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This paper is a supplement to our paper [I]: it contains the calculations
justifying the statements of Lemma 4.8 and Proposition 4.10 in [1].

1 The * connection
We have the following formulas:
e [X” V"], =0
o [ XM VY], =(0,V%Y)
o [X"YMu=([X,Y],~R(X,Y)(u))

Denote by V" JV* V? JVV the horizontal and vertical lifts, respec-
tively, of V and JV.

Lemma 1.1. 1. [V, JV?], = [V JV], = [V, V*], =0,
2. [JVh V], = (0,cJV)
3. [JVh VR, = (cJV,~R(JV,V)u)
4. [TV, TV = (0, —cV)

Observe that ||[V"||, = [[JV"|, = 671, and [|[V?]x = [|[JV?]lx = 1. We
have:

Lemma 1.2. Let X and Y be arbitrary vector fields on S with | X| =
Y| = 1, and denote by X", XV, Y Y their horizontal and vertical lifts.
Then

V5 Y [l = O(72), [[V5aY [l = O, VA Y| = O(57H),



and
v;('u Y’U == O.

In particular, we have:
1. V3, Vh=—5-tvh,
2. Vi JVh = =671V 4 LRIV, V)u, VIV + 3(R(JV, V )u, JV)JV",
8. Vi,V = S (R(IV,V)u,V)JV"
b VLV = = EAR(IV,V )u, JV)JV"
5. VA JVE = (671 —c)Vh
6. V35V = (=07 +¢) JVI—L(R(JV,V)u, V)V = L(R(JV,V)u, JV)JV"
7. V5 VY = S(RUIV.V)u, VIV + eV
8. V* dVO = S(R(IV,V)u, JV)VI — eV
9. ViVl = —Z(R(JIV,V)u, V) JV"
10. V3, JVP = S(R(JIV,V)u, V)V
11. Vi,V = V3, JV? =0,
12. V5 Vi = —S(R(JV, V)u, JV) IV
18, Vo JVE = S(R(IV,V )u), VIV, and
1. V5,V = Vi, JVY =0
Proof. Koszul’s formula:
2<VS(Y7 Z)* = X(<Y7 Z>*) + Y(<X» Z)*) - Z((X, Y>*)
+([X, Y], Z) = ([X, 2], V) = ([Y, Z], X)..
In the sequel, we will systematically use the following fact:
P(Q,R)x) =0

ifQ e {VV,JV'}, Re {Vh JVh Vv JV} (because (Q, R), = 0 or 1 in this
case) or P € {V¥, JV}, Q,R € {Vh JVh V¥ JV'} (because (Q, R), = 0,1
or 62 in this case).



Setting X = V":

2Vy,Y, Z), VR(Y,Z)) + Y (VP 2),) — Z((VR,Y),)

=+ <[ hv ]7 >* - <[th ZLY>* - <[Y, Z], Vh>*'
Assume first that Y, Z € {JV" V¥, JVV} with Y # Z. Then:
2AVELY, Z), = (VM Y], Z) — (V" Z),Y ), — (Y. Z],V")..

e For Y = JVh Z € {V? JV"}, this reduces to

2V, IV Z) = —((cJV,—R(JV,V)u), Z), — (V" Z], IV — ([JV", Z], V).

On the other hand, if Z € {V", JV"}, we have
(Vh, z],avmhy, = ([JV", 2], V™), =0

and so
2<Vf/hJVh,Z>* = ((c¢JV,—=R(JV,V)u), Z).

When Z = JV", by Koszul’s formula, we have
2V, VIV, = VIV TV,
= Vh(7?%) = —2673.
Finally, when Z = V" we have

2V, JVE VI = VR(JVE V) + JVE(VE VR = VIV, TV,
(VR IV VR — (VI VR, VR, — ((JVE V], V),
= JVEVE V) + (VI IV V), = TV VI VR,
= JVIE2) + 2(Vh, gV, VR,

ie.,

2(VE, JVR VR, = JVh(672) — 2((cJV, —R(JV,V)u), V),
= JVh(5=%) =0.

‘We conclude that

1 1
Vind V! = =6 LIV 4 (RIV.V)u, VIV 4 S (RUIV,V)u, JV) TV (1)

e Now suppose Y = V" Then
2V VI Z)e = 2V((VR, Z2)0) = Z((VR V) = 2V, Z), V).



Thus, for Z € {V" V", JV?}, we have
2V VI Z) e = 2Vh((VP Z),) — Z(672)
If Z=V", then
2V, VR VY, = 2V (VR VY) - VI(72) = V() = 2570
If Z=V"or JV?, then
2V, VI Z), =0

Finally, if Z = JV", then

2V, VI IV = —JVR(672) = 2(V, IV V),
= 2((cJV,—=R(JV,V)u), VM), = 0.
We conclude that
Vi V= —styh (2)
o Let Y = VV. Then:
2( ;hvv’ Z)s = _<[Vh7 Z]: VU>* - <[Vv7 Z]? Vh)*'
If Z=V" we get:
2V, VUV = (VI VL V), = (VY VI, VR =0,
If Z=JV" we get:
2V, VU, IV, —([VF, TV, VY, — (VP TV, VR,
= <(cJV R(JV V), V¥ + ((0,eJV), V),
—(R(JV, V)u),V).
If Z=V" we get:
2<V"(/hvl}’ Vv>* = _<[Vh7 VU]? VU)* - <[VU7 VU]? Vh>* =0.
If Z=JV", we get:
2V VO, IVY) = (VI VL V) = (V2 IV, VI, =0
We conclude that
* v 52 h
ViV = —5<R(JV, Vu),V)JV (3)



e Let Y = JV". Then:
2V IV Z) e = (V" Z],JV°) — ([JV", Z], V),

If Z=V" we get:

2( ’{/hJV”,Vh)* = ([Vh, VR, JVO), — ([JV?, VR, VI, = 0.
If Z=JV" we get:
2( f/hJV“,JVhﬂ = —([Vh, JVR], JVY, —([JV?, TV, V),

= ((cJV,=R(JV,V)u), JV'), — {(0,cV), V"),
= —(R(JV,V)u,JV)

IfZ=V" we get:

AV IV V) = —([VP, VY], gV, — ([JV?, VY], VM, =0.
If Z=JV", we get:
2V, IV, IV, = —([VI, IV, VY, —([JV?, IV, VI, =0

‘We conclude that

52
Vind VY = = (R(JV,V)u, JV)Jvh (4)

Now take X = JV". We have

2AVY. Z)s = JVHY, Z)0) + Y ((IVM, Z)0) = Z((JV™Y)y)
H{[JVR Y], Z2) — ([JV", 2], V), — (Y, Z], TVH),.
o If Y = JV" we have
2AVA IV, Z) = 2JVI((IVR, 2),) — Z(572) = 2([JV", 2], TV"),..
For Z = V", this gives
2V IV VY, = —VR(§72) = 2([JVE VT, TV,

= —VM67?) = 2{(cJV,=R(JV,V)u), JV"),
= 2673 —2c672.



For Z = JV", this gives
(VEyn IV, IV, = JV(67%) =0
For Z = V7, this gives
VA IV VY = =2([JVR V) TV, = =2((0,¢JV), JVH), = 0.
For Z = JV, this gives
VA IV IVY) e = =2([JVE JVY], IV, = =2((0,—cV), JV"), = 0.

We conclude:

VA5 dVi = (67 = V" (5)
e Continue to take X = JV", but now with Y = V"
We have
2V V", Z). = JVR((VR, Z)) + VIV, Z),)

+ (VI VI, Z) = ([IVE, 2], VI = (VI 2], TV,
For Z = V", this gives
2(VA VIV =0
For Z = JV", this gives
AV AV IV = V2 + 2([JVE, VI, TV,
=207 4+ 2((cJV, =R(JV,V)u), JV"), = 2673 4 2¢6 2
For Z = V¥, this gives
2VA VIV = {((eJV,—R(JV,V)u), V"), — ((0,eJV), V"),

= (=R(JV,V)u,V)
For Z = JV, this gives

2<Vjthh, JVU = {(cJV,=R(JV,V)u), JV?), — ((0,—cV), V"),

= (—R(JV,V)u,JV)



We conclude:

1 1
VA5 V= (=67 + o) JV - S BV, V)u, VIVY = (R(IV, V)u, JV) IV

(6)
e Let Y = VY. Then:

2V WV, Z) e = IV VY], Z) = ([JVE, Z], V) — (VY. Z), TV,
If Z=V" we get:

2<v§\/h Vv? Vh>* = <[JVh7 VU]? Vh>* - <[JVh7 Vh]v VU>* - <[Vv7 Vh]a Jvh>*
= —((cJV,—=R(JV,V)u), V"), = (R(JV,V)u,V).

If Z=JV", we get:

2AVEL VIV = (VR VLIV = (VO VR TV,
= 2([JVP V], IV, =2((0,cJV), JVH), = 0.

IfZ=V" we get:
2<Vj}vhvv7 Vv>* — <[Jvh’ V’UL Vv>* . <[Jvh’ V'UL Vv>* o <[Vv7 V’UL JVh>* - 0.
If Z=JV" we get:

2(V;VhV”, JVY, = ([JVh,V”], JVUY, — ([JVh, JVP], VU, = ([VY, JVY], JVh>*
= <(O7 CJV)v JVU)* - <(07 _CV)7 VU)* =2c
We conclude that
52

VipnV? = ARV, V)u), V)V + eIV (7)

e Let Y = JVY. Then:
2V IV Z) e = (VR IV, Z) — ([JVR, Z], V) — ([JVY, Z], TV,
If Z=V" we get:

2AVA W IV VI = (VI IV VY = ([JVR VL V), = ([JV, V], TV,
= —((e¢JV,=R(JV,V)u, JV?), = (R(JV,V)u), JV).

If Z=JV" we get:

2AVA W IV IV = [TV IV IV, — [TV IV, V), —([JV°, JVE], TV,
= 2[JVh, JV?], IV, = 2((0,—cV), JVM), = 0.

7



If Z=V" we get:
AV IV V) = ([JVR IV V) = (VI VYL IV ) = [TV, VY] V),
= ([JV, TV, VO, — ([JVR VY], JVo),
= ((0,—¢cV), V), — ((0,eJV),JV?), = —2c.
If Z=JV" we get:

VA IV, IV = (VI IV IV — [TV TV V), = ([JV, JVY], TV,
=0.

We conclude that

52
Vipnd V= Z{R(IV, V)u), JVYVI — v, (8)

Setting X = V", we get:

2(ViY, Z)« —V”(< » Z)x) + Y(<V Z)s) = Z2({(V", Y))
+{V, Y], 2), = ([V", 2], V), = ([Y, 2], V"),
= (V" ] Z) — (V" ] V) = (Y, 2], V"),

for any Y, Z € {VI JVh Vv Jvvl,
e Now set Y = V. We get

2V VI Z) = (V2 2LV = (V" 2], V0)s
For Z = V", this gives
AV VIV = (Vo VL VR — (VR VL V) =0
For Z = JV", this gives

2V VI IV, = ((0,eJV), VI, + ((cJV, —=R(JV,V)u), V?),
= —(R(JV,V)u),V)

For Z = V7, this gives
AV VIV = (V0 VL V) = (VR VL, V) =0
For Z = JV", this gives

2V VR TV, = —([VU, JVY], VY, — (VR TV, V), =0



We conclude:

YoV = 522<(R(JV, Vu), V)JVh (9)

e Now set Y = JV". We get
2V IV Z) e = (VY IV, Z)e = (VO Z), TV = ([IV, 2], V),
For Z = V", this gives

2V JVE VY, = ([VY, TV, VY, — (VY V], VR, — ([JVE V] Vo),
= —{(0,eJV), VM, — ((cJV,=R(JV,V)u), V"),
= (R(JV,V)u),V)

For Z = JV", this gives

2V, JVh JVRY, = ([VO, IV JVRY, — (VY IV, JVhY, — ([JVR, JVE VY)Y,
= 0.

For Z = V", this gives

2V JVE VY = (VY IV, V), —

(VO VY] IV = ([TVI VL V),
= 2[VY, JVH], VY

)« = 2((0, —cJV), V), = 0.
For Z = JV7, this gives

2V, JVh JVYY, = (VY JVR], JVY), — (VY JVV], JVRY, — ([JVh VY], V),
= ([VY,JVh), TV, — ([JVF, VY], V),
= (0, =cJV), JV), +{(0,¢V), V) = —c4+¢c=0

We conclude:

62
VI = (R(IV, V)u), V)V (10)
e Let Y =V". Then:

2<V¥/uvva Z>* = <[Vva Vv]a Z>* - <[VU7 Z]v Vv>* - <[VU’Z]7VU>*
= =2[V"Y, Z], V"),

If Z=V" we get:

2< "*/UVU’Z>* = _2<[Vv7vh]’v'u>* =0.



If Z=JVh, we get:
AV Z)e = =2V IV V) = 2((0,eV), V7). = 0.
If Z=V", we get:
2V VY Z) = =2V, V], V) = 0.
If Z=JV", we get:
2V VY, Z) = =2V, IV, V) =0

We conclude that
VY =0. (11)

e Let Y = JVY. Then:

2(Vi JVY, Z) = ([VV, JVY], Z) —([V", Z], V") = ([JV", Z], V")«
= —([V", Z],JVY), = ([JV", Z], V")

If Z=V" we get:
2V, JVO VY, = (VP VR JVY), — ([JV?, V], V), = 0.
If Z=JV" we get:

2(V3, JVY, JV R, = —([VV, V], TV, — ([JV", TV, V),
= ((0,eJV), JVV) 4+ ((0,—cV), V'), =c—c=0.

If Z=V" we get:

2V IV VY, = —(V0, V], IV, — [V, VO]V, = 0.
If Z=JV", we get:
2V VY IVE) = (VO VLIV = [TV, VYL V), = 0.

We conclude that

Setting X = JV", we get:
2< }V”Y7 Z>* = <[JVU7Y]7 Z>* - <[JVU7Z]7Y>* - <[Y7 Z]? JV”>*7

for any Y, Z € {VI JVh Vv Jvel,

10



e Now set Y = V. We get
2V VI Z) e = —(JVY, 2, V) = (VP 2], JV").
For Z = V", this gives
AV VIV = (VY VI V) — (VI VI TV?) =0,
For Z = JV", this gives

2VA VI IV, = —([JVO, IV, VY, — (VI TV JVY),
—(R(JV,V)u, JV ),

For Z = V7, this gives

2V5, VI VO = —([JVO, VYLV, — (VP V], JV), =0
For Z = JV?, this gives

2VE VI JVYY, = —([JVY, JVY VR, — (VR JV?], JVY), =0

We conclude:

2

—%(R(JV, Vu, JV)YJV. (13)

ViV =
e Now set Y = JV". We get

25 IV Z) e = ([JVY, IV, Z) —([JVY, Z], VY, — [TV, Z], V),
= <(O,CV),Z>* - <[JVU7Z]7JVh>* - <[JVh7Z]7JVv>*

For Z = V", this gives

2V Ay JVI VY, = ((0,eV), VY, — ([JV, V], IV, — ((cJV, —=R(JV,V)u), JV?),
= (R(JV,V)u), JV).

For Z = JV", this gives
2V JVI IV, = ((0,eV), JVAY, — ([JVY, JVR], JVEY, — ([JV, IV, JVY), = 0.
For Z = V", this gives

2V5 W JVE VY, = ((0,eV), V), — ([JV, VY], JVRY, — ([JVR VY], JV?Y),
= c—{(0,eJV),JV), =c—c=0.

11



For Z = JV?, this gives

2V IV IV = ((0,eV), V) = ([JVV, JVP], IV, = ([JVE, IV, JVY),
= —([JVh, JV?], TV, = ((0,cV), JVY), = 0.

We conclude:

2
Sy d VI = %(R(JV, Vyu), JV)V" (14)

e Let Y = VY. Then:

2V V2 = VOV Z) = (IV2, 21 V) — [V, 2], JVY)
= —([JV¥, Z],V*) = ([V", Z], JV?),.

If Z=V" we get:
2< }V'va7 Vh>* = _<[vaa Vh}v VU>* - <[Vv7 Vh]? va>* =0.
If Z=JV" we get:

2V VY, IV, = —([JVY, JVR, V), —([V?, JVR], JV?),
= ((0,—cV), V), 4+ ((0,cJV),JV?), = —c+c = 0.

IfZ=V" we get:

2V VOV = =([JV VLV = (V2 VU], JV?) = 0.
If Z=JV", we get:
2(Vh VY, IV = —([JVV, JVP, V), —([VY, JV"], JVY) . = 0.

We conclude that
Sve VO =0. (15)

e Let Y = JV". Then:

VAW IV, Z), = ([JVY,JVY], Z), — ([JV?, Z], TV, — ([JV?, Z], JV?),
= —2[JV?, Z], JVY),.

If Z=V" we get:
AV VOV = =2([JV?, VI, JV?), = 0.
If Z=JV" we get:

VAW IV, IV, = —2([JVV, TV, JV?), = 2((0,—cV), JV?), = 0.

12



If Z=V", we get:
VA SV, V), = —2([JVY, VY], JVY), = 0.
If Z=JV" we get:
2UVA o IV, TV, = =2([JVY, JVY], JVY), = 0.

We conclude that
}Vv va == 0

Lemma 1.3. Let a(w) =
Then

1. Va) = V) =0,

2. JV(a) = be, and JVH(b) = —ac,
3. V¥(a) =1, and V'(b) =0

4. JV®(a) =0, and JV¥(b) =1

Proposition 1.4. Let X be any vector field on T'S of unit x length.

V%@l = O™ Y). In particular:

L Vi@ =—ad Wh —pg Lyt - B ye 4 abK gy

2. VA np = b0V —ab tJVI 4+ SKabVY — SKa?JV?
5. Vipup = KGEJVh 4 (K2 4 1) vh

4 Vi = (1 - KG2) Jyh 4 Kayh

Proof. 1.

?/h@ = V’\k/h (avh + bJVh) = aV;h v+ bv?/h JVh

(16)

(w, V(w)),b(w) = (w, JV(w)) be defined as above.

Then

b
= —ad 'Vh — bV 4 g<R(JV, V)u, ViVY + S (R(JV, V)u, JV) IV,

where u = aV + bJV. So, V},,¢ equals

b
—ad Vv — btV 4 g(R(JV, VIBIV,V)VY + S(R(JV, V)aV), JV)IV?,

13



2K bK
vl

— JV©.
2 2

= —ad WV —pstgvh —

Vi5n® = Vi@V + bJV") = beV" — acJV" + aV% VI + bV, TV
1 1
= beVh—acdVi+a ((—5—1 +¢)JV — S RUIVV)u, V)VE = Z(R(JV, V)u, JV>JV”>

+b(6~t — )V
where u = aV +bJV. So, V¥ ¢ equals

1 1
=b5 WP — a5 IVl + iKabV” - §Ka2JV”

Vip = Vi (aVh + bJV?) = VI 4 oV V! + 0V, TV

=Vhta (—522<(R(JV, V)u), V)JVh> +b (f(R(JV, V)u), V)Vh>

52
=Vhia <—2((R(JV, V)bJV), V)Jvh> +b <2<R(JV, V)bJIV), V)Vh>

K 2 _K22
= ‘;b5 JVh+< 21)5 +1)Vh

“ve@ = Vi (V! + V) = TV 4 aVi . V4 0V, TV

2 2
= Vb (RUV.V)V ), VIV 4 a (—52<R(Jv, V)aV, JV>> V"

K22 K 2
:(1— “25 >Jvh+a2b5 vh
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