MORSE INDEX OF MULTIPLICITY ONE ALLEN-CAHN
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ABSTRACT. In this paper, we characterize the Morse index of nondegen-
erate minimal hypersurfaces £"~' C (M™,g) that are limit interfaces
of solutions to the Allen-Cahn equation, under the multiplicity one as-
sumption. Our result combined with the existence theory of the first
author [9] and of the first author with Gaspar [8], and with the proof of
the Multiplicity One Conjecture for n = 3 by Chodosh and Mantoulidis
[6], establishes, in dimension three and for the Allen-Cahn setting, a
Morse theory for the area functional proposed by the last two authors
in a series of papers ([18], [21], [23], [29]). This predicts the existence
for generic metrics of a sequence {¥} of minimal hypersurfaces with
index(Xy) = k for every k € N and area(Xg) ~ kw as k — oo.

1. INTRODUCTION

Minimal surfaces are ubiquitous in Geometry but they are very hard to
find. Despite this, Yau conjectured ([44], 1982) that every compact three-
dimensional manifold contains infinitely many smooth, closed, immersed,
minimal surfaces. The best result until very recently was due to Almgren
([2], 1965) and Pitts ([32], 1981), who developed a deep min-max theory for
the area functional and proved that every compact Riemannian manifold
(M™, g), with 3 < n < 7, contains at least one smooth, embedded, closed
minimal hypersurface. If n > 8, the minimal hypersurface can be singular
in a codimension 7 set by Schoen-Simon ([33], 1981) regularity theory.

Few years ago ([22]), the last two authors introduced the idea of using
multiparameter sweepouts of mod two flat cycles into the problem. Since the
space of mod 2 cycles is weakly homotopically equivalent to RIP*°, this al-
lowed the use of topological techniques inspired by Lusternik-Schnirelmann
theory. They were able to prove in [22] the existence of infinitely many
closed, embedded, minimal hypersurfaces in manifolds of positive Ricci cur-
vature. More recently, with Irie [12], the last two authors settled Yau’s
Conjecture in the generic case. They proved that for generic metrics on
M"™, 3 < n < 7, the union of all smooth, embedded, closed minimal hy-
persurfaces is dense in M. This was an application of the Weyl Law for
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the Volume Spectrum ([16]), which also leads to the existence of an equidis-
tributed sequence of closed minimal hypersurfaces ([25]).

There is yet another approach to the generic case of Yau’s Conjecture that
has been suggested by the last two authors in a series of papers ([18], [21],
[23], [29]). This concerns a program to obtain a Morse-theoretic description
of the set of minimal hypersurfaces. The last two authors conjectured that
for a generic metric on M", 3 < n < 7, there exists a sequence {¥} of
two-sided minimal hypersurfaces with index(Xy) = k for every k € N. This
is called the Morse Index Conjecture in [24].

The last two authors proposed a program to prove this conjecture based
on three main components: the use of min-max constructions over multi-
parameter sweepouts to obtain existence results, the characterization of the
Morse index of min-max minimal hypersurfaces under the multiplicity one
assumption, and a proof of the Multiplicity One Conjecture. The Multi-
plicity One Conjecture states that for a generic metric any component of a
min-max minimal hypersurface is two-sided and has multiplicity one. Pre-
cise statements for these conjectures can be found in [24] (see also [21]).

The Morse Index Conjecture follows if one can implement the three parts
of the program, no matter if this is done in the Almgren-Pitts setting or
in the Allen-Cahn setting that is explained below. The first part of the
program has been done both in the Almgren-Pitts setting ([22]) and in the
Allen-Cahn context ([8]). In our paper, we will accomplish the second part
of the program for Allen-Cahn minimal hypersurfaces. The second part
in the Almgren-Pitts setting is finished in [24]. Finally, the third part (a
proof of the Multiplicity One Conjecture) has been achieved for n = 3 in
exciting work of Chodosh and Mantoulidis [6] for the Allen-Cahn context.
Hence the program has been completed in dimension three for the Allen-
Cahn regularization, which leads to a proof of the Morse Index Conjecture
for closed three-manifolds.

The possible presence of integer multiplicities is a key difficulty in the
theory. Another difficulty special to the Almgren-Pitts min-max theory
comes from the fact that the notions of convergence are very weak. The
theory is based on Geometric Measure Theory and there is no Hilbert space
structure or Palais-Smale condition to check.

This makes the Allen-Cahn e-regularization of the theory, the subject of
our paper, a very natural tool in the investigation of these conjectures. The
area functional is approximated by a one-parameter Palais-Smale family of
energies E. defined on W2(M), and minimal hypersurfaces are obtained
as limit interfaces of the level sets of solutions in the singular limit as ¢ —
0. The connection of the Allen-Cahn energies with minimal surfaces goes
back to Modica ([27], 1987) and Sternberg ([37], 1988), but it was in the
PhD thesis of the first author ([9]) that a min-max theory in Riemannian
manifolds was first developed.

In [9], the first author constructed a family of mountain-pass critical
points wue in a general compact Riemannian manifold (M™,g), and proved
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that their level sets accumulate, as ¢ — 0, at a closed minimal hypersurface
>’ that is smooth and embedded outside a set of Hausdorff dimension n — 8.
This gives an independent PDE-based proof of the aforementioned existence
theorem of Almgren-Pitts-Schoen-Simon (based on the regularity works of
[11], [38], [39], [43]). The reverse direction, namely the construction of solu-
tions to the Allen-Cahn equation that accumulate at a minimal hypersurface
that is given a priori, was done by Pacard and Ritoré [31] (see also [30]) in
the nondegenerate case.

In [8], with Gaspar, the first author went further and developed a min-
max theory for the family of energies F. over multiparameter sweepouts of
functions in W12(M). This can be seen as an e-regularization of the min-
max theory for the area functional. Similarly as in the case of mod two flat
cycles, there is an RP* structure coming from the fact that E.(u) = E.(—u)
for any € > 0 and u € WH2(M).

The goal of our paper is to prove, in the Allen-Cahn setting and un-
der the multiplicity one assumption, the Morse index characterization of
minimal hypersurfaces conjectured by the last two authors. We do this by
showing that the Allen-Cahn solution coincides, for small £ > 0, with the so-
lution constructed by Pacard and Ritoré [31] by perturbation methods. This
reduces the Morse Index Conjecture to obtaining a proof of the Multiplicity
One Conjecture in the Allen-Cahn setting.

1.1. Statements. The Allen-Cahn equations ([3]) on a compact Riemann-
ian manifold have the form

W (w)

(1) eAgu — 6

:()7

where € > 0 and W is a double-well potential with unique global minima at
+1. The typical example is W (u) = (1 — u?)2.
Solutions to this equation are critical points of the energy

U2 u
Ee(w) = /M€|V2 = Wi)

The Morse index of a solution w is defined to be the index of the second
variation quadratic form E”(u)(-,-) in the Sobolev space W1H2(M). If W is
an even function, we have that F.(u) = E.(—u).

Given a sequence of critical points {u.,} of E.,, with &; — 0, we set
we, = Vou, with U(¢) = fg VW (s)/2ds. We define V,, the associated
varifold to u.,, by

V) =2 [ Jfue = o)l
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for every Borel set A contained in the (n — 1)-dimensional Grassmannian
G(M). Here o0 = f_ll VW (s)/2ds and |S| denotes the (n — 1)-varifold asso-
ciated with the (n — 1)-rectifiable set S. By the coarea formula, one has

Vi) == [ 1Vl = = [ VG2 V|

Our Main Theorem is:

Theorem 1.1. Let {uc,} be a sequence of solutions to the Allen-Cahn equa-
tion, with €; — 0, on a closed Riemannian manifold (M™,g). Suppose that
the sequence of associated varifolds {V;,} converges to a smooth, two-sided,
closed, embedded, non-degenerate minimal hypersurface I', with multiplicity
one. Then
index(I') = index(u.,)

for all sufficiently large 1.

Moreover, for all sufficiently large i, u., is one of the solutions constructed
by Pacard and Ritoré in [31].

A Riemannian metric g is called bumpy if every smooth, closed, immersed
minimal hypersurface is nondegenerate (i.e. it admits no non-trivial Jacobi
fields). White showed in [41, 42] that bumpy metrics are generic in the usual
C*° Baire sense. By Smith [35] (Theorem 1.1), for a generic metric on M
there is a countable set Y C R such that if ¢ ¢ Y, every critical point of E.
is nondegenerate. Since the intersection of residual sets is residual, we have
that for a generic metric on M both White and Smith properties hold true.

For such a metric g and for every k € N, work of the first author with
Gaspar [8] (Theorem 3.3) gives a sequence {ug,} of solutions to the Allen-
Cahn equation with &; — 0, |us,| < 1, Eg,(us,) < C and index(u.,;) = k.
Theorem A in [9] implies that, if 3 < n < 7, the associated varifolds V,
converge to a smooth, closed, embedded minimal hypersurface with integer
multiplicities. If the Multiplicity One Conjecture is true in the Allen-Cahn
setting, our Theorem 1.1 implies the Morse Index Conjecture.

The Multiplicity One Conjecture for n = 3 in the Allen-Cahn setting has
been recently announced in remarkable work of Chodosh and Mantoulidis
[6]. They prove curvature estimates and strong sheet separation estimates
for stable solutions, building on important work of Wang and Wei [40]. Com-
bined with the existence theory of [8] (in particular, the sublinear growth
of the area proven in Theorem 3.2 of [8]), this gives a new proof of Yau’s
Conjecture for generic metrics in dimension three. They prove in [6]:

Theorem 1.2. (Chodosh-Mantoulidis) Let g be a bumpy metric on a closed
three-dimensional manifold M?3. Suppose ¥? C (M3, g) is a smooth, embed-
ded, closed minimal surface with integer multiplicities that is obtained as the
limit of varifolds associated to a sequence of solutions {uc,} to the Allen-
Cahn equation (1) with uniformly bounded index and energy, as €; — O.
Then ¥ is two-sided and has multiplicity one.
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By combining our Main Theorem 1.1, Theorem 1.2 of Chodosh-Mantoulidis
([6]), the existence theory of the first author [9] and of the first author with
Gaspar [8], we obtain:

Theorem 1.3. The Morse Index Conjecture is true when n = 3, i.e. for
a generic metric on M? there exists, for every k € N, a smooth, closed,
embedded minimal surface Xy, C M3 with

index(Xy) = k.

1.2. Remark: As observed above, Theorem 3.2 of [8] together with Theo-
rem 1.2 also gives:

C~'k3 < area(Sy) < Ck3
for some C' > 0. In fact, inspired by the Weyl Law for the Volume Spectrum
proven in [16] for the Almgren-Pitts setting, we expect that

z
arealXe) _ysyvol(M)3,
k—o0 k3
where b(3) > 0 is a universal constant.

1.3. Remark: A limiting argument implies that Theorem 1.3 is true for
all bumpy metrics. A bumpy metric g can be approximated by a sequence
of metrics g; that satisfy Theorem 1.3. If X ; is a minimal surface for g;

with index(Xj ;) = k and area(Xj;) < C’k:%, Sharp’s Compactness Theorem
[34] implies that ¥y, ;, after passing to a subsequence, converges with integer
multiplicities to some minimal surface ¥ of g. Since g is bumpy, 3 is
nondegenerate and multiplicities have to be equal to one. Therefore the
convergence is smooth and it is not difficult to see then that index(Xy) = k.

Index upper bounds for Allen-Cahn minimal hypersurfaces with no mul-
tiplicity assumption have been obtained in Gaspar [7] and Hiesmayr [10].
In the Almgren-Pitts setting, this was done by the last two authors in [21].
Index upper bounds for min-max minimal surfaces played a crucial role in
the solution by the last two authors of the Willmore Conjecture [20] (see
also [1]). Other studies of the Morse index can be found in [4], [5], [13], [14],
[15], [19], [26], [36], [45], [46].

It would be interesting to find an analogue of Theorem 1.3 in dimension
two. If n = 2, one obtains geodesic networks (not closed geodesics) as limit
interfaces. The Allen-Cahn regularization could be used to define the Morse
index of these stationary configurations. The one-parameter case has been
studied in [17].

1.4. Organization. In Section 77 we describe in detail the solutions con-
structed by Pacard and Ritoré [31]. We follow the presentation in [?] and
we also estimate the error terms in the expansion of the stability operator
of (1) to one order higher than what it was performed in [31, ?]. Then in
Section 7?7 we use the previous estimates to show that if one solution is close
to the Pacard-Ritoré solution with order €'+ it is actually close with order
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g2t The idea consist in applying the stability operator to the difference

of the solutions in order to obtain the extra gain. In Section ?? we show
that for the solutions constructed by Pacard and Ritoré, the Morse index of
the solution and the minimal surface agree. A similar calculation was made
in [?, Section 9]. In Section ?? we summarize some of the main results of
Wang [?] and Wang-Wei [?] concerning solutions whose varifold converges
to a minimal surface with multiplicity one. Finally, in Section 77 we prove
the main theorem by showing that solutions whose varifold converge to a
minimal surface with multiplicity one must be £2t® close to the solutions
constructed by Pacard-Ritoré and thus identical to that solution.

2. NOTATION AND RESULTS USED

Theorem 2.1. There is 0 < ag < 1 and C > 0 so that for alln € C°()
and 0 < o < 1 we have that

P(n) :=T(Le(n o D) o D) — 2 J(TM(n))
satisfies
P (1) o) = o(e*)II(n)|c2ar) + 0(65*—04)”7#”03@(]\/1)_
Furthermore
Ml ap) < ClIL(n© De) 0 Dl gy + OE ) I(m)l )

Lemma 2.2. Given ¢y > 0,7 > 0, there is €1 > 0,c1 > 0 so that if Q is a
region of M with smooth closed boundary 092, ¢ € C?(2) such that

52Ag¢ —c(x)p =0 where c(x) > co for all z € Q,

0 < e < €1, and the distance function dg to the boundary 02 is smooth in a
27-tubular neighborhood of OS2, then

|6(2)] < |@| Lo (90) max{e 9@/ emT/E for all x € Q.

Proof. The proof is standard and consists in using a barriers of the form
e~Pdo(2)/e wwhere B(t) =t for 0 <t < 7 and constant for ¢t > 27. O

3. INDEX OF THE PACARD-RITORE SOLUTION

Recall that u. denotes the solution constructed by Pacard-Ritoré in [31]
whose zero set accumulates on a non-degenerate two-sided minimal hyper-
surface I'. In what follows, dr(x) denotes the distance of T to = and A,
denotes all points in M whose distance to I' is bigger than r. Recall that
L. denotes the linearization operator of the Allen-Cahn equation (1) at ..

The goal is to prove

Theorem 3.1. For all ¢ sufficiently small, the Morse index of u. coincides
with the Morse index of the minimal hypersurface I'.
Moreover, there is a = a(T") so that for all e sufficiently small L. has no

eigenvalues in (—ae?, ag?).
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We first derive several auxiliary results. Similar computations appeared
in [?, Section 9].

From the fact that W”(s) > —1 for all s we have that all eigenvalues of
L. are greater or equal than —1.

Lemma 3.2. Consider ¢ € C>°(M) such that L.¢ = —o.¢p, where |o.| <
1/2, and normalized so that ||¢||pec(ary = 1. There is n € C°(§23) such that

lln — (bHC?“’(M) = O(eN) and, for all € small (independently of ¢),

[ g =12 [ ag
M M

Proof. Schauder estimates imply that ||| c2e(yry 18 bounded uniformly for

all €.

There is to > so that for all e sufficiently small we have that |u.| > 2/v/3
on Ag, and so W”(uz) — 0. > 1/2 on A.y,. Thus we can apply Lemma 2.2
to ¢ on A, and conclude that, for some constant ¢y,

|p(2)] < e max{e~19r(@)/e =7/} for all z € Ay,

M\Qs) = O(sN). Moreover for all €

uniformly small we have that the maximum of ¢ is attained in 25 and so,
from || || 2oy = O(1), we deduce that for all £ uniformly small (indepen-

dently of ¢)

Thus Schauder theory says that ||¢H02,a(

| ddg=1y2 [ gz o).
Qs M
The result follows from setting n = x3¢. O

The next proposition estimates the lowest eigenvalue of L..

Proposition 3.3. There is a constant d > 0 such that, for all € sufficiently
small, all eigenvalues of L. are greater or equal than —de?.

Proof. Let ¢ be such that L. = —A.¢, where ). is the first eigenvalue of L..
We assume without loss of generality that A < 0 and that |[¢[|pec(as) = 1.

Considering n given by the previous lemma, it suffices to find d > 0
(independent of n) so that for all ¢ uniformly small (independent of 7) we
have

- / (Lon)ndg > —de? / ndg.
M M

From [|u: — wg 0 DgHCEZ,a(M) = O(e?) there is d; > 0 so that

—/ (Len)ndg > / 62]V17]2 + W (we 0 Dg)nzdg — d1€2/ n’dy.
M M M

The support of 7 is contained in €23 and so we can see it as being defined
in I' x R. Using Fermi coordinates we have that on (23,

De(2,2) = (2,2 — £(x)), 2y/detgo > \/det g, > 1/2+/det go,
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and, from the minimality of T,

P(z,2) := +/det g, — /det go = O(|z|?)/det g..

Setting [(z,t) =no Dgl(x, t), we have

/WQW%P+W”WHM%M%92/ e2(9:m)% + W (w: o D¢)n’dg.dz
M I'xR

> / e2(9.1)* + W"(w. o De)n’dgodz
I'xR

+ [ @O + W e o D)0 dgnd
I'xR

- / / 2(D8)2 + W (w.) BRdtdgo

// (0,8)20(]t + €2 dtdgo+//w" we) (BP0t + £]?)dtdgo
=1+ Is + Is.

We now estimate the three terms Iy, I and I3. To estimate the first term
we remark that from the fact the one dimensional Allen-Cahn equation is
stable we have the existence of v > 0 so that for all f € C§°(R)

/R €247 4 W (o) f2dt > /R E2(f1))2 + (f4)2t.
Thus we obtain that

I > e / / QB4 + 4 / / (B 2dtdgo.

With k =TII(5) € C°(T") we have

/ / B2dtdgy = / / (BH)2dtdgo + / k> / we)2dtdgy > cee / k2dgo.

The function e~2¢2|.|? is uniformly bounded from above with exponential

decay and so we obtain from |€|p = O(e2(1=)) that for all z € T'
B [+ e@Peti =0 [ lapd0E) = 0
R R

From the fact that 9,3 = 0y + ke ', that 3 has support in 3, (2), and
(3), we deduce

2 2 2
& [ [ @byt + elatday

< 2¢2 / / (@8t + €2dtdgo + 2 / ;2 / o2t + €2dtdgo
T

< O / / (0,81)2dtdgy + O(e / / B2dtdgo.
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Thus, there is do so that for all € uniformly small

Li+1,>7 / (BH)2dtdgy — 262d, B2dtdg,
I'xR I'xR

> 7/ (BH)2dtdgo — 52d2/ n’dg.dz.
I'xR I'xR
To estimate I3 we note the existence of dg so that for all z € T’
[ @i+ g@lde <2 [ P+ E)at < e
R R

and thus, using (2) and the identity above, we have
[ s+ g <4 [ [ (5520 + 1262+ P
rJr rJr
<o) [ (8hPatdg + 0 [ dgo
I'xR r

< 0() / (B9 2dtdgo + OE2) | pdtdgo.
I'xR I'xR

Hence, there is a constant d4 so that
bz i [ (6 Vg —dic® [ ipdgadz,
I'xR I'xR

Putting this all together we find ds so that for all e sufficiently small we
have

I+ 142+ 13> —dse? / n’dg.dz,

I'xR
which is what we wanted to show. [l
For each small ¢, consider ¢1, ..., ¢; orthogonal eigenfunctions of £, with
eigenvalues 0!, ... 0 all smaller than one and so that [|@s][pe =1 all i =
1,...,j. From the previous lemma we see that \! :=oi/e? i=1,...,j are

uniformly bounded and thus subsequentialy converge as € — 0 to constants
Ay A <1i=1,...,4.

Lemma 3.4. The functions II(¢;) € C®(T"), i = 1,...,J, subsequentialy
converge as € — 0 to nonzero orthogonal eigenfunctions k;, i = 1,...,7, of
the Jacobi operator of I' with eigenvalues A\;, i = 1,..., ], respectively.

Proof. For simplicity we consider j = 2. From Lemma 3.2 we obtain for
each € and i = 1,2, §; € C°(Q3) such that ||8; — qﬁiHCg,a(M) = O(eV). Set

n; = B; o Dgl, 1 =1,2. Using Theorem 2.1 we deduce that
- e gy < OB DE g agy +OEH =)L) | 1y +O()
= O(E) 07 | 2 (apy + O =) I 2y + O(Y),
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which means that for all € uniformly small
ez < OEH =) () o2y + OEM),
and we also deduce that
A (IL(1:)) = J (L)) — ALL(1;), 0= 1,2

satisfies

|A(TL(1;)) | ooy < o(D)TL(103) | 020 (1) + 0(65*_a_2)|!77¢l!\c€21a(M) +O(e)
< o()[T(mi)|c2a(r) + OE® 2 YT (n)| cea(ry + O(Y)
< o(1)|TI(m:)|c2.a(ry + O(Y),
where the last inequality holds provided we pick «a suitably small.

We have ||Bi||pec(ary = 1+ 0(1), i = 1,2 and thus [II(n;)|rr) = O(1),
i = 1,2 as well. Thus we conclude from the inequalities above and standard
Schauder theory that, for i = 1,2, [II(n;)|c2.@r) = O(1) and, after passing
to a subsequence, converges in C*“ to an eigenfunction k; € C*°(T) of the
Jacobi operator with eigenvalue \;. Furthermore, we also obtain from the
same inequalities that Hr]ilHC&g,a(M) = o(e), i = 1,2, provided we pick «
suitably small.

From the decomposition 1; = i~ + II(1;)de, ||| zoar) = 1 + o(1), and
|11 oo a1y = 0(€), we have that [TI(n;)|zec(r) = 1+ 0(1), and thus k; is not
zero for ¢+ = 1,2. We are left to show that k1 and ko are orthogonal.

We use Fermi coordinates (x,z). From |det D¢| = 1+ o(¢), and

\/detgz — \/detgo =o(1)y/det gy on Qs,

we have

/ (1 )T1(2) (52| det Deldg = o(e) + / (0 )T (1p2) (2t
M I'xR

= o(e) +C*5/ I (n1)I(n2)dgo
T
/ II(11)n3 & | det De|dg = ofe), / II(n2)nie| det De|dg = o(e),
M M

/M niit| det Deldg = ofe)

and so from the orthogonality of ¢1, ¢2 we deduce

0(€N)=/ 61626192/ nfnildethngr/ 1T (n2)ce| det Deldg
M M M
+/ n?ﬂ(m)wsldeth\dg+/ (1) TI(12) (2= )?| det De|dg
M M

= o(e) +C*€/FH(771)H(?72)d90-

Making € — 0, it follows at once that ki, ko are orthogonal.
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O

Proof of Theorem 3.1. Suppose that {¢1,...,¢;} C C*°(M) is an orthonor-
mal set of eigenfunctions for £, with negative eigenvalues. From Proposition
3.3 and Lemma 3.4 we obtain that the Jacobi operator of I' has at least j
non-negative eigenvalues (counted with multiplicity). The non-degeneracy
assumption of I' implies that its Morse index is at least j. Thus the Morse
index of I is greater or equal than the Morse index of u, for all € sufficiently
small. The opposite inequality was proven by [7, ?].

The last statement regarding the eigenvalues of L. follows from the same
type of arguments because the Jacobi operator of I' has no eigenvalues near
ZEro. (]

4. MULTIPLICITY ONE SOLUTIONS - AFTER WANG AND WEI

Given u. a solution to the Allen-Cahn equation (1) consider the energy

ratios
1—-n

W/
E(p,r) = - /B ( )6\VUI2 + e(u)dg,
r(P

Wn—1

where w,_1 is the volume of the unit n — 1-sphere. This quantity satisfies
a monotonicity type formula proven [8] that we will use repeatedly in what
follows without further mentioning it.

On the set of points where |Vu|(z) # 0, Tonegawa [?] introduced the
generalized second fundamental form |B(u.)|(x) as

|[V2uel* () — [V2ue (v, 1) () _ Vue(z)

Ve () Vue(z)
Note that |B(ue)|(z) bounds the second fundamental form of the hypersur-
face {u. = u-(z)} at x.

The following regularity theorem follows directly from the work of Wang
[?] and Wang-Wei [40].

|B(u:)|*(z) = where v(x)

Theorem 4.1. Given 0 < b < 1, there are 1,¢, p, 8,8 all small and D, R
large so that if for some ¢ < &, eR < r < T, a solution to the Allen-Cahn
equation u. satisfies, for some p € {|u| <1 — b},
Es(pvr) < C*(l + ﬁ)
then
[Vue| #0 in - Bg.(p) N {lu| <1 -0}
and
(6r — dist(z,p))|B(ue)(x)| < D for all v € Bs,.(p) N {|u] <1—b}.

Moreover, {u = 0} N Bs,(p) is contained in the image under the exponen-
tial map of a graph of a function with uniformly bounded Lipschitz norm
defined over some hyperplane of T,M.
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Proof. The proof follows at once from Theorem 9.1 in [?] and Theorem 2.4
in [?] via a classical scaling and point picking argument. We simply sketch
the proof and leave the details to the reader.

First one shows that |Vu.| # 0 in Bj,(p) N {|Ju| < 1 — b} by arguing by
contradiction. If that did not happen, one would produce a sequence of
solutions {u;}ien to the Allen-Cahn equation (with ¢ = 1) on increasingly
larger balls (Bg, (0), g;) (where g; approaches the Euclidean metric) such that
|V;](0) tends to zero, |u;(0)| <1 — b, and u; converges in C? to a solution
u to the Allen-Cahn equation (with ¢ = 1) on R™ having F;(0,7) < ¢, for
all » > 0. From Theorem 9.1 in [?] one has that u must be the standing
wave solution, which contradicts the fact that |Vu(0)| should be zero.

After that, one argues again by contradiction to obtain the uniform
bounds for |B(u.)|. Like before, after a standard point picking and scaling
argument, we obtain a sequence of solutions u., on increasingly large balls
(Bg,(0), gi) (where g; approaches the Euclidean metric) with R;/e; — oo and
such that |u., (0)| < 1-0, |B(u,)|(0) =1, |B(ug,)|(x) < 2 for all z € Bg,(0),
where S; also tends to infinity, and such that E. (0, R;)) < (1 + 1/7).

Note that €; must tend to zero because otherwise we would further rescale
ue, to obtain solutions {v; }ien to the Allen-Cahn equation with |B(v;)|(0) =
52-_1 that would converge strongly to a smooth solution u to the Allen-Cahn
equation on R™ (with € = 1) and E1(0,7) < ¢, for all r. Such solution must
be the standing wave and this is a contradiction.

From Theorem 1 of [?] we have that the associated varifold to u.; con-
verges to a stationary integral varifold V' with area ratios less or equal than
one and so V must be a hyperplane passing through the origin. Moreover
{ue; <1 —5b} N B,-(0) converges in the Hausdorff sense to V' N B,(0) for all
r > 0 and so, due to the uniform bounds on |B(ug,)|, {u; =t} N B-(0) can
be written as a union of N graphs over the hyperplane V for all [t| <1 —b
and 7 sufficiently large. From the monotonicity formula proven by [8] we
have limsup;_,. E¢,(0,7) < ¢, for all r and we obtain that for all ¢ suffi-
ciently large, and all » > 0, that N = 1, i.e. {u; = 0} N B, is a single
graph defined over V' (this fact was proven in [?, Section 5] and follows from
Proposition 5.5). Theorem 2.4 in [40] (applied to balls of increasingly larger
radius) implies that |B(ue,)| converges to zero on compact sets, which give
us a contradiction.

The last statement in the theorem follows from the same type of argu-
ments. (]

To state the next theorem we need to introduce some notation. First
notice that for every D there is 0 < § < 1/2 so that for all » small if I' C M
is a hypersurface with second fundamental form bounded by Dr~! in Ba,(p)
and p € T, Fermi coordinates for I' are defined in B"~1(r) x (—2dr,26r),
where B"~1(r) is the geodesic ball of radius 7 in T centered at p. We omit
the dependence of the point p in this notation as it will be clear from context
that we are always referring to a fix point in the hypersurface. We set D(s)
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to be the cylinder described in Fermi coordinates by B"~!(p) x (—s,s),
whenever it is well defined.

Given Fermi coordinates, recall the definition of x;, €, ¢ = 1,...,5, D¢
in 77777, We will also use

We(t) = xawe(t) + (1 — xa)sign(t).
Note that with (fue = 6%(1)5, we have
(j}E - X4O.JE == OCEQ,OL(R) (EN)

for all 0 < o < 1 and similar estimates hold for &, and @:5.

Given  a subset of I" (or M) and ¢ a function defined on 2, we denote
by [¢] ke (2) (or [|B]] e (52)) the C** norm on  computed with respect
A A

to the metric A2g. (PUT IN SOME OTHER SECTION)
The next theorem appears in [?]. We state a slightly different version that
is more suitable for our purposes.

Theorem 4.2. Given K, there are 7,& small and, for each 0 < 6§ < 1,
K = K(9) large so that if for some ¢ < &, and r < 7, u. is a solution to the
Allen-Cahn equation (1) such that
o {u;. = 0} N By, (p) is contained in the graph of a Lipschitz function
fe defined over a hyperplane in TyM with |f.| < r/2 and Lipschitz
constant bounded by K;
e the second fundamental form of {u. = 0} is bounded by Kr—1 in
BQT (p)7
then considering Fermi coordinates (z,z) for {us = 0} in B"1(r) x (—dr, dr)
we have that:
a) the existence of £ € C*9(B"~1(3/4r)) with

€lezomn (370 < K
b) ¢ :=u. — @. 0 D¢ has ‘|¢|‘03;9(D(3/4r)) < Ke%;
¢) For all z € B" ()

or
¢(x, 2)we © De(x, 2)dz = 0;
—or
d) the mean curvature of {u. = 0} is bounded in C? by Kel=0r=1 in

D(3/4r);
e) the mean curvature of {u. = 0} and I'(§) = {(z,&(z)) : = €
B (1)} is bounded in CH by K221t in, D(3/4r).

Proof. The hypothesis we require are exactly those required by Wang and
Wei in [?, Section 7]. All statements but the last one were proven in the
Euclidean case by Wang and Wei in [?] from Section 8 to Section 16 but the
proofs extend straightforwardly to the Riemannian setting. We do a minor
change that instead of multiplying the approximate solution w. by a cut-
off functions supported in a tubular neighborhood of radius proportional to
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e|loge| (see [?, Section 9.1]), we multiply it by a cut-off function supported
in a tubular neighborhood of radius proportional to e®". We do this so that
it is consistent with the cut-off functions used by Pacard in [?] and in this
case the approximate solution is @..

Their estimates are in stretched coordinates and so & corresponds to eh
in their notation. For the last statement, they only showed that the mean
curvature of T'(¢) decays like ¢!~ but it follows from what they did that in
fact decays faster. We indicate how to proceed for the sake of completeness.
We assume r = 1 without loss of generality.

In what follows we use Fermi coordinates (x, z) for {us = 0} in B*~1(r) x
(—or, dr).

From identity (9.4) in [?] we have that in Fermi coordinates

e2(Ay. ¢+ 02,0) — 2 H(2,2)0.6 — W' (@ 0 De¢)o
= —e(H(x, 2) + Ag.&(2))@e 0 D¢ + R($) — |VE|*wz 0 D¢ + Oos (%),

where R(¢) is quadratic in ¢ and so, from b) we have R(¢) = OCo,9(63).

The term e?H (, 2)9,¢ and |VE|%@. o D¢ have even higher order and so the
equation simplifies to

(4) £*(Ag.6 +02.0) — W (@ 0 D)o
= —e(H(x,2) + Ay &(x))we 0 De + Oco0 (%).

We now integrate this identity in the z component against @, o D¢ and
estimate the C%¢(B"~1(3/4)) norm of all terms. We start with

1
F(x) := /_5(52(Agz¢ + agz(b) - W' (&, 0 Dg))(i)E o Dedz.

We have

1
/ e2A,, ¢ 0. 0 Dedz
-4

)

s
= / 82(Agz — Agy)p@e 0 Dedz + / 52Ago¢d)6 0 De¢dz
s

-5 _
=11 + Is.

The term I; has C%?(B"~1(3/4)) norm bounded uniformly by

2—0 1-0
el 20 (pgasayy € 1€l 2o (g1 (3 ap 10l c20 (o3 ay)
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and so from a) and b) we have that I; has C%?(B"~1(3/4)) norm bounded
uniformly by €79, We also have, after using c) in the second indentity,

0
IL=Ay | €¢w.o0Dedz
6

5 .. 6 cee
—5/ (2(Vo,VE) —i—d)Agog)(DEngdz—i—/ ¢]V§|2@50D§dz
-5 —0

6 6 cee
= —6/ (2(Vo,VE) + oAy &)w. 0 Dedz + / ¢|VE2G. o Dedz
-5 —0
= C1 + Cs.
The term Cy,Cy have C%?(B"~1(3/4)) norm bounded uniformly by

= Melczo -1/ 19l i
and
ez yap I9llczo oy
respectively. Thus from a) and b) we have that I, has C%%(B"1(3/4))

norm bounded uniformly by 49,
On Q4 we have 0,D¢ = 1 and so

1
/ (6202, — W (@ 0 Dg)¢)ie 0 Dedz
-6
1)

=/ (20%(¢ 0 D ') = W (@2) (¢ 0 D¢ *))idedt
-5

o
= / ) ¢ o D (e202,0: — W (@) ) dt
— N
= Oczo(pn-13/a)(€ )
where in the last identity we used b) and the fact that
||we © D¢ — e 0 DﬁHcf’e(M) = O(EN)'
Hence there is K = K () so that
(5) |F|CO,0(Bn71(3/4)) < Ket=t

We now move on to estimate the right side of (4). With Q(x) = 9,H(z,0)
we set

Ei(x,2):= H(z,z) — H(x,0) — 2Q(x), FEa(z,z2) := Ay &(x) — Ag,&(x)

and
Es(z) == H(z,0) + Agé(z) + Q(z)§(x) — H(T¢)(z,&(x)).
There are uniform constants L1 and Ly so that

(6) |’z_2E1HCOv9(D(3/4)) < Ly, HZ_1E2‘|CEO»9(D(3/4)) < L2€_2|§’C§*9(Bn71(3/4))
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and, because [£ |Cz,e( Br—1(3/4)) can be made uniformly small just depending
on &,
(7) | Es| o0 (n-13/ay) < Loe 202
We have

H(z,z) + Ag.&(z) = H(Le)(z,6(x)) + (2 = £(2))Q(x) + E1 + Bz + B3

and so, as a function of x € B"~! (but omitting = from some terms to make
notation cleaner),

Cc2%(Bn=1(3/4))"

5 ) 5 .
/ e(H(z,2) + Ay, &) (@e 0 De)?dz = eH(Ty) / (@e 0 D¢)*dz
-5 =

J . 0 '
+Q€/_5(2_O(@EOD§)2d'Z+5/5(E1+E’2+E3)(@50D§)2dz

The term [°( g (e 0 D¢)?dz is a constant bounded from above and below by

e. The term f — €)(@e 0 D¢)?dz is identical to f66 t(@.)%dt and thus zero
because the 1ntegrand is odd. In virtue of (6) the term

é
5/ Ei(&e 0 Dg)*dz

has C%%(B"~1(3/4)) norm bounded uniformly by & + £2~ 9|£]CO 0 (Bn1(3/4))

and thus bounded uniformly by 4% by a). The term

0
8/ EQ(&}E o D§)2dz
-5
has C%(B"~1(3/4)) norm bounded uniformly by

,1,
’§|029 Bn— 1(3/4))(5 +€ |€’Cg’9(3n—1(3/4)))

and thus bounded uniformly by £4~? by a). In virtue of (7) the term

é
6/ Eg(djs o D§)2dZ
=

has C%%(B"~1(3/4)) norm bounded uniformly by e~2- 29|§]2
and thus bounded uniformly by £472¢ by a). Thus we obtain

29 (Bn=1(3/4))

0
H(T¢) = / e NH(x,2) + Ay, &) (@2 0 De)dz + OCO~9(B’1—1(3/4))(52_29)-
-0
Combining this with (4) and (5) we deduce that for some other constant
K = K(9)
|H(F§)|CO,€(B7L71(3/4)) S K€2_29
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5. PROOF OF MAIN THEOREM

Let {ue, }ien, be sequence of solutions to the Allen-Cahn equation (with
g; — 0) on a closed manifold (M", g) whose associated varifold converges to
a two-sided closed embedded non-degenerate minimal hypersurface I' with
multiplicity one.

We obtain from Theorem 1 in [?] that for all p € T' and r sufficiently
small, E., (p,7) < cx(1 4+ p), where p is the constant given by Theorem 4.1
(with b = 3/4) and that {u., = 0} converges in Hausdorff distance to I'.

Thus we obtain from Theorem 4.1 that {u., = 0} has second fundamental
form uniformly bounded and that, with respect to Fermi coordinates of T,
can be written as the graph of a function f; defined over I', where the f;
converges pointwise to zero and its Lipschitz norm is bounded. Theorem 4.2
implies that the mean curvature of {ue, = 0} converges to zero in C% norm
and so we obtain from standard elliptic theory that |fi|c2.0(r) also converges
to zero.

From Theorem 4.2 we obtain the existence of & (which we can assume
to be defined in Fermi coordinates over I' instead of T';) with C>?(T") norm
tending to zero and such that denoting, its graph by I'(&;), we have that its
mean curvature H(T'(¢;)) has C% norm bounded uniformly by ¢272¢. From
the fact that I" is a nondegenerate minimal surface we deduce from standard
elliptic theory that |§;|c2,6(py is bounded uniformly by 5?‘29.

We now show that for all ¢ sufficiently large {uc, }ien is in the Pacard-
Ritoré form described in PUT SECTION.

From Theorem 4.2 a) we also have that the Hausdorff distance between
{us, = 0} and I'(&) is bounded by &} and thus the Hausdorff distance
between

Moreover, Theorem 4.2 also states that the function ¢; = ull — we,; 0 Dy,
which is defined in a fixed tubular neighborhood T' of T', has ||¢;|| c20(ry =

O(e?).

(De)noting by ue, the solution constructed by Pacard-Ritoré [31], we have
from the fact that |§;[c1ery = O(e?) that u., —w., 0 D, has CH?(T)-norm of
order O(e?). Hence, setting f; = u} —u.,, we have that ||/8i||C§?9(T) = 0(g?).
If T" denotes a slightly smaller tubular neighborhood we have from Lemma
2.2 that || Bi]| e (ar\rry = O(£") and so, applying standard Schauder theory,

||ﬁl||C§;0(M) = 0(52)'
Using Theorem ?? we have that ||Bi||0239(M)

Recall that L., denotes the linearization of the Allen-Cahn equation at u,,.
A simple computation shows that L., 5; = O(f;)5; and so the correspondent
quadratic form Q; has |Q;(8;, 8;)| < O(e**®) [,, B2dg. On the other hand
we know from Theorem 3.1 that L., has no eigenvalues of order O(g27%),
which means that g; = 0 for all ¢ sufficiently large. In particular, the Morse
index of uzl equals the Morse index of I' for all ¢ sufficiently large.

= O(e?T9) for some a > 0.
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