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Abstract

Let K be a closed subset of a smooth manifold M, and let f : K — K be a continuous self-
map of K. We say that f is smoothable if it is conjugate to the restriction of a smooth map by a
homeomorphism of the ambient space M. We give a necessary condition for the smoothability of the
faithfully infinitely interval-renormalizable homeomorphisms of Cantor sets in the unit interval. This class
contains, in particular, all minimal homeomorphisms of Cantor sets in the line which extend to continuous

maps of an interval with zero topological entropy.

I. Introduction

We consider the faithfully infinitely interval-renormalizable homeomorphisms of Can-
tor sets embedded in the unit interval. We begin with some definitions (a detailed topo-
logical description of these maps is given in [BORT]). If K is a nonempty topological space
and f: K — K is continuous, we say that (K, f) is a dynamical system. A morphism
from (K, f) to (K', f’) is defined by a continuous map ¢ : K — K’ such that f'o¢ = ¢o f.
The dynamical system (K, f) is n-renormalizable if there is a morphism from (K, f) to
(Z|nZ,m — m + 1), where Z denotes the group of integers, and n-interval renor-
malizable if K is a compact subset of the real line and the fibers of ¢ belong to disjoint
closed intervals. Let IRen(f) be the set of n € {1,2,...} for which (K, f) is n-interval
renormalizable. We say that (K, f) is infinitely interval-renormalizable if I Ren(f) is
an infinite set. (K, f) is faithfully infinitely interval-renormalizable if it is infinitely
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interval-renormalizable, K is a Cantor set and f is a homeomorphism of K that is con-
jugate to a generalized adding machine. 2 For the sake of brevity, we shall use the term
infinitely renormalizable for “faithfully infinitely interval-renormalizable.” If (K, f) is
infinitely renormalizable, then the set IRen(f) = {qo < ¢1 < ...} has the properties:

(CL) do = 17
(b) Gn+1 = Qn - Gy, Where a, € IN, a,, > 2.

(For the proof, see [BORT]). We call a sequence of natural numbers {¢, }5° a renormal-
ization sequence if it satisfies properties (a) and (b).

We consider the question of whether the regularity of an infinitely-renormalizable map
can be altered by changing the geometry, but not the order structure, of the embedded
Cantor set. All infinitely-renormalizable homeomorphisms are conjugate by a homeomor-
phism of the ambient interval to a map with a continuous extension to the interval that has
bounded variation on the interval. There are examples of infinitely-renormalizable homeo-
morphisms that are not conjugate in this sense to any Holder continuous endomorphism of
the interval. In Section III, we state a necessary condition for an infinitely-renormalizable
homeomorphism to be C'-smoothable and a necessary condition for such a map to be
C'*t*_smoothable, for some 0 < a < 1. In Section IV we compare our results to what
is known about the smoothability of infinitely-renormalizable embeddings of the two-disk
into itself.
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I1. Preliminaries

Let I = [0,1] be the unit interval. Let {qg,}¢° be a renormalization sequence and set
a, = 12 We say that a Cantor set K C I is {g, }-presented if

dn
K= m( U Knﬂ'), where Kn,z' = [ani,T’n’i],
n=0 =0

for an indexed family of real numbers 7, ;, 1, ; € I satisfying:

loo=0, roo=1, 7ni<lnit1, lni=lnt1ian, Tni=Tnt1,(i+1)-an—1

2 A generalized adding machine is a quasi-periodic motion obtained by adding 1
on the compact abelian group Z o =lim. Z/q;Z, where qo < 1 < ... s a sequence of
natural numbers ordered by divisibility.



and

lim max |rp; — I = 0.
S (PN

These conditions imply that K, 4, ; C K, ; for j € {iap,...,(i+ 1)a, — 1}.

In the presentation above, we refer to the set K, ; as an interval at level n. An open
interval of the form G,, ; = (7p,i, ln,i+1) is called a gap in K at level n. Let f(w- =KnK,;
be the piece of the Cantor set K corresponding to the interval K; ;.

The following condition is equivalent to the definition of infinitely-renormalizable
stated in the Introduction (see [BORT]). Given a Cantor set K C I, a homeomorphism
f : K — K is infinitely renormalizable if and only if there exists a renormalization sequence
{¢n} and a {g, }-presentation of K, such that for every n and for every 0 <i < ¢, — 1,

f(Kn,z) = Kn,an(i)a

where o,, is a cyclic permutation of the set {0,...,q, — 1}.

To each infinitely-renormalizable homeomorphism we associate a renormalization se-
quence {g,} (or, equivalently, the sequence {a,}), and a sequence of permutations o =
(01,092,...), where |0,,| = g,. The sequence o is called the order type of f. We re-
mark that this combinatorial information completely describes the infinitely-renormalizable
homeomorphism as an ordered dynamical system, the ordering arising from the embed-
ding of K in the interval. When a,, = 2 for all n, we say that f is a period-doubling

homeomorphism.

Example 1.1. The unimodal period-doubling attractor (see, e.g, [CT] and [TC].

Suppose that {f,} is a suitably smooth 1-parameter family of quadratic-like maps
on the interval whose critical value increases as the parameter increases. An example
is the family {x — ax(1 — x)}. Then the family will undergo a process of bifurcation
of its periodic orbits (called period-doubling) as the parameter value increases. At a
distinguished parameter value a, the map will have an attracting Cantor set with a {2"}-
presentation on which f is a period-doubling homeomorphism (see [S]).

Example 1.1 illustrates how an infinitely-renormalizable homeomorphism can arise
as the restriction of a continuous map on the interval to an invariant Cantor set. We
take the synthetic perspective, starting with a map on an embedded Cantor set. With
this information alone, it is possible to reconstruct the behavior of such a map outside
the Cantor set. Given a map f : K — K, we say that g : I — IR is an extension of
f to I if g|,, = f. Any extension of an infinitely-renormalizable map to a continuous
endomorphism of the interval will have distinguished periodic points whose existence is
forced by the dynamics on the Cantor Set. Their period and ordering is determined by
the order type o.



Lemma 1.2: Let f : K — K, K C I, be an infinitely-renormalizable homeomorphism
with order type o. If g is an extension of f to a continuous endomorphism of I, then:
(a) for every n > 0, there exists an xg € K, o such that g9 (xo) = xo and for k < qn,
g*(x0) € K, o0y In particular, g is periodic with period gy.
(b) g acts minimally on K. In particular, g has no periodic points in K.

The proof relies on elementary applications of the intermediate value theorem, and is
found in [BORT].

With infinitely-renormalizable maps, there is no obstruction to extending continu-
ously from the Cantor set to the entire interval. Given any infinitely-renormalizable home-
omorphism f with order type o, we can construct a presented Cantor set K and a map
9o,k : I — IR such that g, x|, is infinitely-renormalizable with order type o.

In this construction, the Cantor set K is uniformly-branched with the ratio of the size
of an interval at level n + 1 to that of an interval at level n determined by the sequence
{an}. We start with

Koo =[0,1].

At level n, we divide each of the ¢,,_1 intervals at level n — 1 into 2a,,_1 — 1 intervals of
equal length. From each interval at level n —1 we remove every second open interval in the
division, leaving a total of a,,_1 - ¢,—1 = @, closed subintervals. Each of these subintervals
is now an interval at level n. We label these intervals Ko, ..., Ko q,—1, from left to right
in I.

The intersection of these intervals is a Cantor set K. The presentation of K described
above and the order type o of f induces the action of our map ¢, x on K. To define
Jo, K at a point x in a gap of K, interpolate linearly between the values of g, x at the two
nearest points in K to the left and to the right of . This procedure yields a map from
the interval to itself.

Proposition 1.3:
(a) 9o,k is continuous for all o, K.
(b) If {ayn} is bounded above, then g, k is Lipschitz.
(c) an, =2 for all n if and only if gk has topological entropy zero.

Proof: The proofs of (a) and (b) are not difficult, so we prove only (c).To show that

hgo' K
entropy if and only if it has a periodic point of period k - 2", where k is an odd integer

= 0, we use the fact that an endomorphism of the interval has positive topological

greater than one and n is a nonnegative integer. (See [BF], [M]). It is straightforward to
check that if f is period-doubling, then g, x has no periodic points of this form. Lemma
1.2 implies that period-doubling is a necessary condition.{
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Remark: It is possible to modify the construction of g, x to get a map g, x/ with
bounded variation on the interval; it is enough to enlarge the gaps G, ; and shrink the
K, ; according to the magnitude of a,,41. Details are left to the reader.

III. An Obstruction to Smoothability

If there exists a homeomorphism h : I — I and a C* map ¢ : I — IR such that
goh = ho f, then we say that f is C* - smoothable. Alternately, we say that g is a C*-
smoothing of f. Observe that we can transport the presentation of K to a presentation
of h(K) so that g|, ., is infinitely-renormalizable.

Proposition 1.3 implies that any infinitely renormalizable map f of bounded type (that
is, one in which {a,} is bounded) is Lipschitz-smoothable. By contrast, if we allow f to
have unbounded type, we have:

Proposition 2.1:

(a) There exists an infinitely-renormalizable map f : K — K (of unbounded type) such
that any C°-smoothing of f has infinite topological entropy. Hence f cannot be Lipschitz-
smoothed.

(b) There exists an infinitely-renormalizable map f : K — K (of unbounded type) that
cannot be C“-smoothed for any 0 < a < 1.

The proof of Propostion 2.1 is left to the reader: a simple way is to use examples from
[MN] and [GT].

The order type of an infinitely-renormalizable map f : K — K forces any continuous
extension of f to have turning points, and so forces a smoothing of f to have critical points.
Hence the order type might present a combinatorial obstruction to smoothability. In this
section, we formulate this notion more precisely.

Let o be the order type of f and let {q, = |0,|}5° be the associated renormalization
sequence. Let £(f) denote the set of all continuous extensions of f to the interval. We
define the critical sequence {k,} of f by

kn, = inf #{0<i<gq, —1] g is not monotone on K, ;}.
ge&(f)

Theorem 2.2: Let f: K — K have critical sequence {ky}. If f is C'-smoothable, then

kn
lim — =0.
n—00 gy



Remark: Recently, de Melo and van Strien [MS] have shown that when the sequence
{k,} is bounded above, the map f is smoothable by a polynomial map. Our result also
applies to those maps which are, by necessity, infinitely modal (i.e., have infinitely many
turning points) in any continuous extension. Some of these maps can be quite smooth;
using methods from [T], it is easy to construct examples of C'™ maps with infinitely
many turning points, in particular a one-dimensional analogue to the embeding of the disk
constructed in [BF].

A strictly weaker obstruction to smoothness, but one with a “finite depth” description,
is the measure of the growth of turning points in f determined by its order type o. For
each n, consider those continuous maps from the interval [0, ¢q, — 1] to itself that agree
with o,, on the integer points {0,...,q, — 1}. Let ¢, be the minimal number of turning
points of such an extension of ,,. We have the following Corollary:

Corollary 2.3: If f is C'-smoothable, then

c
lim = =0.
n—oo q,n

We need the following proposition, whose proof we defer until after the proof of the
Theorem.

Recall that the orbit of a periodic point x of a smooth map g of period k is attracting
if |[Dg*(x)| < 1, repelling if |Dg*(z)| > 1 and indifferent if |Dg*(x)| = 1.

Proposition 2.4: Suppose that g : [ — IR is C' and there exists a {q, }-presented Cantor
Set K such that g|,. is infinitely renormalizable. Then for every n > 0, g has a periodic
point z with period p, - q,., where 1 < p, < a,, so that the orbit of z is either repelling or
indifferent. Further, every gap Gy, ; of the presented Cantor set K contains precisely py
points of the orbit of z, fori =0,...,q, — 1.

Proof of Theorem 2.2: Suppose that g is a C'-smoothing of f. Since it will not alter the
dynamics, we may assume without loss of generality that g is an extension of f : K — K
to the interval. Let k], be the number of intervals K, ; at level n that contain a critical
point of g. Note that k, < k], for all n. We show that : converges to 0 as n tends to
infinity.

Because I is compact and ¢ is C', we can pick § > 0 such that, for all z,y € I, if
|z —y| < 6 then |¢'(x) — ¢'(y)| < e. For the same reason, there exists M > 0 such that
| ¢'(x) |[< M for all x € I. Pick N so that when n > N, we have: | G, ; |<| K, ; |<é.
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The sequence {Z—”} is nonincreasing and bounded below, so the limit

lim %

n—00 (n
exists. We need only show that it converges to 0. Assume the contrary to the conclusion;
that is, assume that there exists a £ > 0 such that the number of critical intervals at stage
n is bounded below by & - ¢, for every n > 0.

By Proposition 2.4, we can pick n > N such that g has a periodic point z,, € G,
of period p,, - ¢,, where p, < a,, whose orbit is either repelling or indifferent. Further,
pn, points of the orbit of z,, lie in G,, ;, for ¢ =0,...,¢, — 1. By our assumption, at least
k- py - qn points on the orbit of x,, are within § of a critical point of g. That is, there exist
distinct ji,..., jk-pn-gn € {1,-..,qn} such that

9’ (97 ()| < €

fori=1,...,k-py, - q,. Since x,, is repelling or indifferent,
Pn-dn )
|DgPm i ()| = | [ ¢'(¢"  (wa))] > 1.
i=1
Hence,

Mpn_qnfk.pn.qn _ek-pn-qn > |Dgpn«Qn(xn)| > 1.

This implies that

1
MZ(E)ﬁ~

Since € was arbitrary, this gives a contradiction.<»

We use the following lemma to prove Proposition 2.4. Assume that g|,. = f is infinitely
renormalizable, and K is presented with intervals K, ; and gaps G, ; at level n.

Lemma 2.5: Given g as above. For every n there is a map g : I — R satisfying the
following two properties:

(a) §(Ky,i) = Koy (i), fork=0,...,n+2andi=0,...,q. — 1

(b) There exists a v > 0, such that for every k=0,...,n+ 2,

| g% (z) =z |[<y = g™ (2) = §*(2).



Proof of Lemma 2.5: For all ¢, 7, let [; ; and r; ; be the smallest and largest elements,
respectively, of K; ;. Note that, for all ¢, j, we have [; ;,7; ; € K. Define g as follows. Let

1 if g(z) > 1
go(z) =<0 if g(z) <0
g(z) otherwise.

Now define, inductively, for k =1,....,n+ 2:

lhoniy ifxe K and gro1(x) <lgo ()

gk(x) e Tk,o'k(j) if T € K]g7] and gkfl(x) Z Tk’gk(j)
gk—1(x) otherwise.

Let § = gn+2. By construction, § satisfies property (a).

To show that g satisfies (b), we first observe that g|x = ¢g|,; this means that, g is
an infinitely-renormalizable map with the same order type and presented Cantor set as
g. Suppose that g(z) # g(x), for some z. By definition of g, this implies that there
exists k, 0 < k < n + 2, such that = € Kj; but g(z) ¢ Kj 4, (). We also know that
g(f{;w-) = f(kygk(j), so if g(x) & K, o, (), then ¢ K. Hence, g and g coincide on K, and,
in particular, § acts minimally on K. Note further that by our construction, if §(z) # g(z),
then g(x) € K. This fact, combined with the minimality of § on K, implies that if z is a
periodic point for g, then z is also a periodic point for g (of the same period).

Now consider the following subset of I:

n+2,n+2,q—1 n+2,n+2,q,—1
_ ~—i ~—i
C= U g " (lk,j) U U g " (T,j)-
i=1,k=0,j=0 i=1,k=0,j=0

The closed set C contains the set of points in the interval where g% and g?* fail to coincide,
for k =0,...,n+ 2. By the above considerations, C contains no periodic points for g. So,
for every 0 < k < n + 2, the set C is disjoint from the set

Dy ={zel]|g%(x)=ux}.

Because C is a closed subset of I, the Dy are uniformly bounded away from C; thus, there
exists a v > 0 so that C is disjoint from a v-neighborhood of Dy, for every 0 < k < n + 2.
This proves (b).$

Proof of Proposition 2.4: By Lemma 1.2, for all £ > 0 there exists x;, € G}, o of period
qr. Assume that for all but finitely many n, the orbit of z,, € G,, ¢ is attracting of period
¢» and the orbit of z,, 41 € G410 is attracting of period ¢,,41. Fix such an n, and fix x,,41
and x,, (note that x,41 < x,). For this n, we may find a map g satisfying the conditions
of Lemma 2.5.



For k =0,...,n+ 2, we have that §(Kj ;) = Kj o, (), for i =0,...,qx — 1. Consider
the map h = gi"+! |k, ,. Assume without loss of generality that x, and x,.; are also
periodic points for g of period ¢, and ¢,41, respectively. We have that h(z,) = x,
and h(Tp41) = Tpt1. Since z, and z,41 both have attracting orbits, we also have that
| B/ (x,,) |< 1 and | B/ (zp4+1) |< 1. This implies that there exists ¢ such that for any
y€ Kyp,if 0 <z, —y <, then h(y) >y, and if 0 < y — x,,11 < 8, then h(y) < y. Hence
there exists z € K, o such that h(z) = z and, for some € with v > ¢ > 0, (where 7 is as
in Lemma 2.5, part (b)) we have that h(w) < w for 0 < z —w < ¢, and h(w) > w for
O<w-—z<e

Thus:
h(z1) — h(z2) LA

21 — %2 S R
for all z1, 2o such that z —e < 21 < z < 29 < z+e¢€. In this neighborhood, h is differentiable
(by Lemma 2.5, part (b)), and h'(z) > 1.
Since z is a fixed point of h, z is a periodic point of § (and hence, of g) of period at

=1,

most ¢n4+1. Because g is aperiodic on K, the point z must lie in some gap G}, ; of K, for
some k. Since z lies in K, o, we know that k is at least n. If k is greater than n+1, then z
must also lie in an interval K,, 12 ;7. By the construction of g, however, the g2 intervals
at level n+2 are cyclically permuted by g, so if z is in K, 42 j/, then the orbit of z contains
at least g,+2 distinct points. This is impossible, so k is either n or n + 1. Therefore, z is
a periodic point for g of period p, - ¢, where 1 < p,, < a,,. In either case, the orbit of z is
either repelling or indifferent.{

The following two facts are useful:

(1) If an interval of length r contains a zero of an a-Hdélder function, then the values
of the function on that interval are bounded by c - r®, where ¢ is a uniform constant.

(2) The product of the lengths of k], disjoint intervals contained in the unit interval is
at most (i,)k:l

Usingn(l) and (2), we can modify the proof of Theorem 2.2 to show Theorem 2.6.

Theorem 2.6: Let f be infinitely renormalizable with critical sequence {ky,}. If f is
C+_smoothable for some 0 < o < 1,then there exists a ¢ > 0 such that n - ];—” < ¢, for all
n. That is, the sequence {];—”} is O(1).

This result allows to construct a wealth of examples of period-doubling maps that are
C'-smoothable but not C'T*-smoothable for any o > 0.

Question: Are there further obstructions to higher smoothability in terms of the sequence

{];—”}? For k > 1 are there infinitely-renormalizable maps that are C*-smoothable, but not
C**1_smoothable?



IV. Cascades of Periodic Orbits and Homeomorphisms of the 2-disk

Let f be an orientation-preserving embedding of the 2-disk ID?. A cascade of pe-
riodic orbits for f is an infinite sequence of periodic orbits {O,,} of f with periods {¢,}
such that, for each n > 1, we have:

- Qn = Gp - @1 With go =1 and a,, > 1,
- there exists a collection of disjoint, simple closed curves C9 , ... ,C?L"’l_l bounding the
disjoint disks DY , ... . DI with the following properties:

- each D! contains exactly one point of O,,_1, and a,, points of O,,

- f(CY) is isotopic to Cpy' " moddn=1 i1 the punctured disk ID? \ U;<p, Ois

- the union of the D!’s is contained in the union of the D!, _,’s, -

- the diameters of the D ’s converge uniformly to 0 with n.

Let {fi}tcio0,1) be an arc of embeddings joining the identity map to f = fi, and
{ft}+er be the extended arc of embeddings joining the identity map to all iterates of f,
with f; = f o frty- To each cascade of periodic orbits {O,}, we associate a signature
{(I,, qn)}, where I,, = é—’;, and [,, is defined as follows:

In one of the D! ’s, pick the point z,,—; of O,_1, and a point x,, of O,; then [,, is the

ft(zn)—ft(@Tn—1)
ft(xn)fft(xn—lﬂ

when t goes from 0 to g,. The number [, is independent of the choice of D?, and of the

algebraic number of loops that the vector I | performs on the unit circle

choice of the point x,, in D.
For each signature {(I,,, ¢,)} with I, = é—", the sequence {g,} is strictly increasing

and the integers a,, = qq” and [,, are coprime for each n.

Remark. When changing the isotopy { fi}ie[o,1], all the l,, are changed by adding the
same integer.

The following result is proven in [GST].

Theorem 4.1: If {O,,} is a cascade of periodic orbits for a C! diffeomorphism f of the

2-disk, then lim,, o (l,) ezists.

Let o be the order type of a period-doubling homeomorphism. By Lemma 1.2, the
map ¢, x has a cascade of periodic orbits {O,}, where O,, = {xo,21,...,22n_1}, with
rg < T1,... < Ton_1. For each n we associate weights to the points of O,, as follows: we
consider the minimal (piecewise linear) interpolation f,, of the finite cascade {O;}o<i<n,
and set w(zg;) = w(xejy1) = 01if f,, is increasing on [za;, £2j4+1], and w(xe;) = w(xg;41) =
1 otherwise (then f, is decreasing on [x2;, z2;+1]). Then we have

I, = Z w(x;)

T €O,
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and
Z’ . ij €0, w(x])
n — 2,n .

In the two-dimensional case when the embedding is smooth, there is also the notion

of an infinitessimal winding number: it is the winding number of a vector in the tangent
space around an orbit (see [R] and [GST]). Given a cascade {O,, }, this yields a sequence of
infinitessimal twisting numbers w,,, and average infinitessimal twisting numbers @,, = ‘(‘;—:.
The average infinitessimal twisting number can also be shown to be a well-defined number

w on the Cantor set in the closure of {O,,}, with the following property

Theorem 4.2([GST)). If {O,} is a cascade of periodic orbits for a C* diffeomorphism f

of the 2-disk, then lim,_ . (l,) = w.

These infinetessimal quantities can be computed in one dimension by introducing a
new system of weights.

Let {O,,} be the cascade associated to the period-doubling map g, x. The map g, k is
the minimal interpolation (in terms of turning points) of {O,,}. For x; € O,,, set s(x;) =0
if g, i is increasing at x; and s(x;) = 1 if g, x is decreasing at z; (again, one of these two

Wy, = Z s(xj)

T €O,

ij €0, S(x])
2n '
On the Cantor set K, the s-weight s(z) is not defined if g, x is not monotone at z, but

possibilities holds true). Then

and

Wy, =

otherwise is defined in the same way as for periodic orbits. In the smooth case, we know
by Theorem 1 that the critical points of any smoothing have zero measure for the (unique)
invariant probability measure v on K, and so the set of points in K where s is not defined
have zero measure. By the ergodic theorem, the average infinitessimal winding number

along orbits
oo

> (g5 x(x))

=0

is thus defined almost everywhere on K, and is equal to the average value of s:

/K s(z)dv().

Theorem 2.2 and Corollary 2.3 thus imply the following

Corollary 4.3: If {O,} is a cascade of periodic orbits with a, = 2 for a C' endo-

morphism f of the interval, then lim, o (l,) = w.

11



We leave to the reader to check that the restriction to the case a,, = 2 is indeed

superfluous in Corollaries 4.2 and 4.3. Since Theorem 2.2 implies Corollary 2.3, but is

strictly stronger, Theorem 2.3 is stronger than the one-dimensional version of Theorems
4.1 and 4.2.

[BORT]
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