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1 Introduction

Let M be a C*°, nonpositively curved manifold. A horosphere in M is the
projection to M of a limit of metric spheres in the universal cover M (see
§2). A horospherical foliation H is a foliation of the unit tangent bundle
T'M whose leaves consist of unit normal vector fields to horospheres.?

While regularity of horospherical foliations has been studied extensively
for negatively curved manifolds M, considerably less is known in the non-
positively curved case. The most general result is due to P. Eberlein: if M is
complete and nonpositively curved, then horospheres are C?, which implies
that the individual leaves of H are C'. Further, the tangent distribution TH
depends continuously the basepoint v € T*M (see [9]).

Beyond Eberlein’s theorem, smoothness results have consisted mainly of
counterexamples ([2],[5]); in particular, the best one could hope for in the
case of a general compact, nonpositively curved M is for T"H to be Holder-
continuous. In this paper we prove

Theorem I':  Let S be a compact, real-analytic, nonpositively curved sur-

face. Then T'H 1is Holder.

Theorem I’ is actually a corollary of a more general result, Theorem I below.
The problem of finding the regularity of horospherical foliations has a
long history, which we briefly summarize here.

LAs we explain in §2, there are two such foliations, H~ and H™*, called stable and
unstable horospherical foliations, respectively. In this discussion, we use H to denote
either of these.



E. Hopf showed in [7] that if M is a compact, negatively curved surface,
then T'H is C*. Under the assumption that the sectional curvatures of M are
1/4-pinched, Hopf’s result was generalized by M. Hirsch and C. Pugh [10]
to any dimension. It follows from the work of D. V. Anosov [1] that TH is
always Holder, when M is compact and negatively curved.

In Anosov’s theorem, the conclusion “Holder” cannot be improved to
“C'. In fact, B. Hasselblatt [8] has found open sets of metrics, with neg-
ative curvature arbitrarily close to 1/4-pinched, for which the horospherical
foliations fail to be C*. Related bounds on the smoothness of T"H beyond C1,
in the context of 3-dimensional Anosov flows, were found by S. Hurder and
A. Katok [11]. An example of W. Ballman, M. Brin and K. Burns shows that
compactness is necessary in Anosov’s result; they construct in [2] a complete,
finite volume surface whose curvature is arbitrarily close to —1 but for which
T"H is not Holder.

Returning to the compact, nonpositive curvature case, Gerber and V.
Nitica [5] have examples of real-analytic surfaces showing that T'H in The-
orem I’ can fail to have a Holder exponent greater than 1/2. In particular,
T'H can be non-Lipschitz.

A related issue is that of the regularity of T"H along the leaves of H; that
is, how smooth are the leaves of H? For M compact and negatively curved,
Anosov [1] showed that the leaves of H are C'°. In the case of nonpositive
curvature, Eberlein’s “C'” conclusion cannot be improved to “C?”; Ballman,
Brin and Burns construct in [2] a compact, real-analytic surface of nonposi-
tive curvature for which the leaves of H fail to be C%. However, the non-C?
leaves in their example are C'tlirsizz (1o T'H is Lipschitz along leaves)
and this suggested to us the question of whether this is always the case for
compact, real-analytic surfaces of nonpositive curvature. As a corollary of
our Theorem II below, we have

Theorem II':  Let S be a compact, real-analytic, nonpositively curved sur-
face. Then the leaves of H are uniformly CTimschiz,

Our interest in these questions arose while studying the ergodic properties
of the geodesic flow for analytic, nonpositively curved surfaces. We asked
whether the time-one map of such a flow remains ergodic under suitable
perturbations. Related results for negatively curved manifolds use Holder
continuity of the horospherical foliations in a central way ([6], [13], [12]).
We hope that Theorems I and II can be used to establish similar results for



certain nonpositively curved surfaces.

1.1 Statement of Results

Throughout this paper we always assume that manifolds are boundaryless.
We follow the usual convention of referring to horospheres as “horocycles”
when M has dimension 2.

Theorem I: Let S be a compact surface with a C*° metric of nonpositive
curvature K satisfying the following conditions:

1) If~ is a geodesic that is not closed, then there is no infinite time interval
I for which K(v(t)) =0, for allt € I.

2) If v is a closed geodesic, then there exists a t such that K does not
vanish to infinite order at y(t).

Then the leaves of the horocycle foliations H and H™ are uniformly C1Trwsehit=,

Theorem II: Let S be a compact surface with a C'° metric of nonpositive
curvature satisfying the conditions of Theorem I. Then the tangent distribu-
tions TH* and TH™ are Holder-continuous.

Proof of Theorems I' and II' from I and II. If S is real-analytic, then
the set of points in S where K vanishes is a real-analytic subvariety in S.
In particular, K cannot vanish on an infinite time interval on a non-closed
geodesic nor can K vanish to all orders at a point, unless it vanishes iden-
tically on the surface. In this case, S is a flat torus or Klein bottle and the
horocycle foliations are analytic. [J

Remark: It is an open question whether Theorems I and II hold without
hypotheses 1) and 2). It is also not known whether there exist C* surfaces
that fail to satisfy hypothesis 1), except if the curvature vanishes identically.
There are Lipschitz metrics with this property [3]. At the end of §3 we give
an example to show that the estimates on the curvatures of the horocycles
that are used in our proofs do not hold without hypothesis 2).

We also have an easier version of Theorem I, with a weaker conclusion,
but which holds without the assumptions 1) and 2).
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Proposition III: Let S be a compact surface with a C* metric of nonpos-
itive curvature. Then the leaves of the horocylic foliations H™ and H™ are
uniformly C*TV/2; that is, TH* is uniformly 1/2-Hélder along leaves.

1.2 Outline of the proofs

To prove these results, we study the dependence on v € TS of solutions to
the scalar Riccati equation

W () + u(t)? + K(o,(t) = 0,

where 0, (t) is the unit-speed geodesic determined by v, and K : S — R is
the curvature. In §2 we explain how Hoélder regularity of T°H amounts to
Holder dependence on v of the “unstable” solutions to the Riccati equations.

In §3 we turn to a study of these Riccati equations. The analysis begins
by taking the difference of two Riccati solutions ug and u; along geodesics
determined by vy and vy, to obtain

(Ul — Uo)/ = —(Ul + uo)(u1 - Uo) + (Ko - Kl), (]_]_)

where Ky and K are the curvatures of S along these geodesics. To obtain our
regularity results, we need |(u; — u0)(0)| to be small relative to the distance
between vg and v;. It is apparent from (1.1) that |u; —ug| decreases rapidly if
u1 + g is large relative to | Ky — K7|. The remainder of the proofs is devoted
to estimating the sizes of these terms.

The proof of Proposition III depends only on Lemmas 3.1 and 3.2. For
the proofs of Theorems I and II, we need the additional Lemmas 3.3 - 3.5.
The proof of the lower bound in Lemma 3.3 is presented in §4.
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sabbatical leave program for financial support during the time that this paper
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2 Preliminaries

Let M be a complete n-dimensional manifold of nonpositive sectional cur-
vatures and let M be its universal cover. We now define the horospherical
foliations discussed in the introduction. For a unit vector v let o, denote the
geodesic in M (or M) with o’ (0) = v. Vectors v,w € T*M are asymptotic if
there exists a constant C' > 0 such that for all ¢t > 0, dist(o,(t), 0w (t)) < C.
Nonpositive curvature and simple connectivity imply that for every v € T*M
and p € M, there is a unique vector Z,(p) € Tle such that Z,(p) is asymp-

totic to v. Fixing v, this defines a radial vector field Z, on M. The vector v
also determines a Busemann function F, : M — R by:

Fy(p) = lim (dist(p, o,(1)) = ¢).

It is well-known (see, e.g. [9]) that F, is C', Z, is the gradient of —F,, and
each level set F;1(c) is the limit of geodesic spheres of radius ¢ + ¢ centered
at o,(t). Moreover, as was shown by Eberlein, Busemann functions are C?
and consequently their level sets are C? [9].

For v € T'M, define the stable and unstable horospheres h™(v) and ht(v)
determined by v to be the level sets F,,*(0) and F~(0), respectively. The

leaves of the stable and unstable horospherical foliations H~ and H* of T*M
are defined by:

H (v) ={Zu(p) : p€h (v)}
and
H (v) ={-Z_,(p) : p€ h¥(v)}.

Since Busemann functions are C?, the leaves of H* are C!, and the tangent
distributions TH* are defined.

We project the horospheres from M into M to obtain horospheres for
vectors in 7'M . Similarly, we obtain the horospherical foliation of T M.

We are interested in the regularity of T"H*, which reduces to the regularity
of the sectional curvature of the horospheres. These sectional curvatures are
determined by solutions to certain Riccati and Jacobi equations. We now
restrict to the case where M is a surface, S, and these equations can be
reduced to scalar ones.

Let v € Tplg and w € T,5, and let J_ [J;] be the stable [unstable] Jacobi
field along o, with J_(0) = w [J(0) = w]. (The stable Jacobi field is defined
J_ = lim, . J,, where J,, is the Jacobi field along o, with J,(0) = w and



Jn(n) = 0. The unstable Jacobi field J, is defined by the same formula,
except replacing lim,, ., by lim,,_._..) If Z, is the radial vector field defined
above, then V,Z, = J'(0), by Proposition 3.1 in [9]. Now assume w is
a unit vector perpendicular to v and let E be the continuous, unit-length
vector field along o, that is perpendicular to o, and satisfies F(0) = w.
Then J_(t) = j_(t)E(t), where j_ is a real-valued function that satisfies the
scalar Jacobi equation:

J2(t) = —K(ou(t))j-(t).
Let u_ = j" /j_. Then u_ satisfies the scalar Riccati equation
u' (t) +u_(t)* + K(o,(t)) = 0.
Since j_(0) =1,
u_(0) =7"(0) = (VyuZ,,w) = k_(v), (2.1)

where —k_(v) is the geodesic curvature of h~(v) at v. The function u_
is called the stable solution to the Riccati equation along o,; since J_ was
constructed as lim,, .o, J,, it follows that u_(¢) = lim, . u,(t), where, for
n > 0, u, is the solution to the Riccati equation along o, with u,(n) = —oc.
The unstable Riccati solution u along o, is similarly defined in terms of J,
and satisfies u, () = lim,,_,_ u,, where, for n < 0, u,, is the solution to the
Riccati equation along o, with u,(n) = +o0o. A similar argument to the one
summarized in equation (2.1) shows that u,(0) = ki (v), where k(v) is the
geodesic curvature of h*(v) at v. Since K < 0, it follows that u_(¢) < 0 for
all ¢, and w4 (t) > 0 for all t. Moreover, if K(o,(ty)) < 0 for some ty, then
u_(t) <0, for all ¢ < ¢y, and u,(t) > 0, for all ¢ > ty. (These inequalities are
easy consequences of Lemma 3.1 below.)

A function f from a metric space (Xi,d;) to a metric space (X, ds) is
Hélder-continuous of exponent o € (0, 1] if there exists a constant C' > 0
such that for all p,q € X,

da(f(p), f(q)) < Cldi(p,q))*. (2.2)

The function f is Lipschitz if it is Holder with exponent 1. We say that f is
Hélder (or Lipschitz) at a point p € X if there is a constant C' = C(p) > 0
such that inequality (2.2) holds for all ¢ € X;. A family of functions F from



Xj to Xy is uniformly Holder (or Lipschitz) if there is a single constant C'
such that (2.2) holds for all p,q € X; and for all f € F.

Throughout this paper all geodesics have unit speed. We will use Fermi
coordinates (s,z) along a geodesic v in S, where s is the time parameter
along v, and z is the signed distance to . Then the curves s = constant
are unit-speed geodesics perpendicular to v. We will frequently use ¢ to
denote the angle between a vector v and the curve x = constant; unless

stated otherwise, such angles will be signed angles in [—7/2, 7/2] chosen so
that <(0/0x,x = a) = 7/2.

3 Proofs of Theorems I and 11

This section contains the proofs of Theorems I and II, with the exception of
the proof of the lower bound on the curvatures of horocycles in Lemma 3.3.
This lower bound is proved in §4.

The following lemma contains facts which are routinely used in the study
of Riccati and Jacobi equations. For example, part (iii) is the Comparison
Lemma in [2] and it is also a special case of a well-known differential inequal-
ity ([7], Chapter III, Corollary 4.2). Part (v) is a special case of the Sturm
Comparison Theorem.

Lemma 3.1 Let A and B be real numbers, let K, Ky, K; : R — R be
continuous functions, and let w,ug,u; satisfy the Riccati equations u' =
—u? — K, u} = —u? — K;, i = 0,1 respectively. Let y = u; — ug. Let
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Jo, Ji satisfy the Jacobi equations J!' = —K;J;, i =0,1. Then

(i) y = —(uo +u)y + Ko — K;
(i) 5(B) = [ (Kalt) = Fr(0) exp | = P (ua(r) + (7)) ]
+y(A)exp [ — ff(uo(T) - Ul(T))dT:|

<

(iii) If A < B,ug(A) < ui(A) and K, (t)
uo(B) < uy(B).

() If A< B,K(t) <0 fort e [A,B], and u(A) >0, then

Ko(t) for t € [A,B], then

u(B) >



(v) If A< B, Jo(A) = J1(A) =0,
fort € [A, B], then Jo(B) < J,(B

0 < Ji(A) < Ji(A) and K;(t) < Ko(t) <0
).

Proof. Property (i) is obtained by subtracting the Riccati equation for wg
from the Riccati equation for uy, and (ii) follows from the formula for the
solution of first order linear differential equations. It is clear from (ii) that
if A< B,y(A) > 0 and Ky(t) — Ky(t) > 0 for t € [A, B], then y(B) > 0.
This proves (iii). Now (iv) is a special case of (iii), because if Ky, = 0 and
up(A) = u(A), then ug(t) = u(A)/((t — A)u(A) + 1). For the proof of (v),
see §10.2 of [4]. O

The following lemma will be applied to the curvature function f = K.
In this lemma the complete surface S could easily be replaced by a complete
Riemannian manifold.

Lemma 3.2 If f is a nonpositive function on a complete surface S such
that |(d?/dt?)(f(o(t)))] exists and is uniformly bounded from above along all
geodesics o, then there exist constants Ly, Ly > 0 such that for all p,q € S,

f(p) = f(@)] < Lien/—f(p) + Laé®, (3.1)

where € = dist(p, q).

Proof. Let L = sup{|(d*/dt*)|;=o(f(c(t)))] : o is a geodesic on S}. Let
p € S, and let ¢ be a geodesic on S such that ¢(0) = p and ¢/(0) is in a
direction of the greatest increase of f at p; i.e., (d/dt)|i=o(f(c(t))) = || Dfll-
Let g : R — Rosatisfy g(0) = f(0(0)), g'(0) = (d/dt)[i=o(f(o(t))) and g"(t) =
—L for all ¢.

Then for t > 0,

0> f(t) > gt) = (o) + Dl — 51

Setting t = || Df,||/L, we obtain ||Df,|| < /—2Lf(p). Let Ly = V2L, Ly =
L/2. Then the lemma follows from Taylor’s Theorem.[]

In the following lemmas, we begin invoking our hypotheses 1) and 2) on
the surface S.



Lemma 3.3 Suppose S is a complete surface of nonpositive curvature K
and y(s) is a closed geodesic on S such that K vanishes to order m—1 on 7,
where m € {2,4,6,...}. (Le., if (s,z) are the Fermi coordinates along the
lift % of v to S, then

ak
% xZOK(S,[L’) = O
for k =0,1,... ,m —1 and all s.) Also assume that there is at least one

point, say v(0), such that K does not vanish to order m at v(0). (Le.,
(0 /0™ K (0,x) # 0.) Then there exists a neighborhood U of T4 in T'S
and a positive constant C' such that for any v € U with footpoint having
second Fermi coordinate x = a the curvatures k_(v) and ky(v) of the stable
and unstable horocycles satisfy

C'max <|a|m/2’ |¢|m/(m+2)> S _kf(?)) S C_l max <|a|m/2’ |¢|m/(m+2)>

C' max <|a|m/27 |¢|m/(m+2)) <k (v) < O max (|a|m/2, |¢|m/(m+2)>’

where ¢ = <(v,x = a).

The upper bounds on —k_(v) and k. (v) are proved in [5], Theorem 3.1.
The assumption that there is a point on v where the curvature does not
vanish to order m is not needed to obtain these upper bounds. The lower
bounds are proved in §4.

Note that the hypothesis of Lemma 3.3 could not hold for odd m, because
K does not change sign.

Lemma 3.4 If S is a surface satisfying the hypotheses of Theorems I and
II, then there is a constant C > 0 such that for allv € TS,

—k_(v) > CV/=K () (3.2)

and

ki (v) =2 Cy/—K(p), (3.3)

where p is the footpoint of v.



Proof. If v is a closed geodesic on S along which K vanishes to order
m — 1, for m € {2,4,6,...}, then there is a constant C; > 0 such that
—K(p) < Cila|™ for p in a neighborhood of v with Fermi coordinates (s, a).
If, in addition, there is a point on v at which K does not vanish to order m,
then the lower bounds on —k_(v) and k(v) in Lemma 3.3 imply that (3.2)
and (3.3) are satisfied for v with footpoint in some neighborhood of T~ for
some constant C' > 0.

By hypotheses 1) and 2) of Theorems I and II, there are at most finitely
many closed geodesics along which K vanishes. Therefore (3.2) and (3.3)
hold for v in a neighborhood U of the union of the unit tangent bundles of
such geodesics.

Now for v € T'S,k_(v) vanishes only if K(o,(t)) = 0 for all t > 0,
and k4 (v) vanishes only if K(o,(t)) = 0 for all ¢ < 0. Thus by hypothesis
1), k_(v) and k(v) each vanish only for v in the unit tangent bundle of a
closed geodesic along which K vanishes. Then (3.2) and (3.3) extend to the
complement of U in TS for some C' > 0 by the continuity of k_, k., and
K.[

Lemma 3.5 Let S be a surface satisfying the hypotheses of Theorems I and
II. Let o and 1 be geodesics on S or S, let K;(t) = K(v(t)), fori = 0,1 and
t € R, and let A and B be real numbers with A < B. Let u; be a solution to
the Riccati equation v, = —u? — K;,i = 0,1, where uq is the unstable solution
and uy(A) > 0. Let y = uy — ug. Then there exist positive constants Cy and

Cy, which depend only on S, such that

B

Y(B)| < Cie-+ Ca(B — A+ ly(Aesp| ~ [ (ualr) + ua(r)) ],

A

where € = max{dist(yo(t),71(t)) : A <t < B}.

Proof. By part (ii) of Lemma 3.1, we have

W< [ 10 K 0lesp| - [ ol + (e ar] a

A

o] - [ (wulr) + wn(r) ar]
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Moreover, if we apply Lemma 3.2 to f = K, we obtain constants Ly, Ly > 0
such that

|K0(t) — Kl(t)l S L1€\/ —K()(t) + LQEQ,

where € is as in the statement of the present lemma. Also, u;(7) > 0 for
7> A. Thus

W < e [ VTRl - [ ol a
4 Lo(B— A+ |y(A)|exp[ . /j(uo(T) 4 (7)) dT]. (3.4)
Now, by Lemma 3.4, we obtain

uo(1) > C3+/—Ko(T)

for some constant C3 > 0, for all 7 € [A, B]. Therefore the first term on the
right hand side of inequality (3.4) is bounded above by

L1€ B

B
— g(t)exp —/gTdet, 3.5
¢, | stew| [ gr)ar (3.5)
where ¢(7) = C54/—Ko(7). The expression in (3.5) is equal to

Be(1 e {_ABcgde]),

which is less than or equal to Lie/Cs.
This proves the lemma with C}; = L;/C3 and Cy = Ly.0J

Proof of Theorem I. Let 7, and 7; be two geodesics on S such that ~4(0)
and 1 (0) are on the same unstable horocycle; i.e.,

tEEIlOO distz(70(t),71(t)) = 0.

To prove that the leaves of the unstable horocycle foliation of TS (or T5)
are uniformly C1THeshitz it suffices to show that there exists a constant C' > 0
(depending only on ) such that

k4 (1(0)) = k- (%(0)] < Ce,

11



where € = distz(79(0),71(0)). Since K < 0, distg(y0(t),71(t)) <€, for t <0.
Let u; be unstable Riccati solutions along ~;,2 = 0,1. Let y = u; —ug. Then
y(0) = k4 (71(0)) — k4(75(0)). Now apply Lemma 3.5 with A = —1/e and
B = 0. We obtain

W) < Cret Coe + A)losp| [ o) + (r) ]

If ug(A) = u1(A), then y(A) = 0 and we have the desired estimate. Thus we
may assume ug(A) # ui(A), say ui(A) > ug(A). Then

ly(A)|exp [ _ /O(UO(T) + uq (7)) dT} < ui(A)exp [ — /

A A

— uy(A)exp [— /0 o A) dT]

0

uy(7) dT]

—A
Ul(A) dr :| .
< uy(A Y LS N 3.1, part
< uy(A)exp [ /0 I y Lemma part (iv)

1 -1
() {—Aul(A) n 1] =4
This completes the proof.[]

The following proof is similar to the proof of Theorem I, but is indepen-
dent of Lemmas 3.3 - 3.5.

Proof of Proposition III. Let S be a compact surface with a C* metric of
nonpositive curvature. Then K is C? and Lemma 3.2 applies to f = K. We
use the notation in the proof of Theorem I, but let A = —1/y/¢ and B = 0.
By Lemmas 3.1(ii) and 3.2, we have

o) < [ 5ot - nﬁ+w<mm{—/%mw+uw»ﬁ]

< el /A V=Ko (@) dt + Lo’ + [y(A)lexp {— /A O(UO(t)—l—ul(t))dt}

By the argument at the end of the proof of Theorem I, the third term in the
preceding expression is bounded above by —1/A = \/e. Therefore, if € < 1,
we obtain

W(O)] = Vel (m*ﬁ K (p)) LS e
< Cye

12



for some C' > 0. This proves that the leaves of H* are uniformly C'*+1/2.0
We now turn to the proof of Theorem II. We need an additional lemma.

Lemma 3.6 If S is a surface satisfying the hypotheses of Theorems I and
II, then there is a constant C' > 0 such that for allv € TS,

Cky(v) < —k_(v) < O ki (v).

Proof. This lemma follows from Lemma 3.3 in the same way that Lemma 3.4
follows from Lemma 3.3.00

Proof of Theorem II. We must show that there are constants o, C' > 0
such that

|ky (v1) — ky(vo)| < C(dist(vg, v1))*, for all v, v, € T*S. (3.6)

Let I' C TS be the set of unit vectors which are tangent to closed geodesics
along which K vanishes.

Step 1. We first show that it suffices to prove (3.6) in the case vy and
v; have the same footpoint. Le., we will show that (3.6) will follow for some
C > 0 if there is a constant C' > 0 such that for all p € S and vy, v; € TplS,

ky(v1) — ky(v0)] < CO%, where 6 = <t(vo, v1). (3.7)

We now define a “horocyclic coordinate system,” (S, X, ®) = (S, X, ®),,
about a vector vy € TS with footpoint py. Let W = W,, = —Z_,, where
Z_y, s the radial vector field consisting of vectors asymptotic to —vy. (See
§2.) A vector v in a neighborhood of vy has coordinates (S, X, ®) if v makes
signed angle ® with IW,,, and the footpoint p of v can be obtained as follows.
Let h*(vg) be the unstable horocycle determined by v, as defined in §2.
Start at py and go along h™(vg) for a signed distance X, to a point p. Then
apply the geodesic flow to W (p) for time S to arrive at the vector W(p).
(See Figure 3.1.) Note that the curves X = constant, & = 0 are geodesics
and the curves S = constant, ® = 0 are unstable horocycles. Also, along any
geodesic X = constant, 9/0S is a Jacobi field corresponding to the variation
of geodesics defined by § — (X = S§). Therefore the (S, X) coordinate
system is C? in a neighborhood of py in S and the (S, X, ®) coordinate system
is C! in a neighborhood of vy in T1S. Moreover, there is an 1 > 0 such that

13



the (S, X, ®),, coordinate system is defined on an open ball B(vy,n) about
vg, for each vy in T1S. We may also assume that 71 is chosen sufficiently
small so that the images of the maps (S, X, ®),, : B(vo,n) — R? lie in
(—=1,1) x (=1,1) x (=1,1). The C' norms of these maps are uniformly
bounded by some positive constant Cj.

Suppose dist(vg,v1) < n and vg,v; € TS, Let (S, X, @) = (S, X, ®),,-
Assume that (3.7) holds. Note that & is uniformly Lipschitz along unstable
horocycles (by Theorem I) and k. is uniformly C* (in fact, C*°) along the
orbits of the geodesic flow. Thus there exist positive constants Cy, Cs, Cg
such that

|Fi(01) = ki (o)) CilX| + Gs|S| + Cle|

3 max(Cy, C5, O)[|(X, S, ®)||”

3 max(Cy, Cs, C)CS (dist(vo, vl)) ’

Cs (dist(vo, v1)>a. (3.8)

IAINA

IN

IN

By increasing Cg, if necessary, we may assume that |k (v1) — ki (vo)| is
less than or equal to the expression in (3.8) even if we drop the assumption
that dist(vg,v1) < n. This completes the reduction of (3.6) to (3.7), and we
proceed with the proof of (3.7).

Step 2. Application of Lemma 3.5.

Let p € S, let vo,v1 € TS and let § = <((vg, v1). For i = 0,1, let 7; be a
geodesic on S with 7(0) = v;. For 0 < r <1, let 7, be a continuous variation
of geodesics with 7,.(0) = 70(0) = 71(0) = p and <t(7((0),7.(0)) = 6. Let

T = max{Ty : length of curve r — ,.(¢), 0 <r <1,
is less than or equal to Vo , for — Ty <t <0}.

(3.9)

Let K,.(t) = K(7-(t)) and let J. be the perpendicular Jacobi field along ~,
defined by J,(t) = (d/dr)(y.(t)). Let J,.(t) = j,(t)E.(t), where E,’s are unit
normal fields along ,’s oriented so that j,(¢) > 0 for ¢ < 0. Then j.(0) =0
and j.(0) = —6. By comparing with the K = 0 case and applying Lemma 3.1
(v) (with t replaced by —t), we have j.(=T) > 6T. From the definition of T
we have

Vo = /1jr(—T)dr > 0T. (3.10)
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Therefore T < 1/v/6. (See Figure 3.2.) Similarly, by comparing with the
K = K, case, where Kmm < O is the minimum value of the curvature
function on S, we obtain j,.(=T) < (6/v/|Kmin|)sinh(y/|Kwnin|T). Thus there
exists 6y > 0 such that if 0§ < 6’0, then T > 1. Smce it is clear that there is
a C such that (3.7) holds for 6 > 6,, we will henceforth assume that 7" > 1.
(This will be used in Step 3.)

Let u;,i = 0,1, be the unstable solution of v}, = —u? — K. Let y = u; —ug
and apply Lemma 3.5 with A = —T, B =0and e = \/5 We obtain constants
07, Cg, Cg > 0 such that

|k (01) = kg (vo)| = [y (0)]

< O+ T + Jy(~T)esp [— [ o)+ o) dt}

< (Cr+ Co)V + Oy (exp {— /(; wo(t) dt} ) (exp {— /OT s (1) dt] )

(3.11)

0

Thus we must estimate exp[ — fET uo(t) dt] and exp[ — fST uy (t) dt} from
above. We first estimate a related integral.

Step 3. Let w, = j//j,. Then w. = —w? — K,, w,(0) = —o0, and
w,(t) < 0 for t < 0. In this step, we will show that there is a constant
C1o > 0 such that

exp {/Tl wo(t) dt} < OoV0. (3.12)
We have _
remoe|[f, e[ [ e
Thus
1) = Ve [ [ ] 3.13)
Since j.(0) = 0 and j.(0) = —6, we see tliat Jr(—=1) < C146, for some

C11 > 0 (by comparing with the case K = Ky, and applying Lemma 3.1
(v)). Combining this fact with (3.10) and (3.13), we obtain

1 1
612 < C’H/ exp {—/ W, dt} dr. (3.14)
0 -7
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If the average of the quantities exp [—f:Tl W, dt] for 0 <r <1in (3.14) could

be replaced by exp [ — f:Tl wo dt] the desired inequality (3.12) would follow.

To make this type of replacement we now show that there is a constant
(12 > 0 such that

-1
exp [/ |w, — wo dt} < Chy, forallr, 0<r<1. (3.15)

T

Fixr, 0 <r <1. Let § = w, —wq, and let t and ty satisfy — T <t < —1 and
—1 <ty < 0. By Lemma 3.1(ii) with A = ¢y, B = t, we have

o0 =~ [ ats) ~ s | [ antr) + vty as
it )exp [ /t * (7 + w,(7) dﬂ

Since wo(7), w,(7) < 0 for 7 < 0, this implies

to S
[g(t)] < / [ Ko(s) — Ko (s)]exp U wo(T) dT} ds + [g(to)|. (3.16)
t t
If u_ denotes the stable Riccati solution along 7, then for 7 < 0,
|wo(T)| 2 Ju—(7)] = k- (76(7))
> Cizv/ =K (70(7)),

for some C13 > 0, by Lemma 3.4. Then the same argument as in the proof of
Lemma 3.5 shows that the first term on the right side of (3.16) is bounded
by C14V/0 for some constant Cpy > 0, where (14 does not depend on ty. Thus

|5(t)] < CraVO + |5 (to)].

By comparing with constant curvature 0 and constant curvature K,,;, and
applying Lemma 3.1(iii),

1
V| Kmin| coth 74/ | Kpin| < w,.(7) < = for 7 < 0.
T

A couple of applications of L’Hopital’s rule shows that

1
m /| Kin| coth 74/ | Kpin| — _— 0,

li
T—0
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and it follows that limy, o |9(to)| = limy, o |w,(to) — wo(to)| = 0.
Therefore |§(t)] < C14v/0 for =T <t < —1. Since T < 1/+/6, this proves
(3.15) and with C1o = C14. By rewriting (3.14) and applying (3.15) we obtain

1 -1 -1
012 < C’ll/ exp [—/ Wy dt} exp [/ Wy — Wy dt} dr
0 -7 -7

-1
S C’HClgeXp |:—/ Wo dt:| .

T

This proves (3.12).

Step 4. We now prove that there are positive constants C and [ such
that

~
~

ol [ i < (255 ) (e[ waa])' o

provided k. (vg) # 0.

Suppose k4 (vg) # 0 (i.e., vg ¢ T'). Since uy and u_ are, respectively, the
unstable and stable Riccati solutions along 7, it follows from Lemma 3.6
(with 8 = C') that

—ug(t) < Pu_(t) for all t € R.

ol [ wi] = (o[ Fa]) s

We now find an upper bound for the ratio

exp [f__Tl u_ dt} - {/_1 zdt] : (3.19)

exp [ | :Tl Wy dt} T

Thus

where z(t) = u_(t) — wp(t), which is positive for ¢ < 0. By Lemma 3.1(ii),
with equality of the two curvature functions and A =t, B = —1, we have

exp { / ;lzdt] ~ exp [z(—n / _Tl exp [ [ _lu_(7)+w0(7)d7] dt] (3.20)
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Fix 7 < —1. Given the values A = u_(—1) and B = wy(—1), B < A < 0, the
largest possible value for u_(7) 4wy (7) would occur if Ky(t) were identically
0 for t < —1 (by Lemma 3.1(iii)). It then follows from (3.20) that we can
obtain an upper bound for

exp U_le dt] — exp V_Tl w —wy dt] (3.21)

by replacing u_ and wp in (;.21) by Riccati solutions for the curvature 0
case, with the values A and B, respectively at t = —1. Thus

~1
exp [/ zdt] < exp
-T

/—1 A B B "
r (t+1DA+1  (t+1)B+1

t+
S ) (3.22)
|\ Bta| | B |w(=Y)
A 1 = Al —
At =5 | 7 |A] u-(=D)
By the analog of Lemma 3.1(iv) for negative Riccati solutions,
u_(0)
() < —. 3.23
u- )_—u_(O)—l—l (3:23)

Also, since K is bounded from below, both |u_(0)| and |wy(—1)| are
bounded from above by a constant. Therefore, by (3.22) and (3.23), there
exists a constant C5 > 0 such that

P [/‘“} < = (324)

If we let C'= Cissup{(k+(v))/|k_(v)]) : v ¢ '}, which is finite by Lemma
3.6, then (3.17) follows from (3.18), (3.19) and (3.24).
Step 5. Completion of the proof. Combining the results of steps 3

and 4, we obtain
B o\
exp {—/ uodt} < Gl 68/
-T k+(vo)

The same argument shows that this inequality also holds with uy and vy
replaced by u; and vy, respectively. These inequalities, together with (3.11),
imply that

[k (01) = ke (v0)| < (Cr + Cs) VO + 09(010 ¢ )ﬂ min((ky (v0)) ™7, (ks (v1)) )02
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If ky(vo) and ky(vy) are both less than or equal to 0%/, then |k, (v;) —
ki (vo)| < 20Y4. If at least one of ky(vy) and ky(v;) is greater than 64,
then

~\ 0
|k (v1) — Ky (v0)] < (Cr + Cy)VO + 09<C1o C’) f°/4

In both cases, (3.7) holds for a = min(1/4, 5/4) and some positive constant
.0

Although we do not have counterexamples to Theorems I and II if hy-
pothesis 2) is omitted, we now give an example to show that the crucial
Lemmas 3.4 and 3.6 fail to hold without hypothesis 2). This example satis-
fies hypothesis 1).

Example. Let S be a compact surface containing a closed right circular
cylinder C with negative curvature on S\ C. Let v be a closed geodesic along
the boundary of C and let S be constructed so that for some € > 0, the €
neighborhood of v in S is a surface of revolution, and in Fermi coordinates
(s,z) along =y, we have

K(s,z) =

—e Vr for0 <z <e—00<8<00
0, for —e<x<0,—00< 5 < 0.

It follows from a minor modification of Theorem 2.3 in [5] that there is a
constant C; > 0 such that if vy is a vector with footpoint on v which makes
an angle ¢ with v and which has a positive component in the 9/dz direction,
then

—k_(vg) > C1¢| In g, (3.25)

Let 0 = o,, and let T} = T1(¢) be chosen so that {o(t) : =71 <t <0} is a
component of the intersection of ¢ and C. Then there is a constant Cy > 0
such that 77 > C5/¢. Let u, be the unstable Riccati solution along o. Since
K(o(t)) =0 for =T} <t <0,

ui (=T1) 1

_ < — < Cyo, 3.26
Ty (=T +1 - T, 3¢ (3:26)

ka(v5) = 4. (0)

where C5 = 1/C5. By (3.25) and (3.26) we see that the second inequality in
the conclusion of Lemma 3.6 does not hold for any constant C'.
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We now show that the same example also fails to satisfy the conclusion
of Lemma 3.4. Let 0 < 79 < ¢, let 0 < ¢ < 7/2, and let vy and o = oy,
be as above. Let Tp = sup{T" > 0 : dist(c(t),v)) < zo for 0 <t < T}. By
comparison with the curvature 0 case (using a particular case of Lemma 4.2
from §4), we have Ty < xg/sin¢ < 2z/¢. Since v/, = —u? — K, we obtain

() <u (0) + | —K(o(t)dt

< up(0) + Toe V™
2ge /70

¢
Let ¢ = \/Toe /2%0) let w = 0/(T3), and let p be the footpoint of w. Then

< O30 +

ke (w) = ur(Ty) < /o(Cs + 2)e %0, (3.27)

while /K (p) = e /%) Since the coefficient |/To(Cs + 2) in (3.27) can be
made arbitrarily small, the second inequality in the conclusion of Lemma 3.4
does not hold for any constant C' > 0.

4 Lower Bounds on Curvatures of Horocycles

In this section we establish the lower bound given in Lemma 3.3 on the
curvatures, ky(v), of the unstable horocycles. We consider the curvatures of
these horocycles at vectors v that are close to Ty, where v is a closed geodesic
along which the curvature K of S vanishes identically. As in hypothesis 2)
of Theorems I and II, we will assume that there is a point ¢ on ~ such that
K does not vanish to infinite order at ¢. Assume that ¢ is chosen so that
the order to which K vanishes is minimized (over points of ) at ¢. The
geodesic o, determined by v wraps around S many times very close to 7.
(See Figure 4.1.) In those time intervals when o, passes close to ¢, K is
bounded from above by a negative function of the distance from o, to v. On
the complements of these intervals we only assume that K is nonpositive. The
following lemma gives an upper bound for solutions to the Riccati equation
which will apply in this situation.

Lemma 4.1 (Estimate for intervals of alternating curvatures.) Let A, B, K
be positive constants. Let n be a positive integer and let 1y, I}, I, I1, ... , I, I}
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be closed intervals (arranged in the natural order from left to right) that
partition [=T,0], where T =>"" (| L;| + |I]|). Assume:

1) All intervals I;, I are non—empty, except possibly Iy and I),.
2) || > Afori=1,... , n—1, and |I,] > A if |I]| > 0.

3) In the casen =1, || > A fori=0 orl.

4) |Il| < B fori=0,...,n.

Let Ky be a constant such that 0 < Ky < K; and let u be a solution to
the Riccati equation v/ = —u? — K, where K < —K; on I;, and K < 0 on
Il fori=0,...,n

Then there exists a positive constant C' which depends only on A, B and
K such that:

D IET > Ky % and w(=T) > 0, then u(0) > Cv/K, and
ii) If u(—=7") > /Ko, then u(0) > Cv/Ky.
(The assertion ii) is still true if we delete the assumption 3).)

Proof. Let y;(t) = 1/t for t > 0 and let yo(t) = /Ky tanh (/Kyt) for t > 0.
Any solution to the Riccati equation with K = 0 and positive initial value
follows a horizontal translate of the graph of y;. Similarly, any solution to
the Riccati equation with K = — K| and nonnegative initial value less than
VK follows a horizontal translate of the graph of y,. (If the initial value
were greater than or equal to /Ky, the solution would remain greater than
or equal to /K for all future time.)

Note that y;(t) < 0 and |yi(¢)| is decreasing for ¢ > 0, while y4(t) > 0
and y5(t) is decreasing for ¢ > 0. We now compare |yj| with y}. We have
1| = t72 = 9? and v}, = Ko(1 — tanh®(/Kot)) = Ky — y2. Let Cy be a
constant satisfying 0 < C; < 1 that will be specified below. If y;(t) < C1v Ky
for some t > 0, then |y} (t)| < C?Ky; and if yo(t) < C1+/Ky for some t > 0,
then yj(t) > Ko(1 — C3).

Let A=>"" |L] and B=>"" |I/|. It follows from assumptions 1) - 4)
that there is a positive constant Cy, depending only on A and B, such that
A > CoT. Let Cy = min(y/Cy/2,1/A/(A + B)).
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Let u be a solution to the Riccati equation u’ = —u?— K, where K < —K,
on [;, and K < 0on [}, for i = 0,...,n. Let w be the piecewise smooth
solution to the Riccati equation w’ = —w? — K with w(—=T) = u(-T), K =
—Ky on int (I;) and K = 0 on int (I!), for i = 0,... ,n. By the Comparison
Lemma 3.1(iii), if u(—7") > 0, then u(0) > w(0).

Proof of i). Assume T > Ko_l/2 and u(—7") > 0.

Case 1. Suppose that w(t) < C1y/K, for all t € [-T,0]. By the above

estimates on y] and yj, we have

w(0) = Ko[A(L - CF) — BCY] + w(-T)
> KoT[Co(1 = CF) — (1 = C)CF]
>/ Ko(Cy — CF)
> (Ca/2)\/ Ko,

Case 2. Suppose w(t) > Ci1v/ Ky for some t € [-T,0]. Let ty be the
largest ¢ € [—T,0] such that this inequality holds. Then there is an i €
{0,1,...,n} such that ¢ty € I/ = [a}, b;]. Moreover, by Lemma 3.1,

17 71

U)(to) > Cl\/ K()
(b; - to)w(to) +1~ BC“/Kl + 1

w(b;) >

If © = n, then b, = 0 and w(0) = w(b;). If i < n, then we consider j,
i < j < mn,such that [I;] > A. Let I; = [a;,b;] and I} = [a},b}], where
bj = aj. By the same type of estimate as in Case 1,

w(b}) > Ko[A(1 — C}) — BCY] + w(ay)
> w(ay),

by the choice of C;. Repeated application of this inequality gives w(0) =
w(b),) > w(b), if |I,| > A, and it gives w(b,,_,) > w(b}), if |I,] < A. But in
the latter case, |I),| =0 and w(0) = w(b,) > w(b,,_;) > w(b}).

Thus, if we let C3 = min(Cy/2, Cy/[BC1v/K;+1]) and combine the results
of Cases 1 and 2, we have

u(0) > w(0) > Cs+/Ko.

Proof of ii). Assume u(—T7) > /K,. Since C; < 1,w(-T) = u(-T)
C1vKy. Then by the argument in Case 2 of the proof of i), u(0) > w(0)
04\/ Ko, where 04 = Cl/(BCl\/ Kl + 1)[]

>
>
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The next lemma is due to Keith Burns. This lemma will enable us to
estimate the lengths of time intervals that geodesics o, in .S (or in S ) spend in
certain regions, by making the analogous estimates for a surface of constant
negative curvature. Note that there is no assumption on the sign of the
curvatures.

Lemma 4.2 Let Sy and S, be complete surfaces with curvatures Ky and K,
respectively. For i € {0,1}, let v; be a unit-speed geodesic in S;, and let
(s;,2;) be Fermi coordinates along ;. Let Iy, I, and J be intervals in R,
with 0 € J, such that, fori € {0,1}, the map

p (si(p), z:(p))

is a diffeomorphism from a neighborhood N; of ~;(I;) onto I; x J.
Assume the following condition on the curvatures Ky and K :

1) For all py € Ny and p; € N,

To(po) = x1(p1) = Ko(po) > Ki(pr),

For i € {0,1}, let o; : [0,T;] — N; be a unit-speed geodesic segment.
For t € [0,T;], let ¢i(t) be the signed angle between oi(t) and the curve
x; = x;(04(t)), chosen to lie in the interval [—m /2,7 /2], and consistent with
<€(0/0s,0/0x) = /2. Let d;(t) = x;(04(t)) be the signed distance from o;(t)
to ;. Suppose further that

2) Fori € {0,1}, and fort € (0,T;), di(t) > 0, and ¢;(t) # 0,
3) do(0) = di(0),
4) $0(0) < ¢1(0).

Then, for all ty € [0,Ty] and t, € [0,T1] satisfying do(ty) = di(t1), we
have

i) ¢o(to) < ¢1(t1), and
i) If ¢o(to) > 0, then to > t1, and if ¢o(ty) < 0, then ty < ty.
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Proof. It is a straightforward exercise to verify that the conclusions of the
lemma hold if either ¢ or ¢; takes one of the values /2, so we may assume
that ¢;[0,7;) C (—7/2,7/2), for i € {0,1}.

If ¢o and ¢; have opposite sign on the intervals (0,7,) and (0,77), re-
spectively, then dy and d; are equal only at ¢ = 0, and the lemma is trivially
true. Suppose that ¢y and ¢; have the same sign on (0,7,) and (0,7}), re-
spectively, and that ¢o(0) = ¢1(0) = 0. Let oy, be a continuous variation of
geodesics in Sy with ¢1,(0) = ¢1(0) and <(0},.(0),01(0)) = r. Suppose that
the conclusions of the lemma hold for the pair of geodesics oy and o, for
all r # 0 sufficiently small. Since the geodesics oy, converge uniformly on
compact time intervals to oy, as |[r| — 0, it follows that the conclusions of
the lemma will also hold for the pair o9 and o;.

It suffices, then, to prove the lemma in the case ¢1(0) # 0. By considering
a variation of geodesics in Sy that contains o, we see that it suffices to prove
the lemma in the case ¢o(0) # 0. Assume that ¢;[0,7;) C (0,7/2), for
i € {0, 1}; the case where the ¢; take values in (—7/2,0) is treated similarly.

Fori € {0, 1}, let S; and &; be the unit-speed vector fields in the directions
of 9/0s; and 0/0x;, respectively. For p; € N;, let A;(p;) be the geodesic
curvature at the point p; of the curve z; = x;(p;) in N;, so that

Observe that if 3; : J — N is the geodesic segment tangent to d/dx; with
x;(5;(0)) = 0, then for x > 0, the function w;(z) = A;(F;(x)) is the solution
to the Riccati equation

wi(w) = —wi(x)* — Ki(Bi(x)),

with initial condition w;(0) = 0. Lemma 3.1, part (iii), combined with as-
sumption 1), gives that

Ao(Bo(x)) < Ai(Bi()),

for all nonnegative x € J. Thus, for py € Ny, p1 € N7,

zo(po) = x1(p1) >0 = Ao(po) < Ai(pr). (4.1)

We now calculate d;(t) and ¢}(t), for t € [0,T;). In the following calcula-
tion, we drop the subscript ¢ for ease of reading. Notice that

o' (t) = cos p(t)S(a(t)) + sinp(t) X (o (1)),
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and so

¢ cosp = ismqb

dt

d /
- £<X<a>,a>
= (Vo (o),

= <vcos #S(0)+sin ¢X(U)X(U)a 0/>
= COS¢< S(O’)X( ),0/> + Sin¢<vx(U)X(0),0,>
— 03 §(Visio) X (), o)

= cos(A(0)S(0),0)

= cospA(o) cos ¢,

where the equations are evaluated at t. Replacing the subscript ¢, we divide
both sides of this equation by cos ¢;(t), for t € [0,T;), to obtain:

oi(t) = Ai(os(t)) cos gy (t). (4.2)
Also,
di(t) = (o(t), Xi(oi(1)))

Since ¢;(t) € (0,7/2) for t € [0,T;), it follows from equation (4.3)
that d; is monotone increasing on [0,7;]. Let a = dy(0) = dy(0) and b =
min{dy(Tp),d,(T1)}. For x € [a,b], let t;(z) = d;'(z), and let ®;(x) =

¢i(ti(z)). By equations (4.2) and (4.3) it follows that ®; and ¢; are differen-
tiable on [a,b), and for z € [a, b),

ti(z) = (di(d;"(x))"

= csc®;(x), (4.4)
and
Oi(r) = o(ti(x))ti(x)
= Ailpi(x)) cos B (x)(csc Bi(x))
= Ai(pi(x)) cot ®;(x), (4.5)

where p;(z) = o;(t;(x)). (We needed that ¢,(0) # 0 to get differentiability
of these functions at a.) Clearly dy(po(z)) = = = di(p1(x)) and cot ®;(z) is
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positive, for z € [a,b) and i € {0, 1}. Combining (4.1) with (4.5), we thereby
obtain:

Oo(z) = P1(z) = Ao(po(x)) cot Po(x) < Ai(pi(x)) cot Py (x),

for all x € [a,b). By assumption 4) of the lemma, ®y(a) < ®1(a), and
so a standard differential inequality (Corollary 4.2 in [7], p. 27) implies
that ®y(z) < ®y(x), for all z € [a,b]. In other words, for all ¢y, ¢ with
do(to) = di(t1),

Po(to) < d1(th),

proving inequality i) of the lemma.
To prove inequality ii) (in the present case where ¢ is positive), observe
that, by inequality i), and equation (4.4),

to(x) = csc Pg(x) > csc Py (x) = t)(x),

for all z € [a,b). Since to(a) = t1(a) = 0, it follows that ty(z) > t1(x), for all
x € [a,b]. The case where ¢;(0) < 0 is dealt with similarly. OJ

The following lemma, together with its analog for stable horocycles, pro-
vides the last step in the proof of Lemma 3.3, thereby completing the proofs
of Theorems I and II.

Lemma 4.3 Under the hypothesis of Lemma 3.3, there exists a neighborhood
U of T in TS such that for any v € U with footpoint having second Fermi
coordinate © = a, the curvature ky(v) of the unstable horocycle satisfies

ki (v) > Cmax(|a|™?, |¢|™/(m+2),
where ¢ = <(v,x = a).

Proof. Let sy be the length of v, and let P : R — [0, so] be the covering
map with P(0) = 0. For a set A C [0, 5], let A denote P~1(A). Since K
vanishes to order m — 1 on 7, but does not vanish to order m at 4(0), there
exist positive constants Cy, Cy and € and an interval L = [0, s1] for some
s1 € (0, sp) such that

—Ciz™ < K(s,x), for |z| <€, for all s,
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and
—Cia™ < K(s,z) < —Chx™, for |z| <e, for s € L.

Let L’ be the closure of [0, so] \ L.

In this proof we modify our previous convention and let ¢, denote the
maximal geodesic segment (possibly of infinite length) in S with initial tan-
gent vector v (with footpoint in the region where |z| < €) which remains in
the region where |z| < e.

The first part of our proof is concerned with the choice of a neighborhood
U such that for v € U, o, will assume all s values in one component of L,
while taking x values in the interval [, 26] for some suitably chosen 6 > 0.
We can accomplish this by controlling the angles o, makes with the curves
x = c¢. The central estimates needed to control these angles are summarized
in (4.8) and (4.9). These inequalities will also be used later, in Case 1 and
Case 2b. Once the neighborhood U is chosen, the argument divides into two
cases, according to whether the angle v makes with x = a is less than or
equal to a constant multiple of a™*2/2 (Case 1) or greater than or equal to
a constant multiple of a™+2)/2 (Case 2). In Case 1, we rely on o, spending a
long time in the region where the x coordinate has magnitude on the order
of a. In Case 2, we use the facts that o, attains all s values in a component
of L during the time o, is in the region where |z| > 6 and afterwards o,
doesn’t spend too much time in the region where the curvature is very close
to 0.

Let ¢ =max{||(0/0s),l|| : |x(p)] < €}. If 0 < 6 < min(e/2,lsom), then a
geodesic segment o in the region of S where § < z < 26 that starts at z = 8,
ends at x = 26, and satisfies

<(o',x =c) < 6/(4lsy), for § < c <26, (4.6)

must assume all s values in some interval of length at least 2sy. (Reason:
If we let v(c) = <«(o’,z = ¢), then 0 < v(c) < w/4 and |(ds/dx),—.| =
(cot v(c))/|10/ds|| > (2]|0/ds]|sin v(c))~t > (20v(c))~! > 2s0/6.) In particu-
lar, the interval of s values so obtained would include at least one component
of L. We now show that there is a neighborhood U of T4 such that if
6 > 0 is sufficiently small and v € U, then any geodesic segment contained
in o, which goes from = = 6§ to x = 26 satisfies (4.6). By the Gauss-Bonnet
Theorem, the angle such a geodesic segment makes with z = ¢ is monotone
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increasing in ¢ for 6 < ¢ < 26. Thus it suffices to check that the angle with
x = 26 is less than or equal to §/(44so).

Fix 0 < b < e and let K7 = K;(b) = —C1b™. We will apply Lemma 4.2 in
the case Sy = S and S; is a simply connected surface of constant curvature
K;. Let 71 be a geodesic in S; and let (s1,21) be Fermi coordinates about
71

Suppose o [01] is a geodesic segment on S [S;] which lies in the region
where 0 <z < € [0 < 27 < €] and which makes angle 0, 0 < § < 7/2, with ¥4
[v1]. Let 0y [61] be the angle o [o1] makes with x = b [x; = b]. By Lemma 4.2,
we have 0y < #;. A formula from hyperbolic trigonometry gives

cos f = cosh (b\/Tl(b)) cos 0. (4.7)

We may assume that e was chosen sufficiently small so that there exists an
n > 0 such that (4.7) implies that 6, < 7/4, whenever 0 < 6 < n (for any
choice of b with 0 < b < ¢).

We will use the estimates cos z > 1 — 2%/2 for 0 < z < 7/2 and cos z <
1 — 22/4 for 0 < z < w/4. Also, there is a constant C3 > 0 such that if
0 < z < m*2/2,/01, then cosh z < 1+ C322. (Note that ™2/2,/C] >
by/—Ki(b), if 0 < b < €.) Then, for 0 < 0 < n, (4.7) implies

1_ %2 < <1+C’352|Kl|>< - HZ%)
Thus

0>  #?
Zl < 5 + C3b?| K4,

and we obtain
fo < 01 < V20 4 24/C1C5b™mHD/2, (4.8)

It also follows from Lemma 4.2 that if & is a geodesic segment in S which
is tangent to x = ¢ and goes from x = ¢ to x = b, for some 0 < ¢ < b, and
makes angle 6y with x = b, then

By < 24/C1LCbMmH2/2, (4.9)

This can be seen by comparing ¢ with geodesic segments in S; making angle
6 with v, and letting 6 go to 0.
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Fix 6 such that 0 < § < min(e/2, £som) and 21/C1C3(26)"2/2 < §/(80s).
This is possible, since m is at least 2. If # < min(n,§/(8v/2¢)) and b = 20,
then 6y < 6, < &/(4€s0). Choose a neighborhood U of T'4 in TS such that
the footpoints of vectors in U are in the region where —6 < x < 6 and for each
v € U, o, intersects v with angle of absolute value less than min(7, §/(8v/2¢))
or does not intersect v at all. If o is a geodesic segment contained in o, for
v € U, that goes from = = 6 to x = 20, then (4.6) is satisfied, and, by the
above discussion o takes all s values in at least one component of L. This
property will be used in Case 2a below. For Case 1 we will only need the
fact that for v € U, o, makes an angle of absolute value at most /4 with
any curve x = ¢, where |c| < e.

For the rest of the proof fix a choice of v € U, let x = a be the second
Fermi coordinate of the footpoint of v, and let ¢ = <(v,z = a). We may
assume that a > 0.

Case 1. Suppose |¢| < Coa™*+?/2 for some Cy > 0. (In Case 1, Cy may
be any positive constant.) If a = 0, then ¢ = 0 and k,(v) = 0; so assume
a > 0.

Case la. Suppose ¢ < 0. Then o, intersects 7 with angle 6 satisfying
0] < |¢| or does not intersect 4 at all. (See Figure 4.2.) In either case, it
follows from (4.8) that

|<t(0, & = 2a)| < V2|¢| + 21/C1C5(2a)m+2)/?

< C4a(m+2)/2

for some constant Cy > 0. Therefore o, is in the region a < x < 2a during a
time interval [T, 0] where T' > (2a — a)/(sin(Cya™*2/2)) > C; ta=™/2.

Case 1b. Suppose ¢ > 0 and o, intersects x = a/2. (See Figure 4.3.)
Then the angle that o, makes with 2 = a/2 is less than or equal to ¢, and
it follows from Case la, applied at z = a/2 instead of x = a, that there is
a constant Cs > 0 such that o, is in the region a/2 < z < a during a time
interval [T, 0] with T' > Csa~™/2.

Case 1c. Suppose ¢ > 0 and o, does not intersect x = a/2. (See Figure
4.4.) Then o, is tangent to x = ay for some a; satisfying a/2 < a; < a. It
follows from Case la applied at x = a; with angle 0 that o, is in the region
a; < x < 2a; during a time interval [~7,0] with T' > Cga~"/? for some
constant Cg > 0.

Conclusion of Case 1. In all three subcases there is a constant C7; > 0
and an interval [—T,0], where T' > C7a~™/?, such that o,(t) is in the region
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where a/2 < x < 2a for t € [-T,0].

Let 1§, 1o, 17, 1, ... , I}, I, be a partition of [T, 0] such that for t € I; [t €
I'] the s coordinate of o, is in L [L/]. Then for t € I;, K(o,(t) < —Cs(a/2)™.
Since |<(o,,x = constant)| < 7/4 for v € U, there exist positive constants
A, B such that the hypothesis of Lemma 4.1 holds with Ky a constant mul-
tiple of a™. From part i) of this lemma we conclude that there is a constant
Cs > 0 such that k. (v) > Cga™?. Since ¢ < Cpla|™2/2 it follows that
there exists C' > 0 such that &y (v) > Cmax(|a|™?, |¢|™/(™+2).

Case 2. |¢| > Coa™*?/2. (Here Cy is a sufficiently large positive con-
stant, as described in Case 2b. This constant depends only on C; and Cj.)
For starters require that Cy > 1. Since ¢ cannot be 0 except in the trivial
case, when a is also 0, we will assume ¢ # 0.

Case 2a. Suppose ¢ < 0. Let Ty > 0 be such that o, crosses x = 6 at
time —T}. By the choice of U, there exist T}, T5 > 0 such that Ty, < T} < T
and during the time interval [Ty, —T}] the s values taken by o, lie in a
component of L and cover this component. (See Figure 4.5.) Assume that
T and T5 are chosen as small as possible, while satisying these requirements.
The interval of s values assumed by o, in the time interval [T}, —Tp| has
length less than sq. Since |<t(0,,z = ¢)| < w/4 for § < ¢ < 26, this implies
that |17 —Ty| < £/v/2. Also, we have |T,—1}| > |L|. (This inequality depends
on the fact that ||0/0s|| > 1, which follows from the nonpositive curvature
assumption.) Ift € [Ty, —T11], then K(o,(t)) < —C26™. It follows that there
is a positive constant Cy (depending on §, but not on ¢) such that the unstable
Riccati solution along o, is at least Cy at t = —Tp. (This could be viewed
as a simple case of Lemma 4.1.) By reducing the size of the neighborhood
U, if necessary, we may assume that ¢ satisfies /Ca|é|™ (™+2) < Cy. Then
the hypothesis of part (ii) of the Lemma 4.1 holds for the time that o, is in
the region |¢|> (™2 < x < § with Ky = Cy|¢[*™ (™2 From this lemma we
conclude that the value of the unstable Riccati solution along o, is at least
Ciold|™ ™2 for some Oy > 0, at the time o, crosses x = |¢|?/ (™). Since
o, makes angle of absolute value at least |¢| with x = ¢ for a < ¢ < |¢|?/(m*+2),
the length of time o, is in the region where a < x < |¢|?/(™*?) is less than or
equal to

m m —2/(m+2

|42 |2/ (M2 (1 — O /(mt )) —m/(m+2)
‘ < < Cul¢|
sin |¢| |91/2
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for some C1; > 0. Then, by Lemma 3.1, ky(v), the value of the unstable
Riccati solution along o, at time 0, satisfies

Cholg|™/ (m+2) m/(m+2)
ha(v) 2 Chp|p|=m/ 2 Cyg ||/ (m+2) 1 = Craldl

for some C}9 > 0.
Case 2b. Suppose ¢ > 0. It follows from (4.8) and (4.9) that if ¢ >
V2C,C5a™+2/2 then o, crosses 7 with angle 6 satisfying

0> [¢ —9 0103a<m+2>/2]

1200

S Sl

v

S

Choose Cj sufficiently large so that Cy > 1 and 24/C,C3/Cy < 1 — 1/\/§
Then, if ¢ > Coa™*?/2 5, crosses 4 with angle @ satisfying ¢ > 6 > ¢/2.
By Case 2a, the unstable Riccati solution u along o, satisfies u(—T3) >
Cho™/(m+2) > C1,27m/(m+2) ym/(m+2) " where Ty > 0 is such that o, crosses
7 at time —T3. Also, we have T3 < a/sin § < 2a/6 < 4a/¢. Hence, by
Lemma 3.1(iii),

Cl?Qim/(m+2)¢ > C ¢
13%,

ky(v) =u(0) > (4a/@)(Cra2—m/(m+2)p) 41 —

for some C;3 > 0.

Conclusion of Case 2. In both subcases ki(v) > Ci4|¢| for some
Ch4 > 0. Since |¢| > Cp|a|™*+2)/2 this implies that there is a constant C' > 0
such that ky(v) > Cmax(|a|™?2, |¢|™™*+2) which completes the proof. (]
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