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This paper is a supplement to our paper [1]: it contains the calculations
justifying the statements of Lemma 4.8 and Proposition 4.10 in [1].

1 The ? connection

We have the following formulas:

• [Xv, Y v]u = 0

• [Xh, Y v]u = (0,∇?XY )

• [Xh, Y h]u = ([X,Y ],−R(X,Y )(u))

Denote by V h, JV h, V v, JV v the horizontal and vertical lifts, respec-
tively, of V and JV .

Lemma 1.1. 1. [V v, JV v]u = [V h, JV v]u = [V h, V v]u = 0,

2. [JV h, V v]u = (0, cJV )

3. [JV h, V h]u = (cJV,−R(JV, V )u)

4. [JV h, JV v] = (0,−cV )

Observe that ‖V h‖? = ‖JV h‖? = δ−1, and ‖V v‖? = ‖JV v‖? = 1. We
have:

Lemma 1.2. Let X and Y be arbitrary vector fields on S with ‖X‖ =
‖Y ‖ = 1, and denote by Xh, Xv, Y h, Y v their horizontal and vertical lifts.
Then

‖∇?XhY
h‖? = O(δ−2), ‖∇?XhY

v‖? = O(δ−1), ‖∇?XvY h‖? = O(δ−1),
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and
∇?XvY v = 0.

In particular, we have:

1. ∇?
V hV

h = −δ−1V h,

2. ∇?
V hJV

h = −δ−1JV h + 1
2〈R(JV, V )u, V 〉V v + 1

2〈R(JV, V )u, JV 〉JV v,

3. ∇?
V hV

v = − δ2

2 〈R(JV, V )u, V 〉JV h

4. ∇?
V hJV

v = − δ2

2 〈R(JV, V )u, JV 〉JV h

5. ∇?
JV hJV

h = (δ−1 − c)V h

6. ∇?
JV hV

h = (−δ−1+c)JV h−1
2〈R(JV, V )u, V 〉V v−1

2〈R(JV, V )u, JV 〉JV v

7. ∇?
JV hV

v = δ2

2 〈R(JV, V )u, V 〉V h + cJV v

8. ∇?
JV hJV

v = δ2

2 〈R(JV, V )u, JV 〉V h − cV v

9. ∇?V vV h = − δ2

2 〈R(JV, V )u, V 〉JV h

10. ∇?V vJV h = δ2

2 〈R(JV, V )u, V 〉V h

11. ∇?V vV v = ∇?V vJV v = 0,

12. ∇?JV vV h = − δ2

2 〈R(JV, V )u, JV 〉JV h

13. ∇?JV vJV h = δ2

2 〈R(JV, V )u), JV 〉V h, and

14. ∇?JV vV v = ∇?JV vJV v = 0

Proof. Koszul’s formula:

2〈∇?XY,Z〉? = X(〈Y, Z〉?) + Y (〈X,Z〉?)− Z(〈X,Y 〉?)
+ 〈[X,Y ], Z〉? − 〈[X,Z], Y 〉? − 〈[Y,Z], X〉?.

In the sequel, we will systematically use the following fact:

P (〈Q,R〉?) = 0

if Q ∈ {V v, JV v}, R ∈ {V h, JV h, V v, JV v} (because 〈Q,R〉? ≡ 0 or 1 in this
case) or P ∈ {V v, JV v}, Q,R ∈ {V h, JV h, V v, JV v} (because 〈Q,R〉? ≡ 0, 1
or δ−2 in this case).
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Setting X = V h:

2〈∇?
V hY, Z〉? = V h(〈Y,Z〉?) + Y (〈V h, Z〉?)− Z(〈V h, Y 〉?)

+ 〈[V h, Y ], Z〉? − 〈[V h, Z], Y 〉? − 〈[Y,Z], V h〉?.

Assume first that Y,Z ∈ {JV h, V v, JV v}, with Y 6= Z. Then:

2〈∇?
V hY,Z〉? = 〈[V h, Y ], Z〉? − 〈[V h, Z], Y 〉? − 〈[Y,Z], V h〉?.

• For Y = JV h, Z ∈ {V v, JV v}, this reduces to

2〈∇?
V hJV

h, Z〉? = −〈(cJV,−R(JV, V )u), Z〉? − 〈[V h, Z], JV h〉? − 〈[JV h, Z], V h〉?.

On the other hand, if Z ∈ {V v, JV v}, we have

〈[V h, Z], JV h〉? = 〈[JV h, Z], V h〉? = 0,

and so
2〈∇?

V hJV
h, Z〉? = 〈(cJV,−R(JV, V )u), Z〉?.

When Z = JV h, by Koszul’s formula, we have

2〈∇?
V hJV

h, JV h〉? = V h(〈JV h, JV h〉?)

= V h(δ−2) = −2δ−3.

Finally, when Z = V h, we have

2〈∇?
V hJV

h, V h〉? = V h(〈JV h, V h〉?) + JV h(〈V h, V h〉?)− V h(〈V h, JV h〉?)
+ 〈[V h, JV h], V h〉? − 〈[V h, V h], JV h〉? − 〈[JV h, V h], V h〉?

= JV h(〈V h, V h〉?) + 〈[V h, JV h], V h〉? − 〈[JV h, V h], V h〉?
= JV h(δ−2) + 2〈[V h, JV h], V h〉?,

i.e.,

2〈∇?
V hJV

h, V h〉? = JV h(δ−2)− 2〈(cJV,−R(JV, V )u), V h〉?
= JV h(δ−2) = 0.

We conclude that

∇?V hJV
h = −δ−1JV h +

1

2
〈R(JV, V )u, V 〉V v +

1

2
〈R(JV, V )u, JV 〉JV v. (1)

• Now suppose Y = V h Then

2〈∇?
V hV

h, Z〉? = 2V h(〈V h, Z〉?)− Z(〈V h, V h〉?)− 2〈[V h, Z], V h〉?.
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Thus, for Z ∈ {V h, V v, JV v}, we have

2〈∇?
V hV

h, Z〉? = 2V h(〈V h, Z〉?)− Z(δ−2)

If Z = V h, then

2〈∇?
V hV

h, V h〉? = 2V h(〈V h, V h〉?)− V h(δ−2) = V h(δ−2) = −2δ−3

If Z = V v or JV v, then

2〈∇?
V hV

h, Z〉? = 0

Finally, if Z = JV h, then

2〈∇?
V hV

h, JV h〉? = −JV h(δ−2)− 2〈[V h, JV h], V h〉?
= 2〈(cJV,−R(JV, V )u), V h〉? = 0.

We conclude that
∇?V hV

h = −δ−1V h (2)

• Let Y = V v. Then:

2〈∇?
V hV

v, Z〉? = −〈[V h, Z], V v〉? − 〈[V v, Z], V h〉?.

If Z = V h, we get:

2〈∇?
V hV

v, V h〉? = −〈[V h, V h], V v〉? − 〈[V v, V h], V h〉? = 0.

If Z = JV h, we get:

2〈∇?
V hV

v, JV h〉? = −〈[V h, JV h], V v〉? − 〈[V v, JV h], V h〉?
= 〈(cJV,−R(JV, V )u), V v〉? + 〈(0, cJV ), V h〉?

= −〈R(JV, V )u), V 〉.

If Z = V v, we get:

2〈∇?
V hV

v, V v〉? = −〈[V h, V v], V v〉? − 〈[V v, V v], V h〉? = 0.

If Z = JV v, we get:

2〈∇?
V hV

v, JV v〉? = −〈[V h, JV v], V v〉? − 〈[V v, JV v], V h〉? = 0.

We conclude that

∇?V hV
v = −δ

2

2
〈R(JV, V )u), V 〉JV h (3)
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• Let Y = JV v. Then:

2〈∇?
V hJV

v, Z〉? = −〈[V h, Z], JV v〉? − 〈[JV v, Z], V h〉?.

If Z = V h, we get:

2〈∇?
V hJV

v, V h〉? = −〈[V h, V h], JV v〉? − 〈[JV v, V h], V h〉? = 0.

If Z = JV h, we get:

2〈∇?
V hJV

v, JV h〉? = −〈[V h, JV h], JV v〉? − 〈[JV v, JV h], V h〉?
= 〈(cJV,−R(JV, V )u), JV v〉? − 〈(0, cV ), V h〉?

= −〈R(JV, V )u, JV 〉

If Z = V v, we get:

2〈∇?
V hJV

v, V v〉? = −〈[V h, V v], JV v〉? − 〈[JV v, V v], V h〉? = 0.

If Z = JV v, we get:

2〈∇?
V hJV

v, JV v〉? = −〈[V h, JV v], JV v〉? − 〈[JV v, JV v], V h〉?. = 0

We conclude that

∇?V hJV
v = −δ

2

2
〈R(JV, V )u, JV 〉JV h (4)

Now take X = JV h. We have

2〈∇JV hY,Z〉? = JV h(〈Y,Z〉?) + Y (〈JV h, Z〉?)− Z(〈JV h, Y 〉?)
+ 〈[JV h, Y ], Z〉? − 〈[JV h, Z], Y 〉? − 〈[Y, Z], JV h〉?.

• If Y = JV h, we have

2〈∇?
JV hJV

h, Z〉? = 2JV h(〈JV h, Z〉?)− Z(δ−2)− 2〈[JV h, Z], JV h〉?.

For Z = V h, this gives

2〈∇?
JV hJV

h, V h〉? = −V h(δ−2)− 2〈[JV h, V h], JV h〉?

= −V h(δ−2)− 2〈(cJV,−R(JV, V )u), JV h〉?
= 2δ−3 − 2cδ−2.
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For Z = JV h, this gives

〈∇?JV hJV
h, JV h〉? = JV h(δ−2) = 0

For Z = V v, this gives

2〈∇?
JV hJV

h, V v〉? = −2〈[JV h, V v], JV h〉? = −2〈(0, cJV ), JV h〉? = 0.

For Z = JV v, this gives

2〈∇?
JV hJV

h, JV v〉? = −2〈[JV h, JV v], JV h〉? = −2〈(0,−cV ), JV h〉? = 0.

We conclude:

∇?JV hJV
h = (δ−1 − c)V h (5)

• Continue to take X = JV h, but now with Y = V h.
We have

2〈∇?
JV hV

h, Z〉? = JV h(〈V h, Z〉?) + V h(〈JV h, Z〉?)
+ 〈[JV h, V h], Z〉? − 〈[JV h, Z], V h〉? − 〈[V h, Z], JV h〉?.

For Z = V h, this gives

2〈∇?
JV hV

h, V h〉? = 0.

For Z = JV h, this gives

2〈∇?
JV hV

h, JV h〉? = V h(δ−2) + 2〈[JV h, V h], JV h〉?

= −2δ−3 + 2〈(cJV,−R(JV, V )u), JV h〉? = −2δ−3 + 2cδ−2

For Z = V v, this gives

2〈∇?
JV hV

h, V v〉? = 〈(cJV,−R(JV, V )u), V v〉? − 〈(0, cJV ), V h〉?

= 〈−R(JV, V )u, V 〉

For Z = JV v, this gives

2〈∇?
JV hV

h, JV v〉? = 〈(cJV,−R(JV, V )u), JV v〉? − 〈(0,−cV ), V h〉?

= 〈−R(JV, V )u, JV 〉
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We conclude:

∇?JV hV
h = (−δ−1 + c)JV h − 1

2
〈R(JV, V )u, V 〉V v − 1

2
〈R(JV, V )u, JV 〉JV v

(6)
• Let Y = V v. Then:

2〈∇?
JV hV

v, Z〉? = 〈[JV h, V v], Z〉? − 〈[JV h, Z], V v〉? − 〈[V v, Z], JV h〉?.

If Z = V h, we get:

2〈∇?
JV hV

v, V h〉? = 〈[JV h, V v], V h〉? − 〈[JV h, V h], V v〉? − 〈[V v, V h], JV h〉?
= −〈(cJV,−R(JV, V )u), V v〉? = 〈R(JV, V )u, V 〉.

If Z = JV h, we get:

2〈∇?
JV hV

v, JV h〉? = 〈[JV h, V v], JV h〉? − 〈[V v, JV h], JV h〉?
= 2〈[JV h, V v], JV h〉? = 2〈(0, cJV ), JV h〉? = 0.

If Z = V v, we get:

2〈∇?
JV hV

v, V v〉? = 〈[JV h, V v], V v〉? − 〈[JV h, V v], V v〉? − 〈[V v, V v], JV h〉? = 0.

If Z = JV v, we get:

2〈∇?
JV hV

v, JV v〉? = 〈[JV h, V v], JV v〉? − 〈[JV h, JV v], V v〉? − 〈[V v, JV v], JV h〉?
= 〈(0, cJV ), JV v〉? − 〈(0,−cV ), V v〉? = 2c

We conclude that

∇?JV hV
v =

δ2

2
〈R(JV, V )u), V 〉V h + cJV v (7)

• Let Y = JV v. Then:

2〈∇?
JV hJV

v, Z〉? = 〈[JV h, JV v], Z〉? − 〈[JV h, Z], JV v〉? − 〈[JV v, Z], JV h〉?.

If Z = V h, we get:

2〈∇?
JV hJV

v, V h〉? = 〈[JV h, JV v], V h〉? − 〈[JV h, V h], JV v〉? − 〈[JV v, V h], JV h〉?
= −〈(cJV,−R(JV, V )u, JV v〉? = 〈R(JV, V )u), JV 〉.

If Z = JV h, we get:

2〈∇?
JV hJV

v, JV h〉? = 〈[JV h, JV v], JV h〉? − 〈[JV h, JV h], JV v〉? − 〈[JV v, JV h], JV h〉?
= 2〈[JV h, JV v], JV h〉? = 2〈(0,−cV ), JV h〉? = 0.
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If Z = V v, we get:

2〈∇?
JV hJV

v, V v〉? = 〈[JV h, JV v], V v〉? − 〈[JV h, V v], JV v〉? − 〈[JV v, V v], JV h〉?
= 〈[JV h, JV v], V v〉? − 〈[JV h, V v], JV v〉?

= 〈(0,−cV ), V v〉? − 〈(0, cJV ), JV v〉? = −2c.

If Z = JV v, we get:

2〈∇?
JV hJV

v, JV v〉? = 〈[JV h, JV v], JV v〉? − 〈[JV h, JV v], JV v〉? − 〈[JV v, JV v], JV h〉?
= 0.

We conclude that

∇?JV hJV
v =

δ2

2
〈R(JV, V )u), JV 〉V h − cV v. (8)

Setting X = V v, we get:

2〈∇?V vY, Z〉? = V v(〈Y, Z〉?) + Y (〈V v, Z〉?)− Z(〈V v, Y 〉?)
+ 〈[V v, Y ], Z〉? − 〈[V v, Z], Y 〉? − 〈[Y, Z], V v〉?

= 〈[V v, Y ], Z〉? − 〈[V v, Z], Y 〉? − 〈[Y,Z], V v〉?,

for any Y,Z ∈ {V h, JV h, V v, JV v}.
• Now set Y = V h. We get

2〈∇?V vV h, Z〉? = −〈[V v, Z], V h〉? − 〈[V h, Z], V v〉?

For Z = V h, this gives

2〈∇?V vV h, V h〉? = −〈[V v, V h], V h〉? − 〈[V h, V h], V v〉? = 0

For Z = JV h, this gives

2〈∇?V vV h, JV h〉? = 〈(0, cJV ), V h〉? + 〈(cJV,−R(JV, V )u), V v〉?
= −〈(R(JV, V )u), V 〉

For Z = V v, this gives

2〈∇?V vV h, V v〉? = −〈[V v, V v], V h〉? − 〈[V h, V v], V v〉? = 0

For Z = JV v, this gives

2〈∇?V vV h, JV v〉? = −〈[V v, JV v], V h〉? − 〈[V h, JV v], V v〉? = 0
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We conclude:

∇?V vV h = −δ
2

2
〈(R(JV, V )u), V 〉JV h (9)

• Now set Y = JV h. We get

2〈∇?V vJV h, Z〉? = 〈[V v, JV h], Z〉? − 〈[V v, Z], JV h〉? − 〈[JV h, Z], V v〉?

For Z = V h, this gives

2〈∇?V vJV h, V h〉? = 〈[V v, JV h], V h〉? − 〈[V v, V h], JV h〉? − 〈[JV h, V h], V v〉?
= −〈(0, cJV ), V h〉? − 〈(cJV,−R(JV, V )u), V v〉?

= 〈R(JV, V )u), V 〉

For Z = JV h, this gives

2〈∇?V vJV h, JV h〉? = 〈[V v, JV h], JV h〉? − 〈[V v, JV h], JV h〉? − 〈[JV h, JV h], V v〉?
= 0.

For Z = V v, this gives

2〈∇?V vJV h, V v〉? = 〈[V v, JV h], V v〉? − 〈[V v, V v], JV h〉? − 〈[JV h, V v], V v〉?
= 2〈[V v, JV h], V v〉? = 2〈(0,−cJV ), V v〉? = 0.

For Z = JV v, this gives

2〈∇?V vJV h, JV v〉? = 〈[V v, JV h], JV v〉? − 〈[V v, JV v], JV h〉? − 〈[JV h, JV v], V v〉?
= 〈[V v, JV h], JV v〉? − 〈[JV h, JV v], V v〉?

= 〈(0,−cJV ), JV v〉? + 〈(0, cV ), V v〉? = −c+ c = 0

We conclude:

∇?V vJV h =
δ2

2
〈R(JV, V )u), V 〉V h (10)

• Let Y = V v. Then:

2〈∇?V vV v, Z〉? = 〈[V v, V v], Z〉? − 〈[V v, Z], V v〉? − 〈[V v, Z], V v〉?
= −2〈[V v, Z], V v〉?

If Z = V h, we get:

2〈∇?V vV v, Z〉? = −2〈[V v, V h], V v〉? = 0.
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If Z = JV h, we get:

2〈∇?V vV v, Z〉? = −2〈[V v, JV h], V v〉? = 2〈(0, cJV ), V v〉? = 0.

If Z = V v, we get:

2〈∇?V vV v, Z〉? = −2〈[V v, V v], V v〉? = 0.

If Z = JV v, we get:

2〈∇?V vV v, Z〉? = −2〈[V v, JV v], V v〉? = 0.

We conclude that
∇?V vV v = 0. (11)

• Let Y = JV v. Then:

2〈∇?V vJV v, Z〉? = 〈[V v, JV v], Z〉? − 〈[V v, Z], JV v〉? − 〈[JV v, Z], V v〉?
= −〈[V v, Z], JV v〉? − 〈[JV v, Z], V v〉?

If Z = V h, we get:

2〈∇?V vJV v, V h〉? = −〈[V v, V h], JV v〉? − 〈[JV v, V h], V v〉? = 0.

If Z = JV h, we get:

2〈∇?V vJV v, JV h〉? = −〈[V v, JV h], JV v〉? − 〈[JV v, JV h], V v〉?
= 〈(0, cJV ), JV v〉? + 〈(0,−cV ), V v〉? = c− c = 0.

If Z = V v, we get:

2〈∇?V vJV v, V v〉? = −〈[V v, V v], JV v〉? − 〈[JV v, V v], V v〉? = 0.

If Z = JV v, we get:

2〈∇?V vJV v, JV v〉? = −〈[V v, JV v], JV v〉? − 〈[JV v, JV v], V v〉? = 0.

We conclude that
∇?V vJV v = 0. (12)

Setting X = JV v, we get:

2〈∇?JV vY,Z〉? = 〈[JV v, Y ], Z〉? − 〈[JV v, Z], Y 〉? − 〈[Y,Z], JV v〉?,

for any Y, Z ∈ {V h, JV h, V v, JV v}.
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• Now set Y = V h. We get

2〈∇?JV vV h, Z〉? = −〈[JV v, Z], V h〉? − 〈[V h, Z], JV v〉?

For Z = V h, this gives

2〈∇?JV vV h, V h〉? = −〈[JV v, V h], V h〉? − 〈[V h, V h], JV v〉? = 0.

For Z = JV h, this gives

2〈∇?JV vV h, JV h〉? = −〈[JV v, JV h], V h〉? − 〈[V h, JV h], JV v〉?
= −〈R(JV, V )u, JV 〉?

For Z = V v, this gives

2〈∇?JV vV h, V v〉? = −〈[JV v, V v], V h〉? − 〈[V h, V v], JV v〉? = 0.

For Z = JV v, this gives

2〈∇?JV vV h, JV v〉? = −〈[JV v, JV v], V h〉? − 〈[V h, JV v], JV v〉? = 0

We conclude:

∇?JV vV h = −δ
2

2
〈R(JV, V )u, JV 〉JV h. (13)

• Now set Y = JV h. We get

2〈∇?JV vJV h, Z〉? = 〈[JV v, JV h], Z〉? − 〈[JV v, Z], JV h〉? − 〈[JV h, Z], JV v〉?
= 〈(0, cV ), Z〉? − 〈[JV v, Z], JV h〉? − 〈[JV h, Z], JV v〉?

For Z = V h, this gives

2〈∇?JV vJV h, V h〉? = 〈(0, cV ), V h〉? − 〈[JV v, V h], JV h〉? − 〈(cJV,−R(JV, V )u), JV v〉?
= 〈R(JV, V )u), JV 〉.

For Z = JV h, this gives

2〈∇?JV vJV h, JV h〉? = 〈(0, cV ), JV h〉? − 〈[JV v, JV h], JV h〉? − 〈[JV h, JV h], JV v〉? = 0.

For Z = V v, this gives

2〈∇?JV vJV h, V v〉? = 〈(0, cV ), V v〉? − 〈[JV v, V v], JV h〉? − 〈[JV h, V v], JV v〉?
= c− 〈(0, cJV ), JV v〉? = c− c = 0.
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For Z = JV v, this gives

2〈∇?JV vJV h, JV v〉? = 〈(0, cV ), JV v〉? − 〈[JV v, JV v], JV h〉? − 〈[JV h, JV v], JV v〉?
= −〈[JV h, JV v], JV v〉? = 〈(0, cV ), JV v〉? = 0.

We conclude:

∇?JV vJV h =
δ2

2
〈R(JV, V )u), JV 〉V h (14)

• Let Y = V v. Then:

2〈∇?JV vV v, Z〉? = 〈[JV v, V v], Z〉? − 〈[JV v, Z], V v〉? − 〈[V v, Z], JV v〉?
= −〈[JV v, Z], V v〉? − 〈[V v, Z], JV v〉?.

If Z = V h, we get:

2〈∇?JV vV v, V h〉? = −〈[JV v, V h], V v〉? − 〈[V v, V h], JV v〉? = 0.

If Z = JV h, we get:

2〈∇?JV vV v, JV h〉? = −〈[JV v, JV h], V v〉? − 〈[V v, JV h], JV v〉?
= 〈(0,−cV ), V v〉? + 〈(0, cJV ), JV v〉? = −c+ c = 0.

If Z = V v, we get:

2〈∇?JV vV v, V v〉? = −〈[JV v, V v], V v〉? − 〈[V v, V v], JV v〉? = 0.

If Z = JV v, we get:

2〈∇?JV vV v, JV v〉? = −〈[JV v, JV v], V v〉? − 〈[V v, JV v], JV v〉? = 0.

We conclude that
∇?JV vV v = 0. (15)

• Let Y = JV v. Then:

2〈∇?JV vJV v, Z〉? = 〈[JV v, JV v], Z〉? − 〈[JV v, Z], JV v〉? − 〈[JV v, Z], JV v〉?
= −2〈[JV v, Z], JV v〉?.

If Z = V h, we get:

2〈∇?JV vJV v, V h〉? = −2〈[JV v, V h], JV v〉? = 0.

If Z = JV h, we get:

2〈∇?JV vJV v, JV h〉? = −2〈[JV v, JV h], JV v〉? = 2〈(0,−cV ), JV v〉? = 0.
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If Z = V v, we get:

2〈∇?JV vJV v, V v〉? = −2〈[JV v, V v], JV v〉? = 0.

If Z = JV v, we get:

2〈∇?JV vJV v, JV v〉? = −2〈[JV v, JV v], JV v〉? = 0.

We conclude that
∇?JV vJV v = 0. (16)

�

Lemma 1.3. Let a(w) = 〈w, V (w)〉, b(w) = 〈w, JV (w)〉 be defined as above.
Then

1. V h(a) = V h(b) = 0,

2. JV h(a) = bc, and JV h(b) = −ac,

3. V v(a) = 1, and V v(b) = 0

4. JV v(a) = 0, and JV v(b) = 1

Proposition 1.4. Let X be any vector field on T 1S of unit ? length. Then
‖∇?X ϕ̇‖? = O(δ−1). In particular:

1. ∇?
V hϕ̇ = −aδ−1V h − bδ−1JV h − b2K

2 V v + abK
2 JV v

2. ∇?
JV hϕ̇ = bδ−1V h − aδ−1JV h + 1

2KabV
v − 1

2Ka
2JV v

3. ∇?V v ϕ̇ = Kabδ2

2 JV h +
(
−Kb2δ2

2 + 1
)
V h

4. ∇?JV v ϕ̇ =
(

1− Ka2δ2

2

)
JV h + Kabδ2

2 V h

Proof. 1.

∇?V hϕ̇ = ∇?V h(aV h + bJV h) = a∇?V hV
h + b∇?V hJV

h

= −aδ−1V h − bδ−1JV h +
b

2
〈R(JV, V )u, V 〉V v +

b

2
〈R(JV, V )u, JV 〉JV v,

where u = aV + bJV . So, ∇?
V hϕ̇ equals

−aδ−1V h − bδ−1JV h +
b

2
〈R(JV, V )bJV, V 〉V v +

b

2
〈R(JV, V )aV ), JV 〉JV v,
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= −aδ−1V h − bδ−1JV h − b2K

2
V v +

abK

2
JV v.

2.

∇?JV hϕ̇ = ∇?JV h(aV h + bJV h) = bcV h − acJV h + a∇?JV hV
h + b∇?JV hJV

h

= bcV h−acJV h+a

(
(−δ−1 + c)JV h − 1

2
〈R(JV, V )u, V 〉V v − 1

2
〈R(JV, V )u, JV 〉JV v

)
+b(δ−1 − c)V h

where u = aV + bJV . So, ∇?
JV hϕ̇ equals

= bδ−1V h − aδ−1JV h +
1

2
KabV v − 1

2
Ka2JV v

3.

∇?V v ϕ̇ = ∇?V v(aV h + bJV h) = V h + a∇?V vV h + b∇?V vJV h

= V h + a

(
−δ

2

2
〈(R(JV, V )u), V 〉JV h

)
+ b

(
δ2

2
〈R(JV, V )u), V 〉V h

)
= V h + a

(
−δ

2

2
〈(R(JV, V )bJV ), V 〉JV h

)
+ b

(
δ2

2
〈R(JV, V )bJV ), V 〉Vh

)
=
Kabδ2

2
JV h +

(
−Kb2δ2

2
+ 1

)
V h

4.

∇?JV v ϕ̇ = ∇?JV v(aV h + bJV h) = JV h + a∇?JV vV h + b∇?JV vJV h

= JV h + b
δ2

2
〈R(JV, V )aV ), JV 〉V h + a

(
−δ

2

2
〈R(JV, V )aV, JV 〉

)
JV h

=

(
1− Ka2δ2

2

)
JV h +

Kabδ2

2
V h

�
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