7. EXAMPLES

Here we will be interested first in the construction of a C2-open class of maps
which are not uniformly center bunched, but display nonuniform center bunching in
the sense that the set CB of center bunched points has full Lebesgue measure. We
then show, using Corollary that this class contains C?-stably ergodic maps, and
describe an application of Theorem [D]to the cohomological equation.

All of the following constructions can be carried out in the volume-preserving
setting. We do it in the symplectic setting, as the arguments are slightly more
subtle.

7.1. A nonuniformly, but not uniformly, center bunched example. Let P, Q and
S be compact symplectic manifolds, and let F: P - P,G: Q = Qand H: S — S be
symplectic C? diffeomorphisms with the following properties:

1) F and G are Anosov diffeomorphisms.
2) We have

sup||DGle. || < inf m(DH)? < sup DHI < inf m(DGle: ),
Q G S S Q G

sothat GX H: QXS — Q X S is partially hyperbolic and center bunched,
with center bundle tangent to the S factor.
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3) We have
sup [DF|g;|| < inf m(DH) < sup |[DHI < igfm(DFlE;),
P S

so that F X G x H is partially hyperbolicon M = Px QX S, with center bundle
tangent to the S factor.

4) Indicating by mp the normalized volume measure induced by the symplectic
form on P, we have

flogIIDFIE;IIdmp < Zirslflogm(DH) < 2suplogl||DH|| < flogm(DFlE;)dmp.
S

5) There exists a point p € P of period k under F such that:
ID,File: || < m(DGle: )" < DGl [l < m(D,Files),

which implies that U’]:é {F/(p)} x QX S is normally hyperbolic and contained
in CB.

Let w be the symplectic form in M = P x Q X S given by the sum of the forms on P,
Qand S. Then fy = FX G X H : M — M is symplectic.

Lemma 7.1. If f is a C? volume-preserving (C>-small) perturbation of fo, then f is
nonuniformly center bunched.

Proof. To show that almost every orbit is forward center bunched, it is enough to
prove that for any f-invariant set W of positive Lebesgue measure, we have

1 .
WLlogllDflg;lldm<21]\r}[flogm(Df|E;).

We notice that Ef is close to Ej @ Ef, and EX is close to TS everywhere. Thus the
right hand side is close to 2 infs log m(DH), while the left hand side is bounded, up
to small error, by the maximum of supg [IDG| E; || and f log ||DF|E;|| dm. 1, where i is
the normalized restriction of the Lebesgue measure m to W and 7w : M — P is the
coordinate projection. By (2) and (4), we are reduced to showing that 7. is weak-*
close to mp.

An f-invariant probability measure which is absolutely continuous with respect
to the unstable foliation “W* will be called an u-state for f. One defines s-states

analogously. Let U(f) be the set of u-states for f and S(f) be the set of s-states for
f. An u-state that is also an s-state will be called an su-state. Since f is C2, the (W?
and W foliations are absolutely continuous, thus p is an su-state. We are going to
show that this already implies that 7.t is close to mp.

The uniform expansion in the unstable direction as we iterate forward has a
regularization effect which implies that there is an apriori bound on the densities
of the disintegration of an u-state for f along (VV;: the quotient between the

densities at different points in the same unstable leaf is bounded by K where K is
a constant (uniform in a C? neighborhood of fj) and d is the distance between the
points inside the leaf. (Recall that the density is defined, in each leaf, only up to
scaling but the quotient is well defined and given by the Anosov-Sinai cocycle; see
formula (11.4) in [BDV].)

This bound has the important consequence that U/(f) is closed (and hence com-
pact) in the weak-+ topology. Moreover, in a C? neighborhood V of f;, the set
Useplfl X U(f) is also closed. We call this fact the upper-semicontinuity in f of
the set of u-states, see [BDPP] for a detailed proof.
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Analogous considerations show that the set of s-states is upper-semicontinuous
in f. Thus U revlf} X (S(f) N U(f)) is closed as well, so the set of su-states also
depends upper-semicontinuously on f.

The product structure of the foliations implies that an su-state for fy projects onto
an su-state for F X G, which is C2 Anosov, and the absence of a central direction for
F x G implies that the projection is absolutely continuous. Since F X G is Anosov,
it is ergodic so the projection is Lebesgue on P x Q. Projecting again, we conclude
that m.,v = mp whenever v is an su-state for fy (in fact, an su-state for fj is just the
product of Lebesgue on P X Q by an arbitrary invariant probability measure on S).
By upper-semicontinuity, if f is close to fo, the projection of any su-state for f is
weak-* close to mp. The result follows. O

Notice also that we may construct the map fy so that no f nearby is center
bunched. For example, one can arrange that the conditions above hold and in
addition there are hyperbolic periodic points p’ = F(p’), g = H"(q) such that

p(Dy File) > p(D,H™) 2,

where p denotes spectral radius. Note that the main theorem in [BW] does not
apply to such an example, nor to its perturbations.

7.2. Stable ergodicity. Condition (5) implies that for any C! perturbation f of f,,
there exists a normally hyperbolic manifold Ny, Cl-close to Ul;;é{Ff PN xQxS,
whose connected components are permuted under f.

Letussay that N is accessible if for any x and y in the same connected component
of Ny, there is an su-path in N connecting x and y. We say that Ny is stably
accessible if N, is accessible for every g in a neighborhood of f in Diff;,(M x N x P).
These properties are non-void:

Lemma 7.2. For any neighborhood Z of fy in Diff, (M) there exists f € Z such that N¢
is stably accessible.

Proof. In [SW] it is shown that for every neighborhood YV of the identity in
Difffj’QX (Q X S) there exists ® € YV such that @ o (G X H) is stably accessible. For

such a @, define ¢ € Diff;,(M X N x P) by ¢ = Idy x ®. Then ¢ o f; is close to fy
and satisfies the desired properties. ]

Lemma 7.3. If f is C! near fy and Ny is accessible, then we can join any two points in
CB by an su-path with corners in CB.

Proof. Fix x € Ny. Obviously ‘W*(x) ¢ Ny C CB, and since Ny is stably accessible,
any two points in “W*(x) can be joined by an su-path with corners in Ny and hence
in CB. Thus it is enough to show that any y € CB can be joined to some point
in W¢(x) through an su-path with corners in CB. The action of f on M/’VV; is
topologically conjugated to the Anosov map F X G, and under this identification,
the projection of any unstable or stable leaf of f is an unstable or stable leaf of F X G.
Obviously, for F X G any two points can be connected by an su-path with 2 legs. We
conclude that for every y € M there exists z € ‘W*(x) such that W"(y) N W*(z) # @.
When y € CB, W"(y) N“W*(z) C CB (since y,z € CB and CB" is ‘W*-saturated while
CB™ is ‘Wt-saturated), showing that y is connected to ‘W*(x) by a 2-legged su-path
with corners in CB. o

Putting together Lemmas and Corollary [Clwe conclude:

Theorem E. If f is C*-close to fy and Ny is accessible then f is ergodic (and in fact, a
K-system).
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7.3. Continuity of bi saturated sections and the cohomological equation.

Lemma 7.4. Let f : M — M be a C? volume-preserving partially hyperbolic diffeo-
morphism and let Z be a bi essentially saturated set of positive Lebesque measure. If
x € supp(m|Z) then any su-path starting at x can be approximated by an su-path with
corners in Z.

Proof. Let us say that z € Z is k-pretty if almost every w € W"(z) U W*(z) is k — 1-
pretty, where all points of Z are declared to be O-pretty. Since W" and ‘W* are
absolutely continuous, it follows by induction that almost every z € Z is k-pretty
for every k.

Consider an su-path connecting x to x, through x4, ..., x,-1. Now just approx-
imate xo by an n-pretty point z, and then successively x; by an n — i-pretty point
Zi € (W*(Zi_l). [m}

Theorem F. Let f be C>-close to fo and let X and \V be as in Theorem@ If N is accessible
then \V coincides almost everywhere with a continuous bi invariant section.

Proof. Since any two points of CB can be joined by an su-path with corners in CB,
and CB has positive Lebesgue measure, it follows that MC(W) contains CB.

Let us show that we can define a bi saturated section that coincides with ¥ on
CB. By the argument of Section 8.2 of [ASV] (where center bunching does not play
a role), the accessibility of f implies that such a section is necessarily continuous,
and since m(CB) = 1, ¥ must coincide almost everywhere with it.

We notice that, restricting the above considerations to Ny C CB, and using that
Ny is accessible, we can already conclude that W|N is continuous.

Let x € Ny. We are going to show that, for any su-path starting and ending at x,
the composition of holonomies along the su-path fixes W(x). Since f is accessible,
this allows us to define a bi saturated section: join x to any y¥ € M by any su-path
and apply the holonomy to W(x). If well defined, this new section automatically
will coincide with W(x) on CB by Theorem@] (since, by Lemma x can be joined
to any y € CB through an su-path with corners in CB).

Let us consider thus an su-path starting and ending in xj, and its composed
holonomy map k. Assume that h(W(x)) # W(x). By the previous lemma, it is
approximated by an su-path with corners in CB. Apriori, the extremes of the latter
path do not belong to N¢, but by adding at most 4 short legs to the latter (two at
the beginning and two at the end), we obtain an su-path starting and ending at
points y,z € Ny. Since the corners of this path all belong to CB, the corresponding
composed holonomy map  takes W(y) to W(z). Since y,z € N r are close to x, we
can use the continuity of holonomy maps, and of W|N #, to conclude that fz(\if(y)) is
close to h(W(x)) and W(z) is close to W(x). Since we assumed that h(W(x)) # ¥(x),
this implies that h(\P(y)) # W(z), contradiction. o

One particular interesting application is the case of the cohomological equation
(see Example 2 in Section[6): if 1 : M — R is a Holder continuous function then a
measurable solution of the cohomological equation ip = Wo f —W coincides almost
everywhere with a continuous one.

One can also deduce non-degeneracy of the Lyapunov spectrum of generic
bunched cocycles over f (see Example 3 of Section [6). However, the application
of those ideas to the analysis of the central Lyapunov exponents of f themselves
is more subtle since this cocycle is not bunched (but only nonuniformly bunched),
and will be carried out elsewhere: we will show for instance that in the case that
S is a surface then stably Bernoulli, nonuniformly hyperbolic examples like above
can be obtained.
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7.4. Further examples. The mechanism for ergodicity implemented above can be
abstracted somewhat to a criterion for ergodicity, which we quickly describe.

Let f : M — M be a C? accessible partially hyperbolic volume preserving
diffeomorphism. Let N C M be a normally hyperbolic compact (not necessarily
connected) submanifold It is easy to see that TN = (E*(x) N TxN)® (E°(x) N TxN) ®
(E*(x) N TyN) at every x € N. If those three subbundles are non-trivial, then this
splitting is partially hyperbolic. We are interested on the case that N is c-saturated
in the sense that T,N D E°(x) for every x € N. Assume that f|N is center bunched
and has some open accessibility class. We will show that the restriction of Lebesgue
measure to the set CB is either null or ergodic.

Let us first note that, since N is normally hyperbolic, the condition that fIN is
center bunched implies that N C CB.

Foraset U C N, let U be the set of all x € M such that there exists y € U such that
W(x) N W*(y) # @. Notice that since N is c-saturated, it is clear that int I > int U.

We claim that if CB is dense, and if U is an open accessibility class for f|N, then
any two points in CB N iz f¥(int U) can be joined by an su-path with all corners
in CB.

Since f is accessible, almost every orbit is dense (by Theorem ; hence the
claim implies that almost every pair in CB can be joined by an su-path with corners
in CB, which gives the conclusion, by Corollary[C} that s, if CB has positive measure
(which, by Theorem 3.4} implies that it is dense), then the restriction of f to CB is
ergodic.

To prove the claim, note first that if x € CB, then ‘W*(x) N W*(y) C CB, for any
y € N. Since U is an accessibility class of f|N, and N c CB, it follows that any two
points in CB N U can be connected by an su-path with all corners in CB.

Since f is accessible, so is f x f; Theorem [3.4]implies that f X f is topologically
transitive. This implies that for any three open sets Vi, V,, V C M there exists
n € Z such that V; N f*(V) # @, for j = 1,2. In particular, for any pair of integers
k1, k>, there exists n € Z such that fkf(int i n f"(int ) # @, for j =1,2. Since
CB is dense, we can find points x;. € CBn f"(int ) N f5(int (). Then we can join
x1 to xp by an su-path with corners in CB by going through x; and x/: x; and x;.
can be joined since f ‘kf(xj), fhi (x;) € CB N U, while x7 and x} can be joined since
f(x), f'(x) €CBN U. This proves the claim.

One can also apply the argument of the previous section to conclude, for in-
stance, that if i) : M — R is a Holder continuous function then any measurable
solution of the cohomological equation ¢ = W o f — W defined over CB coincides
almost everywhere with a continuous solution defined in the whole M. We notice
that here it is only needed to assume that m(CB) > 0, and apriori the system could
even be non-ergodic as far as the current theory goes.

ArpreENDIX A. REOBTAINING SoME REsuLts FrRoM [BDD]

A variation of the method presented in Section [ allows one to obtain various
[BDP]-like (topological) conclusions from [BV]-like (ergodic) results. To illustrate,
we will reobtain the following;:

Theorem A.1 ([BDP]). A diffeomorphism that has a non-dominated homoclinic class can
be perturbed to display a nearby periodic orbit with all eigenvalues of the same modulus.

Let us explain the result from [BV] that we need. Let (X, 1) be a non-atomic
probability space, and let f be an ergodic automorphism of it. Fix a positive

50ur arguments would also work by taking N as a (non-compact) leaf of a normally hyperbolic
lamination.
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integer d and let L™ be the set of measurable maps (called cocycles) A : X — GL(d, R)
such that ||A*!|| are p-essentially bounded, where maps that differ on zero sets are
identified. Notice L* is a Baire space.

Given a cocycle A € L®, asymptotic information about the products

AL@) = A1) - A)

is given by Oseledets Theorem. So let R? = E'(x) & - - @ EF(x) be the Oseledets
splitting, defined for p-a.e. x € X, and let A;(A) > --- > Ay(A) the Lyapunov
exponents repeated according to multiplicity. (Notice that k and the Lyapunov
exponents are constant u-almost everywhere by ergodicity.) We also write L;(A) =
Z;zl Ai(A). We have

: 1 ian
L) =inf - [ logIn Al duc.

Asa consequence of this formula, the function A € L* +— L;(A)is upper-semicontinous,
and hence its points of continuity form a residual set. Another semi-continuity
property that follows easily from the formula is:

Lemma A.2. Given A € L*, C > ||A*!||, and ¢ > 0, there exists 6 > 0 such that if
B € L™ is such that if |B*!||e < C and u[B # A] < 6 then Li(B) < Li(A) + ¢.

Let R? = E(x) ® F(x) be a splitting defined for u-a.e. x and invariant under a
cocycle A € L. Also assume that dim E is constant (called the index of the splitting).
We say that the splitting is dominated (or, more precisely, that E dominates F) in the
case that there exists m € IN such that
( A'l) M < 1

m (Am(x)|E(x)) 2

It is not hard to check the following elementary propertiesﬁ

for p-a.e.x € X.

1) The angle between E and F is essentially bounded from below.

2) For a fixed index, the dominated splitting is unique over the points where
it exists.

3) In the case that the space X is compact Hausdorff and A is a continuous
map, then the splitting can be defined over each point of supp p, and varies
continuously.

We say that the Oseledets splitting of A is trivial if k = 1, and dominated if k > 1
and E' @ --- @ E! dominates E*' @ --- @ Ef forallie {1,...,k—1}.

Theorem A.3 ([BV]). A cocycle A € L*® is a point of continuity of all L;’s if and only if
the Oseledets splitting is trivial or dominated.

Remark A.4. As shown in [BV], the statement of Theorem remains true if
GL(d,R) is replaced by any Lie group of matrices that acts transitively on the
projective space, for example the symplectic group.

We will deduce from Theorem[A.3|the following:

Proposition A.5. If A € L* has no dominated splitting then there exists B € L%
arbitrarily close to A whose Oseledets splitting is trivial.

The proof of the proposition requires a few preliminaries.

Given a cocycle A € L™, we define pi4 as a probability measure on GL(d, R)Z by
taking the push-forward of 1 under the map x — (A(f"(x))),. Notice u4 is invariant
under the shift. Let Hull(A) = supp pa; this is a compact Hausdorff space. Let

®0r see e.g. [BDV, Appendix B].
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A : Hull(A) — GL(d, R) be the projection on the zeroth coordinate, considered as
a cocycle over the shift on Hull(A). This new cocycle has the advantage of being
continuous. Using the elementary properties listed above, it is easy to see that a
cocycle A € L™ has a dominated splitting if and only if A has one. This means that
the existence of a dominated splitting for A depends only on Hull(A); in particular,
if B has a dominated splitting and Hull(A) € Hull(B), then A has a dominated
splitting.

Let N indicate the set of cocycles A € L* that have no dominated splitting. Then
NisaGs subsetﬂ of L*, and thus a Baire space. Indeed, the set of A € L* that have
a dominated splitting with fixed index and fixed m as in is easily seen to be a
closed set.

Lemma A.6. If A € N is a point of continuity of LN then A is a point of continuity
OfL,‘.

Proof. Assume that L; is not continuous at some A € N; we will show that neither
is Li|N.

Leta* = (aX),, k > Obea dense sequence in Hull(A). For j > 0, let Uy c GL(d, R)%
be the set of all sequences (x,), with |lx, — a’,;|| < 277 for every |n| < j. Then each
Uy,j is open in GL(d, R)? and for each k > 0, {Uk,j}>0 is a fundamental system of
neighborhoods of a*. Let Dy, C X be the set of all x such that (A(f"(x))), € Uy,
Since a* € supp 4, we have u(Dyj) > 0, and since p is non-atomic, for every
I > 0 we can choose a subset Dy j; C Dyj with 0 < (D) < 27577 Let Z; =
Uk j20 Upi<j f"(Di,jp)- Then u(Z;) — 0 as I — co. Moreover, if B € L* is any cocycle
that coincides with A on some Zj, then for every x € Dy j;, and every |n| < j, we
have B(f"(x)) = A(f"(x)); the definition of Uy then gives that (B(f"(x))), € Uk,
This implies successively that up(Uy,j) > u(Dy ;) > 0 for every k, j > 0, a* € Hull(B)
for every k > 0, Hull(B) > Hull(A), and B € N.

Since L; is upper-semicontinuous and not continuous at A, there exists a se-
quence A, € L* converging to A and ¢ > 0 such that L;(A,) < L;(A) — ¢ for each n.
Let B, be the cocycle equal to A on Z; and equal to A, elsewhere. By Lemma
for each n there exists I, such that Li(B,,;,) < Li(A,) + €/2. Thus the sequence B,
isin N, converges to A, and satisfies L;(B,,;,) < Li(A) — ¢/2. This shows that L;| N is
not continuous at A, as desired. O

Now we can give the:

Proof of Proposition|A.5] Let A be a element of N, that is, a cocycle without domi-
nated splitting. Since NV is a Baire space and the functions L; are upper-semicontinuous,
we can find a point B of continuity of all functions L;| N that is as close to A as de-
sired. By Lemmal[A.6) Bis a point of continuity of all L;’s, and thus, by Theorem[A.3
its Oseledets splitting is either dominated or trivial. Since B € N, the former alter-
native is forbidden and thus all Lyapunov exponents of B are equal. |

Now let us use these results to prove Theorem Our approach to needs a
suitable measure to start with:

Lemma A.7. For every homoclinic class H, there exists an ergodic invariant probability
measure whose support is H.

Proof. This is a simple consequence of the fact that any non-trivial homoclinic class
H is contained in the closure of a countable union of horseshoes Hy C H, C --- (by
a horseshoe we mean an invariant compact set restricted to which the dynamics

"More precisely, N is a closed set, but we will not need this.
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is topologically conjugate to a transitive subshift of finite type).This allows one
to construct a wealth of invariant measures with support H (for instance, with
positive entropy), as suitable “infinite Markovian” measures, but below we will
proceed by a somewhat less direct argument.

Given a compact invariant set X ¢ M, let M(X) be the set of invariant probability
measures u with supp p C X, endowed with the weak-star topology. Let M,(X) C
M(X) be the set of ergodic measures, and for any compact subset Y C X, let M(X,Y)
be the set of invariant measures whose support contains Y. It is easy to see that
M.(X) and M(X, Y) are always Gs subsets of M(X).

Since H; is a horseshoe, both M. (H;) and M(H;, H;) are dense (and hence residual)
in M(H;). Let G; = M.(H;) N M(H;, H;). Let W ¢ M(H) be the closure of the union
of the M(H;). Let W; = Wn M.(H) N M(H, H;), which is a Gs-subset of W. Notice
that W; contains G; for each j > i. Since G; is a Gs-dense subset of M(H;), it

follows that W; is dense in W = U;;; M(H)) for every i. Now, W is a compact
Hausdorff and hence Baire space, and we conclude that (| W; is a dense subset of
W. Since H = m, the set (| W; is precisely W N M.(H) N M(H, H). In particular,
M.(H) N M(H, H) is non-empty, as desired. O

Proof of Theorem[A.1} Let f be a diffeomorphism and let H be a homoclinic class
that has no dominated splitting. Choose an ergodic probability measure p whose
support is H, using Lemma

We will consider L*-perturbations A of the derivative of f restricted to H. Such
an object A is the assignment for y-a.e. x € H of a linear map A(x) : TxM — TyyM
that is close to Df(x), and varies measurably. Now, using Proposition [A.5 we can
find such a perturbation A of the derivative whose Lyapunov exponents coincide
p-almost everywhere. Using Lusin’s Theorem, we may alter A on a set of arbitrarily
small p-measure, while keeping it uniformly close to Df, to obtain a continuous
perturbation B. It follows from Lemma that the Lyapunov exponents of B
are all close to each other p-almost everywhere. In other words, there is a small
number ¢ > 0 such that

1 IBI

lim — —=— <

&
1 £ forpaexeH
e EmEie) T2 AT

where we indicate B:’[(x) = B(f"1(x)) - - B(x). Next we apply the Ergodic Closing

Lemma (imitating the proof of Lemma and find a C!-perturbation f of f that
has a periodic point x of period p such that
IIB?’] @l

emp

<e for some m > 1.

m(B}’ (x)
This implies that the moduli of the eigenvalues of B"(x) are all close to each other.
By means of an (easier) dissipative analogue of Lemma[4.3} we can perturb B along
the f-orbit of x to make the eigenvalues of B’}(x) of the same moduli. By Franks’

Lemma one can perturb the diffeomorphism again, keeping the periodic orbit and
inserting the desired derivatives. This concludes the proof. ]
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