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Abstract

It has been conjectured that the stably ergodic diffeomorphisms are open and
dense in the space of volume-preserving, partially hyperbolic diffeomorphisms of a
compact manifold. In this paper we deal with two recalcitrant examples; the stan-
dard map cross Anosov and the ergodic automorphisms of the four torus. In both
cases we show that they may be approximated by stably ergodic diffeomorphisms
which have the stable accessibility property.

Introduction

It has been conjectured in [PS2] that the stably ergodic diffeomorphisms are open
and dense in the space of volume-preserving, partially hyperbolic diffeomorphisms of a
compact manifold. Recall that a diffeomorphism f : M — M of a compact manifold M
is partially hyperbolic if the tangent bundle T'M splits as a Whitney sum of 7' f-invariant
subbundles:

TM=FE"® E P E”,

and there exist a Riemannian (or Finsler) metric on M and constants A < 1 and p > 1
such that for every p € M,

m(TpflE“) > p> HTpf|ECH > m(TpflEc) >\ > HTpf > 0.

ES

(The co-norm m(A) of a linear operator A between Banach spaces is defined by m(A) :=
inf)y=1 [|A(v)]].) The bundles E*, E° and E* are referred to as the unstable, center and
stable bundles pof f, respectively. A degenerate example of a partially hyperbolic
diffeomorphism is an Anosov diffeomorphism, for which £¢ = {0}. We give more
examples below.

If f is C* and partially hyperbolic, then its stable and unstable bundles are uniquely
integrable and are tangent to foliations Wy and W4, whose leaves are C*. A partially
hyperbolic diffeomorphism is said to have the accessibility property if, for every pair of
points p, g € M, there is a continuous path v : [0,1] — M such that
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e 7(0) =p,
e V(1) =g,

e There exist 0 =ty < ?; <--- <t, =1 such that y([t;;ti1]) € W' (y(t:)), where
a;=uors fort=0...n—1.

The path v is called a (n - legged) W}, W; — path.

The unstable and stable foliations of a volume-preserving Anosov diffeomorphism
have the accessibility property, since they are transverse. More generally, a pair of
non-transverse foliations can have the accessibility property; in this case accessibility is
a global version of non-integrability of the pair of foliations.

Partial hyperbolicity is an open property in the C' topology on M, and so any
diffeomorphism g of M that is sufficiently C'-close to the partially hyperbolic diffeo-
morphism f has stable and unstable foliations Wy and W;. We say that f has the stable
accessibility property if every g sufficiently C'-close to f has the accessibility property.
It is an open question whether accessibility implies stable accessibility.

A volume-preserving C? diffeomorphism is stably ergodic if every sufficiently C*-
small, volume-preserving perturbation of it is ergodic. In [PS2] it was shown that C?,
volume-preserving, partially hyperbolic diffeomorphisms with the stable accessibility
property and which satisfy certain other technical hypotheses are stably ergodic. In the
direction of proving the stable ergodicity conjecture, it is further conjectured in [PS2]
that the stable accessibility property is open and dense among partially hyperbolic
diffeomorphisms.

In this paper, we consider two examples of partially hyperbolic diffeomorphisms
which do not have the accessibility property. In fact, in these examples, the foliations
W and W? are non-transverse and jointly integrable. We prove that these examples can
be arbitrarily closely approximated in the C” topology 2 < r < oo by diffeomorphisms
that are stably ergodic and that have the stable accessibility property.

0.1 Nontrivial center behavior

Let T" = R"/Z" be the n-torus. We will write this group additively.
Let A be a real parameter. The standard map g, of the 2-torus is defined by

gz, w) = (z+w,w+ (Asin(27(z + w))).

It preserves the symplectic form dz A dw. By KAM theory, for all values of A near 0,
g has a positive-measure set of invariant circles. For such parameter values, this map
is persistently not ergodic; any sufficiently nearby C* symplectic map will fail to be
ergodic.

If we add some transverse hyperbolicity to this example a very different phenomenon
appears. If f: T?" — T?" is a C", symplectic Anosov diffeomorphism, then f x gy is
not ergodic for small )\; it has a positive measure set of invariant, codimension-1 tori.
But now, f x g, may be approximated by a stably ergodic diffeomorphism, and all of



these invariant tori disappear. This result should be contrasted with the work of Cheng
and Sun [CS], Herman (summarized in [Y]), and Xia [X], showing the persistence of
codimension-1 invariant tori in non-hyperbolic situations.

Theorem A: Let f: T — T?" be a C" symplectic Anosov diffeomorphism, r > 2,
and let gy : T?™ — T?™ be a symplectic linear map whose eigenvalues lie on the unit
circle in C.

Then there is a neighborhood U of gy in the space of symplectic C" diffeomorphisms
Diff (T?™) such that for every g € U, the diffeomorphism f x g: T2m+n) —, T2m+n)
is partially hyperbolic. Further, for every neighborhood V of f x g in Diff, (T2m+n)),
there exists a h € V such that h 1s stably accessible and stably ergodic.

Corollary A: For f any C*°, symplectic Anosov diffeomorphism, the map f X g\ can
be C* approximated arbitrarily well by a symplectic, stably ergodic diffeomorphism if A
is sufficently close to 0.

Let f and g be symplectic diffeomorphisms of tori. The product f x g is not ergodic
if g is not ergodic. The proof of Theorem A can be slightly adapted to show that,
regardless of what properties g has, f can be chosen so that f x g can be approximated
arbitrarily well by a stably ergodic diffeomorphism:

Theorem B: Let g : T?™ — T?™ be a C" symplectic diffeomorphism, r > 2. For any
n > 1, there exists a C" symplectic Anosov diffeomorphism f : T** — T?" such that
fx g T2mdn) 24 can be OT approzimated arbitrarily well by b : T2+
T20m+1) where

e h s a stably accessible, stably ergodic symplectic diffeomorphism.

e h preserves {(0,0)} x T?™, and
hl{(070)}XT2m = Id x g.

We remark that the word “symplectic” may be replaced by the phrase “volume-
preserving” in Theorems A and B.

0.2 An algebraic example

Let G be a connected Lie group and let B be a closed subgroup of G such that G/B
is compact. For g € G denote by L, : G/B — (/B the left translation Ly(aB) =
gaB. Let A: G — G be an automorphism such that A(B) = B; then A induces a
diffeomorphism A : G/B — G/B. An affine diffeomorphism of G/B is a map of the
form

L,0A:G/B— G/B.

Suppose that Haar measure on G projects to a finite measure v on G/ B, invariant
under left translations and under the action of A. Then the affine diffeomorphism Lj0A
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preserves v, and the ergodic properties we discuss below are with respect to v. Let g
be the Lie algebra of G and let f = Ly0 A : G/B — (/B be an affine diffeomorphism.
Then f induces the Lie algebra automorphism I(f) : g — g:

I(f) = ad(g) o Te(A),
where ad(g) : g — g is the adjoint action of g on g. Then g splits into generalized
eigenspaces for [(f):
g=90"0g°0¢,

where the eigenvalues of [(f) have modulus > 1, = 1, and < 1, on g¥, ¢° and g°,
respectively. The Lie subalgebra § generated by g* & g° is an ideal in g. The following
is proved in [PS2]:

Proposition 0.1 The affine diffeomorphism f = L,0 A of G/B s partially hyperbolic
and has the stable accessibility property if and only if h & b = g, where b is the Lie
subalgebra b =T, B.

In view of the main theorem in [PS2] (Theorem 1.1 below), this has as a corollary:

Corollary 0.2 The affine diffeomorphism f = L,0 A of G/B is stably ergodic if I(f)
has at least one eigenvalue of modulus different than 1, and h ¢ b = g.

This corollary, combined with the results in Brezin-Shub [BS], completely classi-
fies the stably ergodic affine transformations of simple Lie groups. Nonetheless, there
are very basic examples which are not covered by this corollary, and for which stable
ergodicity is not known to hold. Let

000 —1
100 8
A=1010 6
001 8

The matrix A induces a volume-preserving diffeomorphism of the 4-torus f4 : T4 — T*.
The map I(f4) = A has eigenvalues {exp£2mra, A*1}, where « is irrational and A > 1;
since none of these are roots of 1, it is easy to see that f4 is ergodic.

For this example, G = R*, B = Z*, and the hyperbolic subalgebra b is two dimen-
sional, as is h@b, and so Corollary 0.2 does not apply: f4 does not have the accessibility
property. In this paper, we prove:

Theorem C: f,4 can be approximated (in the C*° topology) arbitrarily well by a stably
accessible, stably ergodic diffeomorphism.

It is still an open question whether f, itself is stably ergodic. The same techniques that
porve Theorem C also show:

Theorem D: Any ergodic automorphism of T™ that induces an isometry on the center
space g can be C* approximated arbitrarily well by by a stably accessible, stably
ergodic diffeomorphism.

The techniques of this paper do not, however, extend to all ergodic, partially hyperbolic
affine transformations.



1 Preliminaries

Recently, Pugh and Shub have proved:

Theorem 1.1 [PS2] If f € Diff’,(M) is a center bunched, partially hyperbolic, stably
dynamically coherent diffeomorphism that is stably accessible, then f is stably ergodic.

In the proofs of Theorems A and C below, we rely on this result to show stable
ergodicity.

A partially hyperbolic diffecomorphism f is center bunched if, for every p € M, the
quantity

e = 1Ty f i | /(T3 25)

is sufficiently close to one. The property is C! — open, and immediately satisfied when
tte = 1. The details can be found in section 4 of [PS2].

For the diffeomorphisms f x g, in the statement of Theorems A and B, and f4, in
the statement of Theorem C, p. is either 1 or can be made arbitrarily close to 1, and
so both examples are center bunched.

A partially hyperbolic diffeomorphism f is dynamically coherent if the distributions
Ef, ESOEY, and E5@ E} are integrable, and everywhere tangent to foliations Wi, Wi,
and W4*, called the center, center-unstable, and center-stable foliations, respectively. If
f is dynamically coherent and W is a C" foliation, then by Proposition 2.3 in [PS1],
f is stably dynamically coherent, i.e., C''-small perturbations of f are also dynamically
coherent. This is the case for f x g and f4 in Theorems A and C, as we verify in the
next section. The heart of the matter in proving Theorems A and C is to produce
perturbations of f x g and f4 that are stably accessible, and this is the focus of the
following sections.

C
Eg

2 Proof of Theorem A

To simplify the notation of the proof, assume that m = n = 1 and that r = co. Let
T(T?) = Ef © E} be the Anosov splitting for f. Write T* = T x Ty, where T; = T,
and let 7; : T} x Ty — T} be the projection onto the ith T? factor, for ¢ = 1,2. In what
follows, the metric d on T™ is:

d((xlw . '>xn)> (yla .. 7yn)) = max dO(-Tiayi)a

te{l,...,n}

[199%)]

Where dj is the standard metric on the circle. We use the letters “u” and “v” to refer
to points in T?, “z”, “y”, and “p” to refer to points in 7, and “¢” and “r” to refer to
points in 75. The symbols “2” and “w” are reserved for the T'-coordinates of points
in T4,

The map f x g is partially hyperbolic: the unstable, center, and stable manifolds
through the point (z,q) € T} x Ty are, respectively,

Wi, @) ={(y.q) - y € W(a)},
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Wio(@,q) = {(z,7) : 7 € Tn},

and
Wie(@,0) ={(y,q) - y € Wi(z)}.

Clearly W5, , is a C" foliation, and so it is stably dynamically coherent. Further,
f x g is center bunched if ¢ is chosen sufficiently C'-close to G. Assume that g is so
chosen. There exists an ¢y > 0 such that if A : T* — T* is a diffeomorphism with
dei(h, f X g) < €, then h is partially hyperbolic, center bunched and dynamically
coherent (see the discussion in Section 1). Fix this €.

In order to apply Theorem 1.1 to prove Theorem A, it now suffices to show that
f X g can be approximated aritrarily C* well by a symplectic, stably accessible diffeo-
morphism.

We are starting with a product diffeomorphism, for which the unstable and stable
foliations are jointly integrable. In this situtation, any Wy, ., W}, , - path lies in a leaf
of the foliation of T* by horizontal, codimension 2 tori 77 x {q}. We shall perturb f x g
into the previously inaccessible vertical direction, which will have the effect of lifting
the unstable and stable foliations out of the horizontal direction. This pertubation is
most easily accomplished in the vertical {x} x Ty tori that lie over neighborhoods of
heteroclinic orbits for f in 77. This argument mimics those found in [B]. We begin
with some lemmas describing the vector fields which will produce the vertical lift.

Lemma 2.1 For all a, 3 € (0,1/2), there exist flows Z, = Z° and W, = W? on T4
with the properties:

1. Z; and Wy are C*° and symplectic.
2. Z;({(0,0)} x T3) = {(0,0)} x Ty, and Wi({(0,0)} x T3) = {(0,0)} x T5.
3. If lwy| < 3, then
Zt(07 07 22, w?) - (07 07 22 + ta w2)7
and if |z| < 3, then

Wt(0,0, ZQ,’LUQ) = (0,0, Zo, Wo + t)

4. [fzf +7~U% > 40427 then Zt(2’1,w1,2’2,w2) = Wt(z1,w1,22,w2) = (21,w1,22,w2)7 Jor
all t.

We prove Lemma 2.1 at the end of this section.

For F a foliation of a Riemannian manifold M and U a neighborhood of a point v €
M, denote by F(v) the leaf of F containing v and by Fy(v) the connected component
of v (in the leaf topology) of F(v)NU. For p > 0, let F,(p) = Fp,w)(v).

Since the foliations Wy and Wi of T; are uniformly transverse, for every py > 0
sufficiently small, there exists 6y > 0 such that for z,y € T} with d(z,y) < &y, the
set Wi, (x) N W3, (y) contains a single point, which we denote by [z,y]. Fix such



po < 1/1000 and 6y < po. We introduce notation for the orbit of a set under f: for
C - Tl, let

o) =J F).

JEZL

For ¢ = (22, wq) € T, and > 0, define Hz(q) and Vjz(q), the horizontal and vertical
strips in Ty of radius 3, by:

Hpy(q) = {(2,wy,) € Ty« [wa —wy| < B},

and
Va(q) = {(29,wh,) € To & |20 — 25| < B}

Lemma 2.2 Let py, p1 € Ty be periodic points for f with d(po, p1) < o, let x1 = [po, p1]
and y1 = [p1,po]. Let r1 € Ty and B € (0,1/2) be given.

Let U C T be a neighborhood of f~'(xy) and let h : T* — T* be a symplectic
diffeomorphism such that

A. h agrees with f x g on O({po, p1,21,41}) x Tt,
B. dess(h, f X g) < €, where € is defined above,

C. UN(O{po, pr.z, ;) \ {fH@1)}) = 0.

Then there exist ag > 0, C' > 0 and T > 0 such that, for |to| < T, if X; = Ztao’ﬂ or
X, = WP is a flow given by Lemma 2.1 and k = ky, : T* — T4 is the diffeomorphism

ko (P, q) = (z1,71) + Xio(p — 21,9 — 1),
then k o h is symplectic and partially hyperbolic, and
1. ko h coincides with h outside of U x Th.
2. dess(hy ko h) < Clto
3. For any q € T,

ngoh,po(pm Q) N ({'Tl} X T2) = (1’1,?"1) + Xto (07 q— rl)

(#1,q + (t0,0)) if Xy = Z; and q € Hg(r)
('Tlaq + (OatO)) Zf Xt = Wt and q € Vﬁ(rl)'

4. Forall q € Ty,
Wlioh,po(poa q) N ({yl} X TQ) - (yla q)7
Wlioh,po(pla Q) N ({'Tl} X TQ) = (xla Q)>

and
Wiioh.po(P1,0) 0 ({11} X T2) = (y1,9)-



Proof of Lemma 2.2: Pick aq so that Bas, (1) C f(U) and fix § > 0. Let X, = 2/
or VVtaO’ﬂ and let k; be defined as in the statement of the lemma. Clearly property 1
holds. Since X; is a C*° flow and T* is compact, there exists a C' > 0 such that property
2 holds for all t; € R.

Choose T' < min{1/4, ¢)/C'} small enough so that Wy, (po, q) intersects {x1} x Ty
in at most one point. We now show that v = (z1,71)+ X4, (0, ¢—r1) is in this intersection.

The unstable manifold W}, (u) for k o h through the point u is the set of points v
such that

lim d((koh)™™(u),(koh)"(v)) =0.

n—~o0

One easily calculates that

koh(f~H(w1),97 (@) = ko fxg(f  (z1),97'(q) = k(z1,0) = v,

and so

koh™(v) = (f(z1),9 ' (a)).
Hypotheses B. and C. imply that koh agrees with fx g on the set {z1, f2(x1),...} x Ty.
Thus, for n > 1,

koh ()= (f"(z1),97"(q)),

and

i d((k o 1)), (b0 1) (o)) = T d((f"(ea), 97" (@), (" (o) 97" )
= lim d(f7"(21), f"(m0))
— 0,

since 71 € W§(po). Thus v € Wi, (po, ¢). This proves 3. Property 4 is proved similarly.
O

Returning to the proof of Theorem A, let § = 1/4 and let N = 25. Let V =
{Vi,...,Vn} be a cover of T, by 3/2-balls, with centers q1,...qn: V; = Bgj2(q;). Since
f is a transitive Anosov diffeomorphism, periodic points for f are dense in T;. Let
D00, Po1, Po2s P10s - - - s PNOs PN1, P2 be distinct periodic points of f such that:

1. d(pz(),pw) < 6() for i € {1, .. N}, ] c {1,2}
2. For every i,5 € {1,..., N}, with i # j,

By (pio) N Bayy (pjo) = 0.

This second property is easily satisfied, since py < 1/1000.

We now describe the remainder of the construction. For each ¢ € {1,..., N}, we
perturb f x g inside the neighborhood By, (pio) % 1%, applying Lemma 2.2 twice. We
arrange that the unstable and stable foliations (for the perturbed system) are stably



accessible inside B, (pio) X V;. We show that this “vertical accessibility” can be achieved
via an arbitrarily small perturbation of f x g.

Finally, we show that, if the perturbation of f x g is small enough, then any two
sets B, (pio) x Vi and B, (pjo) x V; can be connected by stable and unstable mani-
folds. This “horizontal accessibility,” combined with vertical accessibility implies stable
accessibility for the perturbed system.

We summarize these arguments in two lemmas.

Lemma 2.3 (Vertical accessibility) For every e > 0 sufficiently small, there exists
€1 > 0 and a partially hyperbolic symplectic diffeomorphism h : T* — T* with the
following properties:

1. dCoo(h,f X g) <€

2. If /' : T* — T* is a diffeomorphism with dei(h, ') < €1, then fori e {1,...,N}
and u,v € B,y (pio) x Vi there is a W}, Wi,-path v : [0,1] — T* such that

v(0)=u and ~(1)=r.

Lemma 2.4 (Horizontal accessibility) There exists e > 0 such that, if h : T* — T*
is a diffeomorphism with dei(h, f X g) < €3, then h is partially hyperbolic, and

1. For everyv € T* there exists ani € {1,..., N} and a Wi, Wi — path~y, : [0,1] — T*
such that
71(0) =v and (1) € By (pio) X Vi

2. For every i,5 € {1,...,N}, if Vin'V; # 0, then there exists a W}, Wi — path
Yo 1 [0,1] — T* such that

72(0) € Byy(pio) x Vi and  72(1) € Byy(pjo) X Vj.

Using these lemmas we complete the proof of Theorem A: given € > 0, we shall con-
struct a stably accessible symplectic diffeomorphism h : T4 — T* such that doe (h, f X
g) < €. Let €3 be given by Lemma 2.4. Let h be a diffeomorphism given by Lemma 2.3,
chosen so that

deos (h, f x g) < min{e, €2/2,€y/2}.

Then h is partially hyperbolic, center bunched, and dynamically coherent.

We now show that h is stably accessible. Let ¢; be given by Lemma 2.3; we may
assume that ¢; < min{e, €2/2,¢y/2}. Let h' be any diffeomorphism with dei(h, h') < €
and let u,v € TY. Then dei (fx g, 1) < e+der (f X g, h) < min{es, €0 }. By Lemma 2.4,
there exist ¢,7" € {1,..., N} such that u can be connected to a point r € B, (pio) X V;
and v to s € B, (pio) x Vir, along W},, Wi, — paths.

Since T) is connected there exists an I-tuple (i = iy,...,i; = i') € {1,... N} such
that Vi, NV;,, # 0, for j € {1,...,1 —1}. By Lemma 2.4, for each j € {1,...1 — 1},
there exists a Wy,, Wj, — path connecting a point s; € B, (ps0) X Vi; to a point
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Tit1 € Bpy(pi;i0) X Viy,,. Finally, by Lemma 2.3, there are Wy,, Wy, — paths from
r to s1, from ry to s, and from r; to s;, for each j € {2,...,1 —1}. Concatenating
these paths gives a W}, W, — path from u to v. Since any two points u and v can
be connected by a Wy, W;, — path, h' is accessible, and h is stably accessible. By
Theorem 1.1, A is stably ergodic.

This completes the proof of Theorem A. We now prove Lemmas 2.3 and 2.4.

Proof of Lemma 2.3: We omit a proof of the following proposition. In slightly less
general form a proof appears in [KK] or [BPW]. The construction originally appears,
in the context of skew products, in [B].

Proposition 2.5 Let M be a compact Riemannian manifold and let h : M — M be a
partially hyperbolic, dynamically coherent diffeomorphism. Then there exist constants
p1 >0 and py > 0 such that: if v : [0,1] — M is a 4-legged W}t, Wi — path satisfying:

A (1) € Wi((0)),
B. diam(~[0,1]) < py,

then there exist 4-legged Wy, Wi - paths v : [0, 1] — M satisfying
1. g is the constant path v(0).

=7

7:(0) = v(0) for all t € [0,1],

(1) € Wi (1:(0)) for all t € [0,1],

diam(v[0, 1]) < po,

The homotopy given in Proposition 2.5 is not unique, but the family of such ho-
motopies is compact. For such a homotopy, the function ¢ +— ~,(1) defines a curve in
Wi (7(0)) from ~(0) to y(1).

For f x g, condition A. is the same as mi(7(0)) = mi(y(1)). The foliations Wy, ,
and W}, , are jointly integrable, so if v is a 4-legged WY, , W5, — path satisfying
m1(7(0)) = m1(y(1)) = po, then 7(0) = (1), and for any such homotopy, 7:(1) = ~(0),
for all ¢. The foliations W;* and W; depend continuously on h, there exists €5 > 0
such that, if de1(h, f X g) < €3, then for any homotopy ; of the type described above,
diam(vjo,1)(1)) < 1/100. Fix this es.

For d(h, f X g) < ¢ and v € T?, there are families of paths y* = *(v,-) : R — T*
and 7* = 7§ (v,-) : R — T* such that v*(v,0) = v and v*(v,t) € Wi(v), for t € R and
a = u,s. These families can be chosen to depend continuously on v and on h in the
C! topology. (We remark here that when dim(7}) = 2n > 2, we must instead choose
families of paths ~{,...~7% and ~§,...~2 spanning W} (v) and W (v) respectively).

For v € T and (s1,s2) € R?, let wy(v,s1,52) = v*(v*(v, 1), 82). The map 7 o
Wrxg(v,+, ) is a local homeomorphism; a degree argument similar to that in [BW],
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Section 5, shows that there is an ¢, > 0 and a number J > 0, such that for dei (h, fxg) <
€3, and v € T4,
mi(wn({v} X [= 1, J%)) 2 Bapy (i (v).  (¥),
and
mo(wn({v} x [~ 1, J*)) C Bijio(ma(v)).  (+).

Step 1: Construction of h:
We may assume that € < max{ey/2,¢€3/2,€,/2}. Let N = 25 as before. For i €
{1, .. N} andj - {1, 2}, let Iij = [piO;pij] and yij = [pij;piO]' The set

N
B - U O({pnmpnl)pn%xnlaIn%ynhyrﬂ})

n=1

is compact and its set of limit points is precisely Uivzl O Pno, Pn1, Pn2}). For i €
{1,...,N} and j € {1, 2}, choose a neighborhood U;; of f~(z;;) in T such that

o Ui NB\{f (i)} = 0.
i Uij N U = Q)u if (lum) 7é (17])
Forie{l,...,K}, and j = 1,2, let
£ (p. g) :{(xﬂ,qz-)+Zf’1j44(p—xu,q—q¢) if j =1
@ (Tig, ;) + W / (p—2ig,q—q) ifj=2.

Let
hau(p,q) = ki3 o k{2 o0 k) o k’fff) ofxg.

Since the neighborhoods Uij are dlSJOlIlt and Uij ﬂO({pzo, Pijs Tij, y”})\{fil(l'w)} g
Uy N B\ {f*(xi;)} =0, we may apply Lemma 2.2 independently in each of these
neighborhoods to conclude that there exist constants oy > 0 and t; = /(K + 2) <
1/100, for some integer K > 0, such that the map h = h,, 4, is symplectic and has the
following properties:

1. dCoo(h,f X g) <€
2. Fori e {1,...N}, and for all ¢ € Ty,

u 4 B B (i1, q + (t1,0)) if j =1 and ¢ € Hg(g;)
Wh,ﬂo (pl()’ q) " ({xw} . T2) B { (IZQ: q + (07 tl)) lf.] =2 and qc Vﬂ(qz)7

3. Forie {1,...N}, j € {1,2}, and for all ¢ € Ty,
Wi po(Pi0s @) 0 ({ij} < T2) = (yi5. 9),
Wi 0o 0igs @) N ({5} x To) = (245, q),

and
Wi oo (i @) 0 ({5} % T2) = (yi5, @)
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Step 2: Stable vertical accessibility

We now show that for each i and for A’ sufficiently near h, any two points in B, (pjo) %
Vi can be connected by a Wy, W, — path.

Fix ¢, and to simplify notation, let py = pio, p1 = pi1, and ps = p;s. It follows from
Step 1 (3.) that for each ¢ € Hg(g;), there is a 4-legged W}, Wi — path ((q, ) such
that:

* ((¢,0) = (po, q),

* ((q,1/4) = (z1,q+ (11,0)),
* ((¢,1/2) = (p1,q + (t1,0)),
* ((¢,3/4) = (y1,9+ (t1,0)),
* ((¢,1) = (po, g+ (t1,0)).

These paths can be chosen to depend continuously on ¢ € Bg(g;). Similarly, if ¢ €
V5s(q;), then there is a continuous family of 4-legged W}, Wy — paths {n(q,-) | ¢ € Vs(¢:)}
such that

1(q,0) = (po, ),
7](% 1/4) = (1‘2, q+ (Ovtl))v
7](% 1/2) = (p27 q-+ (07 tl))?

q,3/4) = (y2,q0 + (0,11)),
¢,1) = (po,q + (0,11)).

Let {G(q,") [ q € Hg(q:),t € [0,1]} and {m:(q,") | ¢ € V5(a:),t € [0, 1]} be homotopies
through 4 — legged W}, W; — paths given by Proposition 2.5. These families of ho-
motopies can be chosen to be continuous in ¢, ¢ and on h in the C* topology. The
maps ¢¢(q,t) = (g, 1) and ¢,(q,t) = n:(q,1) are paths in {po} x T3 from (po,q) to
C1(q,1) and 1(q, 1), respectively. The diameter of each of these paths is bounded by
1/100, since dei (h, f X g) < € < €3. Concatenating m of these paths ¢1, @9, ..., ¢, with
#i(1) = ¢;41(0) gives a path ¢y - - - ¢, : [0,m] — T* such that, for every ¢ € [0, m],

o 01 Pm(t) € {po} x T,

® 1 dn,(t) is the endpoint of a < 4m — legged W}, Wy — path of diameter < mp,.

n(
n(

Recall that K = (/t; — 2 is a positive integer. By concatenating the paths ¢¢(¢; +
m(t1,0),t), form=0,...,K—1land ¢c(¢;+ m (t;,0),1 —t) form=-1,...,—K,
we extend the map ¢¢(q;,-) to a map ¢¢(g, ) : [-K, K] — T* such that, for all ¢ €
[_Kv K]?

® ¢c(qi,t) € {po} x T,

12



o ¢(g;,t) is the endpoint of a < 4K — legged Wy, Wi — path of diameter < Kp,.

e For every m € ZN[—K, K],

¢¢(qi,m) = (po, i + (mt1,0)),
e For every s € [-K, K],

d(d¢(ai, ), oclai, Ls])) < 1/100.

Similarly for g € Vs(g:), extend ¢,(q,-) to ¢,(q,-) : [-K, K] — T* such that, for all
te|[-K, K],

* Oy(q:t) € {po} x T,
e ¢,(q,t) is the endpoint of a < 4K — legged W}, Wi — path of diameter < K p,.

e For every m € ZN[—K, K|,
¢77(Q>m) = (p07q + (O>mt1))7
e For every s € [-K, K],

d(pn(q, s), ¢c(gq, |s])) < 1/100.

Next, consider the map
d:[-K K> —T!

given by:
q)(Sb 52) = ¢n(7T2 o ¢§(Qz'> 51), 82)-

Notice that @ is well-defined, since my o ¢¢(gi, s1) € Vs(q;), for s; € [—K, K|. For all
(s1,82) € [ K, KP?,

° @(81782) - {po} X Tg,
o (s, 59) is the endpoint of a < 8K — legged W}, Wi — path of diameter < 2K p,.

e For every (my,my) € Z* N [—K, KJ?,

O (my, ma) = (po, (Mat1, maty)),

o d(D(sq1,52),D(s1],[s1])) < 1/50.
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For /' sufficiently C! — close to h, we similarly construct a map ® : [-K, K]? — T4
so that every @ (s, s2) is the endpoint of a < 8K — legged W}, Wy, — path of diameter
< 2K py and limy/_, @y = @ uniformly. Choose €5 € (0,¢€) such that if dei(h, h') < €5,
then

(P ([~ K, KJ?)) C Bay(po). (x5 %).

The image of ([— K, K]?) under ® is very thin: it is contained in a 1/50-neighborhood
of {po} x 0Bs(q;). Recall that V; = Bg/s(¢;) and 3 = 1/4. Another degree argument
shows that there exists ¢; € (0, €5) such that, if do1(h, h') < €, then

7o (P ([~ K, K]?)) D V. (% s %)
Now let Wy, : [—K, K]? x [—J, J]* — T* be defined by
‘Ph'(sb S2, 83, 84) = Wh’(q)h/(sb 52), (837 54))-

Then Wy (s1, 52, 53, 54) is the endpoint of a < 8K + 2 — legged W}, W;, — path from
(po, ¢;)- By (%), (xx), (xx), and (x * xx) we have that, for dci(h, h') < €;1,

Wy ([~ KJ? x [~ JP) 2 By (po) x Vi

Thus, for der(h, B') < €1, every point in B, (py) X V; can be accessed from (po, ¢;) along
a Wy, Wy, — path, and so any two points in B, (py) x V; can be connected by a W}",
W}, — path. Seeting €; = min, ¢;; completes the proof.0]

Proof of Lemma 2.4: The first assertion in Lemma 2.4 holds for the unperturbed
system f X g; the foliations Wy, and W5, project under 7 to the stably accessible
foliations W and W; (stably accessible because f is a transitive Anosov diffeomor-
phism). Under 7, the foliations Wi, and Wi, project to the trivial foliations by
points. Given a point (p,q) € T?, there exists an i € {1,... N} such that ¢ € V;, and
there is a W, W5 - path « : [0,1] — T} from p to pyp. This lifts to a Wy, , Wi, -
path 7 : [0,1] — T* from (p, q) to (pio, q) € By (pio) X Vi. Clearly property (1) is open
under C*-small perturbations of f x g.

The same argument shows that if dei(h, f X ¢) is sufficiently small and V; NV} # 0,
then there is a Wy, W; — path from some point in B, (p,) x Vi to some point in
By (pjo) x Vj. O

Proof of Lemma 2.1: We construct W;; the construction of Z; is similar. Let g, h :
R — R be C* functions (g = g3, h = h,) with the following properties:

e h(z) =0, for |z| > 4a?,

e h(z) =1, for |z| < a?,

e Forall z, 0 < h(x) <1
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and
* g(x) =, for |z| < f,
e g(x) =0, for 20 < |z| < 1/2,
e Forall z, |¢'(x)] < 1,
e g(x+n)=g(zx), foralln € Z and x € R.
Define H : [-1/2,1/2)> x R? — R by
H (21, w1, 22, wq) = —g(22)h(27 + w?).

Then H generates a C*° Hamiltonian vector field W on [—1/2,1/2]? x R:

—

W(zb Wy, 22, w2) =
0

+ ¢'(z)h(z] + w%)a—wQ'

! a ! 6
—2w1g(z2)h (zf + wf)a—z1 +2219(22)h (zf + wf)a—w1

__ Since W is Hamiltonian, it preserves the symplectic form dz; A dwy + dzs A dws, and
W has the following additional properties:

1. If 22 + w? < o?, then W(zl,wl, 29, W) = ¢'(22)0/Ows.
In particular, if |25 < 3, then W(0,0, 29, W) = 0/0ws.

— —~

2. W(z1,wy, zo+n1, watng) = W (21, wy, 29, ws), for all (21, wy, 29, ws) € [—1/2,1/2]*x
R? and mq, me, € Z.

3. If 22 + w? > 4a?, then W =0, (In particular, /I/IV/|6[,1/2,1/2]2 =0).

Properties 2. and 3. imply that W extends to a C* vector field on R* satisfying:

W(z1 + mq, wy + ma, 22 + ny, we + ng) = W(z1, wy, 22, wa),

for all (21, w1, 20, we) € R and (my, my, ny,ny) € Z4,

Thus W defines a symplectic vector field W on T4 by W = p, X, where p : R* — T*
is the canonical projection. The map p is symplectic, and so W is symplectic. Let W,
be the flow generated by W. Then W, has the desired properties.O
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3 Proof of Theorem C

The following is standard; a proof can be found in [P].

Lemma 3.1 (Properties of toral automorphisms) Let f be any automorphism of
T". Then

1. Periodic points of f are dense in T".
Further, if f 1s ergodic and partially hyperbolic, then
2. Every leaf of W} and of W; is a dense, Euclidean submanifold of T",

3. The distributions ES, Ey © E}, EY ® ES, and E5 ® E} are integrable and tangent
to C™ foliations W5, Wi*, Wi, and W, respectively.

4. Every leaf of Wi is a dense, even-dimensional Euclidean submanifold of T". The
eigenvalues of Tf|E; lie on the unit circle in C, but are not roots of 1.

5. The WY¢ — holonomy maps between Wi* — leaves and the W} — holonomy maps
between W5* — leaves are Euclidean isomelries.

The proof of Theorem C now proceeds much along the lines of the Proof of Theorem A.
Instead of periodic tori, we work with periodic W§ — leaves. The density of W} — leaves
simplifies the argument.

We will use the following lemma, which we prove at the end of this section:

Lemma 3.2 For any two open sets B and C in R* with B C C, there exists a C™,
volume-preserving flow Y; on R* and T > 0 such that:

1. If (21, 22, 23, 24) € R*\ C, then for allt € R,
Yi((21, 22, 23, 24)) = (21, 22, 23, 24).
2. If (21,22, 23, 24) € B, then for all |t| < T,

Yi((21, 22, 23, 24)) = (21, 22, 23, 24 + ).
Let f = fa, and let p be a fixed point for f. Let 5y = 1/8. In this proof, the metric
on T* is the standard Euclidean metric:

n

1/2
d((xla sy .I'n), (yb cee ,yn)) = (Z (dO('Tia yz))2> .

=1

If F is a foliation of T*, and C' and W are any subsets of T4, then let

Fw(C) = | Fw(2),

zeC
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and let

=Ure

neZ
For v > 0, let F.(C) = Fn,)(C), where N,.(C) = U, Br(2).
We will work in a neighborhood Uy of p defined by:
Uo = Wis Wis Wi, ()

By Lemma 3.1, any pair of the three foliations W}, W§ and Wi are jointly integrable and
meet at a constant angle. If all of these angles were 7/2, then the volume of Uy would

be (28,)% - 732 = 4B Let v be the actual volume of Uy, and let py = (v/(4732))"/.
Define a neighborhood Dy of the origin in R* by:

Do = {(21, 22, 23, 24) : |21] < Bo, |22| < Bo, 25 + 25 < pa}-

Then vol(Dy) = v, and there is a C*°, volume-preserving diffeomorphism v : Dy — Uy
such that:

¥(0,0,0,0) =

W3 1, ((z1, 22, 23, 24)) = o ({(w1, 22, 23, 24) = |wi| < Bo}),
Wi 0, (U(z1, 22, 23, 24)) = o ({ (21, w2, 23, 24) © |wa| < Bo}),
W5 1o ((21, 22, 23, 24)) = U ({(21, 22, 51, 82) + 8T+ 85 < pg}).

Restricted to the line segments {(0, 2o, 23, 24) + (w1,0,0,0) : |wy| < Bo} and
{(Zlv 07 23, 24) + (07 Wa, 07 0) : |w2| < BO}? ¢ is an isometry.

e Restricted to the disks {(21, 29,0,0) + (0,0, 51, 82) : s+ s3 < p2}, ¢ is a dilation
about (21, z2,0,0) by o/ po-
Since fy < 1/2, for every z,y € Uy, the sets Wiy, (x) N W5y, (y) and Wy, (x) N
W5 1, (y) each contain precisely one point; let
[z, y]s = Wi, (2) " Wi, (1),
and let
[, y]2 Won( )QW;,UO(?J)'
Let Dy = {(21/2, 22/2,23/2,24/2) : (21, 22, 23, 24) € Do} and let U; = (D).

Since, by Lemma 3.1, periodic points of f are dense in T*, there exist distinct
periodic points ¢, r € U; such that, p ¢ {q,r}, and

max{d([p, q]1, [p, al2), d([p.]1, [p,T]2)} < Bo/100. (%)

Let z = [p,q|1, v = [p, 7|1, v = [q,p)1, and v = [r,p];. Note that z,y,u,v € U;. For
be{q,r 2,y u,v}, let b be the ith coordinate of 1»~1(b), so that

1 (b) = (by, by, b3, by).
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Figure 1: w_l{p’ q7 r? x? y? u? U}'
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Lemma 3.3 There exist real numbers [y, p1 > 0 such that, for b € {x,y}, if
Cy = {1 (b) + (21, 22, 23, 24) : |21] < 281, 20| < 2064, 25 + 25 < 4p3},
and Vy = (Cy), then:
1. Cy € Dy (which implies Vi, C Uy ),
2. V,NV, =0.
3. 71 VR) N (O Wi, (g @y, w,v}) \ Wi, (F71(0))) = 0,
Proof of Lemma 3.3: Clearly, if 5, and p; are chosen sufficently small, properties 1.

and 2. will be satisfied.
For b e {p7 I? y7 u7 U}7

W}:,Ul(b) - Wf,ﬂom(b)a
and for b € {q,r}, it follows from (x) that
W5 0, () © W5 5721507100 (D)
As a consequence of Proposition 3.1, for any § < 1/2 and any z € T*,
f(W55(2)) = Wi 5(f(2))-

The a-limit set of {z,y, } and w-limit set of {u, v} are both O({p}); the a-limit set of
{u,v} and w-limit set of {x,y} are both contained in O <W§0/100({q,r})> . Thus, the
set of limit points of O (Wf,Ul({I% q, 7,2, Y, U, v})) is contained in the set:

O Wss({par})),

where (B = 31/2 + $1/50. It is therefore possible to choose p; and f3; so that 3. is also
satisfied. O

Let p; and 8, be given by Lemma 3.3, let C,, Cy, V, and V,, be defined as in the
lemma, and for b € {z,y}, let

Bb - {¢_1(b) + (217227 23, 24) : |Zl| < 517 |22| < Bl)zg + ZZ < p%}

By Lemma 3.2, there are C'*™° | volume-preserving flows X; and Y; on Dy such that, for
all ¢ sufficiently small,

e X, = id outside of O,
o If (21, 20, 23, 24) € B,, then

Xt((zla 22, 23, 24)) - (217 29,23 + t) Z4)'
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Figure 2: The neighborhoods B,, By, C,, and C,.
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e Y, = id outside of Uy
o If (21, 29, 23,21) € By, then
}/;((Zla 29, 23, 24)) — (217 29, %3y 24 + t)
For |t| sufficiently small, we define the volume-preserving, C* diffeomorphism g, : T4 —
T* by
gr= (o (YyoXy))of.

Lemma 3.4 If |t| is sufficiently small, then g = g; is partially hyperbolic, and

1. If 22+ 22 < p? and b € {x,y}, then

v ( ;,UO(@/J(O,O,Z:),, z4)) N W;Uo(b)) — { (x1, 29,23 +1,24) ifb==x

(y1, Y2, 23,24 + ) ifb=1y.
2. If 22+ 23 < p? and b € {u,v} , then
O (W50, (1(0,0, 23, 24)) N W5 1, (b)) = (by, ba, 23, 24),
3. If 23+ 22 < p? and b € {x,u} , then
P (Ws 1, (01, @2, 23, 24)) O W 17 (b)) = (b, ba, 23, 24),
4. If 22+ 23 < p? and b € {y,v} , then
O (WS ((r1, 72, 23, 24)) NS 10 (D)) = (b, ba, 23, 24).

Proof of Lemma 3.4: Suppose 23 + 27 < p?, and let z = (zy, T2, 23 + t, 24). If [t] is
sufficiently small, then W', (4(0,0, 23, 24)) N Wy () contains at most one point. We
show that z is contained in this intersection. As in the proof of Theorem A, Lemma 2.2,
one verifies that

Jim d(g;" (=), g;"(2)) = 0.

The details are left to the reader. This proves 1., when b = x. The other properties are
proved similarly.0d

Lemma 3.5 For |t| sufficiently small, g; has the stable accessibility property.

Proof of Lemma 3.5: Let 5y = min{p15y/po, £1}/4. By Lemma 3.1, every leaf of the
unstable foliation WY is dense in T*. Thus, there exists ¢ > 0, such that, if b : T* — T*
is any diffeomorphism satisfying de1(f, h) < €, then h is partially hyperbolic, and, for
every z € T*, Wi(2) is 2/4 — dense in T?*. Fix this ¢.

It follows from Lemma 3.4, that for |¢| sufficiently small, if 22 + 22 < p?, then there
is a 4-legged Wi, Wy — path (((z3, 24), ) such that:

gt?
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¢((23, 24)

(((z3,22), 1/4) = (21, 22, 23 + £, 24),
o (((z3,24),1/2) = ¥(q1, g2, 23 + 1, 2a),

(((z3,21), 3/4) = ¥(ur, ua, 23 + ¢, 24),

¢(( ), 1) = (0,0, 23 + ¢, 24).

These paths can be chosen to depend continuously on z3, z4. Similarly there is a con-
tinuous family of 4-legged Wi, Ws, — paths {n((2s, 24),-) | 23 + 27 < pi} such that

23, 24)7 0) = ¢(0> 07 23, 24)7

23y %4), 1/4) = ¢(y17y27 23, %4 + t))

[
3

¢(T17 To, 23,24 + t)7

—_
~
[\
~
I

e
® N(\%3, 24 71) :¢(0>0,Z3,Z4+75)-

As in the proof of Theorem A, Lemma 2.3, it follows that for |¢| sufficiently small
(< to, for some tq > 0), there exists ¢, > 0, such that if dci(g, h) < €, then any two
points in Bg,(p) can be connected by a Wy, Wy — path.

Choose t, with |t| < to, so that de1(f, g:) < €y. Pick € as in the previous paragraph,
and suppose that dci(gs, h) < min{e;, €9/2}. Then dei(gr, f) < €0/2 + €0/2 < €9, and
so for any two points z, w € T4,

W;LL(Z) N Bﬂz (p) 7é (07

and
Wi (w) N B, (p) # 0.

Thus z and w can be connected to points z1,w; € Bg,(p), respectively, along pieces of
unstable manifold for h. Since dci(gi, h) < €, the points z; and w; can be connected
by a Wy, W; — path. Concatenating these paths gives a W}, W, — path from z to w,
and so g, is stably accessible.O

To finish the proof of Theorem C, let € > 0 be given. Since dg=(g;, f) — 0 ast — 0,
there exists a t > 0 such that:

i dcoo(gta f) <,
e g; is partially hyperbolic and center bunched (these properties are C' — open)

e g; is dynamically coherent (since f is normally hyperbolic, this property is C'-
open; see Section 1),
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e g is stably accessible (by Lemma 3.5).

By Theorem 1.1, g; is stably ergodic.O

Proof of Lem_ma 3.2: Pick an open set D with B C D C D C C, and let T be the
distance from B to the boundary of D.
Let H : R* — R be a C* function satisfying:

o H(z1, 2,23, 24) = 23 if (21, 22, 23, 24) € D,
o H(z, 20, 23,24) = 20 if (21, 22, 23, 24) € R*\ C.

Let
y( ) 8H8+0H8 8H8+0H8
21,%20,23,24) = ——— + ——— — —— + — —
1 =2 =8 0z9 021 021 0z9 024 0z3 Oz3 02y
be the Hamiltonian vector field generated by H, and let Y; be the flow generated by H.

Then Y; has the desired properties. O
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